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PREFACE 


“YOU CAN DO ANYTHING IF YOU SET YOUR MIND TO IT, | TEACH CALCULUS 
TO JEE ASPIRANTS BUT BELIEVE THE MOST IMPORTANT FORMULA IS 
COURAGE + DREAMS = SUCCESS” 


lit is a matter of great pride and honour for me to have received such an overwhelming response to 
the previous editions of this book from the readers. In a way, this has inspired me to revise this book 
thoroughly as per the changed pattern of JEE Main & Advanced. | have tried to make the contents 
more relevant as per the needs of students, many topics have been re-written, a lot of new problems 
of new types have been added in etcetc. All possible efforts are made to remove all the printing 
errors that had crept in previous editions. The book is now in such a shape that the students would 
feel at ease while going through the problems, which will in turn clear their concepts too. 


A Summary of changes that have been made in Revised & Enlarged Edition 


e Theory has been completely updated so as to accommodate all the changes made in JEE Syllabus & 
Pattern in recent years. 


e The most important point about this new edition is, now the whole text matter of each chapter has 
been divided into small sessions with exercise in each session. In this way the reader will be able to go 
through the whole chapter in a systematic way. 


e Just after completion of theory, Solved Examples of all JEE types have been given, providing the 
students a complete understanding of all the formats of JEE questions & the level of difficulty of 
questions generally asked in JEE. 


e Along with exercises given with each session, a complete cumulative exercises have been given at the 
end of each chapter so as to give the students complete practice for JEE along with the assessment of 
knowledge that they have gained with the study of the chapter. 


e Last 10 Years questions asked in JEE Main & Adv, IIT-JEE & AIEEE have been covered in all 
the chapters. 


However | have made the best efforts and put my all calculus teaching experience in revising this 
book. Still |am looking forward to get the valuable suggestions and criticism from my own 
fraternity i.e. the fraternity of JEE teachers. 


| would also like to motivate the students to send their suggestions or the changes that they want 
to be incorporated in this book. All the suggestions given by you all will be kept in prime focus at 
the time of next revision of the book. 


Amit M. Agarwal 
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Session 1 
Basic Definitions 


(i) Natural Numbers The set of numbers {1, 2,3, 4,....... his 
called natural numbers and it is denoted by N. 
ie. N=(1, 2, 3, 4,....-.-} 

(ii) Whole Numbers The set of numbers {0, 1, 2, 3, 4, ......} is 
called whole numbers and it is denoted by W. 
ie. W ={0, 1, 2, 3, 4,....---} 


(iii) Integers The set of numbers 


4 odeue ,-3,-2,-1,0,1,2,3,...... } is called integers and it is 
denoted by I or Z, 
ie. I (or Z) ={....,- 4,-3,-2,-1, 0, 1, 2, 3, 4,...... } 


where we represent; 


(a) Positive integers by J* = {1,2,3, 4,.....} = natural 


numbers. 
(b) Negative integers by I” = {....... ,- 4,-3,-2,- }} 
(c) Non-negative integers {0,1,2, 3, 4,.....} = whole 
numbers 
(d) Non-positive integers {....... ,-3,-2,-10} 


(iv) Rational Numbers All the numbers of the form ; 


where a and bare integers and b #0 are called rational 
numbers and their set is denoted by Q. 


ie. Q= Goa be Iand b #0 and HCF of a,bis . 


Remarks 
(a) Every integer is a rational number as it can be written as 
ba (where b = 1) 
b 


(b) All recurring decimals are rational numbers. 


For example, ; =O.3333sc0. 
(v) Irrational Numbers Those values which neither 
terminate nor could be expressed as recurring decimals are 


ats ; ; a 
called irrational numbers, i.e. they can’t be expressed as 5 


form and are denoted by Q° (i.e. complement of Q). 


1 -3 2 1 
ap 14 = 2h ees oe. Ste 
2’ V2’ V2 3 


Remark 
The set of rational and irrational numbers cannot be expressed in 
roster form, 


(vi) Prime Numbers A counting number is called a 
prime number when it has exactly two factors, 
1 and itself. 
e.g. 2, 3,5, 7, 11, 13, 17,... etc 
Remarks 
(a) 2 is the only even number which is prime. 
(b) A prime is always greater than 1. 
How to test a number is prime or not 
Let given number be p, then 
Find whole number x such that x > ,/p. 
Take all prime numbers less than or equal to x. 
f none of these divides with p exactly, then p 
is a prime otherwise p is non-prime. 
e.g. Let p = 193; clearly, 14 > /193 
Prime numbers upto 14 are 2, 3, 5, 7, 11, 13. 
No one of these divides 193 exactly. 
Hence, 193 is a prime number. 


(vii) Co-prime Numbers Two natural numbers are 
said to be co-primes, if their HCF is 1. 


e.g. (7, 9), (15, 16) are called co-prime numbers. 
Remark 
Co-prime numbers may or may not be prime. 

(viii) Twin Prime A prime number that is either 2 less 
or 2 more than another prime number, i.e. a twin 
prime is a prime that has a prime gap of two. 

e.g. (3, 5), (5, 7), (11,13), (17, 19), (29, 31),... are 
called twin prime pairs. 

(ix) Composite Numbers Composite numbers are 
non-prime natural numbers. They must have atleast 
one factor apart from 1 and itself. 


e.g. 4, 6, 8, 9,... are called composite numbers. 


Remarks 

(a) Composite numbers can be both even or odd. 

(b) 1 is neither prime nor composite number. 

(x) Real Numbers The set which contains both 
rational and irrational numbers is called the real 
numbers and is denoted by R. 
ie. R=QUQ° 


R={x:x€ QorxeQ°} 
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- V2 V2 
pads RAG a « } : } } } } i = 
R= 64937 5 -0c -4 -3 -2 -{ 0 1 2 3 4 © 


re ; BAS Te cciass Figure 1.1 


(ii) The sum, difference, product and quotient of two rational 
Remarks numbers is a rational number. 
(i) As from above definitions; (iii) The sum, difference, product and quotient of two irrational 
NCWcICOCR, numbers need not be irrational. 
It could be shown that real numbers can be expressed on (iv) The sum, difference, product and quotient of a non-zero 
ational and an irrational number is always irrational. 


number line with respect to origin as 


Exercise for Session 1 


= Directions (Q. Nos. 1 to 6) State whether following statements are True / False. 
1. All the rational numbers are irrational also. 

All the integers are irrational also. 

Irrational numbers are real numbers also. 


Zero is a natural number. 


aA KR WD 


Sum of two natural numbers is a rational number. 


6. A positive integer is a natural number also. 


= Directions (Q. Nos. 7 to 10) These questions have only one option correct. 


7. Sum of two rational numbers is 


(a) rational (b) irrational 

(c) Both (a) and (b) (d) None of these 
8. Sum of two irrational numbers is 

(a) rational (b) irrational 

(c) real (d) None of these 


9. Product of two rational numbers is 
(a) always rational (b) rational or irrational 
(c) always irrational (d) None of these 


10. fais an irrational number which is divisible by b, then the number b 
(a) must be rational (b) must be irrational 
(c) may be rational or irrational (d) None of these 


3 


Session 2 


Intervals, Modulus or Absolute 
Value Function 


Intervals ie. If asx<b = xe[a)] 


The set of numbers between any two real numbers is < ottilitle > 


b 
called intervals. The types of interval discussed below. gn 
Figure 1.5 
(i) Open-Open Interval Ifa and b are real numbers 
and a < b, then the set of all real numbers x such that Example 1 Solve 2x+1> 3. 
a<x <bis called open-open interval. It is denoted by 
Sol. Here, 2x+1>3 or 2x>2 or x>1, ie. x€(1, °°) 

(a,b) or Ja, DI. 


ie If a<x<b > xe ]a,bl or xe (a,b) This solution can be graphed on a real line as; 


2 oLLLLLLLL q s a > 
a b 1 yee 


Figure 1.2 Example 2 Solve -2<2x-1<2. 


=o hee Sol. Here, Pep 1e5 
=> xe(1,2) or xe ]1,2[ (using above definition) Sf Hie we 


Note At + brackets are always open. 1 3 13 
(ii) Open-Closed Interval Ifa and bare real numbers “9 ane 2 Mee [-5 ;| 
and a < b, then the set of all real numbers x such that 


‘ ' ; This soluti b hed 1li ; 
a<x <bis called open-closed interval. Here, a is Ga et ante errr nea 


excluded and b is included. Ahbddbbbbbddder 
ie. Ifa<x<b = a a +00 
=> x€ ]a,b] or x€(a,b] 2 
<——_—_oALLLL///, +> 
a b Example 3 Solve the following inequations. 
Figure 1.3 3(x -2)_5(2-x 2x -3 
sa (i) ( s ( ijn = soos, 
(iii) Closed-Open Interval Ifa and b are real numbers 5 3 4 
and a < b, then the set of all real ‘x’ such that 3(x-2)_ 5(2-x) 
asx <bis called closed-open interval. Sol. (i) We have, 2 3 
Here, a is included and b is excluded. = 3 (3x —6) > 5 (10 —5x) 
ie. If asx<b => 9x -18 250 - 25x 
=> x €[a, b[ > 34x >68 = x>2 
or x€[a,b) Hence, the solution set is x€[2,0¢) and graphically it 
could be shown as 
% eLLLLLLLL . 
a b —<$— SS 
Figure 1.4 ee e eee 
(iv) Closed-Closed Interval Ifa and b are real numbers (ii) We have, 3 4+9>34 4x 
and a < b, then the set of all real ‘x’ such that 3 
a<x <bis called closed-closed interval. Here, a and b = ax-3 4x > 3_9 


both are included. 4 3 
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a 3(2x-3)- 16x J _, 10x-9 |- 2|=2,|- 1.3291|=1.3291..... ete. 
i = or it is the distance defined with respect to origin, as 
> -10x-92-72 = -10x 2 - 63 |x|=1means distance covered is one unit on right hand 
As we know the inequality sign changes, if multiplied _ side or left hand side of origin shown as: 
by (-ve). 
M t 
63 < + + t > 
10x $63 or ae -1 0) 1 
Figure 1.6 


Hence, the solution set of the given inequation is 
63 = =i 

[-= | Graphically it could be shown as Cs a ee 
10 Again, | x |<1 means distance covered is less than one unit 


ee on right hand side or left hand side of origin shown as: 
< | > 
C0. 63/10 + 00 WIAATTITTTTTTTTITVTITTITTITTT EK 
< t + t > 
= 0 1 
Example 4 Solve for x. 
4 6 Figure 1.7 
—=2£ 32 x0) 
X+] X+] Similarly, | x |>1means distance covered is more than one 


Sol. Consider the first inequality unit on right hand side or left hand side of origin shown as: 


4 WT VOVTITTITTIT 
— $3 => 4<3(x+1) 
x+1 —1 0 1 
> 4<3x+3 Figure 1.8 
=> 4-3<3x > 3x21 


~ x22 - Graphical Representation 
of Modulus 


Again, 3< J => 3(x+1)<6 
an As we define, 
=> 3x+3<6 => 3x <6-3 Xx. x>0 
=> 3x <3 y=lsl=| on 
-x%, Xx 
=> x<1 (ii) 


Combining the results (i) and (ii), we have This behaviour is due to two straight lines represented by 


1 1 modulus. 
ge ne FE 1 For plotting the graph of the modulus function, we put 


3 
1 
Hence, the solution set of the given in equations is EF i} x {0 1 2 = 72 
: y |0 1 2 1 2 
Graphically, it could be shown as 
etLLll, Y= Fe 4Y ye x 
4 t e © > X va 
_ 3 7 (2,2) $2 
\ / (2, 2) 


Modulus or Absolute a [Ain 


Value Function $+ 


x,x 20 


is called Figure 1.9 


The function defined by f(x) = |x| -| f 
—xX,x< 


Now, we consider the following cases 
CaseI When x20 


. Equation of the straight line, passing through (0, 0) 
si [3|=|-3]=3, and (1, 1) is 


modulus function. This always gives a positive result. 


As we know modulus means numerical value, 
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UM Us, a YM SS 
x-X, Xo — 2X4 x-0 1-0 
> y = x, when x20 


Case II When x<0 


Equation of the straight line passing through (-1, 1) and 
(=2, 2) 


Y-YV1 _ Ye 7-1 
X-Xy Xy-X, 

‘ y-1 2-1 

Le. = => -yt+1l=x+1 or y=-x 
xX+1 -2+1 

when x <0. 


Thus for every modulus function it exhibits two values, 
which could be shown graphically. 


x-1), x21 
y=le-ul=| | 


Similarly, ( ' e 
=(x=1), X31 


Remarks 

(a) Every modulus function exhibits two values which are 
represented by +ve and —ve, signs but it only gives the 
positive outcomes. So, students shouldn't get confused by 
+ ve or -ve, signs as these signs are in different intervals, but 
the outcomes are positive. 

(b) Modulus function is never negative, thus|x| = 0 for any 
real x and|x| €0. 


Example 5 Explain the following : 


(i) [x|=5 (i) |x|=-5 
(iii) |x|<5 (iv) |x|<-5 
(v) |x|>-5 (vi) |x|>5 


Sol. (i) If|x|=5 
=> x = +5, which means, x is at a distance of 5 units 
from 0, which is certainly 5 and - 5. 
Aliter 
|x |=5. 
Here, students are advised to consider two different 
functions, as 
y=|x| and y=5. 


Now, we plot graph of these two equations. 


which intersect at two points, ie. x =5and x =—5. 
AY 
= |x| 
}------76--- »y=5 
>X 
-5 0 5 


|x | =5 possess two solutions x = 5 and x = —5. 


(ii) If|x|=-5 
= x has no solution. 


As |x| is always positive or zero, it can never be 


negative. 

RHS < LHS 
or given relation has no solution. 
Aliter 


Same as in (i), plotting the graph of y =|x | and 
y=-5. 
The two graphs do not intersect. 


*. No solution. 


(iii) |x|<5 
It means that x is the number, which is at distance less 
than 5 from 0. 
Hence, -5<x<5 
Aliter |x|<5. Plotting the graph of we have y = |x | 
and y =5. 

AY 

y= |x| 


We see that, |x | <5, when-5< x <5 
(iv) |x|<-5 
which shows no solution. 
As LHS is non-negative and RHS is negative or |x|<-5 
does not possess any solution. 
Aliter |x |<—5. 
Plotting the graph of y =|x|and y =—5. 
We see that, |x | < —5is not possible as |x | > —5, for 


allxeER 


‘i y= |x| 


>X 


|x|<-—5 = No solution. 


(v) |x| >-5 We know, here LHS 20 and RHS <0 
So, LHS > RHS 


i.e. above statement is true for all real x. 


(as we know that non-negative number is always 


greater than negative). 

Aliter 

Here,|x|>-—5 

Plotting the graph of y =|x | and y = —5. 


We see that, |x | > —5, for all x € real number. 


4¥ y= |x| 


>X 


(vi) |x| >5 


It means that x is the number which is at distance 
greater than 5 from 0. Hence, x<-5 or x>5 


Aliter 
|x|>5 


Plotting the graph of y =|x|and y =5. We have 


AY 


y= |x| 


We see that, x <-—5orx>5. 


Generalized Results 


(i) For any real number x, we have x? =| x |? 


(ii) For any real number x, we have Vx? =| x | 
(iii) If a <0, then 

(a) x? <a’ @|x|Sae-ak<x<a 
(b) x? <a’ &|x|<a@-a<x<a 
(c 
(d 
(e) a’ <x? <b? Sa<|x|<b 


=x e[-b,-a]U[a, }] 


) 
)x? >a’ |x|zaexs-a or x2a 
)x* >a’ elx|>aex<-aorx>a 
) 

(f) a’ <x? <b® Sa<|x|<b 

= x €(-b,-a)U (a,b) 
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(iv) Ifa <0, then 
|x|<a= No solution. 
|x |2a= All real numbers solutions. 

(v) |xt+y|=|x|+|y| @(x 20 and y 20) or (x <0 and 
y <0) eSxy20. 

(vi) |x-yl=|x|-lyl (x 20,y 20 and | x|2|y]) 
or(x $0,y $0 and|x|2|y|) 

(vii) |x ty|S|x|+ly| (viii) |x +y|2||x/-lyl| 


Example 6 Solve for x, where 
(i) f(x)=| x] 20 (ii) fx)=|x|>0 
Sol. (i) f (x)=|x|20 

As we know modulus is non-negative quantity. 
(i.e. It is always greater than equal to zero) 
*. x € Ris the required solution. 
Aliter f(x) =|x|20. 
Plotting two graphs y =|x | and y =0. 
From graph |x | 2 0, for all x € R. 


AY 
y= |x| 


PTI X. 
O y=0 


(ii) f(x)=|x|>0 
Here equal sign is absent, so we have to exclude those 
value of x for which| x | = 0. 

x € Rexcept x =0or x € R- {0} is the required 
solution. 
Aliter f(x)=|x|>0. 
Plotting two graphs y =|x|and y =0. 
AY 
y= |x| 


O y=0 


From graph |x | > 0, for all x € R except 0. 
xER-— {0}. 
Example 7 Solve | x - 3|<5. 
Sol. | x-3|<5 
=> -5<x-3<5 


=> -54+3<x<5+3 
=> -2<x<8 or xe ]-2,8[ or xe (-2,8) 
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Aliter For |x —3|<5. 
Plotting two graphs y=|x —3|andy=5 
y= |x-3| 


-2 (0) 3 8 


From graph, -2<x<8; .. x€(-2,8). 


Example 8 Solve| x-1|<2. 
Sol. |x -1|<2 
=> -2<$x-152 = -24+1<5x<24+1 
=> -1<x<3 or xe [-1,3] 


Aliter For|x —1|<2. 
Plotting two graphs y = |x —1|and y =2 
y=|pe1 


-1<xs3 
x € [-1,3] 


From graph, 


Example 9 Solve 1<| x-1|<3. 


Sol. Here, 1<|x-1|/<3 


=> 3<(x-1)<$-1 or 1<(x-1)<3 

[. as|x|S b= xe [-b-a]U[b,a]] 
ie. the distance covered between 1 unit to 3 units. 
> -2<5x <0 or 25x <4 


Hence, the solution set of the given inequation is 
x € [-2,0] U[2, 4]. 

Aliter Here, 1<|x-1|<3 

Plotting three graphs y = 1,y=|x —1|andy =3. 


—2<5x<0 or 25 x4. 


From graph, 
: x €[-2,0] U[2, 4] 


Example 10 Solve|x-1| < 5,|x|=2. 
Sol. Here, |x-1)$5 and |x|22 


Le. (-5<x-1<5) 
= (-4<x<6) (i) 
Similarly, (x $-2 or x = 2) 
> (x <-2or x = 2) ...(ii) 
From Eqs. (i) and (ii) could be graphically shown as 

—_, NAIA 

4 -2 2 4 6 
<UL 
=) 2 


Thus, the shaded portion, i.e. common to both Eqs. (i) and 
(ii) is the required region x € [-4, -2] U[2, 6]. 

Aliter Here, |x —1|<5and|x|22. 

Take (y =|x — 1|, y=5) and (y =|x|, y =2) on graph and 
take common. 


From the graph, —4<x<-2 
or 25 x6 
xe[-4,-2] U[2,6] 


Example 11 Solve |——|>1,x #4. 
x-4 
Sol. We have, ; >1, where x # 4 
x- 
|x -4| b b| 
=> 2>|x-4| 
=> |x-4|<2 
= —2<x-4<2 
> 2<X<6 


x € (2,6), butx #4 [from Eq. (i)] 
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Hence, the solution set of the given inequation is Case Il When1< x <2 
x € (2, 4) U(4, 6). ie. |x-1|+|x-2|24 
Aliter >x#4 = |x-4|<2 = (x-1)-(x-2)24 
x— 4 => 1 = 4, which is meaningless. 
Plotting the graph of y=|x-—4|andy=2 “. No solution for x € [1, 2]. ...(ii) 
Case III When2< x < © 
Le. |x-1|+|x-2|24 
> (x-1)+(x-2)2>4 
> 2x-324 
=> x2=7/2 
From graph, 2< x <6,x #4 bet Sea 
Le. x € (2,6) — {4} .. Solution set is i. =| ...(iii) 
2 
Note 
Students should always remember that they have to compare From Eqs. (i), (ii) and (iii), we get 
the solution set with the initial condition. ( E ) 
XE| —0,-=|U] =, 2 
Example 12 Solve | x -1|+|x-2|>4. aj 12 
: ; Aliter 
Sol. On the LHS of the given inequation, we have two j 
modulus, so we should define each modulus i.e. by eh two graphs y = |x —1|+|x — 2] and y = 4 shown 
elow. 


equating it to zero. 


. \x-1] (x-1), x21 AY 
1.€. -l= 
-(x-1), x<1 x y= |x-1|+ pel KH 
5 > 
77, 
“2 


Thus, it gives three cases : 


7 yea 
‘ TV=X-3 | 
CaseI When-« <x <1 


ie. |x-1|+|x-2|24 
et 
> -(x-1)-(x-2)>4 5 : As +X 
=> -2x +324 5 -2x>1 
1 
a i 1 
~ a 2 (i) From graph, eee eee. 
2 2 
But -o<x<1 : : 
1 es xe[-=.- =| 
.. Solution set is re[-.-3| 2 2 
2 


Exercise for Session 2 


= Directions (Q. Nos. 1 to 5) Solve the following inequalities for real values of x. 


1. |x-1|<2 2. |x -3|>5 
3. 0<|x-1|<3 4. |x -1|+|2x —3]=|3x -4| 
5. 23 <4 


x?-4 


Session 3 


Number Line Rule, Wavy Curve Method 


Number Line Rule 


It is used to solve algebraic inequalities using following steps: 


(i) Factorize numerator as well as denominator. 


(ii) Now, check the coefficients of x and make them 
positive. 

(iii) Put only odd power factors in numerator and 
denominator and put them equal to zero separately 
and find the value of x. 

(As for polynomial function only numerator = 0, 
denominator #0). 


(iv) Plot these points on number line in increasing order. 


(v) Start number line from right to left taking sign of f(x). 


(vi) Check your answer so that it should not contain a 
point for which f(x) doesn’t exist. 


Example 13 Find the interval in which f(x) is positive 
or negative: f(x) =(x-1)(x - 2)(x- 3). 
Sol. Here, f(x) = (x -1)(x - 2)(x -3) has all factors with odd 
powers, so put them as zero. 


ie.x-1=0,x-2=0,x-3=0, we get x =1,2,3 


[using step (iii)] 
Using steps (iv) and (v), plotting on number line, we get 
+ + 
~ 1 2 ~ 3 
f(x)>Owhen 1<x<2andx>3 
f(x)<Owhen x<tand2<x<3 


Example 14 Solve f(x) = eee. 
jets St) 
Sol. Here, f (x)= a=) >0 
a) which gives 
or f(x)= a hich g 
x-3#40 or x#3 (i) 


Using number line rule as shown in the figure, 
+ + 
ooo 
4 - 2 3 = 
which shows f(x)2=0whenx <1 or 25 x<3 
ie. x € (-c9, 1] U[2, 3). (as x # 3) 


Example 15 Find the values of x for which 
(2x - 1)(x - 1)?(x- 2)° 


f(x)= >0. 
(x-4)" 
ao Ghee 
Sol, f(x) = 22 VE“ VO which givesx#4 (i) 
(x - 4) 
As denominator # 0 and x # 1, as at x = 1, f(x) has even 
powers. 


Putting zero to (2x - 1) and (x - 2)’ as they have odd powers 


and neglecting (x - 1)? and (x - 4)* on number line as 


shown in figure. 
+ + 


t 

1/2 = 2 
which shows f(x) >0 when x < 1/2 or x > 2 but except for 4 
and 1. 


x € (00, 1/2) U(2, 00) -{4} 


Example 16 Find the value of x for which 


2. 3 2 
fies 2)" (1- x)(x- 3)°(x- 4) - 
(x +1) 
Sol. Here, f(x)= 2)'(1=x)(x=3)\(x = 4)? 
(x +1) 
ot f(zy= See) .@ 
(x +1) 


Putting zero to (x — 1), (x —3)*, (x + 1)as having odd 
powers and neglecting (x — 2)’, (x — 4)’, we get 
+ + 


= = 1 a= 


f(x)<Owhen-1<x<1 or 3S x<o or f(x)=Oatx=2 


or x €(-1,1]U[3, ce) U {2} ~~ [using Eq. (i) as x 4-1] 
|x|-1 
Example 17 Solve x 525 XER, x#+2 
x: — 
|x|-1 y-1 
Sol. We have, ———- > 0 = *—20; where y=|x| 
|x|-2 y-2 
=> y <1 or y > 2using number line rule 
+ = + 
t t 
1 2 
=> |x| <1 or |x| > 2 


Y 


(-1<x<1) or (x<-2orx>2) 


> x € [-1,1] U(-e9, -2) U(2, ) 
Hence, the solution set is 
x € (-0°, -2) U [-1, 1] U (2, ©). 


-1 
Example 18 Solve ix 5 = 1, where XER, Xx#+2. 
x — 
-1 
Sol. We have, >1 
| x|-2 
= =f{So=s 1+ x] =2), 5 
|x|-2 |x|-2 
= Pol ig SED 5G 
|x|-2 (| x|-2) 
Using number line rule, 
— ; + ; = 
1 2 
> 1<|x|<2 => xe(-2,-1]U[1,2) 


{fas|x|<bexe (-b,-a]U[a,b)} 
Hence, the solution set is (-2,-1] U[]1, 2). 


X+3/+ x 
Example 19 Solve Pere 
X+2 
X+3) +x X +3) +x-x-2 
Sol. Here, | | 1>0 => | | >0 
x+2 x+2 
x + 3/-2 
> ea >0 (i) 
x+2 
Now, two cases arise : 
CaseIl When x +320, ie. x => -3 ...(ii) 
xX + 3-2 P oae ae 
=> >0 => >0 
x+2 fas ae 


=> x € (-c,-2)U(-1, ) using number line rule as shown 
in the figure. 


+ - + 

2 zi 
But x>-3 [from Eq. (ii)] 
=> x € [-3, -2) U(-1, ) ...(a) 
Case II When x +3 <0, ie. x < -3 ...(iii) 
= EBay 9 Eta 


= x € (-5, -2) using number line rule as shown in the figure. 
= + _ 


=15) -2 
But x<-3 [from Eq. (iii)] 
x € (-5, -3) ...(b) 
Thus, from Eqs. (a) and (b), we have 
x € [-3, -2) U(-1, %) U(-5, -3) 
> x € (-5,-2) U(-1, ©) 
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Wavy Curve Method 


The method of intervals (or wavy curve) is used for 
solving inequalities of the form : 
_ ny _ nz = nh 
fine (x-a,)"(x-a,)” ...(x an) ai 
(e= by)" ody) le=b,) 


(<0, <0 or 20) 


where nj, Mp, «..... ,n, and m,, My, ..... ,M, are natural 
numbers. 
Ay, Ag, wiv ys Di, Das. cvs ,b, are any real numbers such 


that a; #b;, where i =1,2,3,...,k and j =1,2,3,..., p 
It consists of the following statements : 


1. All zeros of the function f(x) (the values of x 
corresponding to numerator = 0) contained on the left 
hand side of the inequality should be marked on the 
number line with inked (black) circles. 


2. All points of discontinuities of the function f(x) (the 
values of x corresponding to denominator = 0) 
contained on the left hand side of the inequality 
should be marked on the number line with uninked 
(white) circles. 


3. Check the value of f(x) for any real number greater 
than the rightmost marked number on the number line. 


4. From right to left, beginning above the number line 
(in case of value of f(x) is positive in step (iii) 
otherwise from below the number line), a wavy curve 
should be drawn to pass through all the marked 
points so that when it passes through a simple point, 
the curve intersects the number line and when 
passing through a double point, the curve remains 
located on one side of the number line. 


5. The appropriate intervals are chosen in accordance 
with the sign of inequality (the function f(x) is 
positive whenever the curve is situated above the 
number line, it is negative if the curve is found below 
the number line). Their union just represents the 
solution of the inequality. 


Remarks 
(a) Points of discontinuity will never be include in the answers. 


(b) If asked to find the intervals where f(x) is non-negative or 
non-positive, then make the intervals closed, corresponding 
to the roots of the numerator and let it remain open 
corresponding to the roots of denominator. 


(x= 1) (x42)" (x= 3) (x46) 


Example 20 Let f(x)= 


° 


x?(x-7)° 
Solve the following inequalities : 
(i) f(x) >0 (ii) f(x)=0 
(iii) f(x) <0 (iv) f(x) <0 
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Sol. Given, f(x) = (x —1)°(x +2)"(x —3)(x+6) 


x*(x-7)° 
Put numerator = 0 
=> (x —1)3(x + 2)*(x —3)°(x +6) =0 
> x =1,-2,3,-6 
Again, put denominator = 0 
> x*(x-7) =0 
=> x=0,7 


We mark on the number line zeros of the function: 

1, — 2,3 and — 6 (with black circles) and the points of 
discontinuities 0 and 7 (with white circles). Isolate the 
double points: -2 and 0 and draw the curve of signs. 


From the graph, we get 

(i) if f(x) > 0, then x € (--, — 6) U(1, 3) U(7, ©) 

(ii) if f(x) = 0, then x € (—o0, — 6] U {-2} U [1, 3] U(7, e) 
(iii) if f(x) < 0, then x € (—6, — 2) U(-2, 0) U (0, 1) U (3, 7) 
(iv) if f(x) <0, then x € [- 6,0) U(0, 1] UBB, 7) 


Example 21 Let 


[sinx in <1) (x2) (tain = 4/3) 
f(x)= 


(e* =e7)(x — 3)" «cos x 
Solve the following inequalities for x < [0,27] : 
() Flo) >0 (i) fog 20 
(iii) f(x) <0 (iv) f(x) <0 
Sol. Clearly, x #23, _ = and f(x)=0 


TM ST 4m 
spacer peas 
3 6 3 


0 x/6 n/2 2 e 3 31/2 


Now, sign of f(x) will not change around x = 2, e, 3. 


Then, for f(x) >0 
[sin x- 4} tan x -)>0 


Tl T™ 1 5m 4 
= x€E!0, U ; U ’ 
[ | (3 | = = | 


Hence, solution of 


: F T Tm 5m 41 
(i) f(x) >0 is x [oZ)u[%.2]U[%. =) 


o : Tl T™ 57 470 
(ii) f(x) 20 is re(a =| UE =u] e =| 


dae . T™ 1 T™ ST 4m 30 
(iii) f(x) <0 is x ewe =) a? =) {2} 


. ‘ Tl 7 T ST 4m 31 
(iv) f(x) $0 is x Zz/ (22) | 24 Joa {2} 


Example 22 Let 


3 
: 3 
(cos x+|cos cf x-3] (tan x -1)° 


fd= (cos x —2)? (tan x —J3)° 
Find the interval of xe(=, 2) for which 
(i) f(x) >0 (ii) f(x)< 
Sol. For xe (=, t) 


cosx >0for all x = |cosx|= cos x 


=> cos x + |cos x|= 2cos x 


3 
3 

2cos x{sin x- ;| (tan x—1)° 
2 


ne (cos x —2)° (tan x — V3)° 


se 7 ™ : : 
Critical points cos x =0 = x = — (not in domain) 


—n/2 1/4 


3 
sinx = 5 (not possible) 


Tl : 
tanx=1>5x= mi => cos x = 2 (not possible) 
tnx eas xe”: 

3 


Then, f(x)>0>xeE 4.2) 


and f(x)<0>x [222] 


4 


Exercise for Session 3 
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= Directions (Q. Nos. 1 to 5) Solve the following inequalities. 


1. 
3. 


10. 


11. 


12. 


. Solution of inequality 


X=2 2x3 
xXx+2 4x-1 
oh 34 
x*4+3 

x 
x?-5x +9, 


Solution of inequality | x -1|<Ois 

(a) x=0 

(c) x #1 

Solution of inequality Koa + |x]+1<0Ois 


(a) (1, 2) 


(c) No solution 


Solution of inequality | x + 3|>|2x -—1|is 


re <4is 
xX 


(a) (2- V3, 2+ V3) U (-2- V3, -2+ V3) 
(c) R- (-2- V3,2+ V3) 
The solution of | x? + 3x |+ x2-220is 


(a) (— = 1) 
of 


The solution of || x |-1|<|1-x|,x eRis 
(a) (-1, 1) 

(c) (-1,) 

The solution of 2% + 2!*! > 2,2 is 

(a) (-s9, logy (V2 + 1)) 

(0) (3; loae (2 - 9) 


2x —1 
"9x3 43x24x 
4. (x —1)(x + 1)(x + 4)(x +6) 50 


7x? 4+8x +4 


(b) x =1 
(d) No solution 


(b) (0, 1) 
(d) None of these 


(b) (4, =) 


(d) None of these 
(b) R -— (2- V3, 2+ V3) 
(d) None of these 


(b) (0, 1) 
(d) None of these 


(b) (0, ~) 
(d) None of these 


(b) (0) 
(d) («5 log, (V2 - JU > ~| 
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Session 4 


Quadratic Expression, Non-negative Functions 


Quadratic Expression 


The expression ax? + bx +c is said to be a real quadratic 
expression in x, where a, b, care real and a £0. Let 
f(x) =ax® + bx +c, where a, b, ce R(a #0). f(x) can be 


rewritten as 


mallee) 44 e lid (4 2) 2 
ne { ‘— rr ( i 2, 


where D = b’ — 4ac is the discriminant of the quadratic 
expression. 


Therefore, y = f(x) represents a parabola whose axis is 


parallel to the Y-axis, with vertex at A] -—, =? : 
2a 4a 


Graph for Quadratic Expressions 


That if a >0, the parabola will be concave upwards and if 
a <0, the parabola will be concave downwards and it 
depends on the sign of b’ — 4ac that the parabola cuts the 
X-axis at two points (b” — 4ac >0), touches the X-axis 

(b” — 4ac =0) or never intersects with the X-axis 

(b” — 4ac <0). 

This gives rise to the following cases: 


(i) Ifa >0 and b? — 4ac <0. 
y=f(x) = ax¢+bx+c 


xX’< >X 


—b/2a 


S f(x) >0,VxER 


In this case the parabola always remains concave 
upwards and above the X-axis. 


(ii) Ifa >0 and b? — 4ac =0. 


y=I(x) = ax2+bx+c 


—b/2a 


S f(x) 20,VxER 
In this case the parabola touches the X-axis and 
remains concave upwards. 


(iii) If a >0 and b? — 4ac >0. 
Let f(x) =0 has two real roots a and B (a <f). 
Then, f(x) >0,V x € (—-,a) U (B, &), 
f(x) <0,V x € (a,B) and f(x) =0 for x € {a, B}. 
y=) 
\ -b/2a / 
x’ —— >X 
ae 
In this case the parabola cuts the X-axis at two points 
co and B and remains concave upwards. 


(iv) Ifa <O and b? —4ac <0 & f(x) <0,VxER 


—b/2a 


~~ y=t69 


In this case the parabola remains concave downwards 
and always below the X-axis. 
(v) Ifa <0 and b” — 4ac =0. 


—b/2a 
X’< >X 


X’< >X 


yt) 
S f(x) <0,VxeER 


In this case the parabola touches the X-axis and 
remains concave downwards. 


(vi) Ifa <0 and b* — 4ac >0. 


X’< ~X 


of _pj2a \B 
y=Hx) 
Let f(x) =0 have two real roots a and B (a <f). 
Then, f(x) <0,V x € (—-, a) U (B, ©), 
f(x) >0,V x €(a,B) and f(x) =0 for x € {a, B}. 


In this case the parabola cuts the X-axis at two points 
o and f and remains concave downwards. 


Quick and Important Results for 
Characteristic Expression 


1. The expression ax* + bx + c will be at same sign for all real 
values of x, iff D <0. 


2. ax? + bx + cwill always be positive iff D <0 anda>0. 
3. ax? + bx + cwill always be negative iff D <0 anda<0. 
4. lf D >0, then sign of the expression between the roots will be 


opposite to that of a. 
5. Ifa>0, then minima of f(x) occurs at x = = and ifa<0, 
a 
then maxima of f(x) occurs at x = =o and maximum or 


2a 
minimum value of f(x) will be given by (=} 
a 


6. If f(x) =0 has two distinct real roots, then a-f(d) <0 if and 
only if d lies between the roots and a-f(d) > 0 if and only if d 
lies outside the roots. 


Example 23 Finda for which 3x* + ax+3>0,VXER. 
Sol. Here, 3x? +ax+3>0,VxER 


=> D<o0 [if f(x)>0anda> 0, then D < 0] 


=> (a) -4(3)3)<0 = a’?-36<0 

=(a-6)(a+6) < 0,using number line rule as shown in figure, 
+ + 

+ > 


=6 = 6 
which shows -6<a<6 or a&(-6,6) 


~< 


Example 24 Find a for which ax? + x-1<0,VxeER 
? 


Sol. Here, ax? +x-1<0,VxER 


> a<0 and D<0O [.a<0,D<0,s0 f(x)<0] 
> a<0O and 1+4a<0 
> a<0O and a< -1/4 


aeé (=, -1/4) 


Non-negative Functions 


The sum of several non-negative terms is zero if and only 
if each term is zero. 

a’ +b’ +c? =0 

if a=b=c 


1.e. 


Exercise for Session 4 
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Example 25 Solve (x +1)? +(x? +3x+2)? =0. 


Sol. Here, (x + 1)’ + (x? +3x + 2) = 0 if and only if each term 
is zero simultaneously, 


(x+1)=0 and (x? +3x+2)=0 = (x+1)(x+2)=0 


ie. x=-1 and x=-1,-2 
“. The common solution is x = -1. 
Hence, solution of the above equation is x = -1. 


Example 26 Solve | x +1|+./x-1=0. 


Sol. Here, | x +1|+.4/x-1=0, where each term is 
non-negative. 
|x+1|=0 and .jx-1=0 
should be zero simultaneously. 
Le. x=-1 and x=1, which is not possible. 


.. There is no x for which each term is zero simultaneously. 
Hence, there is no solution. 


Example 27 Solve 


|x? -1+(x-1)? +4/x? - 3x+2=0. 


Sol. Here, each of the term is non-negative, thus each term 
must be zero simultaneously. 
ie. (x* -1)=0,(x-1)* =0 and x? -3x+2=0 
> K=t1, X=1 and x=1,2 
The common solution is x = 1. 


Therefore, x = 1 is the solution of above equation. 


Example 28 Let f (x)= x and g(x) =| x| be two 
real-valued functions, (x) be a function satisfying the 
condition; 
Lo (x)- f (x)]? + Lo (x)- g (x)]* =0. Then, find © (x). 
Sol. Here, [ (x) - f (x) + [0 (x) - g (x)]’ = 0 is only possible, 
if @ (x) - f (x) =0 and @ (x)- g (x) =0 
=> o(x)=f(x)=g(x) or O(x)=x=|x|, 
which is only possible, if x is non-negative. 
Therefore, (x)= x,V x € [0, °) 


Find all values of ‘m’ for which (2m ~3)x? + 2mx +4 <0 for all real x. 
If ax? —bx +5 =0 does not have two distinct real roots, then find the minimum value of 5a +b. 


If a, b, ce R,a #0 and the quadratic equation, ax? + bx +c =0 has no real root, then show thata (a+b+c)>0. 


If x, y €[0, 10], then find the number of solutions (x, y) of the inequation ae V9y*-6y+2<1 
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Essential Mathematical Tools Exercise 1: 
Subjective Questions 


Directions (Q. Nos. 1 to 11) Solve each of the following 13. Solve the equation 
system of equations : 


; J2x-1+ J3x-2=./4x-3 + [5x -4. 
1. For a<0, determine all solutions of the equation 


x” —2a|x-a|-3a? =0. 14. If x, y and z are three real numbers such that 


: Solve | x? + 4x +3|+2x+5=0, x+y+z=4and x? +y +z° =6, then show that each 


of x, y and z lies in the closed interval] 2,2]. 
. Solved! ** =o" So" =1) 44, 
15. If (a +1)(B -1)+(B +1) (a -1fa+(a-1)(B-1)=0 
and a(a + 1)(B +1)-(@ -1)(6 -1)=0 


2 
3. Solve |x? -3x-—4|=9-|x? -1|. 
4 
5. 


. Find the set of all real ‘a’ such that 5a” —3a—2,a” +a-2 
and 2a” + a-1are the lengths of the sides of a triangle? 


a+1 +1 
6. Solve (x + 3)° —(x-1)° 2244. Also, let A = (e*. Ba 
7. Solve || x -2|-1|23. 
2 2a 28 
3x° -7x +8 and B= ,—_, ——_ +. If AN B# Q, then find all the 
8. Solve 1 < ——_——_ <2. ao+1 B+1 
x? +1 Sood fg 
4 i permissible values of the parameter ‘a’. 
9. Let f (x)= ——*~— and g(x) = —_. 4 (x1)? 
ax" +9x +2 eat 16. Solve gt li=sl= Fa. 
Find the set of real values of x for which f (x)> g (x). 3+ 2x —8x |3+2x-8x" | 
10. For x€ R.|| x || is defined as follows; = 
Hl Tie fala( =2in ele CI. 
x1, OS 4<2 2_» 
IIx || = a ei 
|x-4|,25x Solve the following inequalities 
Then, solve the equation, || x ||? +x=||x||+x?. (i) f(x)>0 (ii) f(x) =0 
11. Solve the inequality |x -—1|+|2-x|>3+-x. (iii) f(x)<0 (iv) f(x) <0 
12. Solve the equation 18. Solve the inequality | 1—- al 2 e 
ax? + 12y +a)? + 12x =33, x+y = 23. 1+|x|. 2 
Essential Mathematical Tools Exercise 2 : 
More Than One Correct Option Type Questions 
19. If cos x-y? —y-x? —120, then 21. If|ax? + bx +c|<1 for all x is [0, 1], 
(a) y2=1 (b+) xER (c) y= (d) x=0 then 
20. If(sinc)x* —2x + b > 2 for all real values of x <1and . re 
OE («, =) UZ.) then the possible real values of b is/are (c) |e] <1 


(d) |a|+ |b] + |c| $17 
(a) 2 (b) 3 (c) 4 (d) 5 
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Essential Mathematical Tools Exercise 3: 


Passage Based Questions 


Passage I 
(Q. Nos. 22 to 24) 
Let f(x) = ax? +bx +c;a,b,cER 
It is given| f(x)|<1V|x|<1. 


Now, answer the following questions. 


8 
22. The possible value of|a+c|, if— a’ + 2b” is maximum, is 
3 


given by 
(a) 1 (b) 0 (c) 2 (d) 3 
23. The possible value of|a+ b|, if” a’ +2b° is maximum, is 
given by : 
(a) 1 (b) 0 (c) 2 (d) 3 


24. The possible maximum value of : a’ +2b’ is given by 
3 


2 16 

(a) 32 is oe i: 
Passage II 

(Q. Nos. 25 to 27) 


Consider the equation |2x|—|x-—4|=x+4. 


25. The least integer satisfying the equation, is 
fay >4 (b) 4 (c) 5 (d) -5 


26. Total number of prime numbers less than 20 satisfying 
the equation, is 
(a) 3 (b) 4 (c) 5 (d) 6 

27. If P = greatest composite number less than 34 satisfying 


the given equation, then P””” has the digit on its units 


place as 
(a) 8 (b) 1 
(c) 7 (d) 0 


Passage III 
(Q. Nos. 28 to 30) 
Consider a number N = 21 P5304. 


28. The number of ordered pairs (P, Q) so that the number 
‘N’ is divisible by 9, is 
(a) 11 
(c) 10 


(b) 12 
(d) 8 


29. The number of values of Q so that the number ‘N is 
divisible by 8, is 


(a) 4 (b) 3 
(c) 2 (d) 6 


30. The number of ordered pairs (P, Q) so that the number 
‘N’ is divisible by 44, is 
(a) 2 (b) 3 (c) 4 (d) 5 
Passage IV 
(Q. Nos. 31 to 35) 


Consider the nine digit numbern =730 496180. 


31. If p is the number of all possible distinct values of 
(& —B), then p is equal to 
(a) 17 (b) 18 


(c) 19 (d) 20 


32. If q is the number of all possible values of 8 for which 
the given number is divisible by 8, then q is equal to 
(a) 2 (b) 3 (c) 4 (d) 5 

33. The number of ordered pairs (©, 8) for which the given 
number is divisible by 88, is 


(a) 1 (b) 2 (c) 3 (d) 4 


34, The number of possible values of (a + 8) for which the 


given number is divisible by 6, is 
(a) 3 (b) 4 (c) 6 (d) 7 


35. The number of possible values of 8 for which i% = 1 
(where i = /—1), is 
(a) 2 (b) 3 (c) 4 (d) 5 


Passage V 
(Q. Nos. 36 to 38) 
The set of integers can be classified into k classes, according to the 
remainder obtained when they are divided byk (where k is a fixed 
natural number). The classification enables is solving even some 
more difficult problems of number theory e.g. 
(i) even, odd classification is based on whether remainder is 
0 or 1 when divided by 2. 


(ii) when divided by 3, the remainder may be 0, 1, 2. Thus, 
there are three classes. 


36. The remainder obtained, when the square of an integer 
is divided by 3, is 
(a) 0,1 (b) 1,2 


(c) 0,2 (d) 0,1,2 


37. n® +n+1is never divisible by 
(a) 2 (b) 3 
(c) 111 (d) None of these 


38. If nis odd, n° — nis not divisible by 


(a) 16 (b) 15 (c) 240 (d) 720 
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Essential Mathematical Tools Exercise 4: 
Single Integer Answer Type Questions 


39. The number of solutions of the equation|x—1|-|2x-5|=4 41. The number of solutions of the system of equation 
+2y =6and| x —3|= y is/ 
40. The number of integral solution of the equation | x? -7| < 9 i ia ae 


are 
Answers 

Exercise for Session 1 Chapter Exercises 

1. False 2. False 3. True 4. False 5. True 1. {(1— J2)a, (-1+ V6)a} 2. 4, -1- V3} 

6. True 7. (a) 8. (c) 9. (a) 10. (b) 3. {-2, 2} 4. {-2! U[0,c°) 
Exercise for Session 2 s[? PAT 2 yz et a) 6. (-20, — 2]U[0, 2) 

1.x €(-1,3) : 2 1 

2. x € (— 00, — 2) U(8, 09) 7. (~cc, —2]U[6, 2) 8. [1,6] 9x Ee (2, Du ; } 

3.x €(-2, UCL, 4) a. 2 

3 10. x={0, 2} LL. (= ©, 0) U (6, ©) 
sal alia nu]. 12. (13,10) and (10, 13) 13.x=1 
s.re{-s Phu V5 14 = we a Mxyze|22| 
2 2 2 2 3 
15.a€ 1,14+i,1-# 
Exercise for Session 3 ine a. 9, 1+ VI29 3+ a 
1 16 16 
Lres-90[E. UG, *) 17. (i) x € (-, — 3)U (2, - 1) U 0,2) U3, &) 
1 1 (ii) x € (-c9, — 3] U (-2, - I] U[1,2) U3, ©) 

2xe-=, DUS o}u(s.=) (iii) x € (- 3, -2) UCL, 0) U (0,1) U (2,3) 

ey ve a [-3, -2) VU[-1, 0) V(0,1JU(2,3] 

4.x €[--0, -6)U(—4, -l) UA, 0) 5.xER 19. (c,d) 

6.(d) 7. (c) 8 (a) 9% (a) 10. (c) 11. (d) 20. (b,c,d) 

12. (d) 21. (a,b,c,d) 22.(a) —-23.(c) ~—24. (b) 

. . 25.(a) 26. (d) 27.(c)  28.(a) 29. (b) 30. (c) 

Exercise for Session 4 31.(c) 32.(a) 33.(b) ~— 34. (d)—35.(d)_—«36.(a) 


lmeod 2.(-l) 4.(4) 37.(c) 38.(d) 39.(0) ~— 40. (9) _~— 41. (2) 


Solutions 


1. 


(x-a), x2a 
Fora <0,|x-a|= a ae 


CaseI x2a 
x° — 2a(x — a) — 3a” =0 
x? —2ax — a’ =0 


x? —2ax + a? = 2a? 


Yuu dU 


Since,x 2a and a<0O 
*. Neglecting {a(1 + V2)} => x =a(1 — V2) 


Casell x<a 


> x? + 2a(x — a) — 3a" =0 => x? +2ax =5a? 
> (x+a)?=6a7 => x=-at 6a 


x =a(vV6 - 1), —a(V6 + 1) 


Since, x<a and a<0O 
.. Neglecting {— a(V6 + 1)} > x = a(v6 - 1) 
Hence, x € {a(1 — V2), avo — 1)}. 


|x? + 4x+3|+2x4+5=0 


Take two cases, i.e] x + 4x43 J=+ (x? + 4x +3) 


Casel x? + 4x4+320 


(x+3)(x+1)20 


(x-a)?=2a" => x=+-2a+a 


x =a(1+ V2), a(t — V2) 


~< 
-3 

=> x €(-3, -1) 
or x €(— c, —3] U[=1, °°) 
=> x’ +4x434+2x4+5=0 
=> x’ +6x+8=0 
> (x+ 4)(x+2) =0 
=> x=-—2,-4, 
But x € (—3, — 1) 
“. Neglecting x=-2 
=> x=-4 


Casell x? + 4x+3<0 


(x+3)(x+1) <0 
x €[-3,-1] 
=> x? + 4x4+3-2x-5=0 


i) 


x? +2x-2=0 


U 


> x=-1+ V3,as x €[-3,-1] 


a Neglecting x = —-1+ V3 > x=-1- 3 
xe{-4,-1- 3}. 


. |x? -3x-4|+|x?-1]=9 


=> |xt+1]/{(x-4|+]x-1]}=9 


CaseI x2=4 
(x+1){x-4+x-1}=9 


> (x + 1)(2x -5) =9 

=> 2x? -3x-14=0 

=> ge629 
2 


...(ii) 


[neglecting both as x = 4] 


Casell 1<x<4 


> (x+1)}{4—x+x-1}=9 
> (x+1)-3=9 
=> x=2€(1, 4) 


Case] -1<x<1 
(x+1){4-—x+1-x}=9 

> (x + 1) (5 -2x) =9 

=> 2x*-3x + 4=0, having imaginary roots. 

.. No solution. 

CaseIV x<-1 

—(x+1){4-x+1-x}=9 

(x+1)(2x-5)=9 > x=-27. 


Asx <-1, 
, 7 
x =—2, neglecting x = ms 


Thus, from Egs. (i) and (ii), we get x © {—2, 2}. 


4, 2743 9% =/9% -1|41 


Case! x20 
a*tl_9* =2% -141 = 2*%-2=2-2* 


ie. true for all x >0 
Casell -1<x<0 
gree o*X 7.9" 4 4 


=> gxtliog 

> x =0 

Case III x <-1 

> a*-'-9* =1-2* +1 
> pe I 

> x=-2 


Thus, from Egs. (i), (ii) and (iii), we get x € {—2} U[0, ©). 


...i) 


(i) 


...(ii) 


...(iii) 
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5. If 5a” —3a-2,a° + a-2,2a” + a— 1are lengths of sides of => y* + 8y?-920 
triangle, then sum of any two sides must be greater than third = (y? + 9(y? -1) 20 
side. = 

2 
Casel (5a” —3a—2) + (a? +a—2)>2a°+a-1 > y 21 
i <a > 
=> 6a” —-2a—4>2a* +a-1 et velo yet 
P => x+1s-lorx+121 
= 4a’ —3a-3>0 _, ee ee 
+s (27). (2) +0 7. ||x-2|-1/23 
8 8 > |x-2|-1<5-3 or |x-2|-133 
+ _ 4 > |x-2|<-2 or |x-2|24 
a i = No solutionor x-2<-4 or x-224 
goer Save? => x<-2 or x26 
=> xE(-~,-2]U[6, ~) 
3 —~57 34+ 57 
=> aE|l-~, v57 U AT ey (i) 8 1e3h 7 +8 Q, 
. = -t = x4] = 
Case II (a? + a—2)+ (2a"+a-1) >5a*-3a-2 => 2x? —7x+7>0 and x*7-7x+6<0 
=> 3a° + 2a-3 >5a” —3a—2 => x € Rand x € [1,6] 
> 2a” -5a+1<0 x € [1,6] 
2x 1 
5+ V17 5-17 9. f(x) > g(x) => — > 
>ja a <0 ax°+5xt+2 xt+1 
4 4 
2% 1 
= 2 1 2 +1 — 
+ ,- tt Qx+ix+2) (+1) 
5-7 5 417 = 2x* + 2x —(2x" + 5x +2) 
. 4 (2x + 1)(x + 2)(x +1) 
ae sat) (i) =i(3x-+4 2) 
> eee —* 
4 4 (2x + 1)(x + 2)(x + 1) 
Case ll (5a? —3a—2)+(2a” + a—1) > (a* +a—-2) gis | om bel ‘. 
=> fa 2a~3 a 4 a8 “= = ee 
> 6a° —-3a-1>0 => x €(—2, -1) U(-2/3, -1/2) 
2 = 2 
34/33 3 — 33 10. |\x| | + x=|| x|| + x*. 
= 4 12 4 2 = Casel When0< x <2 
> (x +1)? + x=(x+1)+ x’ 
+ - + 
+ + > x4 2Qx4+1txax° 4x41 
3-133 = 3 +133 = 
12 12 = ia 
> x=0 
3 — V33 3+ ¥33 
a [~ 18) Uf 18.) “alii Case Il When x >2 
12 12 => (x- 4)? + x=|x-4|+ x? 


From Eqs. (i), (ii) and (iii), we get 


oe st) 


8 4 


6. (x +3) —(x-1)° > 244 


(x + 3)+(x-1) 
2 
(y + 2)? -—(y -2)° = 244 
=> 2(C-y* +24 °C3-y? +2? + °Cs-2°} = 244 


Let y= => y=xt+1 


=> 2 {10y* + 80y” + 32} > 244 
=> 4 {5y* + 40y? + 16} > 244 
> Sy! + 40y? + 16261 


Now, if 2<x<4 


=> (x? —8x+16)+ x=4-x4+ 2 


> 6x =12 
> x=2 
Again, if x24 
> (x4)? + x=x-44 x? 
=> x? -8x+16+¢x=x°+x-4 
=> 8x =20 
=> rn 
2 
but x24, 


“. Only two solutions x = 0 and 2. 


...(i) 


...(ii) 


11. 


12. 


13. 


The points x = 1 and x = 2 divide the number axis into three 
intervals as follows : 


1 
1 
co ; +ve 
=e 1! % 


I 
I 
I 
1 

co + co 
1 +ve 2 —ve 
I 


We solve the inequality on each intervals. 
Ifx <1, then x -1<0Oand2-—x>0. 
[x= 1 || 2.—%) 53 =x 
Ll=x+2=4>3+% 
3-2x>3+ x 
x<0 ...(i) 


x <2,then x —120and2—- x20, we have 
Cal 2] KS3 +X 


=> 1s3+x => x2<-2 


=> 
=> 
=> 
Ifis 


The system of inequalities obtained has no solution, for 
1<x<2.If x>2,then x -—1>0and2-—- x <0, we have 


x-1l+x-25>34+x 
=> 2x-3>3+x => x>6 


Combining the solutions obtained on all parts of the domain of 
admissible values of the given inequality, we get the solution 
set (— 2, 0) €(, ©). 


Here, «x? + 12(23 - x) + (23 - x)? + 12x =33 (" y =23- x) 


= x’ - 12x +276 + x" - 34x + 529 =33 


Let a=./x*? - 12x + 276 
and b =./x? - 34x + 529 (i) 
=> a+b=33 and a? -b* =11(2x- 23) 
2x - 23 
a-b=— 
3 
+ 38 
a ...(ii) 
3 


2 
=>  x°-12x+ 216-( 24% [using Eqs. (i) and (ii)] 


=> 8x"°-184x+1040=0 => x=13,10 
> y = 10, 13 
.. (13, 10) and (10, 13) are the required solutions. 
Here,u+ v=p+q ...(i) 
Where u = /2x - 1, v = ./3x- 2, p =./4x -3, 
q=Vox-4 

uwe-v?=1-x 

p-g@=1-x 3 w-v=p?-¢@ 
=> u-v=p-q_...(ii) fusing Eq. (i), u+ v= p+ q} 


From Eqs. (i) and (ii), we get 
2u=2p = 2x-1=4x-3 
or x = 1, which clearly satisfies 
J2x-1+ J3x-2=,/4x-3 + J5x-4 


x = 1is the required solution. 


14. 


15. 


16. 
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Here, x+y? +(4-x-y) =6 (“z=4-x-y) 
x? +(y-4)x+(y? +5-4y)=0 
Since, x is real. 
=> D20 
=> (y-4)-4y?-4y +5)20 
=> -3y? + 8y-420 
> - By -2)(y-2)20 
<— | + | ——_» 

2/3 2 
> ae <2 

0 


2 
Similarly, we can show that x, y andz € 2 2| 


B+1_ 1 (a+ 1)6+1)_1 
(a-1)(B-1) a 

1 1 

J+ £=onas roots 


Py ae 
au oi na 


Now, the quadratic x* - (- 


a-1 B-1 
> ax°+x+1=0 s.(i) 
20 x atl 1 
Let x= > O= = 
atl 2-x a-1 x-1 
1 
Now, replacing x by in Eq. (i), we get a quadratic 
21 
2 
whose roots are and em 
a+1 B+1 
a 1 
—— +1=0 
(x-1)° (x-1) 
> x°-x+ta=0 ...(ii) 


Hence, Eqs. (i) and (ii) are the two quadratics whose roots are 
elements of set ‘A’ and set ‘B’, respectively. 


“. They must have a root in common as A MB # > 


CaseI Both roots are common. 


a 1 1 
=> -=— => 
1 -1 a 
=> a=-1 anda’=1 > a=-1 


Case II For a common root, 


2 
x x 1 


at+1 1-@ 


=> a=1+ti 
aé{-1,1+i,1-i} 


=1 =1)? 
Here, — ee 
3+ 2x-8x |3+ 2x - 8x" | 
=] 
Let a=—* 5b =(x-1), 
3+ 2x -8x 
then Ja|+|b|=|ab|+1 
> |ab|-|a|-|b|+1=0 
> (|a|-1) (| b|-1) =0 


|a|=1 or |b|=1 


22 


17 


18. 
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When |a|=1 
x= 1 
> Sian a | 
3+2x%=— 8x 
x= 1 x-1 
zai or ak 
3+ 2x - 8x 3+ 2x-8x 
=> x-1=3 4 2x- 8x? 
or x-1=-3-2x + 8x’ 
> 8x*-x-4=0 or 8x*-3x-2=0 
1+./1 + 128 3+4.,/9 + 64 
> x = —+—_— __ or x = —+__ 
16 16 
ss 1+ 129 3473 (i) 
= = —_ aki 
16 16 
Again, when | b| =1,| x- 1] =1 
> x-1=1 or x-1=-1 
> x=0 or x=2 ...(ii) 


From Eqs. (i) and (ii), solution set is 


14/129 3+ 73 
x €5 0,2, i ri 


16 
= (x? -2|x|)2| x| 


(2 |x| —2) 
x? -2|x| 


9 
ay| sas sz 
ety of: ~2|x|)? =| 


We have, f(x) —2)-9- 


=(2|x 


x? -2|x| 
_ (|x eae —2|x|- 
x? -2|x| 
_ 2 |x| 2) (1x | — 1)" + 2} (x1 + Dx] -3)} 
7 2 
x" -2|x| 
Taking, N’=0 > |x|=1,3 
> x=+1,+3 and D’ =0 
= |x|(|x|-2)=0 
=>. 0,42 


We mark these roots on a number line : 


From the wavy curve method, we have 


(i) f(x) >0 => xE(-~, -3) U(-2, -1) U(1, 2) UG, ©) 
(ii) f(x) 20 => x €(--,-3] U(-2, -1] Uff, 2) UB, ©) 
(iii) f(x)<0 = x €(-3,-2) U(-1, 0) U(O, 1) U(2, 3) 
(iv) f(x)S0 => xe[-3,-2) U[-1, 0) U0, 1] U2, 3] 


The domain of admissible values of this inequality consists of 
all the real numbers. The inequality is equivalent to the 
collection of two systems : 


IV 


l+x 


19. 


20. 


We solve the first system : 


1 x ~ 1 = 
1l+x 2 Seyi x 2 
x 20 x 20 
21 =x T= 
c—) 1l+x 2 414+x © 0<x<il 
x 20 x20 


Again, we solve the second system. Its first inequality is 


=, 


2 


equivalent to the inequality 


If x < 0, then 1 — x > 0 and consequently the second system is 
equivalent to the system 


1 51 2=14 x 
1-x 2 6 l= x = 
x <0 x <0 
Lex ca 
S 1-x @S-1<x<0 
x <0 


Thus, the set of all solutions of the original inequality consists 
of the numbers belonging to the interval [—1, 1]. 


Given, cosx—y’—.Jy —x’-120 
Clearly, ./y — x” -1 is defined when y — x” -120 


or y > x’ +1. So, minimum value of y is 1. 


From Eq. (i), we have cosx—y” >,y—-x?-1 


where cos x -y’ <0 [as when cosx is maximum (= 1) and y? 


...(i) 


- at a. : 
is minimum (= 1). So, cosx — y* is maximum.] 


Also, yy —x?-120 

Hence, cosx—y* =fy—-x?-1 =0 

=> y =landcosx=1,y=x’+1 
=> x=0,y=1 


Given, (sina)x’ -2x+ b >2 


Let f(x) =(sina)x? -2x+b-2 


Abscissa of the vertex is given by x = >1 


sin Q 
The graph of f(x) =(sina)x* -2x + b -2, Vx <1is shown in 


the figure. 
y a 


X’* 


*X 


SS 
x< 


O 1 


ss “sina 
= (sina) x” —2x+ b—2 must be 
greater than zero but minimum is at x = 1. 


sina—-2+ b-220, 


Therefore, minimum of f(x) 


ie. 


Tt 
> b24-sing, «€(on)- |} 


21. 


Given, |ax’ + bx+c¢| <1, Vx €[0,1] ...(i) 


Putting successively x = 0, 1 and is in Eq. (i), we get 
-1<c<1 : 
-l<atb+c<1 
—4<at+2b+4c<4 

From Eqs. (ii), (iii) and (iv), we get 
|b| <8 and|a| <8 

> ja| + |b] + |c|S<17 


Sol. (Q. Nos. 22-24) 


22. 


23. 


24. 


| f()— f()| <2 


=> |atb\<2 
=> (atb)y<4 
Also, | f(-1) — f(0)|< 2 
=> |a—bl<2 
=> (a-b)’ <4 
4a” + 3b? =2%a+t b)? +2a—b)-b° 
<2x44+2x4-b?<16-b’<16 


(. if|u| <1,|v|< 1, then|u —v|< 2) 
v flj)=at+bt+e 
and f(0)=c 


[. f(-1) =a—b+ cand f(0) =c] 
Now, 


= Maximum value of 4a? + 3b? = 16, when b = 0 


> jat+b|+|a—b|=4>|a|=2 
Also, | fQ) — f(0)| =|a + c—e| =|al =2 
=> Ja +cl=|c|=1 


. The possible values of (a,b,c) are (2,0,—1) or (—2, 0,1) 
Also, “a +2b7 = =(4a" +3b’)< (16) 


2 
8a F : 
|a+c|=1, when os + 2b’ is maximum. 


8a” 
|a+ b|= 2, when a + 2b" is maximum. 


8a” ». 32 
The maximum value of a + 2b° is 7 


Sol. (Q. Nos. 25-27) 


25. 


Given, |2x|—|x-4|/=x+4 


CaseI When,-» <x <0 
—2x-4+x=xt+4 

=> —2x=8 > x=-4 

Case II When, 0<x <4 
ax—-(4-x)=x+4 


> 2x =8 => x=4 

Case III When, 4< x <0 
2x-x+4=x+4 

=> x+4=x+4 =>xeER 


Solution of the given equation is {— 4} U[4, ©). 
-. Least integer = — 4. 


26. 


27. 


Sol. 
28. 


29. 


30. 


Sol. 
31. 
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Chap 01 Essential Mathematical Tools 


Prime numbers less than 20 satisfying the equation are 5, 7, 11, 
13, 17, 19 i.e. 6 prime number. 


P =33, P?’ = (33) = number has 7 at its units place. 


(Q. Nos. 28-30) 
Sum of digits = P+ Q+ 15 
N is divisible by 9, if P + Q + 15 = 18, 27 
=> P+Q=3 (i) 
or P+Q=12 ..(ii) 
P=0,1, 2,3, 4,5, 6, 7, 8,9 
P=0,0=3 
. P=1,Q=2 
From Eq. (i), we get 
P=2,Q=1 
P=3,Q=0 


Number of ordered pairs is 4. 


From Eq. (ii), we get 
P=3,Q=9 
P=4,Q=8 
sabes Number of ordered pairs is 7. 
P=8Q=4 
P=9,Q0=3 
Total number of ordered pairs is 11. 
N is divisible by 8, if Q = 0, 4,8 
Number of values of Q is 3. 
So=P+9 
Sp=Q+6 
So -Sg=P-Q+3 
N is divisible is 11, if 
P-Q+3=0,11 


P-Q=-3 (i) 
or P-Q=8 ...(ii) 
N is divisible by 4, if 

0=0,2,4,6,8 
From Eq. (i), Q=0, P=-3 (not possible) 
O=S2, .P==1 (not possible) 
Q=4, P=1 
Q=6, P=1 
Q=8 P=5 
“. Number of ordered pairs is 3. 
From Eq. (ii), Q=0 P=8 
Q=2 P=10 (not possible) 
Similarly, QO#4,6,8 


.. Number of ordered pairs is 1. 


.. Total number of ordered pairs, so that the number N is 
divisible by 44 is 4. 


(Q. Nos. 31-35) 
If o = 0, then the possible values of o — f are 


(0.1 98 08 
If @ =1, then the possible values of © —B are 
Olle ees eee ee, ee)" 


If & = 2, then the possible values of  — B are 


{2, 1, 0, -1, —2, -3,..., —7} and so on 
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If «& =9, then the possible values of a —B are 38. n= odd 
(9, 8, 7, 6, 5, 4,3, 2,1, O} Let n=2k+1 
Thus, in all the values of « — B are nm —n=n(n* -1)=n(n-1)(n+ 1)(n’ + 1) 
{-9, —8, —7, —6, —5,— 4, 3, -2,-1,0,1,2,3,..., 9} = (2k + 1)(2k)(2k + 2)(4k? + 4k + 2) 


.. Total number of values of & — B is 19. 
p=19 
32. Number N is divisible by 8, if 100 + 10 B is divisible by 8. 


.. Possible values of B are 2, 6. 


= 8(k) (k + 1) (2k +1) (2k? + 2k +1) 

which is divisible by 15, 16 and 240 but not divisible by 720 
When n=5=>n(n' -1) 
e w=3 =5(5* —1)=5(625 -1)=5 x624 = 3120, 
33. N=730.49618 0 which is not divisible by 720. 

N is divisible by 88, if N is divisible by 8 as well as 11. 39. Given, |x-1|-|2x-5|24 

N is divisible by 8, then B = 2, 6 

For divisibility by 11, 

So =17+ , Sp =13 +B 
So —Sp =(17+ a) -(13+B)=a-B+4 * 
a-—6£ + 4be the integer lying between —5 and 13. 
But, « — 6 + 4is divisible by 11,s0 a-B+4=0, 11 


Case I a-B+4=0 
when B=2,a=-2 (rejected) CaseIl When, x <1 
when B=6,a=2 1-x-(5-2x)2>4 > x-4245 x28 
Casell a-B + 4=11whena=9,p =2 but x<1 
when B=6,a@=13 (rejected) = No solution 

(a, B) = (9, 2) (2, 6) Case II 1<x<5/2 
.. Number of ordered pairs are 2. x-1+2x-524 

> 3x-624 => 3x210 


34. N is divisible by 6, if it is divisible is 2 and 3. aa 
N =73 049 616 0 is divisible by 2 for all values of @ and B. > x2— butl<x<5/2 
30< (30+ at+B)eI< 48 : 


=> N h ist. 
But 30 + a + B is divisible by 3, if si is 


Case III >5/2 
30 + a& + B = 30, 33, 36, 39, 42, 45, 48 ASE = het ae 
= 24> +5> 
o. + B = 0,3, 6, 9, 12, 15, 18 x-1-(2x—5) x x 
=> -x+424 > x <0 


Number of possible values of (a + B) is equal to 7. 
35. iN=1 => N must be divisible by 4. 
=> B=0,2,4,6,8 
Number of possible values of 8 is 5. 
Sol. (Q. Nos. 36-38) 
36. Let n=3k+4r=0,1,2 


n’ =9k? + 6kr +7? =3mt Pr? = x€[-4,4] 
Hence, number of integral solution 9. 


= No such x exist. 


*. Number of solution is 0. 
40. Given, |x? -7|<9 
=> 9<x°-759 => -2< x’ <16 


> 0< x" <16 => 0<|x\<4 


2 
r°=0,1,4 
; 41. System of equations arex+2y =6 and |x-3|=y 
“. Remainder = 0 or 1. 


CaseI Whenx23, x+2y=6 and x-3=y 
Solving these equations, we get x = 4,y =1 


37. 


a)n? +n+1 is an odd number. 


Casell Whenx <3, x+2y=6 and 3-x=y 


( 
(b) when n = 1, n’ + n + 1is divisible by 3. 
( Solving these equations, we get x = 0,y =3 


c)111=107 +1041 .. whenn =10 


2 3 adie 
ny 4 9e# Aas divisible by 114, Hence, two solutions are (0,3) and (4,1). 
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Session 1 


Geometrical Meaning of the Derivative, 
Derivative of f(x) from the First Principle 
or ab-Initio Method, Rules of Differentiation 


Derivative is the instantaneous rate of change of a 
function with respect to dependent variable. Also, the 
derivative is the slope of tangent to a curve at a point. 


Geometrical Meaning of 
the Derivative 


Let us consider a function y = f(x) in a rectangular 
coordinate system. We also consider a point P(x, y) on the 
curve. If a point corresponding to an increased value of the 
argument x + Ax is considered, its ordinate value is given 
byy + Ay = f(x + Ax). 


In figure, the point (x + Ax, y + Ay) is represented by A. 


YA A(x +Ax, y + Ay) 


>X 


Figure 2.1 
Here, PA is the secant to the curve. 


Now, asAx—0, Ay-0 = PA-0 

(i.e. the distance PA tends to zero or to a single point P) 
=> im (slope of chord PA) — (slope of tangent at P). 
or ™ tan y= ao tan 0 


Figure 2.2 


which means that the value of the derivative f’ (x) for 
a given value of x is equal to the tangent of the angle 
formed by the tangent line to the graph of the 
function y = f (x) at the point P (x, y) with the 
positive X-axis. 


Relation between dy/dx and dx/dy 
Let x and y be two variables connected by a relation of the 
form f(x, y) =0 


Let A x be a small change in x and Ay be a small change in 
y, then 


ay lim Ay and ase lim ae 
dx Ax>0Ax dy Ay>0 Ay 
ox. BY PT cg 
Ax Ay 
> lim ay ad =1 
Ax>0\ Ax Ay 
=> lim ay lim BE a4 [Ax 30@Ay—->0] 
Ax>0Ax Ay>0 Ay 
dx dy 
So, dy _ l 
dx dx/dy 


Derivatives of f(x) from 
the First Principle 

or ab-Initio Method or Delta 

Method or By Definition 


If f(x) is differentiable function, then 


ae lim PARED AE) Spry) 2 


lim 
Ax>0Ax Ax 30 Ax dx 
Simply, f(r) = lim S270 =L) 


Example 1 Differentiate the following functions w.r.t. 
x using first principle. 


(i) f(x)=tanx (ii) f(x)=e% 
(iii) ex (iv) Vsinx 
Sol. (i) Let f(x) = tanx 


Then, f(x+h) = tan(x+h) 
f(xth)- f(x) 
0 h 


(tan x) = lim 
dx ho 


ce tan(x+h) — tan(x) 


=li 
ho h 

Sita tan(x+h-—x)-[1+ tan x-tan(x+h)] 
h>0 h 


[. tan A—tan B=tan(A-B)-(1+ tan A tan B)] 


= lim eh dg? x) | lim ara | 
hoo Ah 


= sec? x 


2 an x) = sec” x 
dx 


(ii) Let f(x) = e2* => f(x+h) = e2(xth) 
d _ f(xth)— f(x) 
a = hi 
ae) lim ; 
2(xt+h)_ 2x 2h 
an d (e?*) = ae e = fimet® Ae 1) 
d h—0 h h—0 
2h e- 
=e" im "hana lim © tay 
h>0 2h x30 x 
d 2x 2x 
—(e 2e 
a ) 


(iii) Let f(x)=e* => f(x+h)=e%*"” 


d +h)- (x +h)? ox 
# x)= lim i a. lim £ 
dx h>0 h h>0 h 

ex thi + 2hx _ ox? 
= lim 
h>0 h 
ex : elt 2hx _ ex elt + 2hx —4 
= lim = lim e* — == 
h—>0 h ho h 


Pas eee h? + 2hx 
=e lim x 
ho h? + 2hx h 
x? 4s e -1 : 2 
=e lim lim (h + 2x), where t = h* + 2hx 
t h->0 


t>0 


=e* x1x lim(h + 2x) i lim © 
h->0 
=e*~ X2x = 2xe~ 
(iv) Let f(x)=~sinx 
= f(x +h) =.Jsin(x + h) 
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ACE ha Aa er /sin(x + h) — Vsin x 
h 


d 
= li 
pm, post h>0 h 


: sin(x + h)—- sin x 
= lim 
h>oh (,/sin(x +h)) + Vsinx 
[rationalising the numerator] 


: (5) (= + *) 
2sin | — | cos | ——— 
. 2 2 
= lim 


h>oh (/sin(x +h +-sinx) 


Le sin C —sinD = 2c03( © us ? sin (S = ?) 
L 2) 
sinh /2 ,. cos (x + h/2) 
= lim m 
hi2>0 h/2 h—0 Jsin (x + h) + Vsin x 


[ash>0>h/2->0] 
COS Xx = 


2vV/sin x 


COS Xx 


=1 
2Vsin x 


Differential Coefficients 
of Standard Functions 


(i) (constant) =0 (ii) S(x")= nx" 
Ga) Fx Gv) Z(e*) =e" 

= 
x 


a “)=a* loga vai t-te x|)= 
we )=a* log val VOB | |) 


1 


x log.a 


(vii) & (log,|x|)= (viii) 2 (sin x) =cos x 
dx dx 


2 


(ix) is (cos x) =-sin x (x) = (tan x) =sec"x 
dx dx 


(xi) as (cot x) =-cosec?x (xii) # (secx) =sec x tanx 
dx dx 


haw 30 
(xiii) ce (cosec x) =-cosec x cot x 
x 


wy Wye 2 
(xiv) (sin x)= ,-1<x <1 or |x|<1 
x 


1-x 
(xv) oes x)= = ,-1<x<1lor |x|<1 
dx 1- x’ 
1 


, oo <x<ocoor xER 


ea (tan™* x) = 
dx 14x? 


(xvii) #. (sec ‘x)= 
dx 


: x|>1or xe R-[-1,1] 
|x|fx? -1 


seo <x <coorxE R 


(xviii) « (cot’' x)= 
dx 1+x 


-1 
|x|fx?-1 


(xix) <_(cosec x) = ,|x|>lor xe R-[-1,1] 
x 
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Rules for Differentiation 


Here, we will discuss some rules which are related to 
differentiation. 


Differentiation of Sum and 
Difference of Functions 


When a function is expressed as sum or difference of two 
or more functions then, to find the derivative of function, 
we need to differentiate each term seperately. i.e. 


Ify =u(x)tv(x)tw(x) +..., then 
dy _du(x) , v(x) , dw(x) ae 
dx dx dx dx 


is known as term-by-term differentiation. 


Example 2 If y =sinx +e”, then find . 
x 


Sol. Here, y =sinx + e* 


On differentiating both sides w.r.t. x, we get 


Oe 
dx dx 

> OW sinx + d e* 
dx 

=> OY ox Soi ao 
dx 


Example 3 If y=x’+sin' x+log, x, 
dy 
then find —. 
en fin cS 


Sol. Here, y = x’ + sin’! x + log, x 


On differentiating, we get 


dy d,4 Oni 4 d 
= x") + sin x) +— (log, x 
dx ms ) dx | ) dx | Be *) 
=> a ai ag ae 
dx -x2 x 
OY igs : + 
dx 1-x x 


Example 4 If y =log,, x+ log, 10+ log, x+logj9 10, 
then find oy 
dx 


Sol. Here, 
=> y = logiy x + log, 10+1+1 


y = logy) x + log. 10 + log, x + logy) 10 


[. log, a= 1] 


=> y = logy x + log. 10+ 2 
On differentiating, we get 


dy_d d d 
—— = — (log) x) + —(log, 10) + —(2 
re Fy (810 *) 8 ) a 
1 
= +0+0 
x log, 10 
_ 1 
x log, 10 


sin x 
Example 5 If y=x~'/2 +log. x+ —— +2", 
p If y Be ae y 


dy 
then find —. 
en fin rs 


1 


Sol. Here, y= x"? + log, x + tanx + 2* 


On differentiating, we get 


dy d -1/2 d d d x 
= =—(x + —(log, x) + — tan x + —(2 
dx a dx Bs *) dx ie ) 
an (gj 4 + + sec” x + 2* log 2 
2 xlog,5 
= Eo? : + sec” x + 2* log 2 
2 xlog,5 


Differentiation of a Function 
Multiplied with a Constant 


If a function multiplied by a constant, then the derivative 
of constant times a function is the constant times the 
derivative of the function. i.e. 


If y =k f(x), then on differentiating, we get 
dy d 
bt ee Se oe 
dx dx Ff) 
| coe OY 
Example 6 If y =m~sec™' x, then find ay 
xX 


Sol. Here, y = m’ sec’ ' x 


On differentiating, we get 


Example 7 If y =log x°+ 3sin | x+kx’, 
d 
then find = 
dx 
Sol. Here, y = log x°+ 3sin"'x + kx* 


On differentiating, we get 


dy d 3 d ees d 2 

—=— [l + —[3 + —[k 

dx ax HOS * | a oa ae 
d d d 

= 3— [I + 3—(sin™! x) + k— (x? 
a [log x] a x) = (x") 


[" logx” = nlog x] 


3 
af1— x? 


+ 2kx 


1 1 3 
=3-—+3- + k(2x)=—+ 
x ji-x? x 


Product Rule 


If u(x) and v(x) are two differentiable functions, then 
u(x)- v(x) is also differentiable. 


If y =u(x)- v(x), then 
w.|¢ u(s)| -v(x)+u(x)- (t v (=) 
x x dx 


which is known as product rule. 
i.e. derivative of product of two functions 


= (first function) x (derivative of second function) 
+ (second function) x (derivative of first function) 


Example 8 If y =e* sin x, then find o 
x 


Sol. Here, y =e” sin x 
On differentiating, we get 


ce LS e*)s-sin x t+e*- = sin x 
aed is {ee } 


=e*-sin x +e*~-cos x =e* (sin x + cos x) 


gl 
Example 9 If y =e* tanx+x-log, x, then find a 
X 
Sol. Here, y =e* tan x + x- log, x 
On differentiating, we get 
ce 
dx dx 


d x x | d d 
={— e*+-tan x + e* -{— tan x-+4— x+-log x 
dx dx dx P 


1 
=e*-tan x +e*-sec’x +1-log x + x-— 
x 
dy x 2 
Hence, a (tan x + sec” x) + (log x + 1) 
ie 


(e* tan x) + = (x log x) 
dx 
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Differentiation of Product of 
More than Two Functions 


(i) If 3 functions are involved, then remember 
Di f(x) + g(x)+ A(x} = f(x) > g(x) > h(x) 
+ f(x)+ g(x) + h(x) + f(x) + g(x) + h(x) 
(ii) The result can be generalised to product of n terms as 
D{filx) folx) fax). fr} 
=[fi(x)- fal): fa(x).-- fal) 
+ [fi(x): f(x) f(x). fn] 
+ [filx) fo(x) fs (x)... fala) +... 
+ [fi(x) fax) f(x). fr (0) 
Example 10 Let f,g and h be differentiable 
functions. If f(0)=1, g(0) =2, h(0)=3 and the 
derivative of their pairwise product at x =0 are 
(fg) (0) =6 ; (gh) (0)=4 and (hf)’(0)= 5, then 
compute the value of (fgh)’ (0). 


Sol. We know that, ( fgh)’ = (fey h + cae + (hfy’s 


is h(0) + (gh)’(0)- (0) | 

ey + (hf)'(0)- 8(0) 

(fgh)'(0) 5 

_ (6)-(3) + (4)-() + 6)-(2) _ 
2 


16 


Example 11 If y =(1+ x) (1+ x*)(1+x")...(14.x7"), 
then find © at x =0. 
Sol. Here, y =(1+ x)(1+x”)(1+ x*)...(1+ x7") 


On differentiating, we get 


= (yas x*)(1+x*)...(1+ x7") 


+ (1+ x) (2x) (1+ x4)... (1+ x7") 
+(1+x)(1+ x7)(4x7)... (1+ x7") 


+..4(1+ x) (1+ x*)(1+ x*)(14 x8) 


Now, (=) =1 
dx x=0 


Quotient Rule 
If u(x) and v(x) are two differentiable functions such that 


u(x) 


v(x) #0, then 
v(x 


(14 x07" 71) x ane x? 


is also differentiable. 
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Ify= Z cae then 
d d 
» [Euco} vey-|2v(o]-ues) 
dx 7 


2 
{v(x)} 
is known as the quotient rule of differentiation. 


Reader’s can learn the given formula in following ways 


Derivative of quotient of two functions 


(denominator) x (derivative of numerator) 


_ — (numerator) x derivative of denominator 


(denominator)? 


Example 12 if y= = ; 
x" +) 


dy 
then find —- 
fi dx 
Sol. Here, y = 7 
x" +1 
On differentiating, we get 


2 d d 2 
dy a Pe Md Pr +1) 


dx (a? iy 
7 (x? +1)-1—x-(2x) _ 1—x? 
(x? +1) (1+x?) 


nf dy 
Example 13 if y=2—"~, then find . 
p y a Sn 
Sol. Here, y = vane 
Og, X 


On differentiating, we get 


d d 
log, x xsin x)— xsin x —(log, x 
dy. eet ) ae) 


dx (log. x)” 
F ; 1 
log, x(x cos x+sinx)—xsin x (=) 
x 
(log. x)’ 
_ log, x (xcos x +sinx)—sin x 
(log. x)” 


3a*x — x? dy 
Example 14 If y =. then find —. 
p y a en find 


3a°x — x? 
Sol. Here, =y = ——— 


a> —3ax? 


On differentiating, we get 


(a> —3ax’) (3a°x — x*)—(3ax — x?) d (a> —3ax”) 
dy _ dx dx 
dx 


(a® —3ax*)? 


_ (a® — 3ax”) (3a* — 3x”) — (3a? x 


(a? — 3ax’)* 


x?) (— 6ax) 


a 3ax* + 6a°x? + 3a° 


(a® — 3ax’) 


xt 
Example 15 if y = ee 


dy 
, then find —. 
x" +cot x f dx 


x 
e -—tan x 
Sol. Here, =y =———— 
x" + cot x 


On differentiating, we get 


(x" + cot x) eg (e* - tan x)-(e*~ — tan x) ] 
dx | 
d 
—(x" + cot x 
dy _| dx ( | 
dx (x" + cot x)? 
| (e* - sec”x)(x" + cot x) -(e* — tan x) 
dy _| (nx" ~' — cosec”x) 
dx 


(x" + cot x) 


| 
Example 16 If y = M6 * 4 e% sin x+ logs x, 


dx 


Sol. Here, y = le 


x 


+ e* sin x + log, x 


On differentiating, we get 


dy d (logx Cae d 
= + e sin x) + —(log, x 
dx dx ( x dx ( ) dx (logs x) 


d d 
- \2 (log sfx - log «| x} 


x 
d 1 
+/— e*}-sin x + e*-4— sin x}+ 
X¢ dx x log,5 
1 
—-x-log x-1 
= ; t+e* sin x +e*-cos x+ 
x x log, 5 
d 1-1] 
Hence, “* = aoe ee (sin x + cos x)+ 
dx x? x log.5 


Remark 


While applying the quotient rule, think twice and check whether 


your function could be simplified prior to differentiation. 
(See Examples 17 and 18). 
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xe xt dy (sec x + tan x) —(sec” x — tan? x) 
Example 17 If y = and —=ax+b, then = = aie end 
X°+X+1 dx 
find aandb. ( sec?x — tan? x = 1) 
xi tx 241 = _ (sec x + tan x){1 — sec x + tan x} 
Sol. Here, y= eek x td tan x —secx +1 
as xt 2x2 +1— x7 (x? +1) - x? => y=secx+tanx a gern ee 
4 x +x41 (x? +x +1) q - 
J = 
_ (x? +x 41)(x? -— x +1) (e) gee 
(x? + x +1) # 
[. a’ — b? =(a+ b)(a- b)] tan’ x=cot x d 
d Example 19 |f y =—— =—, then find (= 
= y=x?—-x+1 = 2 =ix~1 tan! x+cot™! x dx 
a 
at x =-1. 
=> ax +b=2x-1 Ee DY ae tan! x — cot? 
| dx | Sol. Here, y= —=—, as tan “x+cot x =— 
tan  x+cot x 
a=2,b=-1 
t d _ tan”! x —(m/2- tan! x) 
sec X+ tan xX — . 
Example 18 If y = , then find id (1/2) 
(—sec x)+ tanx+1 dx : iy ot 
_ 1 => y= 2] atan » Y= 
oS Tt 2 dx ™/1+x? 
Sol. Here, y= secx+tanx-1 dy _2 
; -secx+tanx+1 dx)... 1 


Exercise for Session 1 


= Directions (Q. Nos. 1 to 9) Differentiate the following functions w.r.t. x. 


1. eX log a , galog x + ealoga 


1-cos 2x 
1+ cos 2x 


+... An 1X + ap, 


K 


logs xX + 3log, x + 2 tan x 


« |x) apn” + ajx?~ 4 an x” 


5. sec 2 Z 7 + sin”! [2 — 4 
xX- x+1 
2* cot x 
6. x" log, x e* 7. 
Ga Je 
8 sin x — x cos x 
“x sin x +cos x 
2 3 4 
9. fiye ae Aes eas +... 00, then find the value of 
1162! C3! C! 
4 
10. 


Find the values of ‘x’ for which the rate of change of 7 + — - x is more than the rate of change of a, 


dy 


IX 


3 4 


Session 2 


Chain Rule (Derivative of Composite Function) 


Chain Rule Sptinege cats 


(Derivative of Composite Function) On differentiating, we get 
dy de“ *)} d{(tan”'x)*} d(tan™ x) 


If u(x) and v(x) are differentiable functions, then uov(x) a Haas den 5 
x tan “x tan “x x 


or u[v(x)]is also differentiable. 


If y [uow(x)]=[u { v(x)}], then ptt aia tyati 1 [by chain rule] 
ay awl. a = ie eS 
y 
= xX — v(x : 
de @ivGa. dk (x) Aliter = 
H : = an x 
is known as chain rule. Or wei ; ai eh 
Put (tan “x)=v and (tan x) =u 
ifjp= fay mdi ee ; 
dx du dx => u=V 

The chain rule can be extended as follows 2 y=e",u=v andv=tan ‘x 
If y [uovow(x )]=u[v {w(x)}], then On differentiating, we get 

dy _du[v{w(x)}] dv {w(x)} dw (x) dy _dy du dv 

dx dv{w(x)} dw (x) dx dx du dv dx 

dy _ 8 2 WW) 2 do 4 igh 20 
; ; dy = e xX x tan x=e -3v"- 7 
Example 20 If y =log (sin x), then find ae dx du dy dx 1+ x 
xX 
Sol. Here, y = log (sin x) ST eer 3 — 
1+ 
On differentiating, we get . 
dy BUG 8 is ee + xcos x Example 22 If y =log, (tan | ./1+ x7), then 


dx d(sin x) dx sin x dy 
dy y chain rule] dx 
Hence, — = cot x 


dx Sol. Here, y = log, (tan™',/1 + x”) 


poatey On differentiating, we get 


Here, = log (sin x 
4 B dy _ d[log, (tan J1+ x?)] d(tan™’,/1+ x”) 


Put = sinx = u, we have, y = logu where u = sin x 


4 2 | 2 
On differentiating, we get ss d(tan y+ x") d(y1+ x") 


2 [by chain rule] ait x") dit x’) 
dx du dx d(1+ x") dx 

& = (log u)- “(sin x) en Ss ees oe 
oe . tan™! (.{1 + x”) 1+(J1+ x?) 2J1+x? 

=F cess x 

d 1 tan) (.J1+x7)(2+ x7) 14+ x? 

£Y = xX cosx = cotx [uu =sinx] 

dx sinx 


aerae dy Aliter 
Example 21 If y =e , then find ae Hees ~ lee taal) 


Putl+ x? =w, ltx? =v 


=> v = Vw andtan™!J1+ x? =u 


=> u=tan !v 


y =logu,u=tan ‘v 


v= Vw andw=1+ x? 
On differentiating, we get 
dy _dy du dv dw 
dx du dv dw dx 


d d 1d d 2 
=e oer en ere rn ) 
a2 x : x : x (2x) 

u ity? aw 

1 1 


” (tan 4/1 + x7 )(2+ x7)f1 + x? 


d 
Example 23 If y =e™ -cos (bx+c), then find a 
xX 
Sol. Here, y = e™ -cos (bx +c) 


On differentiating, we get 


oy ae -cos (bx +¢ em eae x + 
ae {ee } (bx +.c)+ jo (oe +e) 


_ ade) d(ax) ax d cos (bx +c) d(bx +c) 
~ d(ax) dx d(bx +c) dx 


=e .a-cos (bx +c) + e™ -{-sin (bx + c)}-b 


cos (bx +c)+e 


=ae™ cos (bx + c)- be™ sin (bx + c) 


Remark 


Exercise for Session 2 
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From now and onwards, we apply chain rule directly. 


Example 24 Differentiate the following w.r.t. x. 


2 2 
(i) _llog Jsin x all qi log, x ty x? =o? 
3 i 


Sol. (i) Let y= {ee hs [= - | 


On differentiating, we get 
dy _ 1 1 


x 
dx 2 x? 
5 x i -1 
i fs [= | sin 3 


~ 2 

3 log {sin | ~—-1 

ream (§ } 

[2 2 

(ii) Let y = log, ai 

x—4x?-a 
= y = log (x +4/x? — a”) — log (x — |x? - a’) 
log $ = log a — log 


On differentiating, we get 
dy _ 1 a 2x 
dx x tyx? —@ 2) x? —a? 
1 1 2x ] 
x-yx?-a@ nix? — a* 


= Directions (Q. Nos. 1 to 19) Differentiate the following w.r.t. x. 


1. (x? 4x 447 


3. sin? x 4. 

a 
5. eX sinx 6. sin7 
7. e° 


a+bcos x 
b+acos x 


2. x24+x41 


|poant 


8. log(x + a? + x?) 


34 


Textbook of Differential Calculus 


9. 


11. 


13. 
15. 


17. 


19. 


log (22 sin x 10: i359 
a-bsinx 1-sin x 

x 

oe 12. sin(m sin” x),|x|<1 

sin 3x 

als Fry 1c 14. es (IHX) 


ca 
Fagen ale 16. logig x + log, 10 + log, x + logy 10 
1-x 


aha au 


” le 2 <igle? 9? 


5°-*" 4 (3- x2) 18 


44+./4+ 44+ x? 


Multiple Choice Questions 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


The differential coefficient of f(log, x) w.r.t. x, where f(x) =log, x, is 


1 1 
z (b) — loge x (c) —__ 
loge x x X loge X 


If f(x) =log, | x |, x #0, then f’(x) is equal to 
1 
(a) — (b) 
|x | 


() -4 
x 


DS | sane 


Let f(x) =sin x, g(x) =x? and h(x) =log x. If F(x) =A(F(g(x))), then F’(x)is 


(a) 2x cot x? (b) 2cosec® x (c) -2 cosec* x 
If f(x) =Cos x -cos 2x -cos 4x - cos 8x -cos 16x, then (4) is 
1 
a) /2 b) — c) 1 
(a) (b) ap: (c) 
lfy =f see and f’(x)=tan x2, then 2” is equal to 
5x +6 dx 
- 2 
(a) -2tan ccc) d (b) f Skene + | tari 
5x+ 6) (5x + 6) 5 tanx? +6 
3x +4 2 
c) 2x tan} ——— d) tanx 
(c) (2 * 4 (d) 
fy =|cos x |+|sin x |, then ™ at x = 27 is 
dx 3 
(a) 5 W349) (b) 23-9 (6) 33-9 
If f’(x) =sin x + sin 4x -cos x, then f’ (2x? + ) is 


(a) 4x {cos (2x2) - sin 8x? - sin 2x7} 


(c) {cos (2x) — sin 8x? - sin 2x7} (d) None of these 


If f’(x) =./2x* —1and y =f(x?), then oy at x = 1is 
X 
(a) 1 (b) -1 (c) -2 


(d) None of these 


(d) None of these 


(d) None of these 


(d) None of these 


(d) None of these 


(b) 4x {cos (2x2) + sin 8x? - cos 2x7} 
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Differentiation of Implicit Functions 


Differentiation of Implicit 
Functions 


In previous rules, we have studied functions in which 

y was only expressed in terms of x without complication 
called explicit functions. 

But, if the relation between the variables x and y are given 
by an equation and this equation is not immediately 
solvable for y, then y is called an implicit function of x. 


Implicit functions are given by 0 (x, y)=0. 


In this case, to find _ we differentiate both sides of the 
Xx 


given relation with respect to x and collect the terms 
containing 2 to the left hand side and transpose the 

2 
other terms to the right hand side. Now, divide both sides 
by coefficient of ay 
dx 


Shortcut for Differentiation 
of Implicit Functions 
(Only to be Applied while Solving Objective MCQs) 


ees ’ d -of / Ox 
For implicit function put; — x, =———___., 
P put aims f 7 ay 
where Ae is a partial differentiation of given function 
x 


w.r.t. x (ie. differentiating f w.r.t. x keeping y as 


constant) and ee means partial differentiation of given 
vy 


function w.r.t. y (i.e. differentiating f w.r.t. y keeping x 
as constant). In simple words, we write this method as 
for implicit functions 
Differentiation of function w.r.t. x 
dy _ keeping yas constant 


dx Differentiation of function w. r.t. y 
keeping x as constant 


Example 25 if x*+y*+ xy =2, then find 
x 


Sol. Here, x’ + y? + xy =2 


Differentiating both sides, we get 


Pk B xm GO a: 
rs (x ye are (xy) es (2) 


=> Doe Dy ca ytx oy =0 
dx dx 
dy dy 
> 2x + 2y—+1l-yt+x-—=0 
a ¥ dx 
dy 
=> (2y + x) — =-(2x + y) 
dx 
= dy __(2x+y) 
dx (2y + x) 
Aliter 
Put f=x? + y? + xy-2 
of 
a ; 
Now, aS OX wei 
ar (i 
dy 
where, 8 She bode aed 
ox 
and of may 4x 


Substituting in Eq. (i), we get 


dy _ _ (2x + y) 
dx (2y + x) 


Example 26 If y = xcos y+ y cos x, 


then find yy. 
dx 


Sol. Here, y = x cos y+ y cos x 
Differentiating both the sides, we get 


ay {ec} cos y + ft (cos »| 


dx 
+9] 5 (eos »| + \2 ()} os x 
dy 


=> —=1-cosyt x( én” + y(-sin Pd (cos x) 
dx dx dx 


dy ; : 
=> oo (1+.x siny—cos x) = cosy-y sinx 
x 


dy __ cosy-ysin x 


dx 1+xsiny-cosx 
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Aliter 5 
Let f=xcosy+ycosx-yS> SL - cosy ysin x 
06 
and of =-xsiny+cos x-1 
dy 
{ef 
dy \dx)_ -(cosy-ysin x) 
dx of (-x sin y + cos x -1) 
dy 
es dy cosy-ysin x 


dx 1+xsin y-cos x 


Example 27 If y J1- x +xafI-y? =1, when| x|<1 


dy 
d 1, then find —. 
and|y|< en fin rs 


Sol. Here, y j1- x? + x .J1-y? =1,|x|<1and|y|<1 


Let x =sin®, y=sin , then 


sin @ /1-sin?@ + sin ./1-sin’?o =1 


=> sin dcos@+sin@ cos O=1 
=> sin (0 +o) =1 
=> 0+ =sin (1) 
=> sin’! x +sin 'y=sin '(1) 
[--sind=x=30=sin'x | 
and sind=y>o= sin“'y | 
Differentiating both the sides, we get 


1 ¥ 1 _dy a4 
yi-x® 1-y? dx 
Hence, ay =- 1=y 
dx 1-x? 
Aliter 


Let fzyyi-x +x J1-y? -1 
=> OF 2 SY +,/1-y? and are x? ae 
ox f1- x? dy ji-y? 


Ls) 
dy \dx)_ [1 - x? Ji-y? -xyJ/1- x? 


° (24) [Yi-x* Ji-y*-xy]/yi-y? 


dy 
2 
_ 1-y 
dx ji-x? 


Example 28 If /1- x° +/1- y® =a3(x?- y’), then 


prove that 


dy_ x? |i-y® 
dx y? = a 


Sol. Here, J1- x° +.J1-y°® =a°(x? -y’) 


Let x? =sin 0, y’ =sin , then we get 


J1-sin?6 + yi-sin? 6 = a*(sin 0 — sin 0) 


=> cos 0 + cos @ = a’ (sin @ - sin 6) 


=> 20022) -cos [Aaa aco (P=2 sin e) 
2 2 2 2 
=> cos (P=2) <8 sin (a2) => cot (P=2) <8 
2 2 2 


=> 6 -=2 cot '(a°) 


es ee -1/3 
or sin x°-sin y° =2cot (a’) 


C+D C-D 
[cos + cosD =2c0s{ z Jeos{ ; 


and sinC — sin D = 2 cos (s ; > Jsin(¢ i 2) 


Differentiating both the sides, we get 
1 2 1 2 dy 
"3X “3y"- =0 
y1-x° ji-y® dx 
dy _ x? J1-y° 


dx y? 1-x° 


Example 29 If y = {sin x+./sin X+,/SINX+...00, 


where sin x > 0, then find yy 
dx 


Hence, 


Sol. We have, y = {sin x + sin x +./sin x +... ¢0 


=> y= (sin x)+y 
> y*=sinx+y 
Differentiating both the sides, we get 
dy dy 
2y —= cos x + — 
dx dx 


dy _ cosx 
dx 2y-1 


= (2y rd = cos x > 
dx 


Remark 


In above examples, it is advised to use 


dy __(af/ax 
dx af /ay 
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Exercise for Session 3 


1. Iflog(x? + y?)=2 tan (*} , then show tae 
x dx x-y 
dy -1 
2. \fx./1+ y + y./1+ x =0, then prove that — = 
ere P dx (x+1) 
oy 1 dy _y 
3. Ifcos™ > = tan” a, then prove that — =—. 
x“+y ax x 
25 
4. lfsin y =x sin(a+ y), then prove that ay = see) 
dx sina 
5. Ifx?+y?=t and x4 + yi =t? + an then prove that 2% = 1. 
t t dx xy 
Multiple Choice Questions 
6. If sin(xy) + cos(xy) =0, then 2 is 
x 
(a) ¥ (b) -* 
x x 
(c) -~ (a) * 
y y 
2 2 dy. 
7. \fax? + 2hxy + by? =0, then — is 
dx 
(a) ¥ (b) ~ 
x y 
(c) -* (d) None of these 
y 
8. Ifx?-e” + 2xye* +13 =0, then na is 
Ix 
_oxeY ~* — % x-y 
(a) 2xe 2y(x + 1) (b) 2xe + 2y(x + 1) 
x(xe¥ ~*~ + 2) x (xeY ~* + 2) 
_oxe% ~Y 5. 
(c) ae Pee) (d) None of these 
x(xeY ~* + 2) 
9. Iflog(x + y) =2xy, then y’(0)is 
(a) 1 (b) -1 (c) 2 (d) 0 
10. Ifxlog.y + ylog, x =5, then a is 
x 
(a) - u(xeayey) (b) -* [zeurey) 
X\x + y log x y\x-y log x, 


(c) -¥ [zeer—) (d) None of these 
xX\x+ylogx 
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Differentiation of Inverse 
Trigonometric Functions 


Differentiation of Inverse Trigonometric Functions 


Inverse trigonometric functions are continuous functions, their domain and range are shown in the table given below. 


S. No. Function Domain Range Principal value branch 
+=] 
1. sin” x [-1, 1] ee —7 < y< where y=sin x 
2 2 2 2 
2. cos! x {[-1, 1] [0, = ] 0< y<m7,where y= cos! x 
-l 
: rae 7 Co ec yee where y= tan! x 
2 2 2 2 
4 cosec "x ie, =l) oe Se ye ut where y=cosec! x, y#0 
iar eee y y 
1 co. — co = 
5. el foe OT) (o.mi-{"} 0< ysm,where y= sec"! x, y# 7 
6. cot! x R (0, 1) 0< y<m,where y=cot! x 
To differentiate inverse trigonometric functions, we need to -_ 3 tan x —tan°* x 
ee - mae er (viii) tan 3x = ————_____— 
know some basic trigonometric identities and substitution, 13 tan x 
they can help you finding the differentiation of inverse = tan (60° — A)- tan A- tan (60° + A) 
trigonometric functions. sin2” A 
(ix) cos A-cos2A-cos 2? A...cos2"~' A=" 
° ° ee Nias 
Useful Trigonometric Identities aA 
Remark 
(i) sin 2x =2 sin x cos x lf no branch of an inverse trigonometric function is mentioned, 
. 2 2 then it means that the principal value branch of the function 
(ii) cos 2x =2 cos” x —1,cos2x =1—2sin* x have to be taken. 
er 2 tan x “tate . . : 
(iii) sin 2x = : Substitutions for Inverse Trigonometric Functions 
1+tan" x S.No. Expression Substitutions 


1—tan’ x 1. xX = asin@or acos®@ 


(iv) cos 2x = 


1+ tan? x 


Ja 
la x = atanOor acotd 
Xx 


Pe 
2 Pex? 
2 tan x Tl ; fy2_ 92 = 
(v) tan 2x =. , where x #(2n +1) — e e af SaaS Urano 
4 4 atx 
a-Xx 


2 
1—tan” x or [ac X = acos@or acos20 
atx 


os Z 3 
(vi) sin3x =3sin x —4sin” x 


2 “9 
5. J(@=) =) or A-X op |X Db x =acos* 0-bsin’ 8 


= 4sin (60° — A)-sin A- sin (60° + A) x—-b a—x 
(vii) cos 3x = 4cos* x —3cos x 6. J@=OH=B or {23 or x-b x =asec*@+btan’@ 
x-b a-x 


= 4cos (60° — A) - cos A- cos (60° + A) ; ; ; eee tent 
ax —X =a(l- 


Example 30 If y=sec '(./1+ x7), when -1<x<1, 
_ dy 
then find —. 
en find 


Sol. Here, y =sec (.{1+x"), 


put x=tan 0 
> y =sec '(vsec’@ ) 


= sec '(sec@)= 6 = tan ‘x 
dy 1 
dx 1+x? 


_, |1-x _, dy 
Example 31 |f y=tan-' |——, then find ~, wh 
xample 3 y=tan arnt en fin pra en 


-1<Xx<1. 


+ {1- 
Sol. Here, y = tan! = , put x=cosO 
1+x 

xy se tan”! 1—cos0 

1+cos0 
= srsia 2sin’ 0 /2 

2cos?6 /2 

*'-1<cos8<1>50<0<7 


=> y=tan "|tanO /2 octet 


y = tan! (tan 0/2) 


[tan (tan x)=x, —1/2<x<1/2] 


AS, oo 
> y= a ae x 


1- d 
Example 32 If y = tan’' se then find = 
1+ COS X dx 


T 
when0O < x< — 


fp \{L= 
Sol. Here, y= tan"! ae 
1+ cos x 


¢ |2sin? x2 e 
=> y=tan’ =tan | tan” x/2 


2cos* x/2 
> y = tan ' (tan x/2) 
> == ‘stan \tanx)=x,-n<x< 2 
a : 3 2 
d 1 
Hence, as 
dx 2 


Example 33 if y = tan' 
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when -1< x <1. 


ylt+x?-1 
Sol. Here, y = tan! | ad | let x = tan 9 


=> 


=> 


Example 34 Find o, if y = tn [ 
Kx 


x 
tan7! 1+ tan’ -1 
= tan 
4 tan 0 
z 6-1 
= tan! | 8&¢ 
- tan 0 


dx 2(1+ x’) 


bcos x+asin x 


a 
where — <x<~ and tanx>-1. 
2 2 b 


Sol. Here, y=tan' 


acos x — bsinx 
bcos x + asin x 


* _ tan x 
y=tan ! b 


=> 
a 
[1+ 5 tan 2 | 
b 
= tan”! (<) — tan” ‘(tan x) = tan”! (¢) —x 
b b 
4 Mapedent 
dx 


d 
Example 35 Find ~ for the function 
x 


5x4+124/1= x? 
13 


=1 


y =sin 


13 


5x + 121— x? 
Sol. He yin cs x | 


Put x =sin0,5=r cos dand12=r sin 


=> 


r= Vr cos 0)? +(r sino)? 
= (5)? +(12)? = ,/25 +144 = 169 = 13 


nat 12 
o = tan (2) 


acos x—bsin x 


39 


lt x? -1 dy 
———— |, then find — 
: en fin - 


} 
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.-1| 7 cos dsin 8 +r sin o cos 8 
= sin 
- 13 


=> y=sin | (sin(0 + 6) =0+0 


= if 12 
> y=sin ‘x +tan (2) 
5 


E @=sin ‘x andd=tan ' (2) 
dy _ 1 


dx 1- x? 


dy aq po 
Example 36 Find —, for y = tan”! | 
p ind ~~ for y= tan || 


where -a<x<a. 


1 


Sol. Here, y = tan” , where -a<x<a 


atx 


a4 x 
Put x =acos9=>0 = cos ' 


a 


aged a—acos® 
- at+acos® 
= ea 1-— cos 0 
1+ cos 0 
=> y= tn" | tan? | 


> y= tan” a 
2 
Also, -a<x<a=>-1<cos0<1 
=> 6€(0,2) > a2 0, = 
2 2 
= 8 -1 6 0 
y =tan tan — |= tan tan — |= — 
2 2 
> y=—cos ! 
a 
dy _ A 1 d(x)\_ 1 
dx 2 | x2 dx \a aula? — x? 
2 
a 


Graphical Approach for 
Differentiation of Inverse 
Trigonometric Functions 


In this section, we are going to introduce, graphs of 
some important inverse trigonometric functions 
which are highly useful in differential calculus. 


Example 37 Sketch the graph for y = sin“! (sin x) and 
d 
hence find ae 
dx 
Sol. As, y = sin” (sin x) is periodic with period 27. 


“. To draw this graph we should draw the graph for one interval 
of length 27 and repeat it for entire values of x. 


As we know, 


x; aU <x le 
sin * (sin x) = . ms a an 
(1 — x), <1-x< le.— Sx 
2 2 2 2 
x; a SxS = 
or sin | (sin x) = - Fe 
Tl — x, <x< 
2 2 


which is defined for the interval of length 27, plotted as; 


AY 
Repeated curve 


Main curve Repeated curve 


vy 
Thus, the graph for y = sin ' (sin x), is a straight line up and a 


straight line down with slopes 1 and —1 respectively lying between 
nt 
2° 2 | 


1, ee TW < on +2 Tl 
2 2 
d 1 3 
‘Thus, = -1, 2n+—|a<x<]2n+-|7 
dx 2 2 
: Tt 
does not exist, x= {ce +1) = ne 7 
Remark 
Students are advised to learn the definition of sin”! (sin x) as 
X + 2n, OM cy ce 
2 2 
m-X, Ot east 
2 2 
y =sin'| (sinx) = x, heygh 
2 2 
mx, Bee gh 
2 2 
xX — 20 Le ee 
2 2 


Example 38 Sketch the graph for y = cos '(cos x) and 
d 
hence find a 
dx 
Sol. As, y = cos” (cos x) is periodic with a period 27. 


“. To draw this graph, we should draw the graph for one inter- 
val of length 27 and repeat it for entire values of x of length 


27. 
=e x; O<x<T 
As we know, cos ~ (cos x)= 
2m-—x, O<2N-x<T 
~1 x, Oo<x<T7 
or cos (cosx)= 
2mM—-x, MSx<27T 


Thus, it has been defined for 0 < x < 27 that has length 27. 
So, its graph could be plotted as 


Thus, the curve y = cos ‘(cos x) and hence 


does not exist, x ={nnt,ne I} 


dy _ 


1; 2nt <x <(2n+1)0 
dx 


-1, (2n+1)t<x<(2n+2)n 


Example 39 Sketch the graph for y = tan’'(tan x) and 
hence find my, 
dx 


Sol. As, y = tan ‘(tan x) is periodic with period 1. 
“. To draw this graph we should draw the graph for one 
interval of length 7 and repeat it for entire values of x. 


™ 


: T 
As we know, tan ‘(tan x) = {> -—<x< sh 
2 2 


Thus, it has been defined for =F 2 xe< . that has length 7. So, 


its graph could be plotted as 


sececcceecscoeeny Onn nS 2 a 2s Bee 
r: = a” 
x <4 = t | t +H + 
31/2 nm —n/2 O n/2 nm 3n/2,°° 2n 5/2 
eee > Jeena = Saneee Macaes 2 Se ee (ae eee eee >y=-n/2 


Thus, the curve for y = tan ‘(tanx), where y is not defined for 


T 
x€(2n+1)-. 
2 


1 1 
d 1, [an - 3) n<x<[an+2)n 
and hence ee 2 2 


‘ T 
does not exit, x =(2n +1) [ 


Chap 02 Differentiation 41 


Example 40 Sketch the graphs for 


1 1 


(i) y =sin(sin ~~ x) (ii) y = cos (cos x) 
(ii) y =tan(tan™' x) — (iv) y =cosec (cosec~'x) 
(v) y =sec (sec ae 
(vi) y =cot (cot! x) and hence find o 


Sol. As we know, all the above mentioned six curves are 
non-periodic, but have restricted domains and 
ranges. 


So, we shall first define each curve for its domain 
and range and then sketch the curves. 


(i) Sketch for the curve y = sin (sin * x) 
We know that, domain x € [-1,1],ie.-1< x <1 
andrangey=x => yeé[-1,1]. 
Hence, we should sketch y = sin (sin! x) only 
when x € [-1, 1] and y = x. So, its graph could be 
plotted as shown in the figure. 


A AY A 


(ii) Sketch for the curve y = cos (cos ‘ x) 
We know that, domain x € [-1,1],ie.-1< x <1 
and rangey=x => ye[-1,1]. 
Hence, we should sketch y = cos (cos ' x) = x 


only when x € [—1, 1]. So, its graph could be 
plotted as shown in the figure. 


y =cos(cos 'x)=x,-1<x<1 


d 
=. at 12x ei, 


dx 
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(iii) 


(iv) 


Sketch for the curve y = tan (tan™’ x) 


We know that, domain x € R, i.e. — 0 < x < 00 
andrange y=x => yeR. 

Hence, we should sketch y = tan (tan! x) = x, 
VxeR 


So, its graph could be plotted as shown in the figure. 


Thus, y = tan(tan"'x)=x,xeER 
=> dy =1,xER 
ba 

Sketch for the curve y = cosec (cosec 'x) 
We know that, domaine R — (—1, 1) 
(i.e. -00 <x S<-lorl< x <0) 
and range y=x => ye R-(-1,1). 
Hence, we should sketch 

y = cosec (cosec 'x) = x only when 


x €(-— -,-1] U[1, -). 


So, its graph could be plotted as shown in the figure. 


Ya 


------4------}----------- 


ll ~«---------- 
I 
a 
< 
XS 


Thus, y=cosec (cosec 'x)=x,|x|]21 


d 
=> *Y = 1,|x|>1 
dx 


(v) Sketch for the curve y = sec (sec ‘ x) 


We know that, domain € R — (-1, 1) 
(ie.- co << x <-1 or 15 x <0) 
and rangey=x 
> ye R-(-1,1) 
Hence, we should sketch y = sec(sec ' x) = x, only 
when 
x €(— ,-1] U[1, ©) 
So, its graph could be plotted as shown in the figure. 


Seeeeeb eee eee eee 


a 


vy 


\| «------- 


|| ~------- 
= 


| 
=a 
x< 


Thus, y=sec (sec ‘x)= x,|x|21 


= Meaiesa 
dx 


Sketch for the curve y= cot (cot ' x) 
We know that, domain € R (i.e. - 00 < x < 00) 
and range y = x 
=> y=R. 
Hence, we should sketch 
y =cot (cot x)=x,V xER 


So, its graph could be plotted as shown in the figure. 


x’< 


yy’ 


Thus, y=cos (cot |x) =x,xER 


=>: i ns 


Exercise for Session 4 


Ify =tan' [ Biba *) iene! 


sin x dx 
a xeR- {nt}; nel 
(a) 2 
ms xX = {nt}; nel 
2 
1 ; 
(c) me x ER - {nn}; nel 
does not exist, x = {nm}; nel 


vt 
If y =cos”' 2 a } then is 
X+ dx 


x 
sy x>0 
+X 

aan 
- - x <0 
1+ x 
a x<O0 
1+ x? 

(c) + does not exist, x =0 
-2 

; x>0 
1+ x? 


dy 


iy = tant + J1-sin =| tne 


1+ sin x —./1-sin x 


1 x x. X 

2 cos = > sin 

(a) ma cos  < sinX 
2 2 2 


does not exist, 


1 x we 4 
7 aan 
(c) 1 Xx aX 

= cos — < sin— 
2 2 2 


x = {n7};n € integer 


If y = cot ' (cot x), then YY ig 
dx 


(a) 1,xER 
1; x ER — {nt} 
does not exist, x € {na};n € integer 


Sketch the graph for 


() y=sin" (5) 


(iii) y = tar’ ( *,) 


1-x 


(v) y = sin (3x - 4x9) 


dx 


is 


does not exist, 


(d) None of these 


2 
1+ x 
(b) {does not exist, 
-2 
142° 


2? 


(d) None of these 


does not exist, 


(d) None of these 


(b) 1, x ER — {nn} 
(d) None of these 
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x ER - {nm}; nel 


x = {nn}; nel 


x>0 
x=0 


x<0 


Xo KX 
cos — > sin— 
2 2 
Xi X 
cos — < sin— 
2 2 


x = {nt};n € integer 


ii) y=cos"!| 1-* 
sd 14+ x? 
_4{3x-—x? 
iv) y = tan! 

my [e =| 


(vi) y = cos”! (4x3 - 3x) 
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Differentiation of a Function in 


Parametric Form 


Differentiation of a Function 
in Parametric Form 


Until now we have differentiate the variable y w.r.t. x, but 
what can we do if the variable x and y are depend on third 
variable ‘t’ (say) i.e. x = g(t), y = f(t). In such case x and y 
are called parametric functions and t is called parameter. 


In this case to find i we first obtain the relationship 
Ea 


between x and y by eliminating the parameter t, then we 
differentiate w.r.t. x. But always, it is not possible to 
eliminate t, then we use the following formula 


dy 
dy_ dt _f'(t) 
dx dx g(t) 
dt 


2 d 
Example 41 If x =e and y = tan '(2t+1), then find o 
x 


2 
Sol. Here, x =e" 


On differentiating both sides, we get 


“ =e? -(-2t) and y = tan™{(2t + 1) 
On differentiating both sides, we get 
dy _ 1 
dt 14+(2t+1) 
dy 
dy qe _1+(4t? + 4t+1) 
dx dx 2t 
dt ae 
dy ~s 


Hence, 


dx 2t (2t7 + 2t +1) 
Example 42 If x=a(0-sin®), y=a(1l-cos6), 
then find a 
dx 
Sol. Here, x =a(0-sin @) 


On differentiating both the sides, we get 


dx 

—=a(1-cos® 

r ( ) 
and y =a(1- cos 0) 


On differentiating both sides, we get 


® = a(sin 9) 


dy _ 9 0 
d de asin 9 ass ee a. 8 
So, Y — a _ = 2 = cot 
dx dx a(1-cos@) ate e 2 
— sin* — 
dO 


Example 43 Ifx=Vasm't yavaes'f a>0 


and —1<t<1. Show re) a 8 
dx 


Xx 
Sol. Given, x wig ents and y = fgcor't 
1 
> dx = 1gin'ty 2 & (gin 'ty 
dt 2 dt 
1 
= oe ad sin fy 2, gsin't log, ax 1 x log.a 
e 


* dy 1 cos! t\—1/2 d cos 't 
Again, — = -(a —(a 
gam Fi ) ( ) 


dt 
_ 1 (goo ty? . get log, ax 1 2cy log. a 
2 lar | Bias 
dy 
%, Wot 7 
dx dx x 
dt 
Aliter 
We have, xy = Vas™ “ly ef gcos't = vast t+cos't = at! 2 
=> xy? = qt? “sin }x + cos ix = ual 
2 | 
On differentiating, we get 
d d 
oxy? + 2x?y"¥ =0 => y y 
dx dx ea 
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1 
Example 44 If x=a [cos t+—log tan? | de 1 
2 > 7 =a|—sint + ; 
F 4 @ Tl : 2 sin — cos — 
and y =asint, then find a 
dx 4 2 
=> aa sin t + Po jee ng Swot 
Sol. Here, x=a cos t+ ; log tan? 7 and y=asint dt sin t sin t dt 
On differentiating both ti t t So ss a 008T =tant 
n differentiating both equations w.r.t. t, we ge , oe ae a 
de at ‘] sin t 
=a sin ft + sec x dy 
dt tan — 2 2 => ) = tan—=1 
dx ),_™ 
4 


Exercise for Session 5 


KR &W KN 


If x =2.cos 8-cos 20 and y =2sin 8-sin 20, prove that = tan (3), 
Ix 


2 
Ifx =e°S* andy =e*"', then prove that Oa 
dx xlogy 
. dy 1 2n 
If x =cost and y =sint, then prove that = watt= . 
4 dx 3 3 


If x -a(t+ ?)andy-a[t—), then prove that ee. 
t t dx y 


Ifx =sin"' me and y = tan! oa” , then prove that Y =4, 
1+t 1-t dx 


If x =asec® @and y =a tan’ @, then find a. at o=7. 
IX 


dy 


Let y =x? -8x +7 and x =f (t). ta 


=2 and x =3 att =O, then find the value of att =0. 


Session 6 


Logarithmic Differentiation, 
Differentiation of Infinite Series 


Logarithmic Differentiation 


So far, we have discussed derivatives of the functions of 
the form (f(x))”, n/ and n”, where f(x) is a function of 
x and nis aconstant. In this section, we will mainly be 
discussing derivatives of the functions of the form 
(f(x))®™, where f(x) and g(x) are functions of x or 
POE, 6¢ ORs 

81 (*)82(x).-. 
To find the derivatives of these types of functions, we 
proceed as follows 


Let y=(F(x)e™ 
Taking logarithm on both sides, we have 
log y = g(x) log {f(x} 
Differentiating w.r.t. x, we get 
an oe 


PLE + tog {f(xy} SO 


y dx f(x) dx 
dy _. | 8x) 4X) Lor pryeyy. 284) 
oY ay) 62) Pans os) eae 

or coi x g(x) &(x) d f(x) oO x g(x) 
& = (F(z) (s2 LO) + 10g (F(x) 286 | 


Logarithmic Differentiation 
(For Quickly Solving Objective MCQs} 
Ify ={f(x)}®, then 

dy 


. = Differentiation of y taking f(x) as constant 
x 


+ Differentiation of y taking (x) as constant. 


or when we have to differentiate the function of the form 
y =(Variable) ’*"", take log on both sides and then 


differentiate. 


Example 45 If y = x°"*, then find 
i 


sin x 


Sol. y = x°"*, taking log on both sides, we get 


log y =sin x log x 


On differentiating both sides, we get 


aa = sin x-([2}rtog x-(cos x) 
y dx x 
dy sin x 
=> —=y + (cos x) log x 
dx x 
We ee x| sin x + (cos x) log =| 
dx | 
Aliter 
Here, y=x°"~ could also be differentiated by using 
definition; 


variable 


& (variable) = a (variable) 
dx dx 


d 
+ — (constant)’*"“e 
dx 


et. 


dx dx : \ : 


variable constant 


co ( x jan x 
dx J 
constant variable 


ae xl maa x 


=sin x(x +(x ‘(log x)-cos x 


(x)s™ x 
x 


= (sin x) +(x)" * log x-cos x 


i sin x 
ann (nz + cos x-log +} 
x 


Example 46 If x” -y* =1, then find > 
x 


Sol. Taking log on both the sides, y log x + x log y = log 1 
Differentiating both the sides, we get 


is x)+ cs ‘log x + ay -lo 
eo & de & te Sy 


+x Bis =0 
ae gy 


> ee piog a wie ee p 
x dx y dx 
=> log x +—|—=-|=+logy 
y |dx x 


dy__(yt+xlogy) y 
dx (x+ylogx) x 


=> 
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dd ae 1 
Example 47 if y°** + (tan“' x)” =1, then find x = (1:2-3..0m)f1 se eee ee 
dx 2 3 n 
Sol. Let w= y""* and v=(tan"'x)”, we get <n fietetened| 
utv=1 (i) 2 3 tt 
Taking log on both sides for u and v, we get 100 ane 
n) 
log u = cot x log y and log v = y log (tan ' x) Example 49 If f(x) = H (x -n)" , then find 
On differentiating both sides, we get f (101) 
BAW cotx: ady + logy -(—cosec’x) f (101) 
u dx 4 100 
Sol. f(x)= TI (x—n)reu-”) 
n=1 
— ae ye" se eed (cosec”x) log y ...(ii) ind 
dx y dx => log fs) =| mG = log TI (x- ol 
n=1 
Again, differentiating log v = y log (tan™' x), we get 
Here, II changes to 2 when taken lo 
TI chang: 2 wh ken log 
1 dv _ 1 sieeve dy 100 
i ae “tee te og (tan ae => log f(x)= ¥. n(101 — n) log (x — n) 
n=1 
ae, SN (tan x) y + log (tan! x): dy | Differentiating both sides, we get 
dx las x”) tan! x dr | , 100 
iii) a S) n(101 = n)- i 
w(t _ 
From Eq. (i), wen ya Fx) a * 
dx dx (101) = n(101— 2 ¥ eee 
=, yes [= BT pce Nias | fol) & (a01- 
a = f(101) 1 
+ (tan x) — + log (tan™! ted =0 f’(101) ~—5050 
(1+ x”) tan 'x dx 


cot x 
pose +(tan7! x)” -log (tan! |e 
x 


(tan'x)”-y 


cot x 2 
= -(cosec* x) log y — ———-—_=>— 
[ ad (1+ x”) tan! x 


| 
| 


-cot x)+{(tan 7! x)” -log (tan! x)} 


ah yi. 
ty? veosee ieee Grey 
dy 1l+x 


Hence, 


Pa (yor* al 


Derivative of the Product of Finite 
Number of Functions 
Example 48 — 


then find f’(0 
Sol. Here f(x) = : + 1)(x + 2)(x +3). 
log f(x) = log {(x +1)(x +2).. 
pe both sides w.r.t. x, we get 


2 1 1 


f(x) x+1 x+2 x+3 


F'0)= 00 + +| 


= (X+1)(x+2)(x+ 3)...(x+n), 


..(x +n) 


.(x +n)t 


1. 1 
1+—-+-4., 
2 3 


Differentiation of Infinite Series 


When the value of y is given as an infinite series, then we 
use the fact that, if one term is deleted from an infinite 
series, it remains unaffected, to replace all terms except 
first term by y. Thus, we convert it into a finite series or 
function. 


Example 50 If y = {log x+ log x + log x +... 00 
then find 2. 
dx 


Sol. We have, y = {log x + log x + Jlogx + ...0° 


Then 


logx +y 
=> =logx+y 


Differentiating both sides, we get 


yy 14 dy 
dx x dx 
= ame oe 
dx x 
= ae 
dx x(2y-1) 


48 
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Exercise for Session 6 


= Directions (Q. Nos. 1 to 10) Differentiate the following functions w.r.t. x. 
1. 
4. 


7. 
10. 
11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


An —4n-1 


1+ @pAn—1 


x* 2. x* ax 
(x* * 5. (x* Wx 6. (cos x)* 
(sin x )°°s* 8. (sin xe" * 9. cos (x*) 
log (x* + cosec” x) 
. tan x Sec X 7 dy 
If y =(sin x) + (cos x) , then find —. 
dx 
If x” =e*~”, then prove hat eee 
dx (1+logx) 
If x” + y* =2, then find ay 
dx 

y we ay _ dy 

If(cos x)” =(sin y)*, then find —. 
dx 
2 
If x sin(a + y)+sina-cos (a+ y)=0. Prove that 2 = cll oar 29 
Ix sina 
If y = [cos x + ,/cos x + ,/COS X +...00, then prove that 2% = ls : 
dx 1-2y 
If y =(tan x)" then prove that OV aes 
dx 4 

If y =e 4 x 4 e*” then prove that 

ad x x eX x xe e 
OY _ ox -x® |e vet -log | +x°® -e® freer og x} +6" -x* -x°-'14 @ log x}. 
dx x x 
Ify =tant| SM) tant) 22741 | 4 tant) 23792 | tant 

ajat+ x 1+ aay 1+ ara 


— tan“ (a,,), then find é 


yy 
7 
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Differentiation of a Function 


w.r.t. Another Function 


Differentiation of a Function 
w.r.t. Another Function 


Suppose it is required to differentiate a function f(x) with 
respect to another function g(x). Let y = f(x) and 

z = g(x). Here, both functions are different but both are in 
same variable x. 


Then, to find the derivative of f(x) with respect to g(x) or 


derivative of g(x) with respect to f(x), ie. to find or 
Zz 


2. We firstly differentiate both functions f(x) and g(x) 

y 

with respect to x separately and then put these values in 

the following formulae: 
dy _dy/dx ; 
dz dz/dx 


dz _ dz/dx 
dy dy/dx 


Example 51 Differentiate anf 
+ 


2x 
w.r.t. 
2 
4 x 
tan x, -1< <1. 
Sol. Let u =| - ) and v = tan! x 


1+x 


Putting x = tan0 >@=tan |x 


.-1;{ 2tan0 
> u=sin 
1+ tan’ 6 
ops : 2t 
> u=sin ‘(sin 20) "sin 20 = a 
1+ tan’ 0 
=> u=20 => u=2tan 'x 
du . 
=> —= (i) 
dx 1+x° 
_ d 1 
Again, v=tan |x > av = ...(ii) 
dx 1+x° 
2 
Now du du/dx 1+x? 3 
dv dv/dx 1 
1+x° 


J2 
l=" 
tan | w.r.t. cos! (2x,/1- x7) . 


x 


Example 52 If xe [< i Differentiate 


Sol. Let 


-1;/ y1- x" 
u = tan —_—— 
x 
and v=cos '(2x,/1— x”) 


; ‘ 1 
Putting x =sin 0, then x€ (=. 7 


a2 
1 . Tl Tl 
=> —<sin0d<1 > —<0<— 
2 4 2 
_ 1- x? _ 1—sin? 0 
Now, u=tan' => u=tan™ ; 
x sin 8 


sin 8 


=> w= tan {tan [z-0} 


_;{ cos 9 2 
> w= tan | ] = = tan (ot9) 


T Tl T T 
e <0<—>0< 0< | 
[4 4 | 
Tl T 
=> u= 86> u= sin | x 
2 2 
du 1 
> = ...(i) 
dx ji- x? 
Again, v=cos '(2x,/1— x”) 
Tl = 
> v= sn ‘ (2x./1—x?) 
Tl ae Paes : 
> v=—-sin (sin20), where x = sin® 
2 
Tl _ T 
> v =—-—sin ‘(sin(m-20)) >v =— —(nm — 20) 
2 2 
Tt T T 
ol wee” pegs "| 
4 2 2 | 
> v= ™ +20 => yo 4+asin' x 
2 2 
d 2 
= v= (i) 
dx 1-x’ 
duo a 
du_ dx 1- x? ee | 
dv dv 2 2 
dx 1— x? 


50 = Textbook of Differential Calculus 


d 
Example 53 Find the derivative of sec “' 5) ee oe ee 
2x° -] 
and z=g(x) > ee g’(x°)-5x* 
2 1 dx 
wert. J1-x° at x=-. ge 
2 ae =5x*-sec x° [. g’(x) = sec x] 
Sol. Let u=sec | - and v = 4/1- x? Now: dy _ 3x’ tan x° 3 y. tan x? 
a dz 5x*secx®? 5x?  secx? 


Put x =cos 0 dy 


u =sec ' (sec 20) = 20 lim 


2 A x30 x x30 5x? sec x° 5 
and v =,4/1-— cos” 8 =sin8 


3 
dz — jim 3tanx —3 


as a 5 Example 55 Find the derivative of f(tan x) w.r.t. 
T f / 
v g(sec x) at x= i where f’(1)=2 and g (/2)=4. 
and —=cos8 
d0 Sol. Let u= f(tan x) and v = g(sec x) 
= du_du/d®@_ 2 2 ce 
dv dv/d®@ cos0 x = ae 7S (tan x) sec* x 
du 2 
Now, (e) a = i = 4 and = = g’ (sec x): sec x- tan x 
: - du du/dx __f’(tan x) sec” x 
Example 54 If y = f(x°), z= g(x°), f’(x)= tan x and dv dv/dx  g’(sec x)sec x tan x 
dy /dz | x) 
, _ . . tan — 
g’(x)=sec x, then find the value of tim, a 7 (#4 - f’| tan a) fy we 4 
d Wi fA T\ 2m gw2) ~ 4 42 
Sol. Here, y = f(x*) = YY = f'(x3)-3x? a 6&8 eae aaa 
bc 


d. 


Exercise for Session 7 


1 


Wwateine it 


1. Find the derivative of tan” - zi 
1+ x 


(i) x €(- 1, 1) (ii) x € (1, ©) 
(iii) x € (— 2, - 1) 


. . in7t . P= 
Differentiate x" * w.r.t. sin”! x. 


Differentiate sin~' (2ax./1- ax?) w.r.t. ./1-a2x?. 
Differentiate log sin x w.r.t. ,/cos x 


1+ x? —./1- x? 
5. Differentiate tan~' wea w.r.t.cos7! x?. 
1+ x* +,/1-x 


Differentiate x” w.r.t. x log x. 


Differentiate sin” ' (4x 1-4x?) w.rt. ./1-4x, if 
(i) x (-s5 a (ii) x (ss 5] 
22 2/2 2,/2' 2 


(ili) x e(- * e x) 
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Higher Derivatives of a Function 


Higher Derivatives 
of a Function 


If y = f(x), then the derivative of w.r.t. x is called the 


IX 
d? 
second derivative of y w.r.t. x and it is denoted by as 
dx 
2 3 2 
Hee? v2 d (dy .@ y _ djd@y and so on. 
dx? dx\dx) dx* dx\ dx? 


The nth order derivative of y w.r.t. x is denoted by ae If 
dx” 
2 3 n 
y = f(x), then other notations for ey : ay : ay Stes ay 
dx dx? dx? dx” 
ALE Vy, Vor Vous Ve OF VV Va Y” OF 


F(x), FO (a) FO) sons F(X): 


Remark 
If y is a function of x, given parametrically by x = o(t) y= w (0), 


then , 
dy_d (2). d (vu) 2 (e 2) at 
dx? axlax) axlo(w) at o@®)” ax 


Example 56 If y=x° log, x, then find y” and y”. 


Sol. Here, yes lex = y= 4 235 don, x 
x 


y’ = x°+3x"-log, x 
Again differentiating both sides, we get 


1 
y” =2x+6x-log, x+3x?-— 
x 


y” =5x+6x-log, x 


Differentiating again, 
1 
y’”’ =5+6-logx+6x:-— 
x 
y= 11+6log x 


Example 57 If y=sin(sin x), then prove that 
y”+(tan x) y’+ ycos* x=0. 
Sol. Here, y =sin(sin x) (i) 


=> y’= cos(sin x)-cos x 


Sol. Here, 


> (sec x) y’= cos(sin x) 
Again differentiating w.r.t. x, we get 

(secx)y” +(secx tan x)y’=—sin(sin x)-cos x 
> y” +(tan x)y’=—sin(sin x)-cos? x 
Using Eq. (i), we get y =sin(sin x) 


=> y”+(tanx)y’+(cos” x)y =0 


Example 58 If (a+bx)e”/* = x, show that 


x?y” =(xy’-y)?. 
(atbx)e* =x = &/*= = 
at+bx 


Taking logarithm on both sides, we have 


y x 
-—=lo 
x {=| 


y 
x 


=> = log x—log(a+ bx) 


Differentiating both sides, we get 
xy’-y-1_1 b 


x? x atbx 
ax 
> xy’-y= =ae!* 
(a+ bx) 


Again taking logarithm on both sides, we get 
log(xy’—y)=loga+~-loge 
x 


Again differentiating both sides w.r.t. x, we get 


sy ty 25 =P) 
xy’-y x 
=> xy” = (xy’-y)’. 


d’y 
then find —~. 
fi dx? 


Sol. Here, x = a(t + sin t) and y =a(1- cos t) 


Differentiating both sides w.r.t. t, we get 


ee a(1+cost) and ae a(sin t) 
dt dt 


dy asint 


dx a(1+cost) a 
2 


es t 
2 sin —: cos — t 
= 2 2 = tan 
2 


ii) 


[from Eq. (i)] 


Example 59 If x =a(t+sint) and y =a(1- cost), 
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Again, differentiating both sides, we get and y=e'-cost 
d’y | we'(£) 1 dt _1 {=} 1 On differentiating w.r.t. t, we get 
2 
a ope ae 2 By AL Cost) Dm et (sin t) + e' -(cos t) =e’ (cos t -sin t) 
t t 
se'($) dy 
_ 1, So dy gt _e'(cost-sint) y-x 
= a cos ) dx dx e'(cost+sint) ytx 
= dt 
Hence, eae “see'(5) or ay -y"* ...(i) 
dx? 4a 2 dx ytx 
: é On diffe tiating both sid a ae t 
Example 60 Show that the function y = f(x) defined eee : oe a 
cbc gl, fod a4 2 £4) 
by the parametric equations x =e" -sint, y =e  -cost, dy _ (y + x) 12 | (y 2 
satisfies the relation y” (x+y)? =2(xy’- y). dx? (y+ x)? 
Sol. Here, x = e'-sint oe Fes Se a i |) 
On differentiating w.r.t. t, we get (y + x)? 
“ =e'-cost +e'-sint =e’ (sin t + cos t) Therefore, (x + yy? -y’’ =&xy’-y) 


Exercise for Session 8 


1. If y =x%, then prove that 


d*y (ay Ving 
dx? y\ax x 


2 
2. If y =Acos (log x) + Bsin (log x), then prove that x? 4 + x +y=0. 
Ix 


d’y (dy \* 
3. ify =x log) —~— |, then rove that x° SF -[ . 
4 S| a4 bx : dx? dx 
2 
4. \fy =log(x +./x? +a”), then prove that (x? + a) +x “ =0. 
IX IX 
5. ify =(x +./x? +1)”, then prove that (x? + 1)y2 + xy; —m’y =0. 
2 
6. fx =at?, y =2at, then find 2 
dx 
d’y 
7. \fx =acos* 6, y =asin® 6, then find ae 
x 
2 

8. |fx =tan (10g y then show that (1+ x2) TV =(a ~2x) 2, 

a dx dx 

2 
9. Ifx =acos6+bsin 68 and y =asin 0—b cos 8, then prove that y? ows y =0. 
IX x 
10. ity =2* us then prove that 2y1y3 =3(y2). 
cx +d 
2 fds -f. 
11. \fx =f(t)and y = 0(t), prove that at = a where suffixes denote differentiation w.r.t. t’. 
x 1 


12. \fx =sint, y =sin Kt, then show that (1— x?)y> — xy, + K*y =0. 


13. f= — =a tan‘ (a log. y),a >0, then prove that yy” — yy’log y =(y’)*. 


14. Let f(x) be a polynomial function of degree 2 andf(x)>0 for all x ER. If g(x) =f(x) +f’ (x) + f’’(x), then for 
any x show that g(x) > 0. 


Session 9 


Differentiation of a Function Given 
in the Form of a Determinant 


Differentiation of a Function Given 
in the Form of a Determinant 


To find the derivative of a determinant, we differentiate 
the row (or columns) keeping other rows (or columns) 
unchanged, i.e. 


u(x) v(x) w(x) 
Ify=| p(x) q(x) r(x) | then 
Mx) w(x) y(x) 
P u(x) v(x) w'(x)) | u(x) v(x) w(x) 
oe POX) ale) re) |#) PG) ge) 1’) 
Mx) w(x) v(x) | | A(x) w(x) -¥(x) 
u(x) (x) w(x) 
+) p(x) q(x) r(x) 


N(x) W(x) ¥"(x) 


The differentiation can also be done column-wise. 


Xx x? x? 
Example 61 If f(x)=|1 2x 3x°|, then find 
O 2 6x 
f’(x). 
2 3 
x x" x 
Sol. Here, f(x)=|1 2x 3x? 
0 2 6x 
On differentiating, we get 
rd, a ) ae ) 
f'(x)=| 1 2x 3x" 
0 2 6x 
x x” x x xe x 
Fe (1) d (2x) a (3x7)) +] 1 2x 3x? 
dx dx dx F d F, 
— (0) —(2) ——(6x) 
0 2 6x dx dx dx 


3 2 3 
x x x x 
6x|+]1 2x 3x? 
6x| |0 0 6 


1 2x 3x? x x 
or f’(x)=|1 2x 3x7|+|0 2 
0 2 6x 0 2 


As we know, if any two rows or columns are equal, then 
value of the determinant is zero. 


x x? x? 
f/'(x)=0+04+]1 2x 3x?|=6(2x" - x”) 
0 O 6 
Therefore, f’(x)=6 x? 
2 
xX+a ab ac 
Example 62 If f(x)=| ab x+b’? ~~ bc |, 
; ac be =—x+c? 
then find f’(x). 
xt+a’ ab ac 
Sol. We have, f(x)=| ab x+b’ be 
ac bc xtc? 
1 0 0 xta’ ab ac 
o f'(x)=|ab x4+b? be |+] 0 al 0 
ac be xtc? ac be xtc" 
xta’ ab ac 
+| ab x+b’ be 
0 0 1 


={(x+ b?) (x + c*)- b?c7h + {(x + a’) (x + c*)-a’c"} 
+ {(x + a’) (x + b?)- a’b"} 


= 3x" +2x(a* +b* +c’) 


x? sinx cos x 
Example 63 Let f(x)=| 6 = -1 O |, where p 
p pr p 


3 


<4 
is constant. Then, find —z[f(x)] at x =0. 
dx [IIT JEE 1997] 
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54 


3 . 
x sin x 


cos x 
Sol. Given, f(x)=|6 -1 0 
Pp pp 
On differentiating, we get 
43) —(sinx) —(cos x) 
d dx 
—I[f(x]=| ¢ (-1) 0 
dx 2 3 
Pp Pp Pp 
x? sinx cos x x? sinx cos x 
+| 0 0 0 +/|6 -1 0 
Pp p p 0 0 0 
; 3x2 cosx -sin x 
So, —[f(x)]=|6 -1 0 
dx , 3 
Pp Pp Pp 
Again differentiating, we get 
6x -sinx -cos x 
ike 
—z [f(x)] =| 6 -1 0 |+ Remaining 
dx 2 3 
Pp Pp Pp 


two determinants as zero. 


Again differentiating, we get 


p 6 -cosx sinx 
al [f(x)] =|6 -1 0 |+ Remaining two 
x 
pp op 
determinants as zero 
6 -1 0 
Fi 
Atx=0, —{[f(x)]=|6 -1 =0 
dx 2 3 
P Pp pPp 
a 
—,; [Ff (x)] =0 (i.e. independent of p) 
dx atx=0 


Example 64 If y =cos ax, prove that 


ey Ya 22 : 
d 

ys Ya Ys |=0, where y,=——y. 
dx 

Yo Yr Ys 


Sol. Given, y = cos (ax) 


T 
Then, y, =-asin (ax) =a cos (= + ax] 
2m 
y2 =-a’ cos (ax) =a’ cos (= + ax] 


: 31 
y3 = +a’ sin (ax) =a’ cos ( + ax] 
2 


nt 
Yn =a" cos (= + ax) 


Y VM ye2 
“. The determinant A(x)=|y3 y4 Ys 


Yo Yr Ys 


COS ax 


cos (ax) -asin(ax) -a’ cos (ax) 
A(x) =a? xa®°| sin(ax) acos(ax) -a’sin (ax) 
-cos(ax) asin(ax) a’ cos (ax) 


A(x) =a? x (0) {R, >-Rs} 


Tl 2 2TU 
acos| — + ax a’ cos| — + ax 
2 2 
31 41 5T 
A(x) =|a? cos (= + ax] a‘ cos} —-+ax]| a°cos| —+ax 
2 2 2 
6 67 7 71 8 871 
a° cos aoe a’ cos a ee a cos Goer 


Hence, A(x) =0 
(1+ x)? (142x)? 1 
Example 65 if f(x)=| 1 (1+ x)? (14+2x)?), 
(1+ 2x)? 1 (1+ x)? 
then find 
(i) constant term (ii) coefficient of x. 
(1+ x)? (1+2x) 1 
Sol. Here, f(x)=| 1 (1+x)? (1+2x) 
(1+ 2x)? 1 (1+ x)" 
=A+Bx+Cx’ +... ...(i) 
Putting x = 0, we get 
144 
f(O)=|1 1 1]/=A+ BO)+C(0)’ +... 
144 
=> A=0 
Again, differentiating Eq. (i) w.r.t. x, we get 
a1+x)*~1 2b1+2x)P"! 0 
f'@= 1 (1+ x)?  (1+2x)? 
(1+ 2x)? 1 (1+ x) 
(A4¢+x)? (1+2x)? 1 
+ 0 a(l+x)*~! 2b(1+2x)?7! 
(1+ 2x)? 1 (1+ x)? 
(1+x)? (1+2x)? 1 
+ 1 (l+x)* (1+2x)? |=Bt+2Cxe+... 


2b(1 + 2x)? 0 a(1+ x)*"} 
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a 2b 0}; j1 1 #1 1 11 Differentiating both the sides w.r.t. x, we get 
f((O)=|1 1 1/+/0 a 2b/+/1 1 1/=B a,b(1+ x1 (dt xy (1 + xy 
1 1 1] [1 1 1] |2b 0 a Ayb(1+ x) (rt x) (1+ xe) 
=> B=0 ..(ii) asb(1+ x)! (1+ x) (1+ x)" 
.. Coefficient of constant term = coefficient of x = 0. (1+ x)™ — aybo(1 + x) 7) (1 + x) 


= 1 yb, bo (1 dob, -1 1 ayb5 
Example 66 If a;,b; € N for i =1,2, 3, then coefficient bi a a Mobo + ie r - ae 
; : (1+ x)" agb,(1 + x)” (1 + x)? 

of x in the determinant; 
(le xy™ rex VE xy oo ee 
dob, db» dab; * (1 si xy (1 + xy" ‘ aybs(1 . xy" a 
(1+ x) (1+ x) (1+ x) (1 wv x) (1 + x) a3b,(1 + x) =i 
(1+ x)" (14 x)? (14 xy 


=B+2Cx+... 
Putting x = 0, 


ab, 1 1) |1 aby 1] J1 1 abs 
B=l|a,bh, 1 1;+]1 a by 1/4+]1 1° aby 
a3b, 1 1] |1 azb, 1] |1 1° asd; 


Sol. Here, 
(1+ x)™ (14 x) (1+ x) 
(1+ x) (14 x) (14+ x) )= A+ Be + Cx? +... 
(1+ x) (14 x) (1 + xc) 


Exercise for Session 9 


F(x) g(x) A(x) 
1. If F(x), g(x) and h(x) are three polynomials of degree 2, then prove that o(x)=| f’(x) g’(x)  h’(x) 
F(x) g'’(x) A’(x) 
is a constant polynomial. 
f g h 
2. Iff, g andh are differentiable functions of xand A=| (xfY (xg)  (xhy |. 
(x7FY” (x2gy" (x*hy’ 


f g h 
Prove that A’ = ae g’ h’ |. 
Gerry Ceo” (x2h’’y 


. UX 
3. Find ”. at x =—1,when (siny) 2 + “8 soc (2x) + 2% tan {log, (x + 2)} =0. 
x 
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Derivative of an Inverse Function 


Derivative of an 
Inverse Function 


Theorem If the inverse functions f and g are defined by 
y = f(x) and x = g(y) and if f’ (x) exists and f’(x) #0, 


then g’(y)= a, This result can also be written as, if 
f(x) 
ay exists and ay #0, then 
dx dx 
dx _ 1 dy dx_, 4 YW} 4X 16 
dy dy dx dy dx dx dy 
dx dy 


Example 67 If y = f(x)=x°+x° and g is the 
inverse of f, then find g’(2) (means dx/dy when 
y=2). 


Sol. Here, y= x° +x° 


On differentiation, we get 


dy 2 , dx 
——=3x"+5x° => = = 
a B'(y) cm 


1 
3x? + 5x4 


4 


when y = 2, then2=x?+x° > x=1 


dx 1 1 
g’(2) = = = 
dy |x=1 3+5 8 
y=2 


Aliter y = f(x), x = g(y) 


(gof )(x) = x 
gL f(x)] f(x) =1 


when f(x) =2, then x =1 


© 


g 
g (2): f’'()=1 [but f’(1) = 8] 
g’ (2) = 1/8 


Example 68 Let f(x)=exp(x° + x* + x) for any real 
number x and let g be the inverse function for f. The 
value of g’(e°) is 
a - —— 
6e 6 
Sol. Let 


sex? tx 
, 


5 ae 
3 Cer dy 2 xetx? tx 2 
On differentiating, a e -(3x° + 2x +1) 
ba 


=> rojo 2 a : 
Gy ge PFS aa? 4 oe] 
y=e 
=> eeaer tx tx 
=> xe4x?t+x-3=0 
=> (x —1)(x? + 2x +3)=0 
=> x=1  [vx? +2x+3>0] 


g’(e?)=—> 
6e 


Hence, (a) is the correct option. 


Exercise for Session 10 


1. The function f(x)=e* + x, being differentiable and one to one, has a differentiable increase f(x). Find 


x. (f- 1(x)) at point F(log 2). 
dx 


2. Let g(X) be the inverse of an invertible function f(x ) which is differentiable for all real x, then find g”(f(x )). 


3. Let g(x) be the inverse of an invertible function f(x) which is differentiable at x =c, then g’(f(c)) equals 


, 
f’(c) 


(a)f’(c) (b) 


(c)f(c) (d) None of these 


4. If f(x) =x + tan x and f is inverse of g, then g’(x) equals 


1 1 
(a) _—_____, b) —____ 
1+ [g(x) - xP 2 - [g(x) - xP 


1 


rie d)N f th 
(c) Te xP (d) None of these 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


© Ex. 1 Let f be a twice differentiable function such that 
f(x) =~ Fd) and f"(x) = gx). If 
h(x) ={ f(x}? +4 g(x)}?, where h(5) =11. Find A(10). 
(b) 9 
(c) 11 (d) None of these 
Sol. (0) Given, A(x) = {f(x)}? +{ (0 
On differentiating both the sides w.r.t. x, we get 


(a) 0 


h’ (x) =2f (x)- f’(x)+2g (x)- g’(x) (i) 
Now, f(x) = g (x). 
Then, f’'(x) = g(x) 
= f(x) = g(x) ...(ii) 


[. f(x) =— f(x), given] 
From Eqs. (i) and (ii), we get 
h(x) =2f(x)- g(x) + 2g(x)-{-f(x)} 
[using f’(x) = g(x) and g’(x) =- f(x)] 


h’(x) =0 
So, h(x) must be constant. E - (constant ) = 0 
nc 
But h(5) =11 
h(x) =11 
So, h(10) =11 


© Ex. 2 Let f(x) bea real valued differentiable function 
not identically zero such that 

f(xty7"*") = f(x) +f fly)}2"* "ne N and x,y are any 
real numbers and f’(0) 20. Find the values of f(5) and 


f’ (10). 
(a) 3, 2 (b) 0, 1 
(c) 1,5 (d) 5, 1 
Sol. (d) Here, f(x + y"*")=f(x)+{f(y)y"** (i) 


Putting x = 0, y = 0, we get 
FO) = FO) + {FOP = flo) =0 


f'(0) 20 [given] 
= jie FEI ee i SUS 
x70 x-0 x30 x 
Now, if x>0=> f(x)20 ...(ii) 


Putting x = 0, y = 1 in Eq. (i), we get 
FL) = FO) + {FAP or FA) [1 - {FP ]=0 
fQ)=0or1 [using Eq. (ii)] 
Putting y = 1 in Eq. (i), for all real x. 


f(x +1) = f(x) + {Far (iii) 


Now, two cases arise either f(1) = 0 or 1 


CaseI If f(i)=0 
> f(x + 1) = f(x) [using Eq. (iii)] 
> fa) = f@)= f@)=....=0 
*, f(x) is identically zero. (which is not possible) 
Case II If f(y =1 
[using Eq. (iii)] 


=> f(x+1)= f(x)+1 
2 f(2)= f@)+1=1+1=2 
f@B)= f@)+1=24+1=3 
f(4) = f6)+1=34+1=4 
f6) = f(4)+4+1=44+1=5 
Proceeding in same way, we get 
f(x)=x and f(x)=1 => f’(10)=1 
So, f()=5 and f’(10)=1 


» Ex. 3 tet (222) fede fu) and f’(0) =a and 


Ff (0) =b. Find f’’ (x) (where y is independent of x), when 
F(x) is differentiable. 
(a) 0 
(c)a 


(a) Here rf : ; yf ; fly) this holds for any real x, y 


(b) 1 
(d) None of these 


Sol. 


and y is independent of x. i.e. “ =0 
3 


On differentiating w.r.t. x, we get 


p (2) Afr ) 2 5+ roy 2} 


2 2 dx 
1-f{xty)_le, dy _ 
seal 2 )=jr'e as dx 0 
= £2 )-r' (i) 


Taking x = 0 and y = x in Eq. (i), we get 
p (4) = f'(0)> s'(2)- [-- ’(0) =a, given] 


[using integration] 


which shows 4(2} =a (=)+« 


f(x) =ax+e 
Let x=0 
> f(0)=b=c 
f(x) =ax +b 


On differentiating, 
f (x) =a and f’(x)=0 
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Ex. 4 ify = (a—x)Ja-—x —(b-x)Jx-b thant Ex. 6 Let f(x) =x + sin x, suppose g denotes the inverse 
VaR aKa ax function of f. Then, find the value of g’ (= + +) 
whenever defined. ‘. 2 
(a) x —(a+b) (b) 2x + (a+b) (a)2+ V2 (b) J2 -2 
(a—x)(x - 5) Ja= x(x —b) (a-aG (d) 2V2 
(c) ene (d) None of these Sol. (c)Here, f(x) =x+sin x 
ghee ae d dx 
(a — x)?” + (x — b)*” - = ee dy 1+ cosx 
Sol. (c) Here, y = aR ag? use y 
(a@—x)"" +(x —b) T 1 Tt 
where, ri oS .= 


a? + b? =(a + bya? —ab + b’) a 
{(a— x)? + (x — bya - x) (Es a ee 
~ a= xe) + (x-b)} = B+ 


= {(a 7 x)? 4 (x _ by} 
-_ ee das ae Ex. 7 Lete!”) =log x. If g(x) is the inverse of f(x), 
iy ee then find g’ (x). 
dx 2 (a — x)(x — b) (a) e (b) e* (c) er ** (d) None of these 
= dy .2x-(a +b) Sol. (c) Let f(x)=y = x=f (y)=a(y) 
dx 2 (a = x)(x = b) => x= & ae dx =g ee & $Y e'(y) 
” dy 
Ex. 5 ifx? +y” =R? (R>0), then K =__»—__. . g(x)aet* 
Cay yy - 
Find K in terms of R. Ex. 8 If f(x) =4x? —6x? cos 2a +3x- sin 2a: sin 6a 
1 1 
Qe rs + Jlog (2a—a’), then 
1 1 1 
R d)— a) f’| -—|<0 b) f’| —|< 
(0 @ @s(3) ws) 
Sol. (b) Here, x° + y"=R (c) f’ u >0 (d) None of these 
On differentiating w.r.t. x, we get 2 
2x + 2yy’=0 = xt yy'=0 Sol. (c) Here, f(x) = 4x* — 6x’ cos 2a + 3x sin 2a-sin 6a 
>= y= i) + s/log (2a — a”) for f(x) to exists. 
Again, differentiating both the sides, log (2a —a°) 20 => (2a—a") 2° 
L+yy’+(y’?=0 ie. 2a-—a’>1 or a’? -2a+1<0 S(a-1)’ <0 
vise (1 + (y’)?) a which is only possible, if (a — 1)” = 0, ie.a =1. 
y 
a” ry\2 
Noe Mea a2 ee yy) 
v(1 ee yt+(y’)’) 2 f(x) = 4x? —6x* cos 2 + 3x sin 2: sin 6 


: [from Eq. (i)] > f(x) =12x* - 12x cos 2 + 3 sin 2 sin6 


yyl+o’) x? dl 
FoF y a > f'(5)=3~6 cos2-+3sin2sino 
1 =— 
x+y? 


1 
= 3(1 + sin2sin6) -—6 cos2 > fi(Z}>o 


1 
Jifpee & 
1 Note 
R 


K=- 
cos 2 <0 and1+sin2sin6 >0 


© Ex. 9 Suppose, f(x) =e +e”, where a #b and 
fC) — 2 f(x) - 15 f(x) = 0 for all x € R. Then, find ab. 


(a) 15 (b) -15 (c) 10 (d) 16 
Sol. (b) f(x) =e™ + &* 
> f(x) =ae™ + be™, f(x) =a°e™ + b’e™ 


f''(x) —2f(x) - 15 f(x) = 0 
=> fare + be} — 2 {ae™ + be} 


— 15fe** + e°*} = 0, for all x. 
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= (a” —2a—15) e* + (b? —2b - 15)e™ = 0, for all x. 


=> a’ —2a-15=0 and b’-2b-15=0 
=> (a-—5)(a+ 3)=0 

and (b —5)(b + 3) =0 

= a=5or-3 

and b=5or-3 

But a#b,hence,a =5,b=-3 


or a=-3,b=5 => ab=-15 


More than One Correct Option Type Questions 


Ex. 10 The functions u=e™* - sin x andv =e” - cos x 


satisfy the equation 


ae play ay ii tg aay 
dx dx dx dx 

pt gS aay Get om = 55 
dx dx dx dx 


Sol. (a, c) We have, u=e*sin x,v =e*cosx 


Differentiating both the equations w.r.t. x, we get 


oy =e*(sin x + cos x) (i) 
dx 
and id = e*(cos x — sin x) ...(ii) 
dx 
Now. ae + dy = 2e* cos x [using Eqs. (i) and (ii)] 
dx dx 
du dv 
> —+—=2Vv 
dx dx 
Also, OD hand Sod 
dx dx 
Pua ee ve i eae 
dx dx 
=> Bg ae ga? 
dx dx 


© Ex. 11 Ify +log (1+ x) =0, then which of the following 
is true? 


(a)e” = xy’ +1 


(c)y’ +e” =0 (d)y’ =e” 
Sol. (a, b, c) We have, y + log.(1 + x) =0 
=> y=-lgt+x) > y=logit+ x)! 


=> e= : 
1+ x 


> xe? +e% =1 


On differentiating w.r.t. x, we get 
xe*y’+e% + e%y’=0 


xy’+y’+1=0 [ e” # 0] ...(ii) 


> =- 
xt+1 

> y’=-e [from Eq. (i)] 

=> y'+e7 =0 


From Eq. (ii), we have 
xy’+1=-y’ = xy’+1=e" 
» Ex. 12 ifx?-yl =(xty)P?*4, then is 
dx 
(a) independent of p 
(b) independent of q 
(c) dependent both p and q 


(d)~ 


Sol. (a, b, d) We have, x?-y! =(x + y)?*4 
On taking log both sides, we get 
Plog x + qlog y =(p + q)log (x + y) 
On differentiating w.r.t. x, we get 
PIG P44(,, 8) 
x ydx x+y dx 


_ iq _pta|_pta Pp 
dx\y x+y x+y x 
= ay ¥ 
dx x 


® Ex. 13 Two functions f and g have first and second 


biog F ‘ 2 
derivatives at x =0 and satisfy the relations f(0) =~ 


(0) 
f’ (0) = 2g’ (0) = 4g(0), g(0) =5 f (0) =6 f(0) =3 Then, 
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(a) Pht =2 ) then hoje 2 k’(0)=—x4x14+04+0=2 
B(x 4 2 
by FRG = -a(x)+sin x, then k’(0) =  &(x) _ g(0) _1 
cee ae 0 Of) FO) 2 
(c) lim = — 
0 f(x) 2 


© Ex. 14 If f(x) =|x? —3|x|+2|, then which of the 
following is/are true? 

(a) f’(x) = 2x — 3 for x € (0, 1) U(2, -) 

(b) f(x) = 2x +3 for x € (— 2, — 2) U(— 1,0) 

(c) f’(x) =—- 2x - 3 for x E(- 2,- 1) 

(d) None of the above 

(a, b, c) We have, 


(d) None of the above 
2 
(0) 
f’(0) = 2g°(0) = 4g(0) 
8°(0) =5f(0) =6 f(0) =3 


Now, on solving these equations, we get 


flO) = o(0) = 4, f’(0) =16, g’(0) =8 


Sol. (a, b,c) We have, f(0) = 


So 


= 


|x? -3x 42], x20 
|x? +3x+2|, x<0 


; Fs) =Is? aha +=] 
f"(0) == 80) =3 


Fle) x° 3x42, x°-3x+220, x20 
(a) We have, h(x) =*——, x? 4+3x-2, x°-3x+2<0, x20 
g(x) => f(x)=) , ; 
, , , XO ASK FQ; x +3x+220, x= 0 
Hay = SOLO = 8 WF) é : 
(x) [eer —x°-3x-2, x°+3x4+2<0, x<0 
(0) = SOLO = 8 OF") e-3x42 xe [0,1] UG) 
[g(0)] iy Yee x? + 3x +2, x € (1,2) 
1 x7 43x42, xE(—~,-2]U[-1, 0) 
Rea — x? -3x4+2, x €(-2,-1) 
(4)° 4 ax-3, x €(0,1) U2 ~) 
(b) k(x) = f(x): g(x)-sin x PE oe x € (1,2) 
k(x) = fx)g(x)cos x + fx) sin x- g(x) +g(x)sin xf’(x) ES oe gee uCAG) 
k’(0) = f(0)g(0)cos 0 + f(0)sin 0g’(0) + g(0)sin 0f’(0) —2x -3, x €(-2,-1) 
JEE Type Solved Examples : 
Statements | and Il Type Questions 
= Directions (Ex. Nos. 15-17) This section is based on go (pb) Weh, _ * = x 
Statement I and Statement II. Select the correct answer Of NET) x1 = Fe) (x + 1)(x -1) 
from the codes given below. if 4 F 
(a) Both Statement I and Statement II are correct and > f(x) = + 
Statement II is the correct explanation of Statement I eee eed 
(b) Both Statement I and Statement II are correct but | 1 1 
Statement II is not the correct explanation of Statement I = cay= 2} (x+1)? (x1)? 
(c) Statement I is correct but Statement II is incorrect 1-2) ; ; 
(d) Statement II is correct but Statement I is incorrect > f(x) = ‘i | 2a + ze =| 
© Ex. 15 Consider f(x) = * and g(x) = f(x) : 
x” al | n 
A i (-1)"n! 1 1 
Statement I Graph of g(x) is concave up for x >1. = f'(x) = 5 EF eat ~ Ge Ca| 
Statement II 
n — n ! N : = 7] 
ce 1)"n! 1 ‘ 1 eae ow. gtx) P(e) 
, 2 lonye G1)" aoe 


= 8'(x) = f(x) 


nm  (-1)*4!] 1 1 
~ B= ferarend 
, “x2 4|_1 1 
= 2\(x+1)> (x—1)° 


g(1) > 0 
.. Graph of g(x) is concave up for x > 1. 


Hence, both statements are correct but Statement II is not the 
correct explanation of Statement I. 


© Ex. 16 Statement I /f differentiable function f(x) 
satisfies the relation f(x) + f(x — 2) =0,V x€ R, and if 


a ») =6, tnen( x =6 
[an x=a rT a+ 4000 
Statement II f(x) is a periodic function with period 4. 
Sol. (a) We have, f(x) + f(x - 2) =0 (i) 
Replace x by x — 2 in Eq. (i), we have 
f(x —2) + f(x-4)=0 ii) 
From Eqs. (i) and (ii), 
f(x) — f(x - 4) =0 __ iii) 


Replace x by x + 4 in Eq. (iii), we get 
f(x + 4)— f(x) = 0 
= fle + 4)= flx) 


JEE Type Solved Examples : 
Passage Based Questions 


Passage I 
(Ex. Nos. 18 to 20) 


A non-zero polynomial with real coefficients has the property 


that f’’ (x): f’ (x)= f(x). Then, 


© Ex. 18 The leading coefficient of f(x), is 


(a) 1/6 (b) 1/9 
() 1/12 (d) 1/18 


» Ex. 19 The degree of f(x), is 


(a) 2 (b) 3 
(c) 4 (d) 5 

Ex. 20 The value of f”’(x), is 
(a) 1/18 (b) 1/3 
(c) 1/9 (d) 1/6 


Sol. (Ex. Nos. 18 to 20) 
Let degree of f(x) =n 
“. Degree of f’(x) =n-1, degree of f’’(x)=n-2 
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> f(x) = f(x + 4) = f(x + 8)... f(x + 4000) 

> f(x) = f(x + 4000) 

Hence, both the statements are true and Statement II is the 
correct explanation of Statement I. 


© Ex. 17 Statement | Let f(x) = x{x] and[-] denotes 


greatest integer function, when x is not an integral, then rule 


for f’(x) is given by[ x]. 


Statement II f’(x) does not exist for any x € Z. 


—-x, -1<x<0 
0, 0<x<i1 
Sol. (a) f(x)=x[x]=) x 1<x<2 


2x, 2553 


=], -lex<0 
0, 0<x<1 
=> f(x) =4 1, 


2 2<x<3 


<< 2 


> f(x) =[x] 
Hence, both statements are true and Statement II is the correct 
explanation of Statement I. 


Since, f’’(x): f’(x) = f(x) 
=> (n-1)+(n-2)=n 
> 2n-3=n or n=3 


Degree of f(x) =3 


Hence, f(x) =ax? + bx’ +ex4d 
> f(x) =3ax" + 2bx + ¢ 
> f(x) = 6ax + 2b 
f(x) =6a 
As, f(x): f(x) = F(x) 


= (6ax + 2b)(3ax” + 2bx + c)=(ax? + bx* + ex +d) 


On comparing coefficients of x*, we get 


1 
18a" =a =>a=0,— 
18 


[a #0] 


al 
18 


The leading coefficient of f(x) =— and f”(x) =6a = 7 


18.(d)  19.(b) 20. (b) 
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Passage II 
(Ex. Nos. 21 to 22) 


The ends A and B of arod of length V5 are sliding along the curve 
y= 2x”. Letx 4 and xp be the x-coordinate of the ends. Then, 
Ex. 21 The moment when A is at (0,0) and B is 


at (1, 2). The derivative op: is 
dx, 

(a) (b) 2 

7 


(c) (d) None of these 


wala ola 


Ex. 22 The moment when A is at (1, 2) and B is 
at (0, 0). The derivative ae is 
dx 4 
(a) 16 ~~ (b) 8 
Sol. (Ex. Nos. 21 to 22) 
We have, y = 2x" 
(AB)’ =(xg — x4)” + @xp — 2x4)” =5 


(c) 9 (d) 2 


= (xp - xa) + 4 (x2 - xi) =5 


Differentiating w.r.t. x, and denoting kaa =D 
dx, 
2(xp — x4)(D —1) + 8 (xg — x4) - (2x,D —2x,4}=0 ...(i) 
Now, when A(0, 0) and B(1,2) > x, =0, xg =1 
Then, Eq. (i) reduces to 
2(1-0)(D-1)+8(1- 0) {2D- 0} =0 


> 2D-2+16D=0 
=> pa” dxg 1 

9 dx, 9 
Again, when A(1, 2) and B(0, 0) => x4 =1, xg =0 


Eq. (i) reduces to 
2(0 -1)(D-1) + 8(0-1) {0 -2}=0 


=> -2D+2+16=0> D=9 
d. 
XB _g 
dx 4 

21. (a) 22. (c) 


Passage III 
(Ex. Nos. 23 to 24) 


The figure of y = P(x) = ax? + bx* +. ex? +.dx? text f is 


given below 


~X 


Ex. 23 If P’’(x) has real roots 0,B,'. 
Then, [&] +[B] +[y] is 
(a) -2 
(c) -1 
Sol. (b) Here, P’(x) = 0 at x =-—2,-1, 0, > 


(b) -3 
(d) 0 


= P(x) will have real roots belongs to (—2,—1),(—1,0), c +} 


[. between any two roots of a function, atleast 
one root of its derivative exist] 


[a] + [B]+[y]=-3 


Ex. 24 The minimum number of real roots of equation 
(P’"(x))? + P’(x)- P’"(x) =0 


(a) 5 
(b) 7 
() 6 
(d) 4 
Sol. (c) Let f(x) = (P(x)? + P’(x)- P’’(x) 
= fix) = 20h"): P"G) 
x 


Since, P’(x) has 4 real roots. 
So, P’’(x) has 3 real roots. 
= f(x) has 6 real roots. 


JEE Type Solved Examples : 
Matching Type Questions 


@ Ex. 25 Match the Column I with Column II and mark the 


correct option from the codes given below. 
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© Ex. 26 Match the Column | with Column II and mark the 
correct option from the codes given below. 


Column | Column II Column | Column II 
If f’(x) = (3x + 6 and y= f(x*) then at > a () If y= cos (cos x), then y at x = Sis P = 
(i) dy . equal to 
x=1,—is = : 
dx (ii) ‘For the function q 0 
(ii) If fis a differentiable function such that q. -1 f(x) = log.tan (+ a = if 
foy)= f@)+ FO): x, yER, then 4 2 
SE@)+ fU/e)is a = sec x + p, then pis equal to 
(iii) If f is a twice differentiable function such i¢ 0 dx 
that "(x)= = f(x)and f(x) = g(x) If . _ Fie 1 12 
A(x) =[ fF + Lex) and h(5) = 9, then (iii) The derivative of tan ay |b eo 1 
h(10) is : 
is 
y= tan”! (cot x) + cot !(tan x), Ss. 9 ‘ : i 
(iv) @ ecewhed dy i (iv) The derivative of oe. atx =— lis : 
2 , dx 
Codes Codes 
; ie Sit ay i iv He iy i ii iii iv i ii tii iv 
(a) s ros p (b) p qorsos (az) p qores (b) q p rs 
() q por r (d)s pq q Ve a chr “Sp 4 
Sol. (a) (i) We have, y = cos ‘(cos x) 
Sol. (a) (i) y= f(x’) _f[ ~% OSxSm  dy_[4 O0Sx<n 
BY = £43). 3x2 i 2m - x, MSx<20 dx |-1, nSx<2n 
dx 
dy : * 5e[n,2n] .. (22) =-1 
| = f)-3=9 ie) 
x=1 
(ii) * f(xy) = f(x) + f(y) 
Put x=y=1, 
f) = fQ) + FQ) 
& fQ)=0 
Also, f(t) = fle) + f/e) 
Le. x=@y= . 


fle) + f/e)=0 
f%x) =— f(x) and g(x) = f(x) 
. B(x) = f(x) =— F(x) 
Also, h(x) = (f(x) + [g(x]? 
h'(x) = 2f (x) f(x) + 2g(x)g"(x) 
= 2f(x)g(x) —2g(x) f(x) = 0 
h(x)=coVxeER 


(iii) + 


Here, h(5)=9 = A(10)=9 
as fe T 
(iv) y =tan ‘(cot x) + cot ‘(tan x), 5 <x<T7 
dy _- cosec’x  (—1)sec* x ae ee oe 
dx 1+cot?x 14 tan?x 
Hence, (i) > s; (ii) 1; (iii) > s; (iv) > p 


(ii) We have, f(x) = log tan (= th *) 


4 
1 Tt 1 
f(x) = x see'{ # *) x 
™ Xx 2 2 
tan (= + =) 
4 2 
; 1 
‘ . ; (§ *) (§ *) 
2sin + cos + 
4 2 4 2 
1 ls: 


if 1+ = = 
(iii) Let y = tan (: 4 => y=tan (1)+ tan x 
—x 


dy Speail = (2) _1 
dx 1+x° Aji 2 
log | x| dy -—log|x| 1 
= => —d + 
. x dx x? x? 


Hence, (i) > p; (ii) — q; (iii) > 1; (iv) > s 
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JEE Type Solved Examples : 


Single Integer Answer Type Questions 


Ex. 27 Ify = {(x- sin x) +./(x — sin x) +..., 


2 


then as = 270 | Ssehictccs y 
dy 


Tl 


Sol. (3) Here, y= (x -sin x) + ,/(x —sin x) + ....0c° 
So, y =.(x-sinx)+y 
y?=x-sinx+y 


Differentiating, we get 


dy dy : 
2y — =1-cosx + — sei, 
* dx dx 0) 
TM 9 T 2 1 7 
At x=, 7 1> +—= 
2) y 3 yy 43 
2 
= (y | a= = (y-1)=+V2n—3 
: dy 
From Eq. (i), we get ee a 
nc 
OS) 22 | ap lee 
dx|,-" 2m-3 dy| _* 
2 


» Ex. 28 If f(x) =(x —a)(x —b) for a,beé R. Then, the 
minimum number of roots of equation 
m(f’(x))* cos (mf(x)) + sin(f(x)) f”” (x) =0 in (cB), 
where f() =3 = f(P), is (wherea <a<b<B). 


Subjective Type Questions 


® Ex. 30 If f(x) =cos {Eta - |, <x <2 and[x]= the 
greatest integer < x, then find rE] ; 


Tt 
Sol. As we know, 1 < fe <2 


wTfx = fe = [x]=1, so fla) = os| % - 3°} 
2 2 
fatx=fFea.a| 


f(x) =sin x? 


> f(x) = cos x° 3x? 


Sol. (4) Let g(x) = f’(x)sin(nf(x)) =2 E 7 (* : b 


) sin (tm f(x)) 
(x)= (f(x) cos(n f(x) + sin(m f(x) f’’ (x) = 0 


sa) = 0= o(b) = (=) = g(t) = g(6) 


“. g’(x) must have atleast one root in the intervals (c, a), 
( at *) (: +b 
a, > 

2 2 


, b |and (b, B). ic. minimum 4 roots. 


> Ex. 29 Let f(x) =f” e)” dt and g(x) = f(A), 
where h(x) is defined for all x € R. If g’(2) =e* and h’ (2) =1, 
then absolute value of sum of all possible values of h(2), is 
Sol. (2) Here, f(x) = ett)’ ay 


h(x 
g(x) =f ( ) gary? dt 


-2 


ge (x)= Heyy 


> [by Leibnitz Rule] 
2 

> gy =hi@)- eM) 

> ef =1-ethOy” [given g’(2) = e* and h’(2) = 1)] 

=> (1+h(2))?=4 => h2)=-3,1 


.. Absolute value of sum of all possible values of 
h(2) =|-3 + 1])=2. 


r{fE|=2E) - 0 => r{{E|-o 


» Ex. 31 Ifu= f(x*),v = g(x’), f’(x) =cos x and 
g’(x) =sin x, then find =. 


Vv 
Sol. Here, u= f(x?) 
= ue = f’(x*)- Ls (x°) ={cos(x°)}-3x° =3x"-cos x? 
dx dx 
and v= a(x”) 
dv Pf 2 d 2 : 2 7 2 
= — = g/(x*)-— (x*) ={sin x°}-(2x) =2x-sin x 


dx dx 


du 
— 2 3 
du _ dx _3x -cos x 
dv av 2x-sin x? 
dx 
du 3 a 5 
> —=—x- cos x”: cosec x 
dv 


Ex. 32 Finda, b,c and d, where 


f(x) =(ax +b) cos x +(cx +d) sin x and f’(x) = x cos x is 


identity in x. 


Sol. Here, f (x) = x cos x 


=>acos x-(ax+ b)sinx+csinx+(cx+d) cosx=xcos x 


or (a+ cx +d) cos x + (-ax-b+c)sinx =x cos x+ 0-sin x 


> a+d+cx=x and -ax-b+c=0 
which is again identity in x. 

> a+d=0,c=1,-a=0,-b+c=0 
> a=0,b=1,c=1,d=0 


Ex. 33 If f(x)=x? +x? f’(1) + xf (2) + f’(3) for all 


x € R. Then, find f (x) independent of f’(1), f (2) and 


f"(3). 
Sol. Here, f(x)=x°+ x?f/(1)+ xf’(2) + f’’3) 
Put = f()=a, f"(2) =), f'""B) =e 
f(x) =x? + ax’? + bx +e 
= f(x) =3x° + 2ax+b or f(1)=3+2a+b 
=> f'(x)=6x+2a or f’(2)=124 2a 
=> f'(x)=6 or f’’(3)=6 
From Eqs. (i) and (iv), c=6 
From Eqs. (i), (ii) and (iii), we havea =-5, b=2 
f (x) =x° -5x? + 2x +6 


Ex. 34 Let f(x) =x? + xg’(1) +g” (2) and 


(x) = f(1)- x74 xf’ (x) + f” (x), then find f(x) and g(x) . 


Sol. Here, put ge(i=a g”’(2)=b 


Then, f(x)=x? +ax+b, f(l)=1l+atb 
> f(x) =2x4+a, f" (x) =2 

g(x) =(1+ a+ b)x? + (2x 4+a)-x+2 

=x’ (3+a+b)+ax+2 
> g(x)=2xBtatb)+a 
g(lj=28+a+b)+a 
g(2)=2(+a+tb) 
From Eqs. (i), (ii) and (iii), we have 
a=2(3+a+b)+a and b=23+a+b) 

ie. 3+a+b=0 and b+2a+6=0 
Hence, b=0 and a=-3 
So, f(x) = x? - 3x and g(x)=-3x+2 


Hence, 


(i) 


(ii) 
(iii) 
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sin x 
, prove that 


Ex. 35 Ify= ae 
13 


sin x 
1+ 


1+cOS X ...0° 
dy _ (1+ y) cos x+ sin x 


dx  1+2y + cos x-sin x 


sinx 1+ y)sin x 
Sol. Given function is y = age iy) 
1+ 1+ y+cosx 
1t+y 


>yty' +ycosx=(1+y)sinx 
On differentiating both the sides w.r.t. x, we get 
dy dy : dy 
— + 2y— + y (-sin x) + cos x-— 
dx 4 dx ¥( dx 
dy . 
=(1+ y) cos x + —-sin x 
dx 


d 
> ae li + 2y + cos x= sin x} =(1 + y) cos x+ y sin x 
Xe 


dy (1+ y)cosx+ ysin x 


=> 
dx (1+2y+ cos x-sin x) 
x . dy 
Ex. 36 Ify= , then find —. 
‘ x dx 
x 
3 
x 
xX+ Vx 
x+2x+ 
Sol. y= Is 
x+ Tx 
x+— 
X+V x4 ....00 
en 0 
y — 
x 
xt+ 2/3 
x 
x+$— 
x4 VKH ....00 
= « 
xty- aa 
=> y {xo t+ yp a x? 
or xy + y? = x3 


Differentiating both the sides w.r.t. x, we get 


PP iP gp tye? 3 
dx 3 dx 3 
an (x53 42 es 94/3 _ 9 2/3 
dx 3 3 
5 2/3 
=x" "(1-y) 
or a 23 
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1 1 


Ex. 37 ify =tan'' 
x? +3x+3 


5 +tan- 
x” +x +71 


1 1 


x? 4+5x+7 
dy _ 1 1 


2 


+ tan +... ton terms, show that 


dx (x+n)*41 x iit 


1 
x? + 3x43 


1 


2 


——_——_ + tan! 
x"+xt+1 


Sol. Given, y = tan™ 


1 
x? 45x47 


1+ x(x+ 1) 1+ (x+1)(x+2) 
| 
+ tan © 4 ——____ 
1+(x+2)(x+3) 


+ tan i | 
1+ {x+(n-1)}{x +n} 
1+(x+1)x 1+ (x+2)(x+1) 


P ton 3) -(x+ 2 tn] (x + n)-(x+n-1) | 


+ tan- + ...to n terms 


1+(x+3)(x+2) 1+(x+n)(x +n-1) 
y = ftan (x + 1)- tan '(x)} + {tan 1(x + 2) 
— tan” ‘(x + 1)}+ {tan !(x+3)-tan 1 (x+2)} 
+..4 {tan (x + n)- tan (x + n-1)} 
y= tan-/(x + n) — tan™'(x) 


On differentiating both the sides w.r.t. x, we get 
dy _ 1 . 1 
dx 1+(x+n)> 14+x 


2 


Ex. 38 If f(8) =cos0,-cos 8, -cos@; ...cos®,, show 


that {tan®8, +tan®@, + tan@,; +...+tan6,} ={F0} 
f@) 
dO, 
dd dd 
Sol. f(9) = cos 0; - cos 8,- cos 03... cos 0, 
Taking log on both the sides, 
log f(8) = log(cos 0,)+ log(cos 0,)+ ...+ log(cos 8, ) 
On differentiating both the sides w.r.t. 0, we get 


aa £0) = -(-sin 0) 


cos 0; 


-(-sin 0,) + 


cos 0, 


Hence, (tan 0, + tan 0, +... + tan 0,) = | ra 
f(8) 


Ex. 39 Find the sum of the series 
sin x +3 sin3x +5 sin5x +...+(2k—-1) sin (2k -1)x 
(using calculus). 
Sol. Let S=cos x + cos3x + cos5x + ...... + cos(2k -1)x 


Here, the angles are in AP whose first term is x and common 
difference is 2x. 


inl“) 
sin| ——— 
k-1)2 in k: 
S= : “COS are ee =o * cos kx 
: (=) 1 2 sin x 
sin} — 
2 
sin 2k. 
or {cosx + cos3x + cos5x +...+ cos(2k-1)x} = : - a xii) 
2sin x 


On differentiating Eq. (i) w.r.t. x, we get 
-{sinx + 3sin3x+5sin5x+...+ (2k-1) sin (2k-1) x} 
_ 7 (cos 2kx)-sin x — (sin 2kx)- cos *} 
2 
[sin x + 3sin3x+5sin5x +...+ (2k -1) sin (2k -1) x] 


sin? x 


== : 3 kfsin (2k + 1) x — sin (2k - 1) x} 
2 sin” x 
{sin (2k + 1) x + sin (2k - 1) x}| 
= - [(2k + 1) sin (2k - 1) x - (2k - 1) sin (2k + 1) x] 
4 sin” x 


n 
Ex. 40 Find the sum of series » rx'~', using calculus. 
r=1 


n 


Sol. LetS=1+x+¢x°¢ x txt ti. x 
which is a geometric progression. 
i= n+1 
Stage eof te 
On differentiating both the sides, we get 
OF 1+ 2x 43x74 4x7 4+... 40x 
staat tae esa 1) 
eg 


n-1 


n 

= 1 
Six *=———-{1- (n+ 1) x" +n-x"*}} 
r=1 (1 - x) 


Ex. 41 Use calculus to find the sum of 


1 2 4 vad 
1 1 +...4 


PL xP ay x 44 x. +14 


Sol. We know that, (1- x)(1+ x)=(1- x”) 
(1— x)(1+ x(t x2) =(1- x4) =(1- x”) 
GQ—x)it 0+ x20 4 x*)=0- x°)=0— x) 


(1— x) + x1 + x21 + x4)... (1+ x7 )a(1—- x **) Ai) 


Taking log on both the sides of Eq. (i), we get 
log {(1— x)(1 + x)(1 + x2)(1 + x4)... (1+ x” )p=log(1 - x”""") 


or log(1- x)+log(1 + x)+log(1 + x”)+log(1 + x*) 


+1 


+...+ log (1+ x?) =log(l- x” ) 


On differentiating the above equation, we get 


U-1) 1-1. 1 (2x) 1+(4x3 {sag 4 
( dy + ( ve ( 24 oe i 
dae Dae xe Da eee 14x? 
_yp.gnth, ett 
~ tex 
1 2x 4x3 OF og? 1 
or + at gt t 
1+x 1+x° 1+x 14x27 
1 gnth arta 
= n+1 
dX ~x? 
Multiplying both the sides by x, 
x 2x" 4x* Q” x2 
+ st as 
1+x 1+x° 1+x 14 x2 
x ont, ges 
oC 1-year 
(xt 1)-1  2(x?4+1)-2 4(x*4+1)-4 
or 
1+x 1+ x? 14+ x* 
yn 1 
ss acs +1)-2" X ont, x” 
= on f= tl 
1+x x 1-x 
1 gti 
2 i = x ont 
or (1+2+4+2° +...4+ 2")-P]= in aa 
x  1-x 
2 4 2” 
where, P= + at gibt 
+x lt+x° 1t+x 1+ x2 
n+1 
pred x ont 2 
Then, P= + ai 
@=1 i= 42,2 
5s nti gti 
=> P=a"tl_4 + a 
t= x 1- a" 
x 
gti 
x x 
=> P=2"**) 14 ——__|-| 1+ —— 
1- x? 1-x 


Hence, 
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Ex. 42 If f,(x) =e” 


_,d 
hen find { fa(x)}- 


forallne N and fy(x) =x, 


Sol. Here, fixe) =e i) 
= -. ERGO} = ae {f,alo} 
or 4 {fo} = feo {f,-a(x)} 


[using Eq. (i)] ...(ii) 
Replacing n by n - 1 in Eq. (ii), we have 


Sf fe fs U2} ti 
I dx 
.. From Egs. (ii) and (iii), we get 
(OP = Ki) fe 0S {fy} Civ) 
x dx 
Similarly, a {f,-(x)} = fuse”: {f,-3(x)} 
dx dx 
£ (fOI= Als) tf} _) 
x dx 


From Eqs. (iv) and (v), we get 


{fl} Ll) fy 100) fr 2) om fle) ley a fits 
Ix dx 
= EFC} = Fle fa) fa) om fu) AO) 


E fi(x)=x = “. {fo(x)} = | 


» Ex. 43 If y® - y =2x, then prove that OV da, 2 


dx’ Gy = 


2 
Hence, show that{ x? a ): Yas dy = 4: 


27 dx? dx 
Sol. Given, y?-y =2x ait) 
On differentiating both the sides w.r.t. x, we get 
dy dy_ 2 . 
3y?-1 =2 or = (IL 
Gy dx dx 3y?-1 ” 


Again, differentiating w.r.t. x, 


dy 
2, —2(6y)-— e 
d'y = - dx = wy * 2 [from Eq. (ii)] 
dx” (3y"-1)" By" -1)" By" -1) 
d’y 24y 


ct ie! (iii) 


2 
Now, LHS -( - apa x: ey 
27) dx* dx 


_[y'G*-1" 1) -24y \,yG*-1) 2 
4 27 JL Gy? - 1)? 2 (By? -1) 


[from Eqs. (i), (ii) and (iii)] 
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_| 27y?(y*-1)'- 4) -24y_, yo" -1) 
108 Gy*-1)? Gy?-1) 

_ | ~S4y?y?-1)? +8 | 9(y?-1) 

~9L Gy? =1)? (Gy? -1) 


Let By? -1)=a 


3 


= _9)\2 _ 
Then, LHS = y 2(1 + a) (a-2)" +8 4 3(o | 
9 o a 


_y [= ar+6a° +307 4 


Ex. 44 If2x=y"° +y~"°, then express y as an explicit 


d* d 
function of x and prove that (x? —1) OV +x Mar5 y. 
dx? dx 
Sol. We have, Gy “3 y yay _ ye 


Then, (y¥5 — yM5)? = 4x? 4 [2s 2x=y8 + y V5] 


yy a2 [24 Ai) 
ey [ziven]...(ii) 


Adding Eqs. (i) and (ii), we get 


ay? =2x 4 2,/x? -1 
or y =(x+x*-1) 
On differentiating both the sides w.r.t. x, we get 


OY eis jx? -1)*- eee ae 
dx Qafx?=1 
dy _5(x+Jx?-1)° 
~ 2 
-1 


and =2x 


(iii) 


=> 
dx lx 
s 2-7 [using Eq. (iii)] 
dx x? -1 
2 dy . 2 F 
> (x°-1)| —] = 25y (iv) 
dx 
Again, differentiating both the sides w.r.t. x, we get 
2 2 
2x (2) +(x" - jo2! Sy egie! 
dx dx dx? dx 
On dividing by 2 “ on both the sides, 
Xx 
dy 2 ay dy 
x» ——+(x° - 1)— > =25 ‘= #0 
dx ( dx? J dx 


aX 


Ex. 45 if y=1+— 


(x-a,)  (x-a;)(x- ay) 
2 
= +... to(n +1) terms, show that 
(x = ay) (x = az) (x - a3) 
dy_y|,__ xX xX x _ x 
dx x X-@, X-@, X-@; ~ x= a, | 
Sol. Here, y =1+ A cs 
(x- a)  (x- a) (x- a) 
2 
ae +... to(n+1)terms 
(x — a) (x — a2)(x — as) 
x AX 
=> y= 
(x- a) (x-a,)(x- a2) 
2 
os +...to(n) terms 
(x — a) (x — ay)(x - a3) 
[adding first two terms] 
x? a3x° 
= y= 


(x — a,) (x — az)(x - a3) 


+...to(n—1) terms 


(x — a) (x - a2) 


[again adding first two terms] 
Proceeding in the same way, we get 
P 
(x — a) (x ~ ag)(x — as)...(%-ay) 
Taking logarithm on both the sides of Eq. (i), we have 
log y =nlog x-log(x - a,)—log(x — az)—log (x - a3) 


...(i) 


y= 


—...-log (x-a,) 
On differentiating both the sides w.r.t. x, we get 
1 dy _n 1 1 1 
ydx x (x-a@) (e-a@) ~ (x-a) 
ae dy _y [ a x 
dx x (x-a) (x- a) (x — a,) 


Ex. 46 If for all x,y the function f is defined by 


f(x) + fly) + F09D> Fly) =1and f(x) >0. 
Then, show f’(x) =0, when f(x) is differentiable. 


Sol. Here, f(x) + fly) + f(x): fly) =1 ...(i) 
Put x = y = 0, we get 
2 f(0) + {FO} =1 
= {F(0)}°+2 f(0)-1=0 


flo=—=="** eee ee ee 


As f(0)>0 = f(0) =~V2-1 
[neglecting f(0) =-1--2 as f (0) is positive] 


Again, putting y = x in Eq. (i), 
2f(x) + {f(x)}P=1 
On differentiating w.r.t. x, we have 
2f (x) + 2f(x) f(x) = 0 
2f'(x){l + f(x} =0 
=> f(x) =0 
Because f(x) >0 
Therefore, f’(x) = 0 when f(x) >0 


ees] and f’(x) =sin x’, then find 
4H 


© Ex. 47 | 


dy 
dx 


Sol. Here, dy = ¢ eat 
dx 


x 


{= +1)90)=(x- nea 


(x? +1) 


A 2x1 
xd 


2 2 2 

| 2e=1 | 24° #1 = 2x" x} 
=sin| : , , 
x"+1 (x + 1) 


2 
: (4) 2(1-+ x— x’) 
=sin . 


x4 (x? +1)? 


2 
dy _2(1t+x-x’) . ({2x-1 
=——> 5 sin) 
dx (x +1) xO 1 


© Ex 48 Let f(x) be a polynomial function of second 
degree. If f(1) = f(-1) anda,,a>,a3 are in AP, then show 
that f’(a,), f’ (a>), f’ (a3) are in AP. 


Chap 02 Differentiation 69 


Sol. Let f(x) =Ax? + ux + v 


Then, f(x) =2Ax+uU 
Also, f() = f(-1) 
> A+HW+v=A-ut+v 
> uU= 0 
f (x) =2Ax 
=> f(a) = 2hay, f (az) = 2A.a2 
and f' (a3) =2Aa, 


As, a}, @, a; are in AP. Therefore, f’(a,), f’(a2), f(a) are in 
AP. 


1 
x 


Ex. 49 15.F00) +34 Jexe2 andy =x f(x), then 


. dy 
ind — at x =1. 
f d: 


Ix 
Sol. Here, 5 f(x) + af(Z}-xv2 _(i) 
x 
1 1 1 sé 
Put x =—, we gets (+] + 3f(x)=—+2 ...(ii) 
x x x 
Solving Eqs. (i) and (ii), we get 
16 f(x) =5x - a +4 ...(iii) 
x 
= y =x f(x) 
1 3 
> yaaetfsx-2 44} 
16 x 
> = iby" 3 44x) 
v 16 
or 1 peed) 
dx 16 
Now, bea atx=1 
dx 
(=) _10+4 14 _7 
AX) at ~=1 il 16 8 


6 
ela 
ax Jap xa, 8 


a 


> 


_Ify 


Differentiation Exercise 1: 


Single Option Correct Type Questions 


sec x — tan x d 
= , then . 


secx+tanx x 


equals 


(a) 2sec x(sec x—tan x) (b) —2sec x(sec x—tan x)’ 


(c) 2sec x(sec x+ tan x)’ (d) —2sec x(sec x+ tan x)’ 


_ltx? $x4 


If y and o ax + b, then 
1t+x+x" x 
(a) a=2, b=1 (b) a=—2, b=1 
(c) a=2, b=-1 (d) a=—2, b=-1 
» Which of the following could be the sketch of graph of 


y= # log x)? 
dx 


Ya Ya 

(a) 4} (b) 
mn . “0/1 a 
Y* yy 

(c) (d) 
— X — xX 
0) 1/e 0 e 


. Let f(x)=x+3log(x—2) and g(x)=x+5log(x—-1), 


then the set of x satisfying the inequality f’(x)< g’(x) 
is 
(a) (2, 7/2) (b) (1,2) U(7/2,) 


(d) (7/2,°) 


x 


22 
If cos + oo =loga, ens 
x+y? d 


x 


()~ (d) = 
x y 


If f(x) =(|x|)'"*!, then f’(-2/4)is equal to 


(a) 


r{ 
(by wy (Blog) 

r{ 

| 


x dy 


7. If y= , then — equals 
x dx 
at 
b+ is 
x 
at 
b+...00 
a b 
(a) 
ab+2ay ab+2by 
(c) a d b 
ab+2by ab+2ay 


8. If y= x”, then dy equals 
dx 


(a) 2log x-x° 

(b) (2log x+1)-x* 

(c) (log x+1)-x* *? 
(d) x* *1-log(ex*)) 


9. IfxJl1+ytyJ1+x =0, then © equals 
x 
1 = 
et b) —___ 
(1+x) ( Maes 
=1 1 
+ 
) (l+x) (1+ x)? 


(a) 


(d) None of these 


10. If x’e” +2xye* +13=0, then “ equals 


x 
~ 2 xe-* = y-x 
(a) 2xe aaa 1) (b) 2xe Taers 
x(xe” *+2) x(xe” * +2) 
x-y = 
(c) ame ee) (d) None of these 
x(xe” *+2) 


11. yee: x>0, then © equals 


x 
@ ») =* 
1x x 
t= 1 
()— (d) — 
x x 
x10 
12. Let g be the inverse function of f and f’ (x)= < 
1+x 


If g(2)=a, then g’ (2) is equal to 


5 1l+a 
(a) = (b) —5 
2 a 
a’° 1+a”° 
()—, (d) 
1t+a a 


13. If f and g are the functions whose graphs are as shown, 


14, 


15. 


16. 


17. 


18. 


19. 


let u(x) = f(g(x)); w(x) = g(g(x)) 


-|- MO WO Lh 


v 
y 


5 
(b) 5 (c) a 
If f’ (x)= g(x) and g’(x)=— f(x) for all real x and 
f(5)=2= f’ (5), then f *(10)+ g7(10) equals 


(a) -; (d) does not exist 


(a) 2 (b) 4 
(c) 8 (d) None of these 
2 3 n 
x" x x 
If f(x)=x+ rT + 5 sar ar an 
f(0)+ f’(0)+ f (0) +...+f" (0) is equal to 
n(n+1) (n? +1) 
(a) a (b) —— 
n(n+1))" n(n+1)(2n+1) 
(9) (4) ———— 


If y=(fofof)(x) and f(0)=0,f’ (0)=2, then y’ (0) is equal 
to 
(a) 6 (b)7 (c) 8 
If y? = p(x) is a polynomial of degree 3, then 
d 3 d *y , 
2—| y~ -—— | is equal to 
dx dx’ 


(a) p(x): p"(x) (b) p’(x)-p(x) 

(c) p(x): p(x) (d) None of these 

If y= f(x) and x= g(y) are inverse functions of each 
other, then 


(d) 9 


: Fx) 
7] = b ”, ais 
(a) g’y) ize) (b) sy) roy 
(c) gy) = SER (d) None of these 


=0.Ifxisa 


2 
If y is a function of x, then ay + pe 
dx? d. 


function of y, then the equation becomes 


2 2 3 
(a) 2% x. a9 w SS] =0 
dy dy dy dy 
2 2 2 
(0) z=] > @ zo =0 
dy dy dy dy 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
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Let g(x)=log, f(x), where f(x) is twice differentiable 


positive function on (0, °°) such that f(x+1)=~x f(x), for 
N =1, 2, 3,..., then 


1 il 
" N+—|-2”] —| equals 
: [ 4 G] : 


(a) see : + 
9 25 (2N-1) 


1,1 1 
(b) petite | 


(c) -4 i444 : +o : , 
9 25 (2N+1) 

(d) 4 Co ae : , 
9 25 (2N+1) 


If the function f(x)= x? +e*” and g (x)= f '(x), then 
the value of g’ (1) is 


(a) 1 (b) 2 
(c) 3 (d)e 
Let f(8) =sin tan7!/ q , where — 7 <O0< = 
./cos 20 4 4 
Then, the value of - f (0), is 
d(tan 8) 
(a) 1 (b) 2 
(c) 3 (d) 4 
dy qT. 
If y = login x(tan x), then — at x = — is equal to 
dx 4 
4 
b) — 4 log2 
(a) ise (b) og 
(c) == (d) None of these 
log2 


~ Z 1 dy. 
Ify= §'tan ' | ———— |, then — is equal to 
2 [(— dx 


r=1 


1 1 
—— 
Seer Na teat? 
(c) 0 (d) None of these 
Ify=sin” =e , then y’(0) is equal to 
1—cos@ sin x 

(a) 1 (b) 2tana 
G (;) ‘ents Qiang 


(b) 1 
(d) — log,2 
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27. The function f(x) =e* + x, being differentiable and 


28. 


29. 


30. 


31. 


32. 


33, 


34, 


one-one, has a differentiable inverse f ~’ (x). The value 
ofS (f ~') at the point f(log2) is 

ix 

1 1 

ee b) — 

(a) in (b) 5 
(c) 7 (d) None of these 
If f’ (x)=— f(x), a(x)= f" (x), 
F(x) -(+( )) el y and F (5)=5, then F (10) is 
equal to 
(a) 5 (b) 10 (c) 0 (d) 15 


If x = sec — cos 8 and y =sec” 0 —cos” 0, then 
2 
(x? +4) (2) is equal to 
dx 


(b) n° (4-y°) 
(d) None of these 


(a) n* (y’ — 4) 
(c) n’ (y* + 4) 
If x = f (t) cost — f’(t)sint and 


2 2 
y= f(t)sint + f’ (t) cost, then (*) te (2) is 


dt 
equal to 
(a) fO- f°" b) LF) - f° OF 
() LF) + FOF (d) None of these 


@ 
If y=at? + 2bt+candt =ax’ +2bx + c, then —* is 
dx 


equal to 
(a) 24a°(at + b) 
(c) 24a(at + b)* 


(b) 24a(ax + b)? 
(d) 24a*(ax + b) 


Differential coefficient of 


oo xt! xio™ w.r.t. x, is 

(a) 1 (b) 0 (c) -1 (d) x!” 

If y=(A + Bxje™ +(m—1) %e*, then 

d* d 

oY am + m*yis equal to 

dx? dx 

(a) e (b) em™ (c) em (d) eft —m)x 
Pe 

If f(x)=- ~ 4x? sin 1.5a-xsina-sin2a—5 
3 


sin ' (a* —8a+17), then 


(a) f(x) is not defined at x = sin 8 
(b) f (sin 8) >0 

(c) f’(x) is not defined at x = sin 8 
(d) f ‘(sin 8) <0 


35. 


36. 


If f and g are differentiable functions such that g’(a) =2 
and g(a) = band if fog is an identity function, then f’(b) 
has the value equal to 


(a) 2/3 (b) 1 
(c) 0 (d) 1/2 
The derivative of the function, 


f(x)= cos” ze cos x —3sin »} 


ee , | 
+sin  }——(2cos x +3sin x) 
Hh 


3). 
wrt. afl t+ x? atx= is 
4 


3 5 
(a) 5 (b) 5 
10 
(c) a (d) 0 


2 If f(x) = [x + 22x -4 + {x —2,/2x — 4, then the value 


of 10 f’ (102* ), is 


(a) -1 (b) 0 
(c) 1 (d) does not exist 
2 d*y 2 
38. Let y = In(1+ cos x)*, then the value of —— + 
dx? ey? 
equals 
2 
(a) 0 (b) 
1+ cos x 
4 ot 
©) (1 + cos x) (1 + cos x) 
+a? —x? + 
39. If f(x)= a : i = where a>0Oand x <a, then 
ja’? —x* +a—-x 
f (0) has the value equal to 
(a) Va (b) a 
1 1 
=e d) — 
(c) 7 (d) ; 

40. Let u(x) and v(x) be differentiable functions such that 
de) gla, anal 1) a eis Gp gles 
v(x) v'(x) (x) p-4 
value equal to 
(a) 1 (b) 0 
(c) 7 (d) -7 

41. If f(x) =| log, |x||,then f’ (x) equals 
(a) z x#0 

|x|" 


(b) 4 for ix Stand —— tele (<4 
x x 
1 1 

(c) —— for |x| >1and—for|x|<1 
x x 


Qi trasiund= frxen 
x x 


42. 


43. 


44, 


45. 


46. 


47. 


53. 


54. 
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If f(x) is given by, f(x) =(cos x + isin x) (a) f(x) (b) 0 

(cos 3x + isin 3x)...(cos (2n — 1) x + isin (2n — 1) x), (c) fl) f'nx) Ag. Nene Ohthess 

then f” (x) is equal to 48. If y = f(x) is an odd differentiable function defined on 
(a) n° f(x) (b) —n' f(x) (— ce, cc) such that f’ (3) = —2, then f’ (—3) equals 

(6) -n® f(x) (a) n* f(x) ee Aa 


Let f(x) = x",n being a non-negative integer. The value 


dy. 
of n for which the equality f’(x + y)= f’(x) + f’ (y)is 49. ity = xt yyt fet yy... then is equal to 
Xx 


valid for all x, y > 0, is 


3 =— 
(a) 0,1 (b) 1,2 (a) ee a 
(c) 2,4 (d) None of these yo — 2x ay" —2xy —1 

3 
+ 
If f(x) =sin [x]- x'| for 2< x <3 and [x] denotes (c) * = (d) None of these 
the greatest integer less than or equal to x, 50. If f(x)= | Rae beciaw | then f’ (=) is equal to 
then f’(./7/3) is equal to 4 
(a) V2 (b) —V2 

(a) yn/3 (b) —yn/3 (c) 0 (dy Wome GF thaee 


- d) None of th 
(c) -vr er one s 51. Let f(x) =x" + xg’(1)+ g’’(2)and 


The functions u = e~ sin x,v=e* cos x satisfy the a(x) = x? + xf’ (2) + f’/(3). Then, 


equation 
du dv_» 4 du (a) fay=4+ f'@) 

eg Eee (b) g’@)=8+ g) 
(c) a 225i (d) All of these Re Ent ere 

dx (d) All of the above 
If f(x) = log, {ln (x)}, then f’(x) at x =e, is 52. If f(x) = x", then the value of 
(a) e (b) -e f()- fQ) 4 FO) _ FO a f""O 
(c) e* (d) 1! 2! 3! 4! 
Let f be a differentiable function satisfying Fi (-1)" f"(1). 

—...+ + is 
Lf(x)]" = f(nx) for all xe R n! 
; (a) 1 (b) 2" 
Then, f’ (x) f(nx) equals (o) 207 (a) 0 
Differentiation Exercise 2 : 
More than One Option Correct Type Questions 
If y + log(1 + x) =0, which of the following is true? 55. If g is the inverse of f and f(x)=x* +3x-3,(x>0), 
Gea iy == 1 then g’ (1) equals 
aie @—— o-1 ©} (@y- 0) 

(c)y’ +e” =0 (d) y’=e? 2g(1) + 3 5 (f(1))’ 
Ify= a then y’ equals 56. If x? —2x*y* +5x+ y—5=0and y(1)=1, then 
(a) 3* -log3-log2 ny 4 jigs 2 
(b) y-(logsy)-log3-log2 aaa ee, 


ae 6QX, wr 22 # 2 
(c) 2° -3*-log6 (c) y"(1) =-8 = (d) y) == 
(d) 2°" -3*-log3-log2 af a 
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57. Let y = x+[x+4/x+...0, then dy/dx equals 
1 x 


b) —— 
@) 2y=1 ( ores 
1 y 
d 
©) v1-4x ( iy 
58. If y= xm then “ is equal to 
a 


(a) ~ (In x™*~! +2 In x In (In x) 
x 

(b) ~ dn x)™ (2 In (In x) + 1) 
x 


(c) —Y~— ((In x)? + 2 Inx (In x)) 
xInx 


(d) YAY @ In (In x) + 1) 


59. Which of the following functions are not derivable at 
x=0? 


(@) f@) =ain 2x1 —x? ©) eSen7t [| 


1+ 4° 


(c) h(x) =sin™ F — 4 (d) k(x) =sin™ (cos x) 
+x 


Png Te) oe al ai 
afx—-1-1 
(a) f’(10) =1 (b) f’@2)=-1 


(c) domain of f(x)is x21 (d) None of these 


- x, then 


Differentiation Exercise 3: 
Statements | and Il Type Questions 


61. If2* +2” =2**%, then is equal to 
Pa 


a. o) 1 
2 1-2 
(c) 1-2” 2m 2") 
2)(2* — 1) 


62. For the function y = f(x) =(x* + bx +c)e*, which of 
the following holds? 
(a) If f(x) >0 for all real x = f’(x)>0 
(b) If f(x) > 0 for all real x => f’(x) > 0 
(c) If f’(x) > 0 for all real x => f(x) >0 
(d) If f’(x) > 0 for all real x = f(x) >0 


63. If jy+x +./y—x =c, where c #0, then © has the 
Xx 


value equal to 
2 

(a) = (b) 
c 


d 
64. If y = tan x tan 2x tan 3x, then - has the value equal to 
Xx 


(a) 3 sec” 3x tan x tan 2x + sec” x tan 2x tan 3x 
+ 2sec” 2x tan 3x tan x 

(b) 2y (cosec 2x + 2 cosec 4x + 3 cosec 6x) 

(c) 3 sec* 3x —2 sec” 2x — sec” x 

(d) sec? x + 2 sec” 2x +3 sec” 3x 


= Directions (Q. Nos. 65 to 74) This section is based on Statement I and Statement II. Select the correct answer from the 


codes given below. 


(a) Both Statement I and Statement II are correct and Statement II is the correct explanation of Statement I 


(b) Both Statement I and Statement II are correct but Statement II is not the correct explanation of Statement I 


(c) Statement I is correct but Statement II is incorrect 
(d) Statement II is correct but Statement I is incorrect 


65. Consider f(x) = x 


x Hl 
Statement I Graph of f(x) is concave up for x > 1. 
Statement II If f(x) is concave up, then f’’(x)>0. 


66. H ftay=sin| aa Jt 
1+x? 


Statement I The value of f’(2) =- = 


= 2 =2 
Statement II f(x) =sin * |= 
1+x? 


67. Statement I If (0) =a, f’(0) =}, g(0) =0, ( fog)’ (0) =c, 
then g’(0)= © 
Statement II ( f(g(x))’ = f’(g(x))- g’ (x), for all n. 

68. Let f and g be real valued functions defined on interval 
(—1, 1) such that g’(x) is continuous, g(0) = 0, g’ (0) =0, 
g”’ (0)=0and f(x) = g(x)sin x. 
Statement I lim (g(x) cot x — g(0) cosec x) = f (0). 

x0 


Statement II f’(0) = g’ (0). 


we d 3 
69. Statement I If y = sin 13x -—4x°), then “” = 
dx 1-x? 
-1 1 
only when — <x <-. 
2 2 
Statement II sin”! (3x — 4x°) 
= 1 
—T —3sin My, -1<x<-- 
2 
a 1 1 
= 3sin ly, --<x<- 
Zz 2 
bn fe 1 
m™—3sin Ix, SS 1, 
2 
-1 1—x? 
70. If y = cos , then 
1+ x? 
d 2 
Statement I oe ge : forxER. 
xX 1+x 
{1-x? 2tan | >0 
Statement II cos ' | ——— |= ae eae 
1+ x? —2tan ix, x<0. 


71. If y=x+[x], then 


Statement I =1forallxeR 
Xx 


Differentiation Exercise 4: 
Passage Based Questions 


Passage I (Q. Nos. 75 to 77) 


pop LOt Y= LO) _ fQ)=! 

2 2 
differentiable and f’ (0) =1 Let g(x) be a derivable function at 
x = Oand follows the functional rule 


o( 2} soe e0, KER, k#0,2 


and g’ (0)—Ag’ (0) #0. 
75. Domain of log( f(x)), is 


+xy, for allx, ye R, f(x)is 


(a) R* (b) R— {0} 
(c) R (d) R” 

76. Range of y = log3,4(f(x)) is 
(a) (-~, 1] (b) [3/ 4, -) 
(c) (-e9, &) (d)R 


77. If the graphs of y = f(x) and y= g(x) intersect in 
coincident points then A can take values 
(a) -3 (b) 1 
(c)-1 (d) 4 
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Int 
Statement II x € Integer 


d({x]) -| 0, 


x does not exist, x € Integer. 


72. Statement I If f(x) is a continuous function defined 


from R to Qand f(5) = 3, then differential coefficient of 
f(x) w.r.t. x will be 0. 


Statement II Differentiation of constant function is 


always zero. 
x 
w.r.t. 
2 


1+x 


73. Statement I Derivative of am 

-1{1- x? 

cos ; 
1+x 


2 

ee 2 +/1- 
Statement II sin” = =cos 2 
1+ x? 1+ x? 


for-1<x<1. 


Jittoroce<1 


74. Consider function f(x) satisfies the relation 
f(x+y*)= f(x) + fly’), V x, ye Rand differentiable 
for all x. 
Statement I If f’(2)=4a, then f’(-2)=a 


Statement II f(x) is an odd function. 


Passage II (Q. Nos. 78 to 80) 
Left hand derivative and right hand derivative of a 
function f (x) at a point x = a are defined as 
eey= ite A ETC 


h>0 h 


= lim f(a+h)~ f(a) 
h—>0* h 


wie = im 


hor h 

im L@=f@+h) 
hor h 

= lim La) Fe) respectively. 
h>0" a-Xx 


Let f be a twice differentiable function. We also know 
that derivative of an even function is odd function and 
derivative of an odd function is even function. 
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78. If f is odd, then which of the following is left hand 


79. 


80. 


derivative of f at x =— a? 

(a) lim f(a —h)— f(a) 
hoo” -h 

(b) lim f(h — a) — f(a) 
h>0 h 
hot -h 

(d) lim f(a) — fla -h) 
hao -h 


If f is even function, then which of the following is right 


hand derivative of f’ at x =a? 
(a) lim f(@t eas h) 


hao 

(b) lim f(a) + f(a = h) 
h—> ot h 

(c) lim — f(a) + f(a — h) 
hoo” -h 


(d) lim f(@) f(a + h) 
-h 


The statement lim f= x) ~ flex ~ h) 
h->0 h 
= lim iS fe =f) implies that for all x € R, 
h-0 = 
a) f is odd 
b) f is even 


c) f is neither even nor odd 


( 
( 
( 
(d) Nothing can be concluded 


Passage III 
(Q. Nos. 81 to 82) 


If f (x)= sin” (3x - 4x? ). Then answer the following 


81. The value of f’ (0) is 


(a) —3 (b) 3 

(c) V2 (d) — V2 
82. The value of a (=) is 

(a) —3 (b) 3 

(c) -3V2 (d) 32 


D™ 


Passage IV (Q. Nos. 83 to 84) 
Let the derivative of f (x) be defined as 


2 2 
f(x) = tim £ wt ©) where f(x) = if OO}. 


83. If u= f(x), v = g(x), then the value of D (u-v)is 


(b) u?(D'v) + v°(D u) 
(d) uv D (u+ v) 


(a)(D'u)v + (Dv) u 
(c) Dut+tDv 


84. If u= f(x), v = g(x), then the value of D (“) is 
v 
(b) u (D v) - v(D u) 
Vv Vv? 
v (D u) - u(D v) v (Du) - u(D v) 
er cee (d) — a 


u (D v) - v(D u) 
oa as 


(c) 


Passage V 
(Q. Nos. 85 to 87) 
A curve is represented parametrically by the equations 


x=e'cos tand y=e' sin t, where t is a parameter. Then, 


85. The relation between the parameter ‘t’ and the angle a 


between the tangent to the given curve and the X-axis is 


given by, ‘t’ equals 


™ 5 
aos ee 
Tl Tl 
(c) a aris 


2 


86. The value of ue at the point, where t = 0, is 
dx 


(a) 1 
(c) -2 


(b) 2 
(d) 3 


87. If F(t) = J (x + y) dt, then the value of F (=) ~ F(0)is 


(a) 1 (b) -1 
ce (d) 0 
Passage VI 


(Q. Nos. 88 to 90) 
Equation x" —1=0,n>1,n€N has roots 1, a, ao, 


88. The value of (1— a,)(1—a,)...(1-a,), is 


sey ge 


(a) rs (b) n 
(c) (-1)"n (d) None of these 
89. The value of by J , is 
pa12 — o 
n-1 n 
G2 (n-2)+1 Qe 
a a4 
n—-1 
(c) ot (a) None of these 
90. The value of y : , is 
r=1-— & 
n n(n — 1) 
: p) ABT? 
(a) Fi (b) 5 
(c) : : : (d) None of these 


91. 


93. 


94. 


95. 


Differentiation Exercise 5: 
Matching Type Questions 


Match the entries between following two columns. 


Column II 


(p) 0 


Column | 


(A) y= f(x)be given by x =f — 56 — 20t+ 7 
and y= 47° — 3¢° — 184+ 3, then 
53 ge) 
dx 


(B) P(x) bea polynomial of degree 4 with (q) 2 
P(2)=-1, P’(2)=0, P’’(2)=2, 
P’’'(2)=-12and P” (2) = 24, then P’’(3) 


is equal to 


dy 


ajl+ yf 
all + x? 


/f ze 32) =2£09* 370) ang Pm 


f’(0) = pand f(0) = q, then f’’(0) 


(C) 


(D) 
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92. Match the following. 
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Single Integer Answer Type Questions 


If f(x)=x° +x? f’ (1) + xf’’(2)+ f’’’(3) for allxe R 
Then, f(1) is .......... : 


= 2x +2 
Let f(x) =sin™ a ; 
4x7 +8x +13 
d(t 1, 
then the value of atin 77). when x =-, iS... : 
d(tan ' x) 2 
Let x, x1, X2,X3,X4,.--,Xg be 9 real zeroes, of the 


polynomial P(x) = x +.ax? + bx +c, where a,b,ce RIF 
the value of Q(x,)= P where p and q are coprime to 


each other. If Q(x) =(x — x,)(x-— x3)...(x — xg) and 


x= = then the value of ¢ — pis... eee : 
2 


Column I Column II 
eee ee 2x h 
(A) y=sin™'|-—— 5] .then (p) forx <0 
dy 2 
dx L+x? 
= 1 
(B) veo | = th (q) forx>1 
1+x° 
d___i1 
dx l+x? 
_ 11+! dy (rt) forx<-1l 
(C) y=le*'-e|,then—>0 
dx 
(D) u=log|2x|,v=|tan!x|,then (s) for 
du -l<x<0 
—>2 
dv 
(x-a)* (x-a)’® 1 
96. If f(x)=|(x-b)* (x-b)*? 1land 
(x-c)* (x-c)? 1 
(x-a)* (x-a)? 1 
f’(x)=Al(x—b)* (xb)? 1], then value of A is .... . 
(x-c)* (x-c)? 1 


97. Let P(x) be a polynomial of degree 4 such that 


P(1) = P(3) = P(5) = P(7) =0. If the real number x # 1, 
P 


is such that P(x) =0can be expressed as x = —, where 


and q are relatively prime, then (p — 8q) is «0... 2 
ge. 
5 eee 


98. fx? +y? =t—tandxt+y* =t - 


t 
then (2) 1S eases : 
dx 4,1) 


3,5 
P 
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2 Biri iatd 
99. a ty + 2 — 2xyz = F then the value of 103. Suppose, A = 2 of x? + y? =4at (2, v2), B= dy af 
3 ly Zs x Kc 
i 2 "Th ry "Ti = is equal to ......... ‘ sin y+sin x =sin x-sin yat (1, m)and C=“ of 
7 7 = Xe 
2e +e%e” —e* —e% =e"! at (1, 1), then 
100. If y is twice differentiable function of x, then the (A — B— C)has the value equal to ......... : 
eqpiesioatian’ a oy. od ay by imeanserthe 104. A function is represented haus by the ay 
1+t 
Ix ? equations x = us ; y= +2 then 2 x2) 
: ogee ps . y t 2t t x x 
transformation x = sin t in terms of t is dt? + Ay. has the absolute value equal to ......... : 
Thus, A is ......... ‘ 105. Suppose, the function f(x) — f(2x) has the derivative 5 


at x = 1 and derivative 7 at x = 2. The derivative of the 


ae cet ol aes 
at, lie devivalive ok Ji) =o [= Zeose ss »| function f(x) — f(4x) at x =1, has the value 10 + A, then 


i the value of A is equal to ......... ; 
+ isin + [ (2cos x + 3sin »)| 
V3 106. If x + y =3e”, then D(x” ) vanishes when x equals to 
wirt.J1+x? atx= a AS! atossdees ; Xe’, then the value of A is equal to ......... ; 
102. Sunpass fl) e* 4 Oe ghee ebeand 107. Let h(x) be differentiable for all x and let 
, i , 7 , f(x) = (kx + e* h(x), where k is some constant. 

FU (x) — 2f"(x) — 15 f(x) = 0 for all x. Then, the value of If h(0) =5, h’ ©)= =-2and f’(0) = 18 then the value of k is 
| at+b | is equal to ......... . equal to ......... 


Complex Number Exercise 7 : 
Questions Asked in Previous 10 Years' Exams 


(i) JEE Advanced & IIT-JEE 


108. For xe R, f(x) =|log2-sin x| and g(x) = f(f(x)), then [One Correct Option, 2016 Adv.] 


(a) g is not differentiable at x = 0 (b) g’(0) = cos (log 2) 
(c) g’(0) =— cos (log 2) (d) g is differentiable at x = 0 and g’(0) = — sin (log 2) 
109. Let f: R>R g:R—Randh:R-— Rbe differentiable functions such that f(x) = x° +3x + 2, g(f(x)) =x and 
h(g(g(x))) = x for all x € R Then, [More than One Correct Option, 2016 Adv.] 
1 
(a) g(2) = ie (b) A(1) = 666 (c) h(0) = 16 (d) A(g(3)) = 36 
(ii) JEE Main & AIEEE 
110. If for x€ [o, +) the derivative of tan’ ene is Vx - g(x), then g(x) equals 
4 1=9x [2017 JEE Main] 
3 9 3 3 
(a) —_, (b) ——, (c) ai — 
1+ 9x 1+ 9x 19x 1-9x 


111. Let g(x) = log f(x), where f(x) is a twice differentiable positive function on (0, ¢¢) such that f(x +1) = x f(x). Then, for 


1 1 
N =1,2,3....,g”| N+—|-g”| — |is equal to 
9 2 [2008 AIEEE] 


1 1 1 1 1 
(a) fotidaa it} wafiede tot + 


(c) -4 ros a ae : 5 (d) 4 a ace ae : 5 
9 25 (2N+1) 9 25 (2N+1) 


d’x 
112. ae equals 
dy [2007 AIEEE] 


113. If f” (x) =— f(x), where f(x) is a continuous double 
differentiable function and g(x) = f’ (x). 


As)=|F(S]f +{e[]} andre) =s.the 
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114. If yis a function of x and log (x + y) = 2xy, then the 
value of y ’ (0) is [2004 AIEEE] 


(a) 1 
(b) -1 
(c) 2 
(d) 0 

115. If x? +y =1, then 
(a) yy” -2(y’)? +1=0 
(b) yy” + (y’)? +1=0 
(c) yy” + (y’)’ -1=0 
(d) yy” +2(y’)° +1=0 


[2000 AIEEE] 


Answers 


F(10) is [2006 AIEEE] 
(a) 0 (b) 5 (c) 10 (d) 25 
Exercise for Session 1 
l.a® log a+ ax*~! 2, 10 soc? x 
| tan x | 

3; u + a + 2 sec” x 

xlog.3 x 
rT + nagx" | + (n= Vax"? + (n= ax" 3 +...4 a1] 

x 
5.0 


6. ex"! \ log, x + + x log, ‘| 


log. a 


x 
Ts cil {los 2 cot x — cosec” x — oe | 
2 


Vx 2% 
x 


8. SESE ETS Ny 
(x sin x + cos x) 


10.xE(-—~, -1) UC, ©) 


Exercise for Session 2 
1L4(? 4x4 18+ (2x4 VD 


1 
2. ———____ - (2x + 1) 
2x" +x+1 
- 2 x 
3.3 sin“ x cos x @ 7 Be 
¢ si ; Pa 

5.é° 5" * (x cosx + sin x) 6, — ~—___ 
b+ acosx 

eo € 8 ! 
a+x 

9. 2ab cos x 


2: . 
a’ — b* sin? x 


10. sec x 


(sin 3 x) G + *) — 3 (e& + log x) cos 3x 


11. x 


sin? 3x 


12. 


cos (m sin! x) 


13. 


14 es yl-x : 


ji-2 lea) 
16. 1 log, 10 
xlog. 10 x(log, x)* 


17. -2x {5?-* - log, 5+ 53-x)4 


a8 2 
18. = i, 
x a -x' 


19. x 
44+ f4+ a+r {4+ 442 y4tx 


20.(c) 21.(b) 22. (a) ~—23. (a) 
24.(a) 25.(c)  26.(a) 27. (d) 
Exercise for Session 3 
6.(b) 7. (a) 8. (a) 9. (a) 10. (a) 
Exercise for Session 4 
1.(b) 2.(c) 3.(b) 4.0) 
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(vi) y= cos (4x7 — 3x) 


Exercise for Session 5 
6 M3 2 
2 19 
Exercise for Session 6 


1. x*(1+ log x) 


ae (lS, 1) 
2x Vx 


3.x" fas logs) logx+ +| 
x 


4.x 3° - (2 log x + 1) 


x+1 
5x 2 ee *)+ log x 
2x 


6. (cos x)" (log cos x — x tan x) 


: : : : cos’ x 
7. (sin x)°S* [- sin x log sin x + | 


sin x 
ty’ 8. (sin x *! cos! x cot x—- ps 
_1{3x-23 hee 
(iv) y= tan 
1-3x° 9. —x* (sin x*)- {14 log x} 
4Y 10. — &x"(1 + log x) - 2 cosec” x cot x} 


x" + cosec” x 
n/2 y= 2 tan-'x ‘ 
11. (sin x)" * - fsec* x (log sin x) + 1} 


+ (cos x)°°°* 


yo x 
ie | 2 ey 
x logx+ xy! 


- {sec x tan x- log (cos x) — sec x tan x} 


14 log sin y+ ytan x 
log cosx — x cot y 
or 


19. 


ow +7 


Exercise for Session 7 
1.(i) 1 (ii) - 1 (iii) — 1 


Pate (ae alt= 2 
2.5 {es a aw] 


x 


4. — 2,/cos x - cot x cosec x 


ee esd eae 
a x x 


Exercise for Session 8 


Exercise for Session 9 


mt)" -3 


3. 


Chapter Exercises 


1. (b) 
6. (a) 
10. (b) 
15. (a) 
20. (a) 


Chap 02. Differentiation 


29.(c) 30. (c) 31.(d) 32. (b) 
33.(a) 34.(d) 35. (d)  36.(c) ~—- 37. (c) 
7...) -ga6* @couseb 38. (a) 39. (d) 40.(a) 41.(b) 42. (b) 
3a 43.(b) 44. (b) 45. (d) 46.(d) 47. (c) 
48.(c) 49. (d) 50.(d)  51.(d) 52. (d) 
53. (b,c) 54.(b,d) 55.(a,c) 56.(a,c) 57.(a,d) 
58. (b, d) 59. (b, c, d) 60. (a, b) 61. (a, b, c, d) 
62. (a,c) 63. (a, b) 64. (a, b, c) 65. (a) 
66.(a) 67. (a) 68. (b) 69. (a) 
70.(d) 71. (d) 72. (a) 73. (c) 
Exercise for Session 10 74.(a) 75. (c) 76. (a) 77. (c) 
; 78.(a) 79. (a) 80. (b) 81. (b) 
2, - ; 3. (b) 4. (c) 82.(c) 83. (b) 84. (c) 85. (c) 
(f°) 86.(b) 87. (c) 88. (b) 89. (a) 
90. (c) 
91. (A) >(q), (B) >(@), (C) >(8), (D) > (p) 

2. (c) 3. (c) 4. (d) 5. (c) 92. (A) > (q, 1), (B) > (p), (C) >, s), (D) > @, ») 

7. (d) 8. (d) 9. (b) 93.(4) 94. (1) 95.(1) 96.(3) 97. (1) —:98. (1) 
11. (c) 12. (b) 13. (b) 14. (c) 99.(0) 100. (1) 101. (2) 102.(2) 103.(1) 104. (-l) 
16. (c) 17. (c) 18.(b) 19. (c) 105.(9) 106.(1)  107.(3) 108. (b) 109. (b, c) 110. (c) 
21. (b) 22. (a) 23.(c) 24. (b) 111.(a) 112.(d)  113.(b)—s'114. (a) 115. (b) 

26. (a) 27.(b) 28. (a) 


25. (d) 
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2 
@ 5. Here, co"| ~ 2 =i 
x“+y 
_ 2 
0 utions = cos Oh t0g a 
1+(y/x) 
Put ~ = tan 
x 
4 Hee, y= sec x—tanx sec x—tanx = oe 1—tan20 ees 
secx+tanx secx—tanx 14 tan’6 g 
_ " 2 
re eee) > cos '(cos28) = log a 
> = = (sec x — tan x) -(sec xtan x —sec” x) => 20 = log.a 
nc 
= —2sec x(sec x—tan x)” > 2an{2] =loga 
x 
1t¢x°¢x*  (14x°)?-x? 
2. Here, 7 = y_ loga 
ltxtx? = (14+-x+x’) = 2 = anf ) 
_ (4x4 x") = x’) a(t jae?) On differentiating both sides, we get 
(1+x+x*) dy 
er 
Xx = 
en ae eee =a 
dx - 
> a=2, b=-1 => i eer 
d 1 dx 
3. y =—(xlog x) = x-—+log x-1 d 
dx x => OY aw. 
dx x 
=> y =1+log.x 
sin x| mel 
cpetwhuigeest See! 6. Here, F(x) = (x) as x9 
e ae 
Thus, y = 1+ log, x can be shown as a F(x) =(-xy™ 
y Taking logarithm on both sides, we get 
log( f(x)) = (sin x) log(— x) 
On differentiating both sides, we get 
Xx 
0] / tle > Pj=(-sin x) — + log(-¥)-(-c08x) 
f(x) x 
At x= = 
4. Hee P@ete e2 diGysia i 
x=2° Xz x-1 x-l ae 
; ™ 5 2 T 
: , , = +] * 
Since, f(x) < g(x) rf *) al =) a os{ *}{ ) 
x+1 = xt+4 _ 
> —— = 4 
X=2. x=1 { 
xt1 x+4 -()"|2 4 2) 
or ——_-— <0 = log 
x-2 x1 4 2 mT 1 
2 2 
- (x°-1)-(x°+2x-8) 26 7. Hee, y= x z x(b+y) 
(x-1)(x-2) Pree ab+ay+x 
—2x+7 2x-7 wey 
> <0 > >0 ‘ 
(x—1)(x-2) (x -1)(x-2) = aby +ay?+ xy = bx+ xy 
ee ee Ae cd > aby+ay” = bx 
| | 
“4 @ qo On differentiating w.r.t. x, we get 
“x €(1,2)U(7/2,°9), since log(x—2) exists, when x>2. ab 4 aay =p 
7 dx dx 


dx a(b+2y) 


10. 


11. 


12. 


13. 


Taking logarithm on both sides, we get 
logy = x’ log x 
On differentiating both sides, we get 


ues =x? 4 paxtiog x) 
y dx x 
dy _ x 
> =x" -(x+2x-log x) 
dx 


= x *1.(142log x) = x* *! (log(e x’) 
Here, x,/l+y=—-y.J1l+x 
On squaring both sides, we get 
x(t y)=y"(14+x) 


> xtx’y sy ty'x 
=> (x-y)(xt+y)+ xy(x-y) = 0 
=> (x-y)(xt+y+xy)=0 => x+y+xy=0 
-x 
— = 
YX) 
dy _ aoe e dy _ -1 
dx (1+ x) dx (1+x) 


Here, xe” + 2xye* +13 = 0 


On differentiating both sides, we get 


ve? Zeanesa| se Da yetrywe” |-0 
dx dx 
dy y x y x Sire 
> x(xe” + 2e*)+2(xe” + ye* + xye*)=0 
nc 
y x 
= dy _ 2[ xe” + ye*(x+1)] 
dx x(xe” + 2e*) 
y-x 
- dy _ 4 (xe” *+y(x+1)) 
dx x(xe”* +2) 


Here, x = e”** . Taking log on both sides, we get 
log x =(y+ x) loge 
On differentiating w.r.t. x, we get 


x ba dx <x x 


g( f(x)) = x, as g is the inverse of f. 
=> Bf (x) f’ ee 


2 


= g(f(x)) =~, as g(2) =a 

Putx=a 

= (fla) = te ies 
g’(2) = dea 

Here, w(x) = f“(g(x))-g"(x) 

=> u’(1) = f’(g(1))- gg’) = f’B)- 2’) 


1 3 
-(-o4 


and w(x) = g"(g(x))-g’(x) 
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> w’(1) = g’(g(1))-g°(1) = 8’B)-8() 
= (~3) = ae 
4 4 
9 6 3 


u'(1)+w'(1) = , ee en: 


14. Let h(x) = f?(x)+ g7(x) 

On differentiating both sides, we get 

h(x) =2 f(x): f(x) +2g(x)- g(x) 
= —2g"(x)- f'(x)+2f"(x)- g(x) = 0 
*, h(x) is constant. 
Thus, A(10) = f°(10)+ g(10) = A(S) 
f°(10)+ g"(10) = (6) + g°(S) = f°6)+(f'G))” = 444=8 

15. Here, f(0)=0 


f(0)=1 
ae 
f"(0)= 
ro= n 
“. £(0)+ f'(0)+ f” (0) + f’(0) +...+ f"(0) = 14+2434+...40 
_ n(n+1) 
a 


16. Here, Df F LOM) FEC) FC) 


0) =F’ FF) FO) 00) 
= f’(f(0)): f’(0)-2= f’(0)- f’"(0)-2=2x2x2=8 
17. Here, y’=p(x) 
Differentiating both sides, we get 2y-y’= p(x) 
Again, differentiating both sides, we get 
ayy”+ Ay’) =p"(x) 
On multiplying by y’, we get 


yy = 9 yy = 9 
a x 2 
=> ayy" 20h “ )) =y"p"(x) 
1 Ys MN 
=> ay?" + (p(x)? = p'lx)-y" 


Again, differentiating both sides, we get 


2b 


}4 -2p'(x)-p"(x)=p"(x)y? +2y-y’ p(x) 
dx dx* 


: dtp *). 22) ploe)+2y-y"-p"(x) —p'(0)-p"(x) 
Aas d 

[- 2y-y’=p(x)] 
= p(x) plx)+ p(x") p(x)-p"(x) 
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On differentiating w.r.t. y, we get 


=| 1 )-i{ 1 }¢ 
Be lf) alfa) ad 


__ fx) ae 
(f’(x))° dy 

f(x) 1 
) 


fx) 
(f(x) 


(f(x)? fe) 
_ fx) 
(f'(x))° 
19. As discussed in Q.18, 


gly) = 


Bs a'y ~£2 (a) 
dx’ — dy” \ dx 
2 
Now, oy My. 0 
dx dx 
a d's (49) 5 y(42) a 
dy’ dx dx 
> d*x_ dx 0 
dy’ @, dy 


20. g(x+1) = log(f(x+1)) = log x+ log(f(x)) 
=> g(x+1)-g(x) =logx 
On differentiating both sides, we get 


fe A 1 
8 (xt 1)—g"(x) = — 
x 
Again, differentiating both sides, we get 


1 
B'(xt1)—g"(x) = -> 
x 


“(145)- ‘(3)--s 
? 2 . 2 


al 1 
“aw N+ “ ON 
‘( 4] ( 2 


On adding, we get 


1 1 1 1 1 
s’[ Ne | al )- 4] 1+-+—+...+ ; 
2 2 9 25 (2N-1) 


21. Here, f(x) = x? +e** and Q(x) = f(x) 
> & (f(x))- f(x) =1 


Putting f(x)=1>x°+e** =1 => x=0 


g’(1)-f(0) =1, f(x) = aye 


> 8) =1 > g(()=2 


22. 


23. 


24. 


25. 


26. 


Let f(0)=sina, where o = tan’ 


sin 
,/cos 20 


> tana = any 
Vcos20 
sin au =tan0 = [. 0e(-7/4,7/4)] 
cos® 
> f(8) = tanO S AF) =1 
d(tan@) 
We tavegs log tan x 
log sin x 
2 
(log sin x) =| —(log tan x)(cot x) 
dy tanx 
— 5 = 


dx (log sin x)” 


ee 
dx |, -nj4 loge 


We have, y = Siem { | = Sian | 


eee ltr¢r’ at 1+(r+1)r 


[on simplification] 


= [tan “(r +1)-tan'r] 
r=1 


=[tan'2-tan7'1+4+ tan’3-—tan!2+...+ tan x 


—tan™'(x — 1) + tan” (x + 1) — tan” x] 
= [tan (x + 1) - tan™'1] 
dy _ 1 
dx 1+(x+1)* 
: faced 
We have, y =sin { as ) 


1 — cosasin x 


dy 1 d sin sin x 
> = . - 
dx sin’? asin?x @x\1-cosasinx 
| eee 
(1 — cosasin x)? 
- dy _ (1 — cosasin x) sin 
dx qt + cos2asin’ x —2cosasinx cose 
d 1 . 
- tana (1 — cos asin x) 
dy dx\ 1-cosasinx 
=— = 
dx v1 + cos2asin? x —2sin x cosa} 
—cosacosx |. 
F [_stsase Juincicoss 
1—cosQsin x 
= i ( ) 


dx (j- cosasin x),/[1 + cos2asin” x—2cos asin x] 


- [=] =sina => y(0)=sina 
dx x=0 


We have, f(x) = oS) 


f(x) = 


1 d a) 
(==) dx 2 
| 


2/: 


28. 


29. 


30. 


=> f(x ae =e ae *_ x*) 
7 = —2 : d x log x —x log x 
= FO) (x* + x)? = 
’ > —2 
= f (x) ~ (x* rs rae 
xlogx, @ 7 -xlogx 4 /_ 
\¢ Fee x)-e qt xlog | 
=> f(x) = {x"(1 + log x) + x (1 + log x)} 
(x* + x) 
py ol + log x) | " =x) _ —2(1 + log x) 
= F@)= (x* + x)? ae x +x* 
, _ —2 =e 
POTD 1 
f(g(x))=x = f'(g(x)) g(x) =1 
=> (e&) +1) g(x) =1 
= (eF8) + 1) g’(f(log2)) =1 
= (e8? + 1) g’(fllog2)) =1 
= g (fllog2)) = = 


reo-[1(3)1(3)ra(3)e(3)| 


Here, g(x) = f(x) and g(x) = f(x) =— f(x) 


red 2H) ASHE J 


.. F(x) is a constant function. Hence, F(10) = 


We have, x =sec@-—cos@ and y = sec” 0—cos" 0 


> < = sec OtanO + sin® = tan@ (sec + cos) 


and “” = n[sec” Otan® + cos" ~' @sinO] 


= ntan@(sec” 0 + cos” 6) 


dy 
_ dQ _ ntan@(sec” 8 + cos” 8) 


z ~ dx tan0 (sec@ + cos@) 
dO 
= (*) __ 2 (see" 0 = cos" 6)? +4 n%Xy? 4+ 4) 
dx (secO—cos0)>+4 (x? + 4) 
2 
=> (x? + (2) =n'(y’ + 4) 
dx 


We have, x = f(t) cost — f’(t)sint 


and y = f(t)sint + f’(t)cost 
= a =—f(t)sint+ f’(t)cost— f’(t)cost— f(t)sint 
—[f(t) + f’(t)]sint 
_ “ = f(t)cost + f’(t)sint — f’(t)sint + f(t) cost 
=[f(t) + f(b] cost 
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dx? dy — prand 
(=) +(2) =[f() + f(t] 


3. 


d*y 


31. Note that in y highest degree of x is 4 and therefore ae isa 
linear function of x, which is satisfied only in (d). 
32. Exponent of x = [Pom +m! an +a -2] 
(1 — m)(m — n)(n - 1) 
> y=x°=1>y=1 > y’=0 
33. y =(A+ Bx)e™ +(m-1)° 
=>y-e™ =(A+ Bx) +(m—-1)?-e-™* 
=> e™.y, —mye™ =B-(m—-1) 1. D* 
=> &™.y,—ye™-m—mle™-y, —ye™-mj=e ™* 
=> @™.y, —2mye™ + mye ™ =e im V* 


Y2 — 2my, + m’y = e* 

3 

x 2. : : 
= + x" sin6 — x sin 4-sin8 


34. We have, f(x) = 


—5 sin ‘((a — 4)* + 1) (a= 4) 
=>f'(x)=— x? + 2x sin 6 — sin 4 sin 8 
= f’(sin 8) =—sin’ 8 + 2 sin 6 sin 8 —sin 4sin8 
= sin 8 [—sin 8 + 2 sin 6 —sin 4] sins 
= — sin 8 [sin 8 + sin 4-2 sin6] 
sin6 


=-sin8[2sin6écos2-2sin6]  sin4 


= 2 sin 8 sin 6 [1 — cos 2] <0 


35. f(g(x)) = x= f’(g(x))-8(x) = 1 f(g(a))- g(a) = 1; f’(b)-2 = 1 


= f')=> 
36. Put cos = saisin o= saitan g=r 
y =cos | {cos(x + o)} + sin! {cos (x — )} 
=cos | {cos(x + o)} + - — cos’ {cos ( — x)} 


T 
es ae 


1 2 
er 1+x 
dy 
= | 2 
Now. dy _ dx _? Dee 
dz dz x 


dx 


(2) =a) 
dz),.3 3 
4 


37. f(x) =4[x+2J2x-4 + .[x—22x-4 
f(x) = Gfx —2 + V2)? + ix —2 - v2)? 
=|/x—2 + V2|+|fx—2-~2| 
For ./x —2 to exist, x > 2 
Also, x—-2+2>0 
{x —2 — v2 = 0 only, if x 2 4< 0 only, ifx <4 


[true] 
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Now, f(x) becomes 
fx) Jx—2+ 2 —./x-2+ V2, for2<x<4 
x= 
{x —2 + V2 + «f/x -2 - 2, forx>4 


FO) 2/2, for2<x<4 
y= 
2./x — 2, for 4< x <oo 
‘. f is continuous in [2, 4) U[4, ©). 
0, 2<x<4 
, = 1 
fx) »,45x<0 
SD 
1 1 
f’(102*) = + = 


102-2 10 
10 f’(102*) =1 
—2 sin x 


38. Here, y =2In(1+ cos x) > y, =———— 
1+ cos x 


cL + cos x) cos x — sin x (—sin 2] 


25> 
(1 + cos x)? 
a5 cosx+1 |_ —2 
(1+ cos x)*| (1+ cos x) 
—In (1+ cos x)? 
Qe V%=2-e 2 Se. 
(1 + cos x) 


39 _ (a+ x)+Ja-—x-Jatx 
, oe ee ere 


_v(@+ x) (Yat x+Ja-x) _ atx)" 
ja-x (fa + x+.Ja—x) a-x 
1ja-x 2a 


dy _1 Ja-~x{(a-—x)+(at+x))|_ . 
dx 2\a+x (a— x) 2 atx (a— x) 


(2) = 
dx), 9 a 


40. We have, u(x) =7(x) 


=> u(x) =7v'(x) > p=7 
u(x) [2y 
Again, ——=7 =>|——]| =0 
v(x) W(x) 
=> q=0 
Now, pe aire = 


P-4q 
41. For x>1,we have f(x) =| log |x|| = log x 
= fay=4 


For x < —1, we have 
f(x) =| log |x || = log (-x) 
, 1 
= fayet 
x 


42. 


43. 


44, 


45. 


For 0 < x <1, we have 
f(x) =| log |x || =—log x 


fi=-+ 
For —1 < x < 0, we have 
f(x ee 
i Q=-— 
x 
1 
=, [eee 
Hence, fine oy 
=A igi ea 
x 


We have, f(x) = cos {x + 3x +...+ (2n —1)x} 


t+isin{x+3x+5x+...+ (2n—-1)x} 

> f(x) = cos n’x + isin n’x 

> f(x) =-n*(sin n? x) + n°(i cos n® x) 

> f(x) ==—n' cos n*® x — nti sin n? x 

> f(x) =-n*(cos n® x + isinn’? x) 

= f(x) = =n" f(x) 

We have, f(x) =x" 

=>  flxty)=(xet yl" => fixty)=nxt y) 

Also, f(x) =nx"~' and f(y) =ny""! 
eels ()+ FO) 

n- 


=> n(xt+y)" xh + ney" 


=i 


= 1 


=> (xty)"” Toy +y") (i) 


For n —1> 1, we find that LHS of Eq. (i) is greater than the 
RHS. So, we must haven -1<1,ie.n-1=O0o0rn-1=1. 


Hence, n=1lorn=2 


For 2 < x <3, we have [x] =2 


f(x) =sin (= - 4 


a 
> f(x) =-2x cos (= - 2) 
> f'({m/3) = -2,/1/3 cos 1/3 =—./1/3 
We have, u=e* sinx 
du eae x 
> —z=e*sinx+e cosx=utv 
dx 
and v=e* cos x 
dv Z Berd 
> —=e cosxt+e sinx=v-u 
dx 
d d 
ye ny ec yus v)-uv—-w atv? 
dx dx 
d’u_ du dv 
— =— + — =utvt+v—-u=av 
dx’? dx dx 
dv dv d 
and = i ~=(v u)—(v+u)=— 
dx dx dx 


46. Wehave, f(x) = log, {In(x)} = ee) 

In (x) 
1 1 1 
aye a ge _1-In {n(x} 
7 {in (x)}? ~— x {In (x)}" 
yy 17 In{in(e)} _1-In@)_1 
> fer fn (ey? . ‘ ore 
47. We have, [f(x)]" = f(nx) for all x 


=> nf f(x)]""f’(&) = nf’ ax) 
=> nl f(x)]" F(x) = nf (x) f (nx) 

{multiplying both sides by f(x)] 
= nf (nx) f(x) = nf (x) f (nx) [- [f(x = f(nx)] 
= f (nx) f(x) = f(x) f"(nx) 

48. Since, f(x) is an odd differentiable function defined on R. 


Therefore, f(—x) =— f(x) forall x ER 
Differentiating both the sides w.r.t. x, we get 


—f'(-x) =— f(x) for allx ER 
=> f'(-x)- f(x)=0forallx ER 
= F'C3) = f'@) = -2 
Aliter 


We know that the derivative of a differentiable odd function is 
an even function. Therefore, f’(x) is an even function. 


Hence, f’(-3) = f’(3) =- 


yet yt xt Wyte 
=> yoxtlyt xt yt. 


= yaxtJjyty = (y?- x)’ =2y 
Differentiating both the sides w.r.t. x, we get 


dy dy 
2(y? — x)| 2 1}=2 
(y )(2y 2 } a 


49. We have, 


dy y?-x 
=> — 
dx 2y>-axy-1 


50. We have, f(x) =|cos x — sin x/ 


: Tt 

cosx-—sinx, for0<x<— 

= x 

> — f(x)= ._ ¢ 
sinx—cosx, for—<x<— 

4 2 


Clearly, [LHD at x= *) = ‘2 (cos x — sin »| 
4 dx eat 


=(-sinx-—cosx) ,=-wv2 
vee 
4 


and{ RHDat x= *) = {2 (sin x — cos »| 
4 dx 


1 
at x=— 
4 


= 


=(cosx+sinx) 
gee 


51. 


52. 


53. 
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[La at r= 4) + { RHD at x=) 
4 4 
7 1 > . 
Thus, f (=} doesn’t exist. 


We have, f(x)= x? + xg’(1) + g’’(2) 
a(x) =x? + xf’2)+ f’’@) 
2 f(x) =2x + (0) 
£'(x) =2x + f'(2) 


and 


and 
Putting x =1 in Eq (i), we get 
f') =2 + 8’) 


and g(1)=2+ f’(2) 
= fd=4+ fe) 
Putting x =2 in Eq. (i), we get 
f'2)=4+ g'() 
and ge (2)=4+ f’2) 
=> g(2)=44+ 44+ g(1)=84 g'(1) 
Differentiating Eq. (i) w.r.t. x, we get 
f(x) =2 
and g(x) =2 for all x 
> f'@8)=2 
and g'(2) =2 
=> g(2)+ £3) =24+2=4 
We have, f(x) =x" 
f'(x) =n(n -1)(n- 2)... {n-(r -1)}x"" 
= f= 
(n—r)! = rl 
. n! 
=> = 
(n—-r)! 
: PO FO) FO) (-1)" f"Q) 
“ f() ii 5 5 tae ok | 


= Yry ©, where f°) = f(1) 


r=0 


>a) 


We have, y + log(1 + x)= 


= Z (-1) "C, =0 


ae r=0 


dy 1 
=> — + = 

dx (1+x) 

j 1 
> =- 
(x + 1) 

Also, log(1 + x) =— 
> 1+x=e” => 1=e”-(-y’) 
=> e” Sy” 
or y'+e7=0 


87 


...(i) 
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54. As, y= o> On differentiating w.r.t. x, we get 
d d yc ee mg 
=> YY =2™ - log2- (£6) aR dk 
dx dx d 
y 1 
x => “= 
=2? .log2-3*-log3 dx 2y-1 
=2> -3* - log2- log3 (i) Also, y a op 4 
x y 
Also, y =2° and log, y =3 er 
.. Eq. (i) becomes, => dy = dx. 
d 2 
& _ y (log, y) log3- log? _ 
dx 2 dy 
: => (i tx)>=y 
55. Here, f(x) = x° + 3x -3 dx 
d 
wife) =x = vy ae 
, 7 , x 
= BF (x) fC) =1, f(x) =2x +3 . 
: 1 3 ye  Y- ., 2» 
= OC) aaa dx (x+y)+x axty 
g(l)= 1 (i) 58. We have, y = gcdnxyn i. 
2g(l) + 3 =>  Iny=(nx)®®™ In x i) 
and g (x)= f(x) = In (In y) =In(In x)- In (In x) + In(In x) 
When f(x) =1, ay 1 i dy _2In(nx) 1 | 1 
then g(x) =1> x = g(1) Iny y dx In x x xInx 
Also, f(x) =1 _ 2In(In x) +1 
=> l=x°+3x-3 xInx 
- x" +3x—-4=0 ‘ # -Y.™Y inn x) +1) 
dx x Inx 
> (x + 4)(x -1)=0 
= bed fas x > 0] Substituting value of In y from Eq. (i), we get 
; 1 1 *Y = dn x) (2 In (In x) +1) 
g(= =- dx x 
A)+3 5 
59. We have, y =sin! 2x,/1- x? 
56. Here, x° — ax°y? +5x+y-5=0 a xix? 
2 
On differentiating, we get = dy = 2- 4x 
3x° —4xy? —4x°ydy /dx+5+dy/dx=0 dx 1 - 4x? + 4x* 
2 2 
=> y= 3x" — 4xy" +5 Clearly, it is not defined at x = Lz 
4x’y = V2 
fai EF 4 Not derivable at x = a check with x = sin 0 or direct 
et 3 v2 
differentiation. 

, 1 1+ 4*)(2**") In 2-2**1-4*- In4 
Also, y"(x) (b) g(x) = . 7 : ; a - 
_ [6x- 4y? —8xyy’)](4x’y -1)-(@xy + 4x’y’)(3x" —4xy? +5)] 1- 2-2* 
~ (4x’y -1)° 1+2"* 

4 4 se 2**! In2(1- 4°) 
6—4-8-— |-(4-1)-| 8+ 4-—|-(3-4+5) ~ x — 
i 3 3 1+ 4% — 2-2 +4") 
= y= 5 
(4-1) _ 2**" In 21 - 4”) 
ang 1-2 |a+ 4") 
27 

57. Here, y = let y Clearly, it is not defined, when 1 - 2* = 0 

ie. atx =0 


> y? =xty : 
=> Not derivable at x = 0 


Tt -1 
—4+2tan x, x<0 
2 
=i 
> x>0 
1+x 
h’(x) =4 not derivable, x= 0 
2 
58 x=<0 
1+ x 


.. Not differentiable at x = 0. 


(d) k(x) =sin™ (cosx) = : — cos"(cosx) 


and graph for cos ' (cos x), is shown as 


.. k(x) is not differentiable at x = 0. 


\ijx-1)? +1-2 x-1 


60. f(x)= ae “x 
_|y*¥-1-1]_ _|-x, if x €[1, 2) 
~ fx-i-1. | x, if xe(2,%) 

|. _ [rh if x €[1,2) 
= PN?) 4 sepcoa) 


2. f/(10) =1 and F() =-1 


67. 2% 42% =2*t 9 


Differentiating both sides, we get 


2* log2 + 2” log2 dy _oxty, log2 [ + 2) 
dx dx 
=> log2-27(2* -1) a = 2* (1-2) log2 
x 
x —_9y 
es Oe 2) 
dx 2” (2% -1) 
Also, 2* = 2” (2* -1) 
dy 
—~=(1-2 
Ik ( ) 
when 2” =2*(2” -1) 
= dy _ -1 = 1 
dx 2*-1 1-2* 
As, 2* = 2” (2% -1) and 2” =2* (2” 
_ 2 _ 2 (1-2) 
2* 2% (2 -1) 


..(1i) 
[from Eq. (i)] 


...(iii) 
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Substituting this in Eq. (i), we get 
dy 2” 
dx 
62. f(x) =(x" + bx + c)e* 
f(x) = {x? + (b + 2)x + (b + c)fe* 
f(x) > Oiff D =b? — 4c <0 


Now, f’(x) > 0 iff D’ =(b + 2)’ — 4(b + c) 


=D+4<0 
Thus, for f’(x) > 0, D+ 4< 0holds. 
=> D<0 
> f(x) >0 


63. We have, jy+xt+.Jy-x=c 


On differentiating w.r.t. x, we get 


dyf{ 1 , aj) i 1 
dx Jy +x Vy -x Jy - x jy +x 
dy Vy+tx-Jy-x 


= dx (fy +x + jy—x) 
dy_ (ytx)-(y-x) _ 2x 
dx (Jyt+x+Jy-x) ce? 
dy _ x 
dx y+ fy? — x? 
Now: dy _ (Jy +x - Jy-x) _ y-jy?-x? 


dx (y+ x)-(y- x) x 
64. y =tanx-tan2x-tan3x 


Differentiating both sides, we get 
dy 


x 


=3 sec” 3x-tanx- tan2x + sec’ x- tan2x-tan3x 


+ 2sec”2x- tanx-tan3x 


Taking log on both sides of Eq. (i), we get 
logy = log tanx + log tan2x + log tan3x 


Differentiating both sides, we get 


1 dy 
—:— =2 cosec 2x + 4 cosec 4x + 6 cosec 6x 
y dx 
dy 
ae = 2y (cosec 2x + 2 cosec 4x + 3 cosec 6x) 
X¢ 


tan 2x + tanx 
tan (3x) = tan (2x + x) = —————_ 
1 —tan2x tanx 
=> tan3x-tan2x-tanx = tan3x — tan2x — tanx 


Differentiating both sides, we get 


OY. ca ay Gp aetey. sie 
dx 
65. Here, f(x)= = Pieateril 
(x-1)(x+1) 2| (x-1)(x+1) 


89 


...(iii) 


90 


Textbook of Differential Calculus 


Snel 2 
f a= GD 
.. f(x) is concave up. 


66. Let x = tan, where — : <O0< a 


5 ]>0 forall 


2 
=> f(x) =sin |(sin20) 
Tt — 20, a 20<7 “4 
2 mM—2tan x, xo 1 
“ f(x)=; 20, ~7 $20 <= 2tan' x, -1<x<1 
—m—-2tan'x, x<-1 
1-20, -1<20< 
= x>1 
1+ x 
“fio = 5 -1S$x<1 > foe 
1+x 1+ 4 
= x<— 1 
1+ x? 
67. As, (F(a(x))’ = F'(a(x)) + g(x) 
(F(g(0)))’ = F’(g(0)) - g’(0) =e 
=> f'(0)-g'(0)=c = g(0) =F 
68. lim &(x) cos x — g(0) ajies g(x) cosx — g(x) sinx = 
x0 sin x x0 cos x 
Now, f(x) = g(x) sinx 
f@= cosx + g’(x) sinx 
f'(0) = 
On senting both sides, we get 
f(x) = g(x) cosx — g(x) sinx + g’’(x) sinx + g’(x) cosx 
= g’(x) sinx + 2 g’(x) cosx — g(x) sinx 
Also, f’(0) = g’(0) 


.. Both statements are correct but Statement II is not the 


correct explanation of Statement I. 


69. Statement II is correct. 
z oe 1 
y =sin /(3x — 4x°)=3sin™ x, when S <x< 
dy 3 -1 A. 


only when — < x <- 


dx 1? 2° 2 


.. Both statements are true and Statement II is the correct 


explanation of Statement I. 
70. Clearly, Statement I is false. 
x20 


x<0 


2 tan?! Xs 


ia 


4) 1% 
cos 5 
1+x 


2 tan ‘x, 


.. Statement II is correct but Statement I is incorrect. 


71. 


Clearly, Statement II is true. 
x € Integer 


dy _ 1, 
dx  |does not exist, x € Integer 


Thus, Statement I is incorrect but Statement II is correct. 


72. 


We have, f(x) is a continuous function f : R > Q. 
f:R- 0, iff f(x) is constant function. 


FG) =3 
f(x) =3 
f(x) = 0 


So, Statements I and II both are correct and Statement II is the 


correct explanation of Statement I. 


2 1-x? 
73. Let = f(x) =sin™! = = g(x) = cos” — 
pe Bae 4 1+x 
2tan | x, -1<x<1 
f(x) =) ™-2tan™ x x>1 
=f —2tan ~ < x<— 1 
2tan x x20 
B(x) = ‘ 
—2tan x, x<0 
2 
-1<x<1 
1+ x 
} 2 
f(x) =4- x>1 
1+x 
2 
= x<=—1 
1+x 
2 
x20 
> Lax 
g(x) = ‘ 
- x<0 
1+x 
FO) i iocxei 
g(x) 


f(x) # B(x), -1S x1 
Sisfdaiear lis correct and Statement II is incorrect. 


Given, f(xty? )= f(x) + fo? ,VxyeER 


Put x=y = 0, we get 


74. 


FO + 0)= FO) + F(0) > fO)= 
Now, put y =- x"? we get 
F(0) = f(x) + F(- x) 


> f(x) + fC 
= f(x) is an odd function. 
= f’(x)is an even function. 
= fe) = f'2) =a 
Sol. (Q. Nos. 75 to 77) 
Consider, f(x+ y)— f(x) = f(y)-1+2xy 
= f(0-+ 0)— f(0) = f(0)-1+ 0 
> f(0)=1and f’(0) =1 


Also F(0) = fim EE DAL — | LOI 2 
0 h st h 
f(x) = f'(0) + 2x 
f(x) =2x41 


Integrating both sides, f(x) = x°+x+c 
As, f(0)=1>c=1 
f(x) =x? + x41 


Thus, domain of log(f(x)) = log(x? + x+1)isx €R 
Range of x? + x+1 =>3/4 
“. Range of log3/4(x" +x+1)<1 
= Range € (-», 1] 
and g(o) = SOF), 24(0) =k 
= (0) = 0 (2 k=g] 
{ ae *) — g(x) 
1 = lim £2) + “= — (x) 


h> 0 h h>0 


g(h) = = ete 


iv 
09 


Ax =x°+x4+1>5x7+x(1-A)+1=0 
D=0 

(1-A)?-4=0 >A=3,-1 

Tht) 76@) 77 

. (Q. Nos. 78 to 80) 

t= tm SOC 


- | 


h>o- h 
— jim ~f@-h+f@_ |, fa-h)- fa) 
hoo h hoo —h 
eS te Oe a ST 
hao” h h>o- h 
Aes. tig ASIEN See TE® 
hoo h hoo —h 
= f’(-x) i) 
and tim LOLA _ pay Ai) 
hoo —h 


From Eqs. (i) and (ii), f’(x) is odd function and hence f(x) is 
even function. 


78.(a) 79.(a) 80. (b) 


Sol. (Q. Nos. 81 to 82) 


Since, f(x) = sin "(3x - 4x°) 


1 
—m —-3sin'x, -1<x<-— 
V2 
1 1 
= 3 sin) x, --<x<- 
2 2 
= 1 
mt —3sin ‘x, soe 
3 t gyae 
j 1- x? 2 
CS ae 
= , —S|x|<1 
yl —x? 2 
1 
> (0) =3 and ($)-- 
f f a 


81.(b) 82. (c) 
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Sol. (Q. Nos. 83 to 84) 


B tus) ais fx + h)- g°(x te _ f(x): g2(x) 
h->0 
f(x +h): g(x + h) — f'(x + h) g7(x) 
= tg TL OAD EO- Fee) 


h>0 h 


g(x th)- g(x) 
h 


= lim f°(x+ | 
h>0 


P Fes in eee ad 
h>0 h 
= f*(x)-(D'v) + g°(x)-(D u) 
=u(D v)+v(D'u) 
f'(x+h) f(x) 


Also, D™ (} = lim g(x +h) s(x) 
, v h>0 h 
my LEH) Bx) ~ B(x + hy: fC) 
h>0 g(x +h). g*(x)-h 
[2x + h) g?(x) — f(x) g(x) | 
| + f(x) g7(x) - g(x + h) f(x) 
h>0 e'(x+h)-g°(x)-h 


Z (x+h)-f ©} 9 


2 2 
2 . £ (xt h)- g'(x) 
an | =f {i — ] 
“hao g(x + h)- g(x) 
_ &'(x)-(D'w) - f(x)-(D'v) 


2 2 
vv 


_v’s(D'u)-u(D'v) 

a 
83.(b) 84. (c) 

dy 


85. y =e sint>—=e' [cos t+ sin t] 


t dx : 
x=e cost > —=e' [cost —sin tf] 
if 


dy _cost+sint _ 


= , tan 
dx cost-—sint 
Tt 
=> tan(Z +f} =tan 
4 
Tt Tt 
> (E+1}-03 1-0-2 
4 4 


2 sec” (+ + | 
86, 7 - 2 


dx’ e'(cos t —sin t) 


(<2 =2. 
2 
dx _ 
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87. F(t)= fe'(cos t+sint) dt=e' sint+C 


F (=) — F(0) =(e"? + C)-0 =e" 


Sol. (Q. Nos. 88 to 90) 


88. Since, 1, a), dy, ...... , da, are roots of x" -1=0. 
x” —1=(x —1)(x — a)(x — a2)...(x — a) (i) 
x" 1 
> <= a, (x — ay)... (x = an) 
a ee 
= lim = lim [(x — a,)(x — ay)... (x —a,)] 
x>1x-]1 x31 
> (1-—a,)1-—a,)...(l-a,)=n 


89. 


90. 


From Eq. (i), log (x” — 1) = log (x — 1) + log (x - a) 
+...+ log (x —a,) 


Differentiating w.r.t. x, we get 


nx"~! 1 1 1 1 e 
— + + +...4+ ...(ii) 
x"-1 x-1 x-@q x-a@ xX — dy 
Putting x = 2 in Eq. (ii), we get 
a 1 1 1 
=1+ + +...+ 
x" -1 2-a 2-a, 2-ay 
1 1 1 n2"—1 
> +...+ = 1 
2-a 2-a 2-a, 2"-1 
_ nat h—2h41 2" n-2)+1 
201 2° = 1 
n-1 
wa TK 1 1 1 1 
From Eq. (ii), = + see 
x"-1 x-1l x-aq x-a, x- a, 
nx") 1+ x4 x7 4+...4 x71) 
=> 
n 
x1 
1 1 1 
7 + +...+ 
x-a xa, x= 4, 
nx" tat et xe? t...¢ x"7) 
=> lim 
x1 x" =1 
1 1 1 
= lim + ee 
x>1lx-aq x-a, Xx —Ay 
n(n—1)x"~* —{1 + 2x+...+(n-1)x"~? 
tim MOc Dat = (n= 1)x""9} 
x1 nx" 1 
1 1 1 
= + +...+ 
l-aq 1-a 1-a, 


{applying L’Hospital’s rule on LHS] 
nin—-1)—-{1+2+...+(n—-1)} 


=> 
n 
ik 1 1 
= + Pict 
1l-aq 1-a 1-a, 

1 if 1 n-1 

> Pink = 
1l-a 1-a 1: =a, 2 


dy _dy/dt _ 12t? -6t-18 
dx dx/dt 5t* —15t® —20 


2) _12-6-18 2 | 7 
=> = =- => 5 =-2 
dx },-, 5-15-20 5 dx |, =, 
(B) Let us take 
P(x) = a(x — 2)* + b(x —2)° + c(x — 2)? + d(x -2) +e 
-1= P(2)=e 
0=P’(2)=d 
2 = P’’(2) =2c 
=> c=1 
-12 = P’’"(2) = 6b 
> b=-2 
P''(2)=24a=24 > a=1 


91. (A) 


Thus, P’’(x) =12(x —2)° —12(x —2) +2 
=>  P’(3)=12-12(1)+2=2 


| 4 
(C) Here, ./(1 + y* = [ + 5) = eee E 
Vit y* zd. 


1 

But 
dae x 

From Eqs. (i) and (ii), we get 


jl+y* dy dy dx 


> 
1+ x dx ya+ty*) 


_ dy 
ylt+y* 
Sige 


afl + x! 
(D) Obviously, f(x) is a linear function. 
Also, from f’(0) = pand f(0) =4, 
f(x) = px+q = f'(0)=0 
92. (A) We know that, 


. 2 . 
sin?|—"— |, if-1<x<1 
1+x 
7 — 2 ' 
2tan) x=4 na -sin il, ifx>1 
1+x 
= 2 : 
—n — sin! _ , if x<-1 
1+x 
d 
=> Te pifx< lorx>1 
dx 1+x 
a 1 ta i 20 
(B) cos = i - 7 
1+ x? —tan x, x<0 
d 
> aes ifx<0 


93. 


94. 


x 
(C)y=|e*!-el= |e = Els x2>0 
Je ~-e|, x<0 
e -e, x21 
e-e*, O0Sx<1 
~ e-e™, -1<x<0 
e*-e, CH=) 
d 
> °Y 50, ifx>1or-1<x<0 
x 
>0 
x 
du 1 dv a 
(oy =" oad = te 
dx x dx |_ = x<0 
1+x 
1+ x SiG 
5 8 
=> x 
dv 1+ x 
= » x<0 
x 
2 
x 


1+ i : 
Now, we know that =x+—>2,ifx>land 
x x 


du ; 
>2,if x<-1 orx>1 
Vv 


<-2,ifx<-1> 


Here, f(x)= 2° + x°f'0) + xf"@)+ f'G) 
f=4 f"@) =), f’’B)=e 


> f(x) =x? + ax’? + bx +c 


Put 


f(x) =3x" + 2ax + b 
f'Q)=3+2a+b or a=3+2a+b 
at+b=-3 ...(i) 
ff =6x+2a => f’(2)=12+ 2a 
b=12+2a => 2a-—b=-12 
f(x)=6 => c=6 
From Eqs. (i) and (ii), we get 
a=-—5, b=2 
fj=1l+atbt+e 
=1-5424+6=4 


> 
> 


2x+2 


Let y = tan} sin“? | ——“——"___ | | andz = tan™' x. 
4x" + 8x 413 
= 2x42 
=> y=tan| sin! EL 
(2x + 2)? +9 


a) 2x+3 
=tan| tan “| ——— | |= 
3 3 


dy 2 dz 1 


=> and — = 
dx 3 dx 1+x° 
dy 
dy _ dx 2 
== S—( +x 
rae ( ) 
dx 
=> (2) =2(144)-2 x21 
dz),-1 3 2 
a 
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95. P(x) =(x — x)° (x — x») (x — x3)... (2 — xg) 


96. Here, f(x) = 


> P(x) =(x — 41) - Q(x) 
_ P(x) 
Q(x) = a 


As, Q(x) is polynomial. 
Q(x) must be continuous at x = x. 


Q(x,) = lim Q(x) 


x 4 ax? + bx tc 


(Se x) 


xx 
By L’ Hospital’s rule, we have 


10x9X8X x) 


O(a) = 3x2x1 


4(x-—a)? (x-a)? 1 
4(x—b)? (x—b)y? 1 
4(x-—c)? (x-c)? 1 


(x-—a)' 3(x-a)’ 1) |(x-a)* (x-a)’® 0 
+\(x—b)' 3(x—b)? 1) +K(x-b)* (x-b) 0 
(x-c)' 3(x-c)? 1| |(x-c)* (x-c)*® 0 


(x-a)' (x-a)* 1 
=0+3)\(x—b)' (x—-by’ 


2 


ard @9 


> X=3 


97. Let P(x) = a(x—1)(x-3)(x—5)(x—-A) 


98. 


= log P(x) = loga + log(x — 1) + log(x —3) 
+ log(x — 5) + log(x —7) 
Differentiating both sides, we get 


1 
—-P (x)= : + : + : + : 
P(x) x-1 x-3 x*-5 x-A 
As, P(7)=0 [.. P(x) = 0 => P(x) = 0 => P’(7) = 0] 
1 1 1 1 
=> 0=-+—-—+-+ — 
6 4 2 7-A 
=> pet e2. 
11 gq 
p-8q=1 
1 
We have, x+y =t—H 
t 
2 
1 1 
=> GP yt =(t-2] = +—-2 
t t 
=> x+y? +2x°y? = xt +y*-2 
> ax*y? =-2 


> y =-x? 
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Differentiating w.r.t. x, we get 


dy -3 
2y-— =+2x 
= dx 
Oe 
dx xy 
- GL. 
dx 1) 
99. Wehave, x’ +y? +z? -2xyz=1 (i) 
=> d(x’ + y’ +z —2xyz) =0 


= 2x dx + 2y dy + 2z dz — Axy dz + yz dx + zx dy) =0 
> (x — yz) dx + (y — zx) dy + (z — xy)dz =0 
dx A dy 
(y —zx)(z—xy)  (x-yz)@ - xy) 


dz 
<—_—_ = 
(x — yz) (y — zx) 
Now, (y — zx)? (z — xy)? =(y? — 2xyz + 27x’) 
(z? —2xyz + x’y’) 


=(1— x? -27 4+ 2?x’)(1—x* —y? + x*y?) [using Eq. (i)] 


=(i-2)) 0-2) 0d-2)0-7') 
=(1- x) 0-97) d-2") 
2 (y — x) @ —xy) = — x") yay’) —2") 


Similarly, (x — yz)(z — xy) =(1- y”)- (1 — x’) (1 —z”) 


and (x— yz) (y -2x) =(1-z*)-a- x((1-y’) 


Substituting these values in Eq. (i), we get 


dx dy dz 
+ + =0 
ji-x qrege ging 
100. We have, x =sint or t =sin ! x 
Nae dy _dy dt _ dy. 1 
dx dt dx dt yx? 


> jie 2 


dx dt 
Differentiating w.r.t. x, we get 
jee , 12x) dy _ d () 
dx? 9./, x2 dx dx \ dt 
r—z d’y x dy d’y dt 
> 1-x’- = : 
dx” 1—-x2 dx dt® dx 
2 
laa e eee, : 
dx dt" ./y— x? 


d’y 


dx? 


=> (1-x’) 


d’y dy _d’y 
1— x? x = 
: dx’? dx dt” 
Adding y on both sides, we get 
ce d. 
(1 qe age 
dx* dy dx 


101. Put cos = ss 
13 
and a 
V13 
> y = cos {cos(x + )} + sin” {cos(x — )} 
=xt+ot Bi o+x 
2 
=2x+ ad 
oe 2 
and z=Jl+ x? 
1 
dy 21+x? (2jitx’ as ae 
dz x 7 x i 7 i 
"B43 
102. Here, f''(~) -2f'(x) - 15 f(x) = 0 


=> (a? —2a—15) e* + (b? — 2b —15) e* =0 
=> a’ —2a-15=0 and b*-2b-15=0 
> a=(5 or — 3) and(b =5 or —3) 
Since, a # b 
a+b=2or-2 
=> la + bl =2 


103. A:2x + 2yy’=0 = y'=- 
¥: 


yW2)=-1 
B:cosy-+y’+ cos x =sin x- cos y-y’+ sin y- cos x 
when x=y=T 
=> -y’-1=0+0 
=> y(n) =-1 


C:2e(xy’ + y) + e*ey’ + e%e* —e* — ey’ 
= e+e"? (xy’ + y) 

At x=1y=1 

2e(y’ +1) + e’y’ +e? —e-ey’ =e(y' +1) 


> ey t+e=0 5 y=-1 
Hence, A—- B-C=1 
dx 3 2 3+ 2t 
104, & - ‘ ( ) 
dt i o£ f° 


dy _ (5+2)- 2") 
dt aS i 


dy _dy/dt _, 
dx dx/dt 


=4 
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107. 


108. 


109. 


We have, y = f(x) — f(2x) 

> y= f(x) -2f" 
yl) = fA) -2f"2) = 

and oe = f'2)-2f(4) = 

Now, let y = f(x) — f(4x) 

= y’ = f'(x) — 4f"(4x) 

mad y= PC) =4P4) 


Substituting the value of f’(2) =7 + 2f’(4) in Eq. (i), 


f'0)-2[7 + 2f(4)] =5 

- fa) -4f'(4) =19 

Hence 19=10+A 

=> r=9 

y= 3e7 — x 

Let xY =x® -* 

=> f(x) = x 

=> In (f(x)) = (Be? — x) In x 
1 , 3e° — x 

= Fe I (x)= > In x 

f(x) = 

> 3e? -x=xlnx 

=> 3e? = x(1 + In x) 

=> x=e’ 

Hence, X=1 

f(x) = (kx + e* h(x) + h(x)(k + e*) 
f'(0) = h'(0) + h(0)(k + 1) 

> 18 =-2+5(k +1) 

> k=3 

We have, f(x) = | log 2 —sin x | 

and a(x) = fif(x)), x eR 


Note that, for x — 0, log 2 > sin x 
f(x) = log 2 —sin x 

= BG)= 

= log 2 — sin (log 2 — sin x) 


log 2 — sin (f(x)) 


...(iii) 


[by verification] 


Clearly, g(x) is differentiable at x = 0 as sin x is differentiable. 


Now, g(x) =— cos (log 2 — sin x) (— cos x) 

= cos x - cos (log 2 — sin x) 
g’(0) =1- cos (log 2) 

As, g(f(x)) = x 

Thus, g(x) is inverse of f(x). 

= a(f(x)) = x 

=> — g'(f(x))- f(x) =1 


& (f(x) = 


1 
f(x) 


[where, f’(x) =3x" + 3] 


...() 


110. 


111. 
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When f(x) = 2, then 
xe+3x+2=2 
=> x=0 


i.e. when x = 0, then f(x) = 


g(f(x)) = 


1 
7 at (0, 2) 
#3 


= BO aid 


.. Option (a) is incorrect. 


Now, h(g(g(x))) = x 
ad A(g(a(f(x))) = fx) 
=> A(g(x)) = f(x) 


As alf(x)) = x 
= h(g(3)) = f(B) 
=3° + 33) +2 =38 
.. Option (d) is incorrect. 
From Eq. (ii), 
A(g(x)) = f(x) 


= h(g(f(x))) = FF (x) 
= h(x) = f(f(x)) 
= h(x) = fF (x) F(x) 


Putting x = 1, we get 
h(a) = f(fQ)) f’@) 
= (3 X36 + 3) X(6)=111 X6 = 666 
.. Option (b) is correct. 
Putting x = 0 in Eq. (iii), we get 
ACO) = fF) 
= f(2)=8+6+2=16 

.. Option (c) is correct. 


| 6 1 
Let y = tan { “| , where x € (0, :) 
1-9 


—7x 


_{ 2.6x7) 2 
= 1 = 1 (a 13/2 
= tan ; — ox =2tan x") 


3 
As3x° € (0 :) 


Since, f(x) =e* (=) 
= ef N= f(x +1) = xf(x) = xe ™ 
and g(x+1) = log x+ g(x) 


ie. g(x+1)—g(x) = logx 


...(ii) 


...(i) 
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Replacing x by x — > we get 


(oe fetjom 


= log(2x —-1)—log2 


"(a ] “( qj] = ie 
Be a) Oa) Gx ay? 


On substituting x = 1,2,3,...,N in Eq. (ii) and adding, we get 


‘( fq] (G) 1 1 1 
e"| N+ g =-4414+-4+—4...4 AG 
2 2 9 25 (2N 1) 
dx 1 -(2)" 
dy dy/dx \dx 
d(dx\ d (2) dx 
=> = 
dy\ dy) dx\dx) dy 
2 2 -2 
- d°x 7 d“y (4) dx 
dy* dx” )\ dx dy 
dx? }\ dx 


F(x) =— fle) 
= “peas fix) 
dx 


112. Since, 


113. Since, 


mad g(x) =— f(x) [- g(x) = f(x), given] ...(i) 


ain reese s(2)f efe(2} 


+2(«(3)) «(3 


*, F (x) is constant => F (10) = F (5) =5 
114. Given that, log (x + y) =2xy 


Atx=0 
= log(y)=0 
=> y=l 


*. To find yy at (0, 1) 
dx 


On differentiating Eq. (i) w.r.t. x, we get 


: (1+ Zar Ba ay-1 
x+y dx 


dy _ 2y(xt+y)-1 
dx 1-2(x+y)x 


2 (2) =1 
dx (0,1) 


115. Given, x’ + y? =1 


On differentiating w.r.t. x, we get 
2x + 2yy’=0 
=> x+yy’=0 
Again, differentiating w.r.t. x, we get 
1+yy'+yy"=0 
1+(y’)' + yy” =0 
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Function 


Function 


Let A and B be two non-empty sets and f be a relation 
which associates each element of set A with unique 
element of set B, f is called a function from A to B. 

Or 
If for each element in a set A there is assigned a unique 
element of set B, we call such an assignment a function 
f:A—B. “fis a function from A to B’. 


If a€ A, the element in B which is assigned to ‘a’ is called 
the image of ‘a’ and denoted by f(a). 


Here, set A is called the domain of f and B is called the 
codomain of f. The set of elements of B, which are the 

images of the elements of set A is called the range of f. 
eg. Let A={a,b,c,d}, B={1,2,3,4,5}. Here, f(a) =2, 

f(b) =3, fle)=5, f(d)=1 given by 


f:A B 
4 
|7 
Figure 3.1 
ie. A— Domain of f ={a,b,c,d} 


B— Codomain of f = {1,2,3, 4,5} 
Range of f ={1,2,3,5} 
An element of A (i.e. Domain) cannot associate with more 
than one element in B. 


Example 1 In the given figure, find the domain, 
codomain and range. 


a ie: 
p 1 
q 2 
r > 3 
Ss ~ 4 

5 


Sol. From the given figure, we conclude that 
A— Domain of f = {p, gq, 7, s} 

B-> Codomain of f = {1, 2, 3, 4, 5} 
Range of f = {1, 2, 3, 4} 


Remark 


We should always remember that “the range is a subset of 
codomain”. 


Number of Functions 
(or Mapping) from A to B 


Let A={x(5.%55%47400/X pt [i.e.m elements] 
and B={y1,2,¥3s--Yn} 
Then, each element x;'s (i =1,2,...,m) of domain 


corresponds n images. 


[i.e. n elements] 


f:A —— B 


Figure 3.2 


Le. x, can take n images. 
x, can take n images. 


xX, can take n images. 
Thus, total number of functions from A to B 
=n XnX...mtimes = n™ 


; : : ber of elements in domai 
i.e. (Number of elements in codomain) ™™7% °% “mens ™ Comain 


Example 2 The number of functions f : {1, 2, 3,...,n} 
— {2016, 2017}, where ne N, which satisfy the 
condition f(1)+ f(2)+...+ f(n) is an odd number are 
(a) 2” (b) n-2"" 
(2 (d) n! 


Sol. 


f: A ——— B 


We can send 1, 2, 3, ..., (m — 1) any where in got ways, the 


value f(n) can uniquely determined according to sum of 
f()+ f(2)+... + f(n—-1) is even or odd. 


ie. if {f(1)+ f(2)+...+ f(n-D}eeven, f(n)=2017 
and if {f(1)+ f(2)+...+ f(n—-1)}€ odd, f(n) = 2016 


.. Number of functions = 2”7! 


Graphical Representation of Functions 


The graph of y = f(x), where f is a function, consists of 
points whose coordinates (x, y) satisfy y = f(x). Also, it is 
such that lines drawn parallel to the Y-axis do not 
intersect the curve at more than one point. 


Vertical line test for f to be a function If graph of a 
function is cut a line parallel to Y-axis at more than one 
point, then it does not form a function. 


Example 3 Find whether f(x)=x° forms a mapping 
or not. 


Exercise for Session 1 
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Sol. We have, y = f(x)=x°,VxeER. 


X’< 
x=-1 


yy’ 


Here, all the straight lines drawn parallel to Y-axis cut 


y = x° only at one point. Thus, y = f(x) forms a mapping. 

x2 2 

Example 4 Find whether — + Z 
mapping or not. ab 


Sol. We have, ~ + a =lLliey= 42 ~ x”, which 
a a 


represents a horizontal ellipse. 
YA 


=1,a>b, forms a 


X’< 


yy’ 
Here, straight lines drawn parallel to Y-axis meet the curve 


at more than one points. Thus, f(x) = + Lae -x? does not 
form a mapping. 2 


1. Which of the following graphs are graphs of a function? 


Y 
A 


>X 


>~< 


(ii) « 


(ii) 


100 ~=Textbook of Differential Calculus 


bar % 
wi fA r (iy) S52 x 
Y 
x 
Ya 
Ya Se ®) 0 x 
Y 


2. For which of the following, y can be a function of x, (x ER, y €R)? 
(i) (x -hYP + (yk) =r? (ii) y?* = 4ax 
(iii) x* = y? (iv) x° =y? 
(v) 3y = (log x)? 
3. Let g(x) be a function defined on [-— 1, 1]. If the area of equilateral triangle with two of its vertices at (0,0) and 


(x, 9(x)), is 8 sq unit, the function g(x ) may be 


(a) g(x) = + 1- x? (b) g(x) = «[1- x? 
(0) g(x) = -f1- x? (d) g(x) = [1+ x? 
Represent diagramatically all possible functions from {c, 6} to {1,2}. 

5. The number of functions from f : {@4, 2, ..., 449} > {b1, bo, ..., Ds} is 
(a) 10° (b) 5'° 


Ome (d) 5! 


Session 2 


Domain, Algebraic Functions 


Domain 
The domain of y = f(x) is the set of all real x for which 
f(x) is defined (real). 
Rules for Finding Domain 
(i) If domain of y = f(x) and y = g(x) are D, and D, 
respectively, then the domain of f(x) + g(x) or 
f(x)+ g(x) is D, ON Do. 


7 is D, 0 Dz -{x: g(x) =0}. 


(ii) Domain of 


Example 5 Find the domain of the following 


functions. 
(i) y =./5x -3 (ii) y =3/5x —3 
(ii) y= (iv) y= 


(x — 1) (x -— 2) 3/(x — 1) 
Sol. (i) Here, y = ./5x — 3 is defined, if 
5x -320 


Thus, domain is EB -| 


(ii) Here, y = 3/5x — 3 is defined, if 
5x-3E€R > xER 


Thus, domain is R. 


(iii) Here, y = — is defined, if 
(x —1)(x - 2) 
(x —1)(x — 2) #0 
Le. if x 41,2 


Thus, domain is R — {1, 2}. 


1 
33x -1 
x-1405>x#1 
Thus, domain is R — {1}. 


(iv) Here, y= is defined, if 


Example 6 Find the domain of f(x) = 


x 


>0and7*-7#40 


Sol. For f(x) to be defined, noe 
7 —-x 


oF a4 -_ 
=> = <0 and7 * —-7#40 
7 *-7 
Now, 5* -1=0>x=0and7 *-7=05x=-1 
—_ + _ 
-1 0 
5X -1 
The sign of — 
Ea ve 


Hence, from the sign scheme x € (—c9,— 1) U[0,°°). 
*. Domain of f(x) is (—99,-1) U [0,°¢). 


Classification of Functions 


Functions are classified by the type of mathematical equation 
which represent their relationship. 


Functions 


| | | 


1. Algebraic 2. Transcendental 3. Piecewise 
t- Monomial t- Exponential t- Modulus 
[- Polynomial Constant [- Logarithmic L Signum 
L-Rational iaSmuity + Trigonometric — | Greatest integer 
— Irrational — Inverse t- Fractional part 
trigonometric —_ L_Least integer 


Algebraic Functions 


A function f is called an algebraic function, if it can be 
constructed using algebraic operations such as addition, 
subtraction, multiplication, division and taking roots, starting 
with polynomials. 


e.g. f(x) =,1+x, 


e(x)= . A +(x =-2) {x=1 


Different types of algebraic functions are described below 


(i) Monomial Function 


A function of the form y = ax", where a is constant and nis a 


non-negative integer, called monomial function. 


e.g. y=x",y =2x,y =—-x, Geisusees ; 
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(ii) Polynomial Function 
A function y = f(x) =a 9x" +a,x" | +...+a,, where 
do, 41, Q2,...,a, are real constants and n is a non-negative 


integer, then f(x) is called a polynomial function. If 
ad, #0, then n is the degree of polynomial function. e.g. 


Expression Degree 


f(x) = xP 45x19 + 6x polynomial of degree 1920 


g(x) = x2 43x43 polynomial of degree 2 


h(x) =7=7x° polynomial of degree 0 


A polynomial of degree one with no constant term is 
called an odd linear function, ie. f(x) =ax,a #0 


In case f(x) =0, it is constant function for which degree is 
not defined. A polynomial of odd degree has its range 

(— 9, cc) but a polynomial of even degree has a range 
which is always subset of R. 


Note: All polynomial functions are algebraic functions but 
not the converse. 


Example 7 Draw the graph of polynomial functions 
and find their domain and range. 


(i) y=x+] (ii) y =x? 
(iii) y=x* +1 (iv) y = x(x—1)(x—2) 
Sol. (i) Graph of y =(x +1) is shown as 
Y y=xt+1 
X’< 6) > X 
y’ 


From graph domain is x € Rand range is ye R. 


(ii) Graph of y = x? is shown as 


From graph domain is x € Rand range is y € [0, ©). 
(iii) Graph of y = x* +1is shown as 
y=x3+1 


>X 


yy’ 


*. Domain; x € Rand Range; ye R. 


(iv) Graph of y = x (x —1)(x —2) is shown as 


Ya 
y=X(x-1) (x-2) 


.. Domain; x € Rand Range; yé R. 


Constant Function 


If the range of a function f consists of only one number, 
then f is called a constant function. The graph of a 
constant function is as shown below. 


Figure 3.3 


Thus, domain is R and range is {c}. 


Identity Function 


The function y = f(x) = x for all x € Ris called an identity 
function on R. 


Ya 
y=x 
xX’< >xX 
O 
ey 
Figure 3.4 


Here, domain of identity function is the set of real 
number. (As here for all values of x, f(x) exists.) 


Thus, domain is R and range is R. 


(iil) Rational Function 

It is defined as the ratio of two polynomials. 
Let P(x)=agx" +a,x""' +...+4, 

and Q(x)=byx™ +b,x" 1 +...4b,. 
P(x) 
Q(x) 


Then, f(x)= 


is a rational function provided 


Q(x) #0. 


Here, we can say that domain of f(x) is all real numbers 
except the numbers where denominator is zero 
[i.e. Domain (f) = R — {x:Q(x) =0}]. 


x? —3x +5 

e.g. f(x) =————__; Domain is R - {1,2} 
(x -1)(x -2) 

e.g. f(x) =————_; As 2 - cos 3x #0. ['."-1 <cos3x <1] 
2-cos 3x 


*. Domain of f(x) is R. 


(iv) Irrational Function 


An algebraic function having non-integral rational 
exponent is called irrational function. 


Exercise for Session 2 
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eg. Hoax”, 
e.g. f(x)= . tx 


y14+3x2 


tc. 


An Important Result 


fof (4}= F009 ‘ (2) | 


They are 

i) f(x) =14+ x and = (ii) f(x) =1- x", 

where nis a positive integer. 

For proof, refer Example 38 in Jee Type Solved Examples. 


= Directions (Q. Nos. 1 to 6) Find the domain of the following. 


1. f(x)=./x? -5x +6 


iar? =x) 2 ee 


16-x 20 - 3x 
f(x) = Coy 4+ Pay 5 


f(x) = \ BNO ed 


oa aA KR & 


There are two polynomial functions, satisfying the relation; 
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Transcendental Functions 


Transcendental Functions 


The functions which are not algebraic are called 
transcendental functions. Exponential, logarithmic, 
trigonometric and inverse trigonometric functions are 
transcendental functions. 


(i) Exponential Functions 


The function f(x) =a*,a>0,a#1,a€ constant is said to 


be an exponential function. 


If 0<a<1 Ifa>1 
Y, Y ; 
Session- 
1 
>. 
. x x 
y’ 
Figure 3.5 Figure 3.6 


In the given graphs, none of them intersect the X-axis. 
Thus, we can say that they exist for all x € R and their 
corresponding values of y are greater than zero. 


Thus, domain is Rand range is ] 0, o[. 


(ii) Logarithmic Functions 


The function f(x) =log, x; (x,a>0)anda#lisa 
logarithmic function. Thus, domain of a logarithmic 
function is the set of all positive numbers and their range 
is the set R of real numbers. 


If0<a<1 Ifa > 1 
Y 
x’ | 
7 i 1 yo h i 7 
Y Y’ 
Figure 3.7 Figure 3.8 


Properties of Logarithmic Functions 


1. log,(ab) =log, a+log, b [a,b >0] 
2. log, ( * =log,a-log,b [a,b >0] 
3. log, a” =mlog,a [a>0,me R] 
4. log, a=1 [a>0,a#1] 


5. log ym G22 ee: a [a,b>0,b#1andme R-{0}] 
m 


6. log, a= : [a,b>Oanda,b#1 
log, b 

by gauens [a, b,m>0 and b,m #1] 
log, D 

PEa™ =m [a,m>0 and a#]1] 

0B > _ ploeea [a,b,c >Oandc #]] 


x>y, if m>1 


log, x >logmy => 
aaa fae if 0<m<1 


[m, x,y >0,m #1] 
11. log, a2=b=>a=m’ 


[m,a>0,m #1, be R] 


db 
12. log,, a>b=> pan if a 
a<xm, if O0<m<1 
b 
a<m, j 
13. log, a<b=> if Reet 
a>m’, if O0<m<l 


Example 8 Find the domain of a single-valued 
function y = f(x) given by the equation 10% +10” =10. 
Sol. Given, 10* + 10” = 10 
= 10” = 10-10* 
> y = log; (10 - 10”) [as a” = b> m= log, bd] 
Now, 10'-10* >0 
= ig>i0* = i>x 


Therefore, domain of the single-valued function 


y=f(x)isx<1 or x€(--%,1) 


Chap 03 Functions 105 


Example 9 Find the domain of Example 11 Find the domain of f(x) =log,9(1+ x*). 
fx) = ] ; Sol. f (x)=log,)(1+ x’) exists, 
Jlogi/2 (x? —7x +13) if 1+x°>0 
2 
Sol. f(x)= : exists, if a a 
logi2 (x? — 7x + 13) [where (1 — x + x”) is always positive as D<0 and a>0] 
logy). (x” — 7x + 13)>0 So, 1+x>0 or x>-1 or x€ J-1, of 
= (x?-7x413)< 1 (i) Thus, domain of above function f (x) is ]-1,[. 
and x? -7x +13>0 (ii) Example 12 Find the domain of 
_ 3 
Considering Eq. (ii), x? -7x +13 > 0, we get f(x) = logiologio (ex), 
’ 49 49 Sol. f(x) = log, log, (1 + x°) exists, 
x" -7x+ +13 >0 5 4 
if logiy(1+ x°)>Oand1+x° >0 
( a 3 = 1+ x? >10° and1+x?>0 
> x= —| = SO 
2 4 => 1+ x? >1and1+x°>>0 
7 3 3 
which is true for all x € R. [As [« - | > 0 for all x.] _ ...(iii) = Loe eee ee 
> x € (0, c0) 
Now, considering Eq. (i), we get Thus, domain of above function f(x) is (0, ©). 


x? -7x +12<0 
Example 13 Find the domain of 


f(x) = login {logiolog jplogio x} . 
Sol. f(x) exists, if flog,,log;)log;) x} > 0 and x>0 


> (x -3)(x-4)<0 
=> 3<x<4 ...(iv) 
Combining Eqs. (iii) and (iv), we get 


Domain of f(x)is ]3,4[. => log, ology x > 10° and x>0 
=> log;ologi9 x >1 and x>0 
Example 10 Find the domain of function => logy) x > 10! and = x>0 
10 
1 Darema: I(x+2). > x >10 and x>0 
0810 (1- x) Thus, f(x) exists, if x € (10'°, ©). 
Sol. f(x) = — +Vx4+2 Hence, domain of above function f(x) is (10'°, ). 
logio(1- x) 
(As we know, log, x is defined when x,a >0 anda # 1, Example 14 Find the domain for 
also log, 1 = 0) x-1 
Thus, log,)(1- x) exists when f (x)=, |logo. x45!" 
1-x>0 ...(i) 
1 x-1 : : 
Also, —__________ exists when Sol. f(x= logo 4 exists, if 
logio(1- x) x+5 
1- Oand1-x#1 ..(ii - - 
x >Oan x (ii) fovea x-1 o Per mes 1 . 
> x<land x#0 ...(iii) x+5 x+5 
: ; © 7 - 
Now, we have Vx + 2, which exists when x + 2 >0 5 x-1 <(0.4)° an. 1 0 
or x2-2 ...(iv) x+5 x+5 
il ; 7" x-1 x-1 
Thus, f(x) = —————- + Vx +2 exists when Egg. (iii) and => — <1 and ——>0 
log, (1- x) x+5 x+5 
(iv) both hold true. = x-1 se sua x-1 a 
=> -2<x<1and x40 xt+5 x+5 
= x €[-2,0) U (0,1) > = <0 and cai >0 


Thus, domain of f(x) is [—2, 0) U (0, 1). x+5 x+5 
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x=1 


=> x+5>0 and —>0 
x+5 
> x>-5 and x-1>0 [as x+5>0] 
=> x>-5 and x>1 
Thus, domain f (x) is (1, ©). 
Example 15 Find the domain of 
2logig X+1 
f(x) = log io0x Pee 
=X 
Sol. f(x) exists, if 100x >0 ...(i) 
100x #1 (ii) 
Mogg #1 5 (iii) 


-x 
2logipx +1<0 [as x > 0 from Eq. (i)] 


logig x < 2 
2 
x <(10) "7 ...(iv) 
Now, from Egg. (i), (ii) and (iv), we get 
x€(0,10°7) u (10°7,10°””), 
Thus, domain of f(x) is (0,10-’)U(10 ”, 10“). 


Example 16 Find the domain of definition of 


log 9 (x+3) 
X° + 3X42 [IIT JEE 2001] 
Sol. Here, f (x)= pees legate) exists, if 
x7 43x42 (x+1)(x+2) 
Numerator x+3>0 => x>-3 (i) 
and denominator (x+1)(x+2)40 
=> x#-1,-2 ...(ii) 


Thus, from Eqs. (i) and (ii), we get domain of f(x) is 
(-3, ce) — {=-1,-2}. 


(iii) Trigonometric Functions 


Sine Function f(x) = sin x 


Figure 3.9 


Here, domainis R and range is[-1, 1]. 


Cosine Function f(x) = 


COS X 


Figure 3.10 


Here, domain is R and range is [-1, 1]. 


Tangent Function f(x) = tan x 
i YA ! i 
a i tf 
Sal ois ie, 
a 2 
! YY’ ! 
Figure 3.11 


Here, domain is R - (Boxe + in ne z| and range is R. 


Cosecant Function f(x) = cosec x 


Fe ee 
: ey (3) -~ 
= 0 
eee ca 
Sass eass= oe eS TS ae Se 7 ee Poe = 
Co. 
Y Y { Y Y 
X=-2m X=-T y’ x= X=20 
Figure 3.12 


Here, domain is R - {nt,n€ Z} and range is R - (- 1, 1). 


Secant Function f(x) = sec x 


3a q M 
te x aes X=5 x= 
a 3:13 


Here, domain is R - {(2n + )* —,neé Z} and range is 
R-(-1,1). 


Cotangent Function f(x) = cotx 


YA 


X=-1 yy’ 
Figure 3.14 


Here, domain is R- {nt,n € Z} and range is R. 


Example 17 Find domain for 
f (x)=./cos (sin x). 
Sol. f (x)=,/cos(sin x) is defined, if 
cos(sin x)=0 (i) 


As, we know -1<sinx <1 forall x 


y =cosx 


cos(sin x)20, for all x (using graph of y = cos x) 
ie. xER 
Thus, domain f (x)is R. 


Example 18 The function f(x) is defined in [0, 1]. Find 
the domain of f(tan x). 
Sol. Here, f(x) is defined in [0, 1]. 


= xe€[0,1], ie. we can substitute only those values of x, 
which lie in [0, 1]. 


For f(tan x) to be defined, we must have 


O<tanx<1 [as x is replaced by tan x] 


ie. mt <x<nt+— [in general] 


[in particular] 


Tt 
or 0o<sx<s— 
4 


Thus, domain for f(tan x) is on nt + | 
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Inverse Trigonometric Functions 


We know that trigonometric functions are many-one in 
their actual domain. Hence, for inverse functions to get 
defined, the actual domain of trigonometric functions 
must be restricted to make the function one-one. 


+ —1 
y=sin x 
Since, y = sin x is not 
one-one. Therefore, it is 


not invertible. Let us 
consider the function 


yasin xe) 7] 


and y €[-1,1] whose 
graph is the portion of 


the sin x curve in the pipure gee 


‘ —T TT " P , é F 

interval} —,— |, which is strictly increasing. Hence, 
2 2 

one-one and its inverse is y = sin” x. 


oun 8 és Tl 
Here, domain is [- 1, 1]; range is - = a 
2 2 


y =cos ‘x 


y=cos!x YA 


Figure 3.16 


Here, domain is [- 1,1]; range is [0, 1 } 


y=tan' x 


Figure 3.17 


ae ‘ 1 
Here, domain is R; range is [- x } 
2 2 
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y=cot' x 


YY —y=cotx 


Figure 3.18 


Here, domain is R ; range is (0, 71). 


-1 
y=sec x 
=n 
ee 
yA ON a 
beeeseeeutegens So ee ee 
‘l ss fe 
7 a a 
’ 1 
xX“ a 
4 Of, 4: 5 
ra z Pa 
ly 
" y ¥f 
Y x=1 
Figure 3.19 


Here, domain is R - (- 1, 1); range is [0, t]—- {7 /2}. 


y =cosec™' x 


Y, ¥=cosecx 


N ¢ 


giao 
== f y =cosec”!x 
= a 


t >~X 
a 
2 
we \ 2 
1 { y’ 
Figure 3.20 
ae A T™ TT 
Here, domain is R - (- 1, 1); range is - 3 a - {0}. 
2 2 


2 
Example 19 Find the domain for f (x)=sin (=), 


2 
Sol. f(x)= aw is defined, if 


2 
-1<~ <1 or -2<x? <2 
2 


> O< x? <2 [as x” cannot be negative] 


=> - V2 <x< V2 
Therefore, domain of f (x)is [-— 25/21 


Example 20 Find the domain for 


2 
y=sin| oe,( 
2 


2 
Sol. For y to be defined, = >0 


x? 
and -1< log, (=| <1 ...(ii) 
From Eq. (i), we have x € R- {0} ...(iii) 


From Eq. (ii), we have 
2 
gies oo 4 Tey <4 
2 


> -2<x<-1 or 1<x<2 ...(iv) 
Thus, from Eqs. (iii) and (iv), we get 
xe [- 2,- 1] U[1, 2] 


Example 21 Find the domain for f (x)=sin"' 


2 
Sol. f (x)= sf 2) is defined, if 
x 


14+x? 
2x 


-1s 


<1 or 


|1t+.x?|<|2x| 
1+x? <|2x| [as 1+x?>0] 
x? -2|x|+1<0 


|x|? -2|x|+1<0 [as x? =|x|?] 


Yu uu dv 


(|x|-1)? <0 
But (|x|-1)? is either always positive or zero. 
Thus, (|x|-1)* =0 


=> |x|=1 => x=H1 
Thus, domain for f(x) is {— 1, 1}. 
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Example 22 Find the domain for y = ,/sin“' (log, x). 109 «in xj(X? —8x + 23) : : 
og,|sin x 
Sol. y is defined, if x > 0, ...(i) ‘ 
> log) sin xj(* —8x + 23)-3log) gin xj 2 > 0 
-1<log, x <1 
2 
7 tee = log s| E> 0 
= Popes Ber 
2 x° -8x +23 . 0 
=> ——— <|sin x| 
and sin”! (log, x) =0 ...(iii) 8 
> log, x 20 and |sin x|# 0,1 
= x > 2° => x* —8x + 23 <8 and |sin x|# 0, 1 
=5 | iv) => x? —8x +15 <Oandsin x #0,+1 
From Eqs. (i), (ii) and (iv), we get — (x -3)(x—5) <Oand x #nm,(2n+ = 
1sx<2 2 
Hence, domain is 1S x $2or x [1,2] > x € (3,5)and x # 1, = [using number line rule] 
Example 23 Find the domain of the function, ea 3a 
=> xe(3m)U( Jus) 
5 3 2 
f(x) = log, log jin xj (x° - 8X + 23)- —-—— 
log 5] sin x| 


Thus, domain of f(x) is (3,1)U G =) %. 5} 
Sol. Here, f(x) is defined, if a 


Exercise for Session 3 


= Directions (Q. Nos. 1to10) Find the domain of the following. 


1. f(x) =logio (,/x -4 + /6— x) 
[feo yl) 
2. #(x)= ova | ) 


_y2 
3. x)= jon ~ 


\ 1 

_ [logos (x -1) 
a a x*-2% -8 
5. f(x) =logig (1—logio (x? —5x + 16)) 
6. f(x) =sin| x |+ sin” (tan x) + sin(sin”! x) 
7. f(x)= Qs (logy x?) 

| 3 -—2x = 
8. f(x) =sin (A* )* 3-x 


oj 
cos”! (2x — 1) 


10. f(x) =logio logs log,,,(tan“" x)" 
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Piecewise Functions 


Piecewise Functions 


(i) Absolute Value Function 
(or Modulus Function) 


The modulus function is defined as 


x, 
y=|x|= 
= 


It is the numerical value of x. 


x20 


x <0. 


Figure 3.21 


Geometrical Interpretation of 
Modulus of a Function 


Geometrically, | x | represents the distance of the point 
P(x,0) or Q(—x, 0) from origin. 


Ix] |x| 
xX’< : >X 
Q(-x,0) O (0,0) P (x,0) 
Figure 3.22 
ie. d(O, P) = (x -0)? +(0-0)? =v x? =|x| 


d(O, Q) =4{(-x -0)? +(0-0)? =v x? =|x| 


Properties of Modulus 
()|xP =x’ (ii) Vx? =| x| 
(iii) || x |[=|-x]=| x] Gv) | x|=max {-x, x} 


(v) -| x |= min {—x, x} (vi) max (a, b) = ax? 


4 


(vii) min (a, b) = “ I 


(viii)| x + y|S|x|+ly| 
(ix)|x+y|=|x|+]y|, iff xy 20 


(x) 
(xi) 


(xii) 
(xiii) 


(xiv) 


(xv) 


x-y|=|x|+|y|, iff xy <0 

x|<a,(ais +ve) >-a<x<aorxe[-aal] 
x|2a,(ais +ve) => x <-aorx2a 

or x €(—-,-a]U[a,~) 


x |<a,(ais -ve) > No solution or x € 6 


x |2a,(ais -ve) => x € Real number or x € (— ~, «) 


a <|x|<b, where a and Dare +ve. 


= —-b<x<-aorasx<borxe[-b,-a]U[a,b] 


Example 24 Solve for x. 


(i) 


(iii) |x -—3|+|4-x|=1 


Sol. 


|x|=1 
20 
|x|-2 


(iv) |x|+|x+4]=4 


(Jx|=1(|x|-2)<0 (ii 


() (| x|=1)({x|-2) <0 


Using number line rule for | x |, we get 


+ = + 


SDT <= 
1 2 
> 1<|x|<2 
ie. x € [-2,-1] U[1, 2] 
-1 
(ii) es = 0. Using number line rule for | x |, we get 
x|-2 
+ - + 
1 2 
=> |x|<1or|x|>2 


ie. x € [-1,1] U(- &, —2) U(2, ©) 
(iii) |x —3|+|4-x|]=1 
As we know,|x|+|y| =|x+y\| iff xy 20 
(x -3)(4-x)20 or -—(x-3)(x-4)20 
Using number line rule, we get 
_ + = 
3 4 
> x € [3, 4] 
(iv) |x|+|x+4|=4 
As we know,|x|+|y|=|x-—y|, iffxy <0 
x(x + 4) <0 


Using number line rule, we get 


-4 0 


> x € [-4,0] 


Example 25 Solve | x? —1+sin x|=| x? —1|+|sin x], 
where x € [—21, 270]. 
Sol. Let f(x) =x? —1and g(x)=sin x 
We know, | f(x) + g(x)|=|f(*)|+|g(x)| iff 
F(x)+ g(x) 20. 


(x? — 1)-sin x = 0o0n[—2n, 27]. 


Using number line rule, we get 


gas. Maes je 
“On ILA NSA IW /2n 


> x € [-2n, -1] U[-1,0] U[1, 7] 


2 


Example 26 Solve |x| 2, 
|x —1| |x-1| 


x 


Sol. Let f(x)= 


and g(x)=x 
xl 


Then, F(x) + g(x)=—— + x= 


We know, | f(x)| +] g(x) |=| f(x) + g(x)|, 


iff f(x): g(x) 20 
a ee 
x1 x-1 
+ 
0 1 
> x € {0} U(1, -) 


1 
Example 27 Find domain for y=————. 
vlx|- x 


Sol. y is defined, if (|x|- x)>0 =|x|> x, which is true for 
negative x only. 


Hence, domain € (— °, 0). 
Example 28 Find domain for 


_ -1 1-2|x| | 
y =COs 3 + O08 |x-1| X. 


-1{1-2 1-2 
Sol. Here, cos (+2) exists, if -—1< 12) ey 
3 
=> -~3<1-2|x|<3 => -4<-2|x|<2 
=> 22|x|2-1 => -2<5x<2 ...(i) 


Also, log) , - 1) x exists, if 
x>0, |x-1|>Oand|x -1|41 


x>0, xe R-{i}and x #0, 2 ...(ii) 


Hence, from Egg. (i) and (ii), we get 
x€(0, 1) U(1, 2) 


Sol. Here, f(x) = 
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Example 29 Domain of the function 
f(x) 


is 


fax |x? -10x+9| 
(a) (7 - V40,7 + V40) — (b) (0,7 + V40) 


(c) (7 — V40, ) (d) None of these 
iL 


4x —| x? - 10x +9| 


would exists, if 


4x —| x? —10x +9|>0 
Le. |x? -10x +9|<4x, 


where 
x? —10x + 9, - 


|x? -10x +9|= : 
—(x° -10x +9), 1<x<9 


=> Two cases 
CaseI When x <lor x2=9 
x* —10x +9 < 4x 


=> x?-14x+9<0 > (x-7)? < 40 
=> x €(7 — V40,7 + V40) [but x <1lor x 29] 
=> xe(7- 40,1) U[9,7 + V40) ...(i) 
CaselIIl When1< x <9 

—x? 4+10x-9<4x = x?-6x+9>0 


= (x3)? >0, which is always true except at x =3 
x € (1,9) — {3} ..-(ii) 
From Eqs. (i) and (ii), domain of f(x) is 


(7 — 40,7 + 40) — {3} 
Hence, (d) is the correct answer. 


Example 30 The domain of the function 


f(x)= mI sin (sin x)|-— cos! (cos x) in [0,21] is 


le ttl, «| Se Be 
(a) Pal a 


™ 
(c) [0,2] - {3} 


(b) [1,211] 


T 31 


(d) (a2m]-|*, = 


Sol. As, |sin™' (sin x)| could be sketched, as 


Ya 


hla 
S 


N 
| s | » >X 


e) 
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and cos ' (cos x) could be sketched as -1, ifx?+1<0 
y ; Sol. (i) f(x)=sgn(x?+1)={0, if x? +1=0 
oO, 1, if x?+1>0 
#7 Me 2 
va sa VA 
“ “i (0,1) | f(x) =sgn (x2+ 1) 
“ \ < > 
» > X 
0 m Qn Xx « o >X 
..|sin 7! (sin x)| > cos”! (cos x) is not possible. ss 
Only equality holds as 7 ia) =L eek 
(ii) f(x) = sgn (log. x) 
1, log. x >0 1 x>1 
=,-1, log,x<0 . f(x)=4-1 O0<x<1 
0, log. x =0 0, x=1 


Graph for, f(x) = sgn (log, x) is 


> X y 
1 oe 
OD . >X 
When xe ua U | 3 il = 
Lay la] 
So, domain for f(x) is | 0, oy U ae 27 |. ae ap =) 
2 2 1, sin x >0 1, 2nt <x <(2n+1)0 
Hence, (a) is the correct answer. f(x)=)-1 sinx<0=)-1, (2n+1)n<x<(2n+2)n 
0, sin x =0 0, x = nt 
(ii) Signum Function 
Signum function is denoted by sgn (x) and it is defined by ee 
1, if x>0 «< od 
[| or a if x #0 . : oe ee 
y =sgn(x) =) x |x| ={/-1, if x<0 a 
0, ifx=0 |0, if x=0 
vt (iv) f(x) = sgn (cos x) 
y=1,x>0 1, cos x >0 
SP 
aoe f(x)=4-1, cosx <0 
< % >X 0, cos x =0 
1, ant —T/2< x < 2nn + 7/2 
—_§_ =)-1l 2nm+n/2<x <2nn + 3n/2 
y=-1,x<0 
0, x =(2n+1)m/2 
Y 
Figure 3.23 y. 
1 
Example 31 Sketch the graph of — a = . =— 
(i) f(x)=sgn (x? 41). (ii) f(x) =sgn (log. x) <0» _ a >X 


f 
(iii) f(x) =sgn (sin x). (iv) f(x)=sgn (cos x). o—o -1t oo oo 


(iii) Greatest Integer Function 
or Step Function 


[x] indicates the integral part of x, which is nearest and 
smaller to x. It is also known as floor of x. 


kk] =n 


5 


id > 
n—_——— 1 +1 
x 


Figure 3.24 
Thus, [2.3202 ]=2, [0.23] =0, [5]=5, 
[-8.0725]=-9, [-0.6]=-1 
In general, nsx<n+l1 [ne Integer] 
> [x]J=n 


Here, f(x) =[x] could be expressed graphically as 


x [x] yr 
0<x<i1 0 3 
LS x*<2 1 2 o— 
2<5x<3 2 1 —* 
-1<x<0 -1 xX’< t t t >X 
2 -1 |]9 1 2 8 
-2<x<-1 -2 — -1 
e—o 2 
+-3 
YY 
Figure 3.25 


(e) darkened circle represents value is taken, (c) 
represents value is neglected. 


Properties of the Greatest 
Integer Functions 

(i) [x] <x <[x]+1 

(ii) x -1<[x]<x 

(iii) 1S x <I+1 => [x]=I, where I € Integer 


(iv) [[x]=[x] 
if x € Integer 
-1, ifx¢ Integer 


—x, if x € Integer 
ie. [-x]= 
-1-[x], if x ¢ Integer 
2x, if x € Integer 
(vi) [x]-[-x]= | : 
2[x]+1, if x ¢ Integer 


(vii) [x tn]=[x]+n,né Integer 


(viii)[x] =n x 2n,n€é Integer 


Chap 03 Functions 113 
(ix) [x] >n@ x 2n+1,neé Integer 
(x) [x] S$n@x <n+1,ne€ Integer 


(xi) [x]<n@&x <n,né Integer 


- _| x x+1 

eas} =| =] 4] * 

wf W+1 n+2 n+4 = 
i] 7 + ; + : Jt ; 


né Natural number 


(xiv)[x]+[y]s[x+y]s[x]+[y]+1 
(xv) clef +4] +s 4 


n 


Example 32 Find domain for, f(x)=cos”! [x]. 
Sol. As, y= cos! x exists, when -1< x <1. 
.. f(x) = cos | [x] exists, when -1<[x]<1 5-15 x <2 


or xé€[-1,2) 


Example 33 Find the oo of 
(31/3, 1 |.) 3, 4 {34221 
lalla” tool*la* a 4100] ° 


3 24 3. 25 
+) —+ +) —+ 
F a E a 


= [075]+...+ [099] + [10]+...4 [174] 375 


75terms are each 
equal to 1 


25terms are each 
equal to zero 


Aliter Apply property (xv) 


3 
Here, x = —andn = 100 
4 


[34 .a 2] [3 .. 9 |_| 3 | 


“lalla to|  |4 wel la 


Example 34 Given y =2[x]+ 3 and y = 3[x-2]+5, 
find the value of [x+y]. 


Sol. We have, 2[x]+3=3[x-2]+5 
> 2[x]+3 = 3[x]-6+5 
> [x]J=4 > 48 x<5 
or x=4+f [f — fraction] 
and y =2[x]+3=11 
Hence, [x+y]=[4+ f+11)=[15+ fJ= 
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Example 35 Find domain for 


f(x)=[sin x] cos 


Tl 
[x-1]] 


Sol. [sin x] is always defined. cos : ; is also defined 


ce 
except when [x -1]=0>0<x-1<1 
=> 1<x<2 
Hence, domain of f(x) is R— [1,2). 


Example 36 The domain of the function 
log , (5-Lx-T]-[x]* 

f(x) ~ 84 ( ; ) i 

xX°+X—-2 


(where [x] denotes greatest integer function) 


Sol. For domain of f(x), 


5-[x-1]-[x]’ >0 


and x°+x-240 

> (x +2)(x-1) #0 

> x#1,-2 

Now, 5—[x]+1-[x]’ >0 

> [x]? +[x]-6<0 

=> ([x]+3)([x]-2) <0 

> —3<[x]<2 

=> =—25x%<2 
x#1,-2 


*. Domain € (—2, 1) U(1, 2) 


Example 37 Let [,/n?+1]=(/n? +41, where 
n,A€N. Show that A can have 2n different values. 
Sol. We have, n? +1=(n+1)’ -2n<(n+1)*;neEN 


ie. yn? t+i<n+1 
> n<n?+1<n+1 
= [yn? +1]J=n 
[yn? +A]=n 
> n<n? +r <n+1 


or n’<(n*?>+A)<(n+1) 
=> 0<A< 2n+1 


Thus, A can take 2n different values. 


Example 38 foge-— 
af LXI=X 
greatest integer function less than or equals to x. 
Then, find the domain of f(x). 


, where [- ] denotes the 


Sol. f (x)= 


exists, if 


J [x]-x 
[x]-x >0 


Le. [x]>x 


But from definition of greatest integral function, we know 
[x]<x [as x=[x]+{x}] 


Thus, it is not possible that [x ]> x. 
Hence, domain f(x) =0 


Example 39 If domain for y = f(x) is [- 3,2], find 


the domain of g (x)= f {|[x]|}. 
Sol. Here, f(x) is defined in [- 3, 2]. 
> x €[-3,2]. 


(i.e. we can substitute only those values of x, which lie 


between [-3, 2]). 
For g(x) = f {|[x]|} to be defined, we must have 


-3<|[x]|<2 
=> 0<|[x]|<2 
> -2<[x]<2 
=> -2<5x<3 


[as | x| = 0 for all x ] 
[as|x|Sa=>-a<x<a] 


[by definition of greatest integral function] 


Hence, domain of g(x) is [- 2,3 [ or [- 2, 3). 


Example 40 Find the domain of function 


FO)" cate t|7—x])-6 
greatest integer function. 
Sol. f (x) is defined when 
[|x—-1|]+[|7-x|]-6#0 
{(1-—x]+[7-x]#6, when x1 
=> [x-1]+[7-—x] #6, when 1<x <7 
[x-1]+[x-7] #6, when x27 


[1-—x]+[7-— x] #6 
1+[-—x]+7+[-—x]46 = 2[-x]#-2 
> [- x]#-1 
= x€(0, 1] 
From Eq. (ii), we have 
[x-1]+[7-x] #6 
[x]-1+7+[-x] # 6 
[x]+[-x] # 0 
x¢ Integer 
x¢€ {1, 2, 3, 4, 5, 6, 7} 
From Eq. (iii), we have 
[x -1]+[x-7]#6 


Vueduy 


> [x]-1+[x]-7+#6 
> 2[x]4#14 => [x]4#7 
> x€ [7,8) 


, where [- ] denotes the 


(i) 
(ii) 
...(iii) 


...(a) 


..(b) 
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Hence, froms (a), (b) and (c), we get Sol. Given that, [1+ sin x]+[1—- cos x]=sin x 
Domain f (x) is R- {(0,1) U{1, 2, 3, 4, 5, 6, 7}U(7, 8)}. =. 1+ [sin x] +1+ [- cos x]=sin x 
Example 41 If the function f(x) =[3.5+bsin x] = 2+ [sin x] +[- cos x]=sin x 
(where [- ] denotes the greatest me 2+ [- cos xJ= {sin x} 
integer function) is an even function, the complete set Here, LHS is 1, 2 or 3, but RHS € [0, 1) 
of values of b is .. No solution. Hence, (d) is the correct answer. 
(a) (— 0.5, 0.5) (b) [- 0.5, 0.5] 
(©) (0,1) (@) (1,1) (iv) Fractional Part Function 
Sol. We have f(x) = [35+ bsin x] For f(x) to be an even y= { x }, {x} indicates fractional part of x. 
funcion. Let x =I+ f, where I=[x] 
oe ond f={x} 
> ; 05<b<05 => be (-05,05) Then, poe 
Hence, (a) is the correct answer. 
=x-[x] 
Example 42 The domain of the function Here, y = {x} could be expressed graphically, as 
x)=log; log,/; (x? +10x+25)+ 
f( ) 83 813 | ) [x]+5 x {x} 
(where [- ] denotes the greatest integer function) is weet ™ 
(a) (- 4,-3) (b) (-6,-5) ee ee 
(c) (-6,—-A) (d) None of these 2sx<3 x-2 
Sol. Here, log; log; (x + 10x + 25) is defined, when Shares ee 
2 ; 2 . =25x<=1 x+2 
I, x°+10x+25>0, ie. (x +5) >0 > x#-5 ...(i) 


Properties of Fractional Part of x Figure 3.26 


II. logy); (x? + 10x + 25) >0 
(i) {x} =x, ifO<x <1 


2 
= FE od (ii) {x} =0, if x integer. 
or x’ + 10x +24 <0 (iii) {- x} =1- {x}, ifx ¢ integer. 
er (x + 6)(x + 4) <0 (iv) {x + integer} = {x}. 
ferret Example 44 If {x} and [x] represent fractional 
. and integral parts of x respectively, then find the 
=> x€(-6,-4) (ii) & aie if x resp y: fi 
From Eqs. (i) and (ii), we get value of [x]+ » {x + Za 
x €(-6,-5)U(-5,-4) ...(iii) r=, 2000 
Il. [x]+540 2000 con 2000 ng 
= [x]#—5 Sol. Clearly, [x]+ x an [x]+ Pai 
= x ¢[-5,—4) (iv) facie ate cies 
From Eqs. (iii) and (iv), we get Sc aa 
Domain of f(x) is (— 6, —5). =[x]+ = + ix +... + upto 2000 ties 
Hence, (b) is the correct answer. 
xe) 4 200043 
Example 43 Let [x] be the greatest integer less than 7 2000 
or equal to x. =[x]+{x} 
Then, the equation sin x = [1+ sin x]+[1—cos x] has oe 
< : Tl ‘ T 2000 
(a) one solution in - (b) one solution in s, x] Th ey err 
22 2 a ele 2000 


r=1 


(c) one solution in R (d) no solution in R 
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Example 45 Solve 4{x}=x+[x]. 


Sol. 


We know, x =[x]+ {x} 


ie eis = eel Ai) 
But O<{x}<1 
So, ge 2 os 
3 
> o< [e]<5, thew S0nea 


if [e1S4 then {x} = [from Eq. G)} 


Thus eu 
3 
If [x]=0,{x}=0 so, x=0 


Thus, solutions of 4{x}= x +[x]arexeé fa st 


Example 46 Prove that [x]+[y]<[x+ y], where 


x=[x]+{x}and y =[y]+{y}, [-] represents greatest 
integer function and {-} represents fractional part 


function. 
Sol. Here, x+y=[x]+[y]+{x}+ {y} 
[x + y]=[[x]+ [y]+ {x} + ty} 
= [x] +b 1+ tx} + ty 
[using [x + I]=[x]+ 1,1 € Integer] 
> [x + y]2[x]+[y] 
Remark 


This could be generalised for nterms as 


[Xu] + [xo] + + Xp) $1 + Xo + + Xp) 


Example 47 Find the number of solutions of 


|[x]- 2x|=4, where [x] is the greatest integer < x. 
Sol. Let x = 1+ f, I € integer, f € fractional part 
lie. OS f <]] 
Then, \[x]-2x|=4 
=> I+ f]-20 + fol=4 
=> |[-21-2f|=4 => |1+2f|=4 


which is possible, only if [F = sot 0 


1 

If f=-, 

f 2 
|I+1=4 = [+1=+4 


So, 1 =3,-5 and fr5 


If f =0, |I|=4 
So,[=+4 and f =0 


Thus, number of solutions are x = {#4 as 


“I 
eae 
eel 


i.e. 4 solutions. 


(v) Least Integer Function 


=(x) =[x],[x] or (x) indicates the integral part of x 
which is the nearest and greater to x. 


It is known as ceiling of x. 


Figure 3.27 
(0.23) = 1, (8.0725) =- 
(né Integer) 


Thus, [2.3203] =3, 
In general,n<x<n+1 
(x)=n+1 = [x] 
Here, f(x) =(x) =[x]can be expressed graphically as 


=> 


8,(-0.6) =0 


x [x] = (x) oe 
-1<x<0 0 2 os 
0<x<1 1 -3 -2 -1 1p 
1<x<2 2 ar) 
2<xS3 3 7 =) 
-2<x<-1 1 133 
(¢) represents value is taken. Figure 3.28 


(0) represents value is neglected. 


Properties of Least Integer Function 
(i) (x) =x =[x] holds, if x is Integer. 
(ii) (x + I) =[x + I] = (x) + I/ € Integer. 
(iii) Greatest integer function [x] converts 
x =1 4 f into/, while (x) converts to! + 1. 
(iv) x =(x) + {x}-1 


| = 
N “=| iy 1, 


ifx el 
if x él 
ifx el 
if x él 


_ | 2(x), 
(vi )-O=1 oy, 


>nex>n-i1,0nel 


) 

(vill) (x) >nex>n nel 
)<nex<n nel 
) 


=2(n-1),neN 


>X 
3 


[xa t)afxe2}e. +(x+*=7)- (nx)+n-1,n EN 
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Example A8 Find the solution set of Sol. Let x =1+ f, where Je integer, f € fractional part such 

2 = : : that0< f <1 
(x) +(x +1)° =25, where (x) is the least integer : f [x]? +(x)? > 25 
greater than equals to x. 


=> [1+fP+(1+ fy >25 
Sol. Let x = 1 + f, where I (integer) and f (fractional part) : 5 
such that 0< f <1. > IX + {I+ 1} >25 
Then, (I+ f)?+(1+ f +1)? =25 > +1? +21 +1>25 
=> {1 +1)? + {1 +2) =25 => 21? +21 -24>0 
=> [4+2r+14+1?+414+4=25 => I’ +1-12>0 
> ar’ +61 +5-25=0 > (I+ 4)(I-3)>0 
=> 21° + 61 -20=0 x in 
So, P= 2;=5 4 a 3 
Thus, x=2+f,-5+f he 
where 0< f <1 ae 
> 
= 694 f 3-5 S54 f e4 i) or 
Again, let x=] Here, x=I+f 
Then, x? +(x+1)* =25 So, x<-4+f 
S pind (i) or x>3+f (i) 
: 7% ; - Now, let x = I, then x? + x” > 25 
From Eqs. (i) and (ii), we get x € (— 5, — 4] U(2,3] 5 
=> x > 125 
Example 49 If [x]= the greatest integer less than = Ons seo 


or equal to x and (x)= the least integer greater Form Eqs. (i) and (ii), we get x € (— 0, — 4] U [4, ~) 
than or equal to x and [x]* +(x)? >25, then x 
belongs to ........... . 


Exercise for Session 4 


= Directions (Q. Nos. 1 to 18) Find the domain of the following. 
1. f(x)=./x?-|x|-2 


» f(x)=J2-|x]+/14+]x] 


2 
3. f(x) =logg [loge x | 
4 


» F(X)= sin”! (2=Se) , which [-] denotes the greatest integer function. 


an 


f(x) =log (x —[x]), where [-] denotes the greatest integer function. 


6. f X)= oe , where [-] denotes the greatest integer function. 
[xf -[x]-6 


7. f(x)= cosec' [i+ sin? xX], where [-] denotes the greatest integer function. 
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15. 


16. 


17. 


18. 


log x] La where [-] denotes the greatest integer function. 


f(x)= fas , where {-} denotes the fractional part function. 
x —2 {x} 


f(x)=sin' (2) , where [-] and {-} denotes the greatest integer and fractional part function. 
x 


f(x)=cos"' 


. f(x)=sin"' [2x? — 3], where [-] denotes the greatest integer function. 


2 
f(x)=sin oo =] , where [-] denotes the greatest integer function. 


f(x) = /2 {x}? — 3 {x} + 1, x €[-1, 1], where {-} denotes the fractional part function. 


f(x)= : 
[|x -2|]+[|x -10]]-8 


, where [-] denotes the greatest integer function. 


If a function is defined, as g(x) =|sin x |+ sin x, 0(x)=sin x + cos x,0 < x <7, then find the domain for 
F(x) = logy (x) 9(X). 
Solve the equations, y = ; [sin x + [sin x + [sin x]]] and [y + [y]]=2 cos x, where [-] denotes the greatest 


integer function. 


lf [x]= H + Ee ’ , where [-] denotes the greatest integer function and rn be positive integer, then show that 


n+1 n+2 n+4 n+8 
+ + + +...=N. 
2 4 8 16 
Find the integral solutions to the equation [x][y]= x + y. Show that all the non-integral solutions lie on exactly 
two lines. Determine these lines. 
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Range 


Range 

The range of a function is the set of all possible values that 
can be produced by that function. 

e.g. Let f(x) =x? 

No matter what value we substitute for x, f(x) will always 


be positive. Therefore, we would say that the range of this 
function is the set of all positive real numbers. 


Rules for Finding the Range 


First of all find the domain of given function y = f(x) 


(i) If domain contains finite number of points, range is 
the set of corresponding f(x) values. 


(ii) If domain is R or R - {some finite points}, 


express x in terms of y. From this, find y for x to be 


defined. 
(i.e. Find the values of y for which x exists.) 


(iii) If domain is a finite interval, then find the least and 
the greatest values for range, using monotonicity. 


e.g. If f(x) is defined on[a,b], then 
Step 1 Put, f’(x) =0>x =0,,0),...,0, € (ad) 
Step 2 Find, (f(a), f(1), f(@2),---» fn), f(>)} 


The greatest and least values gives the range of f(x). 


; x-[x] 
Example 50 Find the range for y = —_—— . 
1-[x]+ x 
= i 
Sol. Here, y = x-[x] __ tx} 
1+x-[x] 1+ {x} 
Thus, domain is R. 
Now, from y= {x} : 
1+ {x} 
we have, y+ y{x}={x} => ix}=— 
y 1 
Here, 0<{x}<1, so 0S ——<1 => OSy<- 
1-y 2 


al 
Hence, range = 0 } 
2 


x 


Example 51 Find th = 
xamp ind the range for f(x) iba 


when x > 0. 


Sol. Here, f(x) is defined for all x > 0. Also, f(x) is an 
increasing function in [0, c-). 
Thus, range = [f(0), f(c)) 


Hence, range = [1, °°) 


Example 52 Find the domain and range of the 
function y = log, (3x* -4x+5). 
Sol. y is defined, if 3x? - 4x +5>0 
Where D = 16 - 4(3)(5) =-44 <0 
and coefficient of x” = 3>0 
Hence, (3x? -4x+5)>0, VxER 
Thus, domain € R 
Now, from y = log, (3x? - 4x +5), 
we have, 3x°-4x+5=e” or 3x’-4x+(5-e”)=0 
Since, x is real, therefore discriminant = 0. 


ie. (-4)? -4(3)(5-e7)20 = 12e” > 44 


So, e” = = Thus, y = log (2) 


11 
Hence, range is og (2) -| 
3 
Aliter Since, log is an increasing function and3x? - 4x +5 


2 
is minimum at x = -, Le. log.(3x* - 4x + 5)is minimum at 
3 
2 _ 11... 11 
x =—and minimum value of y = log, — ie. te. —<y< -| 
3 3 3 
11 
Thus, range is og (+) | 
3 


Example 53 Find the range of y =./x-1+ ./5- x. 


Sol. Here, domain x > 1 and x <5, ie. x € [1,5]. 
1 


2/5 - x 


Now, check monotonicity, 


dy 1 
dx 2x -1 


When” Siege get x =3 
dx 
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ag { 4 
1 3 es) 
min max min 


Thus, Vmin atx =lorx=5 
Yimin at x = 11s 2; 
Vimin at x = 5is 2. 


Thus, minimum value of y = 2. 


Also, Vmax at x = 3is Pe 
Hence, range = [2, 2/2] 
Remarks 


(i) When y is minimum at two or more points, the smallest value 
amongst them is taken. 


(ii) When y is maximum at two or more points, the largest value 
amongst them is taken. 


Example 54 Find the range of 
log s{log,/2 (x? +4x+4)} 


Sol. Firstly, finding domain 
log, flogy.(x? + 4x + 4)} exists, if 


logy2(x? + 4x +4)>0 
0 
2 1 
=> x +axe4<(2] 


[using log, x >b > x <a’, if 0< a<]] 


=> x +4x4+4<1 
= x +4x+3<0 
> (x+1)(x+3)<0 = -3<x<-l1 (i) 
+ i = j an 
43 4 
and x +4x4+4>0 3(x+2)/>0, 
which is always true except for x =- 2. ...(ii) 


From Eqs. (i) and (ii), we have 

x € (-3,-2) U(-2,- 1) 
Thus, domain is (- 3,- 2) U(-2,-1) 
Now, we find out the range. 
Since, 0 < log,;.(x? + 4x + 4)<0,V xe domain y 
=> -< log, flog,.(x? + 4x + 4)} <0 


Thus, range (y) is R. 


Example 55 Range of the function 
f(x) =(cos7'|1- x?]) is 


Tl Tl T 
(a) fo, (b) [0,2 (c) (0,m) = (d) (E.z] 


Sol. Here, f(x) = cos '|1—x*| would exists, only when 
|1—x?|<1 


=> -1<1-x?<1 => 22>x’>0 


or x € [- v2, V2] 
0<|1- 2x? (<1, ¥ xe [- V2,~2] 


2 T 
0< cos‘ [1- x7|<— 
2 
Hence, (a) is the correct answer. 


Example 56 If x, y and z are real such that 
X+y+Z=4, x*+y*+z* =6, x belongs to 

(a) (-1,1) (b) [0, 2] 

(c) [2,3] 


Sol. Eliminating z, 

x? t+y?+(4-(x+y))? =6 
y? +(x-4)ytx*-4x4+5=0 
D20 
(x— 4)? —4(x? -—4x4+5)20 
3x” -8x+4<0 
(x -2)(3x -2) <0 

+ = + 

2/3 2 


i |e i 


*. x €[2/3,2] 


Hence, (d) is the correct answer. 


Example 57 The range of the function 


jx= + is 


~ |sinx| |cos x| 


(a) [2V2, ©) (b) (V2, 2/2) (c) (0, 2/2) (d) (2V2, 4) 


1 1 
Sol. f(x) =— + 
|sinx| |cos x | 
Using AM2 GM, we get 
1 1 
(ane) (eos 1 = 
2 
2 |sin x || cos x | 
1 1 
> 2(2| cosec 2x |)!” 
|sinx| | cos x | 
[where, |cosec 2x| = 1] 
1 1 
=> : + > 2/2 
|sinx| | cos x | 


.. Range of f(x) is [2V2, ). 


Hence, (a) is the correct answer. 


Example 58 If z = x+ iy and x? + y? =16, then the 
range of ||x|—|y|| is 
(a) [0, 4] 
(c) [2, 4] 


(b) [0, 2] 
(d) None of these 


Sol. Let x = 4 cos 0, y = 4 sin 9, then 
|4| cos 8 |— 4|sin @ ||= 4 || cos @|—|sin 0 || 
= 4 ./1-2| cos 6 || sin 0 | 
= 4,/1 —|sin 20 | 


“. Range is [0, 4]. Hence, (a) is the correct answer. 


Example 59 The range of 


(| eee Z ; 
f(x)=—(sin "tan x)——_—1g 
Tl 


31 5.3 
(a) -2.2 (b) -2.5| 
35 3 
(c) -3.2| (d) 2.1] 
es =1 1 
Sol. Here, f(x)=—(sin~ x + tan~ x)+ 
T 4 
(x +1)+ 
(x +1) 


= g(x) + A(x), 


where domain of g(x) is [-1, 1] 
*. Maximum value of g(x) = g(1) = - 
and minimum value of g(x) = g(-1)=- , 


Also, maximum value of h(x) occurs, when (x + 1) + 
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Sol. When x = n-1, f(x)=(n—1)’ —(n-1)? =0 


When n-1<x<n, 
[x]J=n-1 
and (n—-1)’ <[x*]<n?-1 
0<[x?]-[x}’ sn? -1-(n-1) 
=> 08 f(x)<2n — 2, but f(x) has to be an integer. 


The set of values of f(x) is {0, 1, 2, ...,2n — 2}. 


Hence, (d) is the correct answer. 


Example 62 Range of the function 


f(x) = y]sin“ | sin x||- cos" |cos x|, és 
(a) {0} (b) o. (c) [(0,V]  (d) None of these 


Sol. We know that, | sin™'| sin x || = cos’ | cos x |, 


V x € domain 


f(x) = mI sin! |sin x || — cos’ | cos x | = 0, Vx € domain 
*. Range of f(x) is {0}. 


Hence, (a) is the correct answer. 


Example 63 The number of values of y in [-2z, 271] 


hace ae (x+1) _ satisfying the equation | sin 2x|+|cos 2x|=|sin y | is 
3 (a) 3 (b) 4 (c) 5 (d) 6 
=? BONE OE ae - a i} Sol. Here, 1<|sin 2x | +| cos 2x | < V2 and|sin y|<1. 
Hence, (d) is the correct answer. So, solution is possible only when | sin y | = 1. 
‘ Tt , 30 
Example 60 The range of the function = A 
Seine we Reine a 
fx) Sele ees ogi Os “. Number of values of yis 4. 
(a) [-10,0] (b) [-1,1] (¢ [0,2] (d) - =, 0| Hence, (b) is the correct answer. 
a oe 
Sollee, 76) o osGaexe Example 64 Let f(x)=cot™ (x° —4x+ 5), then range 
- ae ge of f(x) is equal to 
=|sin® x —5sin x + — |-6- — T T 
i = (a) | 0,— (b) | 0,— 
2 2 4 
Se epee (i) tr 
rl cama 4 - (c) [fo 4 (d) None of these 
9 5)" _ 49 : 
where 2 s(sin x -2) = ..(ii) Sol. Here, x? —4x4+5=3(x-2) +121 


From Eqs. (i) and (ii), we get -10 < f(x) <0 
= Range of f(x) is [-10, 0]. 


Hence, (a) is the correct answer. 


Example 61 If f(x)=[x7]-Lx]’, where L] denotes 


the greatest integer function and x €[0,n],neEN, then 


the number of elements in the range of f(x) is 
(a) (2n+1) (b) 4n—3 (c) 3n-3 = (d) 2n-1 


1<x°-4x+5<00 


- T 
> 0< cot! (x? -—4x+5)<— 
4 
[using, x, < x2 > cot! x, > cot”! x», 
since cot ' x is decreasing] 
=> 


‘ T 
Range of f(x) is [o, *| 


Hence, (b) is the correct answer. 
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To Find Range for 
Rational Expressions 


Lex) = zu + bx +c 
px” +qx +r 
Step 1 Write the given function as a equation 
_ ax’ +bx +¢ 
Step 2 Rewrite the above equation for x in standard form 
x" (py —a) + x(qy —b) +ry-c=0 
Step 3 Find the discriminant to the above equation 
D=(qy—b)’ —4(py —a)(ry -c) 
D=q’y’ —2qyb+b? —4 [pry’ -(pe+ar)y +ac] 
D=y’"(q? —4pr) +(4pe + 4ar —2bq)y +b? — 4ac 
-B+ VB’ -4AC 
2A 
where, A= q’ —4pr, B= 4pc + 4ar —2bq,C = b” —4ac. 


Step 4 Find y,,y. = 


Step 5 Let y, <y2, then range of f(x) is[y,,y2]if A<0 and 
A> 0, then range of f(x) is R-(y1,y2). 


2+ 14x+9 
Example 65 Find the range of f(x)= ~~. 
x°+2x+3 


where xeR. 
Sol. Here, A= 4-12=-8 B=12+36-—56=-8 C =160 


-B+,/B?-4AC -1+./1+80 died 
= = ,4an 
2A ~2 


here A <0 
Range is [— 5, 4] 


Now, 


Example 66 For what real values of a does the 


X+1 
range of f(x) = ; contains the interval [0,1] ? 
a+x 


Sol. Let y= = 
2 
at+x 

> y(at+x’)=x4+1 


=> yx? — x + (ay —1)=Ohas real roots for every y € [0, 1]. 
1-4y (ay -1)20 

=> 1- 4ay’ + 4y>0 holds for0< y <1 (i) 

Casel Ify=0 


Here, y = 0is assumed at x = —1 for anya #~-1. 
+l ., 
Fora=-1,y= 7 is undefined for x = —1. 
x2 


1 
Casell If0<y<1, Put z=— 
y 


=> 1<z<o 
Now, from Eq. (i), we get 
z’ + 4z— 4a >0holds for1<z< 


> (z +2)? —4—4a2> holds for1<z< 
Consider, (z +2)? -4-4a>0 
> (z+2)? >4+4a 
=> z+2>V444a;4+4a>0 

aesi (ii) 
but z21 

924+4a 
> 524a [as(ut+2)*>9foru=1] 
=> as 2 as -1 ...(iii) 


« Brom Eqs: (), (i) and Gil), we get ae (13 


Example 67 Find the range of the function 


sin? x+sinx—1 
xe 


sin? x -—sinx +2 


a. 2 é 
sin” x +sin x —-1 


1 
and y>lory<-— 
2 


* ye (1,3) 

Casell Ift;<-—1landt,<-1 

> t, t+t,<—-2 and (ft, +1)(t, +1)>0 
+1 ayt+1 +1 

> J’ ege0 and Os ise 


y-l1 y-1 y-l 


i) 


Sol. Let y=—, - 
sin” x —sin x +2 
2 
t“+t-1 
Let t=sinx = -1StS1 and y=—_—— 
=P 2 
= (y-1)t? -(y+t+(2y+1)=0 
; ‘ 3-2v11 34+ 2v11 
Since t is real, Vil eye vil 
7 7 
Case If both roots of Eq. (i) are greater than 1, ie. t; >1 
andt, > 1. 
=> ty tty >2 
and (t, — 1)(t, —1)>0 
+1 
= ee 
y-1 
2yt+1 +1 
and at ee 
y-1 yl 
=> 1<y<3 


ii) 


1 1 
=> gy ane See 
3 


= yed 
Case lll Ift;<-—1andt, >-1,t;<1and t,> 1 


> (t; +1)(t2 +1) <0 and (t; —1)(tz -1) <0 


...(iii) 


Chap 03 Functions 123 


2y+1 +1 2 
y raed +1<0 and —— 


y-1 y-l yod yes 


ie <1 die <1 as Ey <1 
233 and = 2 
4 i 2 f 2 4 


_[3-2Vi1 1 
ae 


Rr 2 [014 


Exercise for Session 5 


= Directions (Q. Nos. 1 to 25) Find the range of the following. 


1. f(x)=./9- x? 
3. f(x)=sinx +cos x +3 
5. f (x) =log3 (5+ 4x — x”) 


_ x? 42x43 
x 


7. f(x) 


x 
1+ x 


2. f(x)= 


2 


4. f(x)=|x-—1|+|x-2], -1<x <3 
x?-2 


x? - 


6. f(x)= 


8. f(x)=|x-1|+|x-2|+|x -3| 


9. f(X) = log ,y-4;sin x, where [-] denotes the greatest integer function. 


10. f(x)=cos™ log pt 


, where [-] denotes the greatest integer function. 


11. f(x) =./ [sin2x]—[cos 2x], where [:] denotes the greatest integer function. 


12. f(x)= sin" x? + ;| + cos" x? = 5 where [-] denotes the greatest integer function. 


13. f(x) =sin"\(Vx? + x +1) 
15. f(x)=.flog(cos (sin x)) 


17. flx)= sinx __—_—cosx 
V1+tan?x /14cot? x 


x 


19. #(x)=—2—, x20 


~ Tx 4)’ 


18. (x)= tan (m [x2 - x]) 


~ d4+sin (cos x ) 


20. f(x) =[|sin x | + |cos x |], where [-] denotes the greatest integer function. 


21. f(x)=J-x?+4x-34+ {sin [sin 1) 


22. Find the image of the following sets under the mapping f(x) = x* — 8x? + 22x? —24x +10 (i) (— 9,1) (ii) [1, 2] 


23. Find the domain and range of f(x) =log cos |x |+ ;| , where [-] denotes the greatest integer function. 


24. Find the domain and range of f(x) = sin“ (log [x]) + log (sin [x]), where [] denotes the greatest integer function. 


25. Find the domain and range of f(x) =[log (sin |X? + 3x + 2)], where [-] denotes the greatest integer function. 
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Odd and Even Functions 


Odd and Even Functions 
Odd Functions 


A function f(x) is said to be an odd function, if 

f(— x) =- f(x) for all x . Graph of an odd function is 
symmetrical in opposite quadrants, i.e. the curve in first 
quadrant is identical to the curve in the third quadrant and 
the curve in second quadrant is identical to the curve in 
fourth quadrant. Some graphs which are symmetrical in 
opposite quadrants (or about origin) are 


a 


y’ 


Figure 3.29 Figure 3.30 


Figure 3.31 


Even Functions 


A function f(x) is said to be an even, if f(-x) = f(x) for all 
x. The graph is always symmetrical about Y-axis, i.e. the 
graph on left hand side of Y-axis is the mirror image of the 

curve on its right hand side. 


Some graphs which are symmetrical about Y-axis are 


YR a 
= |X 
ee y=|x| 
7350 
No a 45° 
~< 0 > De: re) >X 
yy? vy’ 


Figure 3.32 Figure 3.33 


Properties of Odd and Even Functions 

(i) Product of two odd functions or two even functions is an even 
function. 
(ii) Product of odd and even function is an odd function. 


(iii) Every function y = f(x) can be expressed as the sum of an 
even and odd function. 
(iv) The derivative of an odd function is an even function and 
derivative of an even function is an odd function. 

(v) A function which is even or odd, when squared becomes an 
even function. 


(vi) The only function which is both even and odd is f(x) =0, i.e. 
zero function. 


Example 68 If f is an even function, then find the 
real values of x satisfying the equation 


f(x) = f| —~ |. [IIT JEE 1996, 2001] 


Sol. Since, f(x) is even, so f(-x) = f(x) 


+1 
Thus, x= 
x+2 
x1 
or -x= 
x+2 
=> x7 4+2x=x41 
or -x?-2x=x +1 
=> x7 +x-1=0 
or -x’ -3x-1=0 
-14¥5 
> x= 
2 
-3+5 
or = 
2 


Thus, x 


2 2 2 


ere (245 <g40)5 =3 4} 
a ; 


Example 69 Find out whether the given function 
is even, odd or neither even nor odd, 


x| x| , Sl 
where f(x)=4[1+ x]+[1-x] , -1<x<1 
-x| x| 3 


where | | and [] represent the modulus and greatest 
integer functions. 
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Sol. The given function can be written as Example 70 Find whether the given function is even 
2 ‘ 
-x oS x (sin x + tan x) 
or odd function, where f(x) = ——__——,, when 
f(x) =324+[x]+[-x] , -l<x<1 : fl ) [x+n] 1 : 
-x? > = 
‘x x21 l 1 | 2 
[using definition of modulus function and the x #n, where [- ] denotes the greatest integer function. 
properties of greatest integer functions] ne x (sin x+tan x) _ x (sin x + tan x) 
-x? F xs-1 : x+T 1 x ee 
2-140 , -1<x<0 T 2 T 2 
= f(x)= 2 , x=0 (p27) 
2+0-1 , 0<x<1 x 
: = /+0.5 
-x ; x21 TT 
aye peed Now, Fen) = -x(sin ~ tan(-x)) 
1 , -1<x<0 [-* +05 
f(x)=42 ,  x=0 ee 
x(sin x + tan x) 
{1 , 0<x<1 -— Tel. «eee 
sg? x21 => fCx)= -1-[*|+08 
which is clearly even as 0 yp 
if f(-x) = f(x). So, pee Ar BND oa aan 
Thus, f(x) is even. =| +0.5 
Tl 


“. f(-x) =- f(x). Hence, f(x) is an odd function (if x#n7). 


Exercise for Session 6 


1. Determine whether the following functions are even or odd. 


(i) f(x) =log (x +-V14 x?) (ii) Hay=x( 241) 
a — 
(iii) f(x) =sin x + cos x (iv) f(x)=x?-|x| 
(v) f(x)= iog( +) (vi) f(x) = {(sgn x )§9"*}": n is an odd integer. 
1+ x 
(vii) f(x) =sgn (x)+ x? (viii) F(x + y)+f(x — y) =2f(x)-f(y); where f(0) #0 and x,y ER. 


2. Determine whether function; f(x) = (-1}*! is even, odd or neither of two (where[-] denotes the greatest integer 
function). 
X|x|, O<sx<1 


3. A function defined for all real numbers is defined for x >0 as follows f(x)= ‘. — 
How is f defined for x <0, if (i) f is even? (ii) f is odd? 


2x (sin x + tan x) 


2222) — a 
Tl 


4. Show that the function f(x) = is symmetric about origin. 


2 
5. If f :[-20,20] > R defined by f(x) = *] sin x + cos x is an even function, find the set of values of ‘a’ 
a 


(where [-] denotes the greatest integer function). 
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Periodic Functions 


Definition A function f(x) is said to be periodic 
function, if there exists a positive real number, T such that 
f(x +T)= f(x), V x € Dom (f). Then, f(x) is periodic 
with period T, where Tis least positive value. 
Graphically Ifthe graph repeats at fixed interval, the 
function is said to be periodic and its period is the width 
of that interval. 


Example 71 Prove that sin x is periodic and 
find its period. 
Sol. Let f(x) =sin x and T > 0, then f(x) is periodic, if 

f(x +T)= f(x). 
> sin(x + T)=sin(x),V xER 
=> T = 2m, 40, 67,.... 
But period of f(x) is smallest positive real number. 
Thus, period of f(x) is 27. 


Aliter f(x) = sin x could be expressed graphically as 
shown in figure. 


Xx’ < >X 


2 


=A Sm 4 y=-1 
Pe 


Here, graph repeats at an interval of 27. 
Thus, f(x) is periodic with period 27. 


Example 72 Prove that f(x) = x-[x]is periodic 
function. Also, find its period. 


Sol. Let T > 0. 
Then, f(x+T)= f(x)VxeER 
> (x+T)-[x+T]l=x-[x],VxeER 
> [x+T]-[x]=T,VxeER 
=> T =1,2,3,4,... 


[since, subtraction of two integers] 
The smallest value of T satisfying f(x + T)= f(x)is 1. 
Thus, it is periodic with period 1. 


Graphically f(x) = x-[x]= {x} 


Ya 


Clearly, from the given graph, the function repeats itself at 
an interval of 1 unit. Thus, period of f(x) = 1. 


Remark 


For those functions whose periods are not deducted by graphs, 
they can be judged by inspection method. 


Example 73 Let f(x) be periodic and k be a positive 
real number such that f(x+k)+ f(x)=0 for all x ER. 
Prove that f(x) is a periodic with period 2k. 
Sol. We have, 
f(xtk)+ f(x)=0V xER 


> f(x+k)=-f(x),V xe R, put x =x+k 
=> f(x +2k)=-f(x+k),VxeER 

[as f(x+k)=- f(x)] 
= f(x + 2k)= f(x),V xER 


which clearly shows that f(x) is periodic with period 2k. 


Some Standard Results on 
Periodic Functions 


Functions Periods 


(i) sin” x, cos” x mT, ifnis even. 


santas Rosset 2n, if nis odd or fraction. 


(ii) tan"x, cot"x Tl, nis even or odd. 


(iii) |sin x|,|cos x|,|tan x| T 
|cot x|,| sec x|,| cosec x| 
(iv) x-[x] 1 


(v) Algebraic functions Period doesn’t exist. 


e.g. x, x, e+ 5, aa ete. 


Periodic with no fundamental 
period. 


(vi) f(x) = constant 


Example 74 Find periods for 
(i) cos’ x . (ii) sin? x. (iii) cosVx . (iv) ./cos x. 
Sol. (i) cos* x has a period 7 as n is even. 


(ii) sin’ x has a period 2m as n is odd. 
(iii) cos Vx is not periodic, as for no value of T, 


f(x+T)= f(x) => cos.f/x+T =cos (Vx) 


Thus, there exists no value of T for which f(x + T) = f(x). 


Hence, cos lx is not periodic. 
(iv) f(x) =./cos x has the period 27 as n is in fraction. 
Aliter f(x + T)= f(x)= cos (x + T) = {cos (x) 


=> T = 2m, 47... 
But T is the least positive value, hence f(x) is periodic 
with period 27. 


Properties of Periodic Functions 
(i) If f(x) is periodic with period T, then 
(a) c -f(x) is periodic with period T 
(b) f (x + c) is periodic with period T 
(c) f(x) £ cis periodic with period T, where c is any constant. 
We know, sin x has period 2z. 
Then, f(x) =5(sin x) + 4 is also periodic with period 2n. 


i.e. “If constant is added, subtracted, multiplied or divided in 
a periodic function, its period remains the same.” 


(ii) If f(x) is periodic with period T, then kf (cx + d) has period 
i.e. period is only affected by coefficient of x, 
where, k, c, d € constant. 


We know, f(x) {7 sin (2x + *) 


qT 
Ic|’ 


- 12has the period = = Tl; as 


sin X Is periodic with period 2z. 


(iii) If f;(x), fo(x) are periodic functions with periods T,, T, 
respectively, then h(x) = f,(x) + fo(x) has period 

LCM of {7j, To}, if h(x)is not an even function. 

OR 


— LCM of {T,, To}, if f,(x) and fo(x) are complementary 


pair-wise comparable functions. 
While taking LCM we should always remember 
a ce) LCMof (a,c,e) 
b'd' 2) HCF of (b, d,f) 
LCM of (27, 1,7) 20 


(a) LCM ff 


e.g. LCM of = = 
7 HCF of (3,62) 3 
LCM of( 2, = =| a 
3°6' @) 3 


(b) LCM of rational with rational is possible. 
LCM of irrational with irrational is possible. 
But LCM of rational and irrational is not possible. 


e.g. LCM of (2x, 1, 670) is not possible, as 2x, 6x € irrational 
and 1€ rational. 
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Periodicity of Constant Function 


The LCM rule is not applicable, if function reduces to 
constant. 


e.g. f(x) =sin? x +cos? x. 


Since, period of sin? x and cos” x are T. 
. Period of f(x) = z LCM {1,1} = x which is not correct. 
2 2 


Whereas, sin’ x +cos” x =1is a constant function and 
period is undetermined. 
Example 75 Find the period, if f(x)=sin x + {x}, 
where { x} is fractional part of x . 
Sol. Here, sin x is periodic with period 2m and {x} is periodic 
with period 1. Thus, LCM of 2m and 1 => Does not exist. 


Hence, f(x) is not periodic. 
Example 76 Find period of f (x)= tan 3x+sin (+) 
a 
3 


2m X — 
1 


Sol. Period for tan 3x is 


i ba og 
Period for sin — is =|67| 
3 


Thus, LCM of 


670 610 
and — > — 
1 1 


Hence, f(x) is periodic with period 6m. 


Example 77 Find the period of 


Xx 


xX x 
X)=sin x+ tan—+sin —+ tan —+... 
f( ) 2 92 23 


_ x X 
#Si = 4 tals a 
aes 2 


Sol. We have, Period of (sin x + tan *) is 27, 


x ry a ae 3 
sin > + tan — is 2° Tl, 
2 2 


Thus, LCM of {2n, 2°n, ...,2"} = 2" n. 


Hence, the period of f(x) is 2" 7. 
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Example 78 Find the period of f(x) =|sin x|+|cos x\. 
Sol. |sin x| has period m and |cos x| has period 7. 


Here, f(x) is an even function and sin x, cos x are 
complementary. 
T 


Thus, period of f(x) = ; {LCM of 1 and 1} = a 


Thus, period for f(x) is _ 


Example 79 Find the period of 
f(x)=sin" x+cos” x. 
Sol. sin* x and cos* x both has a period 7. [as n is even] 


But f(x) is an even function and sin x and cos x are 
complementary. 


Hence, f(x) has period = * {LCM of 1,m}= . 


Thus, period of f(x) is *. 


Example 80 Find the period of 
f(x)=cos (cos x)+ cos (sin x) . 
Sol. Here, cos (cos x) has period 7; as it is even, also 


cos (sin x) has period 7; as it is even. 


Thus, period of f(x) = ; {LCM of 1 and 1} 


Hence, period of f(x) = _ 


Example 81 Find the period of f(x)=cos" (cos x). 
f(x) = cos (cos x); f(x +T)= f(x) 


= cos ‘{cos (x + T)}= cos‘ {cos (x)} 


Sol. Here, 


= T = 27, 47, 670... 

But, T is the least positive value. Hence, T = 27 or period is 27. 
Aliter f(x) = cos” ‘(cos x) has period 2n, since cos x has 
period 27. 


(i.e. In composition of function ( fog) or (gof ) are periodic, if 
g(x) and f(x) are periodic, respectively.) 


Example 82 The period of 

f(x)=cos (|sin x|—|cos x]) is 
(b) 27 
(d) None of these 


(a) 
(c) 


Nlaa 


Sol. As, cos 9 is even and | sin x |—| cos x | has the period 1. 
‘ eagle 
cos (| sin x |—| cos x |) has period —. 
2 


(i.e. Half the period of g(x), if f(x) is even in fog). 


Hence, (c) is the correct answer. 


Example 83 Period of the function 
f(x)=sin (sin (1x))+ e'%} where {.} denotes the 
fractional part of x is 

(a) 1 (b) 2 

(c) 3 (d) None of these 


Sol. As, sin (1x) has period = | AM 2 2 
T 


*, sin (sin (1x)) has period 2 


and e*} has period : 


. : i x}: 1 
. Period of f(x) = sin (sin (1x)) + e*! is LCM of | =2 
Hence, (b) is the correct answer. 


Example 84 sin ax +cos ax and|cos x|+|sin x| are 
periodic functions of same fundamental period, if ‘a’ 
equals 

(a) 0 (b) 1 


(c) 2 (d) 4 


T 
Sol. Fundamental period of | sin x |+]| cos x| is —- 
2 


F : . 21 
Fundamental period of (sin ax + cos ax) is —- 
a 


a=4 


Hence, (d) is the correct answer. 


Example 85 Let f(x) =sin x+cos (,/4 -—a*) x. Then, 
the integral values of ‘a’ for which f(x) is a periodic 
function, are given by 
(a) {2,- 2} (b) (-2, 2] 
(c) [-2, 2] (d) None of these 
Sol. f(x) will be periodic, if 4 — a’ is a rational which is 
only possible when (4 — a”) is a perfect square. 
> a= 0,2, —2 or ae {—2, 0, 2} 


Hence, (d) is the correct answer. 


—1+sin K,;mx, xis rational. 
Example 86 Let f(x)= 


1+cos Kjmx, xis irrational. 


If f(x) is a periodic function, then 
(a) either K, , Kz € rational or K,, K> € irrational 
(b) K,,K € rational only 
(c) K,,K € irrational only 
(d) K,,K> € irrational such that . is rational 
2 
Sol. Range of -1+ sin K,nx is [—2,0] and range of 
1+ cos K,1x is [0, 2]. 
= If g(x)=-1+sin K\nx 


Chap 03 Functions 129 


=> g(x +7,)=—-1+sin K,nx, where T, is a period of . 1 $1 oF 1 +1 
1+ sin K, mx “ 2+m 3+m 

=> T, is rational => m¢€ (—2, -1) U(-3, -2) 

=> Period of f(x) is rational. Hence, (c) is the correct answer. 


=> K, and K, are rational. 


Example 88 Let f(x) be a periodic function with 
ae period 3 and f [- ?) =7 and g(x)= Ips f(t+n) dt, 


n> —5n+8 


Hence, (b) is the correct answer. 


Example 87 If f(x)= tan? 
where n= 3K, KEN. Then, (7) is equal to 


+ cot (n+ m)nx; (ne N,me Q) is a periodic function 
with 2 as its fundamental period, then m can't ,) 
belong to (a= . (b) 7 
—oo,—2 —1, c0 b) (— 2, -3 —2, 00 
(a) (= 99, = 2) 1, ) (b) (— %, Hy () -7 (a) 2 
@@-iees-9 @ [-3.-$]u[-3.-2] 2 
2 2 Sol. g’(x) = f(x +n) = f(x +(n-3)+3) 
Sol. Period is LCM of n? —5n +8 and Pay = f(xt+n—3) 
a | one 
2k Poeiatot oe BeBe S=s jj. jj. jj.  J<6RReiadatiees 
> n?—5n+7=0 or n?—5n+6=0 Seal) 
Se ay be > g (x)= f(x) 
ince, n Se n= 2, , 2) (2) [ 2 ( =| 
=> = = +3|=f|-<|=7 
sind : )xvna (Ke) > ——#1 ae Myris M3 
n+m n+m 


Hence, (b) is the correct answer. 


Exercise for Session 7 


1. Find the periods of following functions. 


(i) f(x) = [sin 3x] + |cos 6x | (ii) f(x) = {ls 21, [ses al 
2 | cos x sin x 
(ili) F(x.) = 8 +X —Le 1+ cos? mx (iv) f(x) =3sin = + 4cos = 
(v) f(x) =cos 3x + sin V3nx (vi) f(x)=sin HE cos i 
n! (n+ 1)! 
(vii) f(x)=x -—[x —b] (vill) f(x) =el"S"") + tan? x — cosec (3x — 5) 


2. Find the period of the real-valued function satisfying f(x) + f(x + 4) =f(x + 2)+ f(x +6). 
3. Check whether the function defined by 
f(x +A) =14 J/2F(x)- f?(x), Vv x ERs periodic. If yes, find its period. 


4. Letf(x + p)=1+ 2-3f(x)+3(F(x))* —(F(x))°}"%, V x ER, where p >0, prove that f(x) is periodic. 


99 
5. Let f(x) be a function such that ; f(x — 1) + f(x + 1)=~3 f(x), V x ER. If f(5) = 100, find Py f(5 + 12r). 
r=0 
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Mapping of Functions 


Mapping of Functions 


As discussed earlier, a function exists only if, “to every 
element in domain there exists unique image in the 
codomain”. 

i.e. To every element of A there exists one and only one 
element of B. 

This is written as f: A > Band is read as f maps from 
Ato B and this correspondence is denoted by y = f(x). 
From definition, it follows that there may exist some 
elements in B, which may not have any corresponding 
element in set A. 


But there should not be any x left (element of A) for which 


there is no element in set B. 


There are four types of mappings defined as 


1. One-one Mapping or Injective 
or Monomorphic 


A function f : A> Bis said to be one-one mapping or 
injective, if different elements of A have different images 
in B. 

Thus, no two elements of set A can have the same f 
image. 

Verbal Description Let us consider set A ={1,3,5} and 
B={3,7,11,15}, where f: A— Band f(x) =2x +1, then 


here every element in domain possess distinct images in 


codomain. 


Figure 3.34 


Thus, f(x) is one-one or injective. 
From above definition, following mappings are not 


one-one. 


(i) f:A>B (ii) f:A 3B 


Se 
= 


Figure 3.35 Figure 3.36 


Method to Check One-one Mapping 


Method 1. Theoretically If f(x)=f(y) >x=y, then 
f(x) is one-one. 

Method 2. Graphically A function is one-one iff no line 
parallel to X-axis meets the graph of function at more 
than one point. 


Example 89 Let f: [—12/2,2/2]— [-1,1] where 
f (x)= sin x. Find whether f(x) is one-one or not. 
Sol. Here, f: [—-1/2,m/2]— [-1,1] indicates that 


; T™ 1 : 
domain e|-4. and codomain €[-1, 1]. 
2 2 


> X 


Thus, the graph of f(x) = sin x should be plotted in 
[-1/2, 1/2]. 


Which is clearly not intersected at more than one point by 
any straight line parallel to X-axis. 
Thus, f(x) is one-one. 
Method 3. By Calculus For checking whether f(x) is 
one-one, find whether function is only increasing or only 
decreasing in its domain. If yes, then one-one. 
ie. if f’(x)20,V xe domain 
or if f’(x)<0, V x€ domain, then one-one. 
Remark 


Students are advised to use the graphical or calculus method for 
finding one-one. 


Number of One-one Mapping 


If A and Bare finite sets having m and n elements, then 
number of one-one function from A to B. 


f :A B 


Here, x, can take n images, 


Figure 3.37 


x, can take (n — 1) images, 

x3 can take (n — 2) images, 

xX, can take (n —m +1) images. 
Thus, number of mapping >n(n-1)(n-2)...(n-—m +1) 
‘i P,, if n=m 


0, ifn<m 


=> 


Example 90 f(x)=x°+3x?+4x+bsin x 


+ccos x, V xER is a one-one function, the value of 
b? +c ts 


(a) =>1 + (b) 22 (c) <1 (d) None of these 
Sol. Here, f(x)= x? +3x? + 4x +bsin x +c cos x 
=> f’(x) =3x? +6x + 4+ bcos x —csin x 


Now, for f(x) to be one-one, the only possibility is 
f'(x)20,VxER 
3x° +6x+4+bcosx—csinx>0,VxER 


3x7 +6x+4>csinx—bcosx,VxeER 


3x2 +6x+4>/b° +c°, VxER 
Vb? +c? <x? +2x+1)4+1VxER 
Vb? +c? <3%x+1/"4+1V xER 


sb? +c? <14VxERSb' +c°<1,VxER 


Hence, (c) is the correct answer. 


! duUudveae 


2. Many-one Mapping 


A mapping f:A— Bis said to be many-one function, if 


two or more elements of set A have the same image in B. 


In other words; f:A— Bis a many-one function, if it is 
not one-one function. 
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Verbal Description Let f: A — Band g: X —Y be two 
functions represented by 


f:A 


Figure 3.38 Figure 3.39 


Clearly, f and g both are many-one as there are two 
elements x3,x 4 which correspond to the same image. 


ie. f(x3)=f(x4)=y3. Thus, many-one. 
Method to Check Many-one 


They are same as for one-one because, if mapping is not 
one-one it is many-one. 


Example 91 Show f: RR defined by f(x)=x* + x 


for all xER is many-one. 
Sol. By graph 


f(x) = x? + x can be represented graphically, as shown in 
figure, 


where the straight line parallel to X-axis meets the curve at 
two points (ie. more than one point). 


Thus, it is not one-one it is many-one. 
Aliter By calculus, 
f(x)=x° +x 


> f' (x) =2x41 
where f'(x)>0 
if ren 
2 
and f'(x)<0 
if x<- - 
2 


which shows f(x) is neither increasing nor decreasing 
i.e. not monotonic. Hence, many-one. 
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3. Onto Mapping or Surjective 


A function f: A > Bis an onto function, if such that each 
element of B is the f image of atleast one element in A. It 
is expressed as f:A — B. 


Here, range of f = codomain. 
Le. f(A)=B 
Method to show onto or surjective 


Find the range of y = f(x) and show range of f(x) = 
codomain of f(x). 


Remark 
If range = codomain, then f(x) is onto. Any polynomial of odd 
degree has range all real numbers and is onto forf: RR. 


Example 92 Show f:R —R defined by 
f(x) =(x-1)(x —2)(x— 3) is surjective but not injective 
Sol. We have, 
f(x) = (x = 1)(x — 2)(x 3) 
F() = f2)= f()=0 
Hence, it is not injective, it is many-one function. 
Now, f(x) is a polynomial of degree 3, i.e. odd. 


Hence, f(x) is surjective. 


Number of Onto Functions 


If A and B are two sets having m and n elements 

respectively, such that 1< n < m, then number of onto 

functions from A to Bis 

Coefficient of x” inm!(e* - 1)” 

=> Coefficient of x” in 
mi"Coe™ - "Cie 


Ue Cay Cue 


Puce aye OF 
= yey" n CG. r™ 
r=1 
Or 
Consider the set of all possible functions from A to B, 
Le. {f:A— B}. 


Now, let us define a subset Q such that 
A; ={f © Q|i¢ Range of f},ien 


n 
ie. U A; ={f is injective} 
i=1 
To find number of onto functions 


= Total number of functions 


— Number of injective functions 


=n™ — {Number of injective functions} 


I i) 


where UA, = 14-3 A (Age: 


i=1 


Il 


"C,(n—2)" +... 


n:-(n—1)" — 
.. Number of onto functions 
n™ —{n-(n-1)" —"C,(n—-2)” 


a -1)"" r a er a 


r=1 


+..4(-1)"7"-"C,_,()"} 


4 


leo 


is an onto function, the set of values of ‘a’ is 


1 
Lay 


(d) None of these 


2 
Example 93 If f: ro|= * f(x)=sin" ea 


(c) (-1, e) 
Sol. Here, f(x) is onto. 


2 2 
1 62g | XO 38 Tl Ie KO =4 
a * san'| |: => < ak 


x +1 2 2 x? 41 
1 +1 
> f<1-@* 9 civcer >a+1>0>a€(-1,0) 
2 x" +1 


Hence, (c) is the correct answer. 


4. Into Mapping 


A function f:A — Bis an into function, if there exists an 
element in B having no pre-image in A. 


In other words, f: A — B is into function, if it is not onto 
function (mapping). 

Example 94 Show f:R —R defined by 

f(x)= 


Sol. We have, 


x?+4x+5 is into. 
f(x)= x? +4x45 


f(x) =(x+2)? +1 
Since, the codomain of f is R but the range of f is [1, ©). 
Hence, f is into. 


One-one Onto Mapping or Bijective 


A function is one-one onto or bijective, if it is both 
one-one and onto. A function is bijective if and only if 
every possible image is mapped to by exactly one 
argument. 


The function f: A > B is bijective iff for all y € B, there is 
a unique x € A such that f(x) =y. 


Example 95 Let A={x:-1<x <1}=B and a mapping 


f:A—B. For each of the following functions from A to 
B, find whether it is surjective or bijective. 


(i) fx)=|x| (ii) f(x)=x|x| (iii) f(X)=x? 
(iv) f(x)=Lx] (v) fix)=sin= 
Sol. (i) f(x)=|x| 
AY 
ae O to 
yy’ 


Which shows many-one, as the straight line is parallel 
to X-axis cuts at two points. Here, range for 
f(x)eE [0,1]. Which is clearly a subset of codomain. 


ie. [0,1]J<[-1,1] 
Thus, into. Hence, function is many-one-into. 
.. Neither injective nor surjective. 
(ii) f(x)= |x| 
The graph shows that f(x) is one-one, as the straight 
line parallel to X-axis cuts only at one point. 


AY 


vy 


Here, range f(x)e[-1, 1] 
Thus, range = codomain 
Hence, onto. Therefore, f(x) is one-one onto or 
(bijective). 
(ii) f(x)=x° 
Graph shows f(x) is one-one onto (i.e. bijective). (as 


explained above) 


AY 
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(iv) f(x)=[x] 
Graph shows that f(x) is many-one, as the straight 
line parallel to X-axis meets at more than one points. 


AY 


o—€ >X 


yy’ 


Here, range f(x)e {-1, 0, 1} 
which shows into as range C codomain. 


Hence, many-one-into. 
. 1 
(v) f(x) = sin = 


Graph shows f(x) is one-one and onto as range 


= codomain. 
AY 
1 
XxX’ 5 O 7 >X 
4 
YY’ 


Therefore, f(x) is bijective. 


Example 96 The function f :R +R defined as 


fx) = log, (VV x2 414 x4 Vx? 4 —x) is 


a) one-one and onto both 


( 

(b 
(c 
(d) Neither one-one nor onto 


Sol. (d) Here, f(x) = “tog{ Vv! +1+x bie +1-2] 
= log VW riex + att x) 
= Hog Vx? +14 xv? + x4 2l(xt +1)? | 


ww SS 


one-one but not onto 
onto but not one-one 


a at 
=-—log veterans | 
2 


= ~loel2 x? +142] 


Now, f(-x) = f(x) 
“. f(x) is even function. 


Hence, neither one-one nor onto. 
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Quick Review 


Let X = {x4, Xz, X3,..., Xn} lie. n elements] 


and Y = {V1 Vo, V3e--y Ved lie. r elements] 
f:X —>Y 
f(x) 
Figure 3.40 
(a) Total number of functions =r" 
=(Number of elements in codomain)™™er of elements in domain 
, 
. Ch-n!, ren 
(b) Total number of one to one functions =4 ~" ” 
0, r<n 
. rm —'C,+nl ren 
(c) Total number of many-one functions =| ; 
ioe re<n 
(d) Total number of constant functions = r 
(e) Total number of onto functions 
r —*C,(r— 1)" + 'C,(r - 2)" —*C3(r-3)" +..., r<n 
= rl, r=n 
0, r>n 
(f) Total number of into functions 
7 "C(r-—1)" —'C)(r— 2)? + 'C3(r-3)" —.., rn 
t'; r>n 


Exercise for Session 8 


Example 97 If xX ={1, 2,3, 4,5}.and Y ={a,b,c,d,e, f} 
and f :X —Y, find the total number of 

(i) functions (ii) one to one functions 
(iv) constant functions 
(vi) into functions 


Sol. (i) Total number of functions = 6° = 7776 
(ii) Total number of one to one functions 
= °C, -5!=6! = 720 


(iii) Total number of many-one functions = 6° — 6! = 7056 


(iii) many-one functions 
(v) onto functions 


(iv) Total number of constant functions = 6 
(v) Total number of onto functions = 0 (as r > n) 
(vi) Total number of into functions = 6° = 7776 


Example 98 Find the number of surjections from A 
to B, where A= {1, 2,3,4}, B={ab}. [IIT JEE 2000] 
Sol. Number of surjections from A to B= y(-1) “P20 (r)4 
r=1 
= (-1)? “'?C,(1)* +(-1)? ~? 2c, (2) =-2+ 16=14 
Therefore, number of onto mappings from A to B= 14. 
Aliter Total number of mapping from A to B is 2‘of which 


two functions f(x) =a for all xe Aand g(x) = b for all xe A 
are not surjective. 


Thus, total number of surjections from 


Ato B =2' -2 =14. 


1. There are exactly two distinct linear functions, which map[-1, 1] onto [0, 3]. Find the point of intersection of the 


two functions. 


2. Let fbe one-one function with domain {x, y,z} and range {1, 2, 3}. It is given that exactly one of the following 


statement is true and remaining two are false. 


f(x)=1f(y)#1f(z) #2. Determine P'). 


3. Let A=R - 8}, B=R — {i} andf : A> B defined by f(x) =~ 


2 
4. Letf:R—R defined by f(x) = 


1+ x? 


2 
5. If the function f :R — A, given by f(x) = = ; 
xe + 


6. Ifthe functionf :R > A, given by f(x) = 


e* 


+e!" 


= Is fF’ bijective? Give reasons. 


Prove that fis neither injective nor surjective. 


is surjection, find A. 


eX —e!*! 


is surjection, find A. 


7. Letf(x)=ax? + bx? + cx +d sin x. Find the condition that f(x) is always one-one function. 


8. Letf:X >Y bea function defined byf(x)=a sin (x + *| + b cos x + c. If fis both one-one and onto, find the 


sets X and Y. 
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Identical (or Equal) Functions 


Identical (or Equal) Functions 


Two functions f and g are said to be identical (or equal) 
functions, if 
(i) the domain of f =the domain of g, 
(ii) the range of f =the range of g, and 
(iii) f(x) = g(x), V x © domain. 


Examples of Equal or Identical Functions 


(i) f(x) =In x’, g(x) =2Inx (NI) 
flee) =cosee x, g(x) = —— () 

(ii) f(x) =cot (cot x), a(x) = x (I) 
flee) =tan x, g(x) = —— (NI) 

(iii) f(x) =sin™ (3x — 4x3), g(x) =3 sin” x (NI) 
(iv) f(x) =sgn(x? +1), g(x) =sin® x +cos” x (I) 
(v) f(x) =tan? x-sin? x, g(x)=tan? x-sin? x (1) 
(vi) f(x) =sec? x —tan? x, (x) =1 (NI) 
(vii) f(x) = log, e, a(x) = S - (1) 
(viii) f(x) =tan(cot™ x), e(x) =cot (tan! x) (1) 
(ix) f(x) =x? -1.9(x)=Jx-1- x41 (NI) 
(x) f(x) =tan x - cot x, g(x) =sin x -cosec x (NI) 


a 7Gjse™ lxjse™ (1) 


GH) 7052 SRE ate) ee (NI) 

(xiii) f(x) =Vx", g(x) =(Vx)? (ND 
(xiv) f(x) =log (x +2) + log (x —3), 

g(x) =log (x? —x -6) (NI) 

(xv) f(x) =x|x| g(x) =x" sgn x (I) 

(xvi) f(x) = lim = a(x) =sgn (| x|-1) (1) 

sia ale 
(xvii) f(x) =sin(sin™ x), g(x) =cos(cos' x) (I) 


1 x 


(xviii) f(x) = » &(x)= (NI) 
ie. 1+x 
(xix) f(x) = gees g(x) =sec' x (NI) 


Identical, if x € (— 99, - 1]U [1, 9) 


(xx) F(x) =(fog)(x), Gx) =(gof)(x), where f(x) =e", 
g(x) =In x (ND 


Example 99 If f(x)=log 2 25 and g(x)=log, 5, 
then f (x)= g(x) holds, now find the interval for x. 
Sol. Domain of f€ R—{+1, 0} 
Domain of g€(0, ¢)—{1} 
For —f(x)=g(x), 
domain of f =domain of g. 
ie, f(x) = g(x), if x €(0,0¢)— {1} 


Example 100 Let A={1,2}, B={3,6} and f:A—B 
given by f(x)=x7+2and g:A—>B given by g(x)=3x. 
Find whether they equal or not. 
Sol. f(1)=3, f(2)=6 
&(1) = 3, (2) =6 
which shows f(x) and g(x) have same domains and range, 


thus f = g. 


Example 101 Which pair of functions is identical? 


-1 1 


(a) sin™ (sin x) andsin(sin~ x) 


b) log, e*, @|Be x 
d) None of the above 
Sol. Here, (a) sin™' (sin x) is defined for x € - > | : 
while sin (sin™' x) is defined only for x € [-1, 1]. 
(b) log, e* is defined for all x, 
while e!°8: * is defined for x > 0. 
(c) log, x” is defined for all x € R — {0}, while 2 log, x is 
defined for x > 0. 
*, None is identical. 


Hence, (d) is the correct answer. 


Exercise for Session 9 


= Directions (Q. Nos. 1 to 10) Which of the following are identical (or equal) functions? 
1. f(x)=Ine* ,g(x)=e"™ 


2. f(x) =sec x, g(x) = ee 


. f(x)=sec' x + cosec’'x, g(x) =5 


. f(x)=sgn (cot x), g(x) =sgn (x? —4x + 5) 


3 
4. f(x)=cot? x -cos? x, g(x) =cot? x —cos* x 
5 
6 


. EEO XK) 
og, € 


7. f(x)=./1-x?, g(x) =,1-x - [1+ x 
8. #x)=—_, o(x) =v x2 


ara 
9. f(x) = [{x}], g(x) = {[x]} [Note that f(x) and g(x) are constant functions] 


10. f(x)=e""* g(x) =cot' x 
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Composite Functions 


Composite Functions 


Let us consider two functions, f: X > Y, and g:Y, >Y. 
We define function h: X — Y, such that, 


h(x) = g(f(x)) =(gof )(x). 


an a 
X ¥ 
Y 
h=gof 
Figure 3.41 


To obtain h(x), we first take f-image of an element x € X 
so that f(x) € Y,, which is the domain of g(x). Then, we 
take g-image of f(x), ie. g(f(x)) which would be an 
element of Y. 


The diagram below shows the steps to be taken 


ae, a a 
—= => f (x) —>f (x) == => g {f(x)} 
~\e =F — 
g 
Figure 3.42 


The function h defined in the diagram is called 
composition of f and g, and is denoted by (gof ). Clearly, 


domain (gof) ={X : x € domain (f), f(x) € domain (g)}. 
Similarly, we can write, ( fog)(x) = f{ g(x)} 

and domain (fog) ={x :x€ domain (g), g(x)€ domain f} 
In general, fog # gof. 


Properties of Composite Functions 


(i) It should be noted that gof exists, iff the range of f cdomain of g. 
Similarly, fog exists; iff the range of gc domain of f. 
(ii) Composite of functions is not commutative, i.e. gof # fog. 
(iii) Composite of functions is associative, i.e. if f gand hare three 
functions such that fo(foh) and (fog)oh are defined, then 
fo (goh) = (fog)oh. 


e.g. Associativity f : (N) Io f(x) = 2x 


q:ly 2Q 
h:Q—3R h(x) = 
(hog) of = ho (gof)= e* 
(iv) The composite of two bijections is a bijection, i.e. if f and g are two 
bijections such that gof is defined, then gof is also a bijection. 
Proof f : 4 Band g:B->C be two bijections. Then, gof exists 
such that gof :A >C. 
We have to prove that gof is one-one and onto. 
One-One Let a, a) € A such that (gof )(a;) = (gof )(a2), then 
(gof )(a,) = (gof) (a2) => glf(ai)] = gif (a2) 
= f(a,) = f(a) 
=> a= 
*. gof is also one-one function. 
Onto Let c EC, thenc EC 
= 4b eBsuch that g(b) =c 
and b €B = Ja €Asuch that f(a) =b 
Therefore, we see that 
c eC = Ja €Asuch that (gof (a) = df(a)] = g(g) =c 
i.e. Every element of C is the gof image of some element of A. As 
such gof is an onto function. Hence, gof being one-one and 
onto is a bijection. 
f is even, g is even =>fog is even function. 
f is odd, gis odd = fog is odd function. 
f is even, g is odd = fog is even function. 
f isodd, gis even = fog is even function. 


[-. gis one-one 
[-. f is one-one 


[gis onto 
[-.- f is onto 


(v 

(vi 
(vii 
(viii 


ee 


Example 102 Let f:A4—Band g:B—C be 
functions and gof :A — C. Which of the following 
statements is true? 

(a) If gof is one-one, then f and g both are one-one 
(b) If gof is one-one, then f is one-one 
(c) If gof is a bijection, then f is one-one and gis onto 
(d) If f and gare both one-one, then gof is one-one 


Sol. (a) As shown gof is one-one, but g is many-one. 


=> (a) is not correct. 
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(b) If gof is one-one, then f is also one-one, 2; O<x<1 
if f is many-one, then gof cannot be one-one. =,2-x, 1<x<2 
7 f . g ; 4-x, 2<xs3 
Aliter f(x) can be expressed graphically as shown in figure 
below; 
Ya 


gof 


=> (c) and (d) are obviously true. 


Hence, (b), (c) and (d) are correct answers. 


Example 103 If f:R >R, f(x)=x’and g:R>R; 
g(x)=2x+1.Find fog and gof, also show fog # gof. 
Sol (gof )(x)= g{f(x)} = gf{x"} 


when 
(gof (x) = 2x" +1 and O< f(x)<1;2<x<3where f(x) =3-x. 
( fog)(x) = fig(x)} = f(2x + 1) 1< f(x) <2;0< x<1where f(x)=1+ x. 
( fog)(x) = (2x + 1)° 2< f(x) <3;1< x <2where f(x)=1+x. 
where (2x° + 1) # (2x + 1)°. Therefore, ( gof ) # (fog). Thus, (fof)(x) = 1+ f(x), OS f(x)<2 
' 3- f(x), 2< f(x) <3 
xample 104 Let g(x)=1+ x-[x] 
Ae 1+ f(x), O< f(x)<1 
| (fof (x)= 1+ f(x), 18 f(x)s2 
and f(x)= 0, x=0. 3- f(x), 2< f(x) <3 
1,x>0 
1+(3-x), 2<x<3 
Then, for all x, find f(g(x)). [IIT JEE 2001] arial aa: te¢e1 
Sol. Here, g(x)=1+x-[x] Jeli ox), texe2 
oo g(x) =1+{x} [as x—[x]={x}] ee ee 
So, f(g(x)) =1. Since, f (x)= 1 for all x>0. tate: tees! 
Thus, f(g(x)) =1, for all xe R. i Mi a 
: irae 14x, O<x<2 2+x, 05x51 
xXample Let f(x) = $e, Feyes (fof (x)={2-x, 1<x<2 
4-x, 2<x<3 


find (fof )(x) . 


Sol. Clearly, fos) Fiptanp= {Te ie ok ve x<1 


fQ-k), 2<*<3 Example 106 Let f(x)= x+1, 1<x<2 


ftx), O<Sx<1 : _| x7, -1Sx<2 
=lf(l+x), 1<x<2 BO un. peyes” 
f@G- x), 2<x<3 : 

Find (fog). 
1+(1+x), 0<x<1 
=13-(1+x), 1<x<2 Sol. f(g(«))=| 
1+(3-x), 2<x<3 


g(x)+1,  g(x)S1 
2e(x)+1, 1<g(x)<2 
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Here, g(x) becomes the variable that means we should draw 


x 
the graph. It is clear that g(x) <1; V xe[-1,1] f(g(x)) = pts} x20 


Ke: x<0 
=> fig(x))=x,VxER 
h(x)=x 
= sin’ (A(A(h...h(x)...)))=sin™! x 
«. Domain of sin”! (h(h(h(h ... h(x)... )))) is [-1, 1]. 


Hence, (a) is the correct answer. 


Example 108 A function f : R —R satisfies 


oe | 
2 -1 |0 1 2 8 


>X sin x cos y (f(2x + 2y) — f(2x — 2y)) 
= i 2X+2 2x —2y)). 
and 1< g(x) <2; V xe (1, v2]. ; cos x sin y (f(2x + 2y)+ f(2x — 2y)) 
_|x? 41, -1<x%<1 if f'(0)=—, then 
F(g(x)=4", <i 
ax°+1, 1<x <v2 (a) f(x) = f(x) =0 (b) 4f’(x) + f(x) =0 


Example 107 if fle) =2x+| x1, g(x) => 2x x1) and 


h(x) = f(g(x)), domain of sin (h(h(h(h...A(x)...)))) is 


ntimes 


2x + x, 20 3x, 20 
Sol. Since, feay= ee -{" 2 


2x -x, x<0 


x 
2x - x, | 


1 
and x)=- 
8( ) eae x <0 


(c) f(x) + f(x) =0 (d) 4f(x)— f(x) =0 


f(2x + 2y) _ sin(x+y) 


Sol. We have, 
f(2x -—2y)  sin(x-y) 
, fo) _ £8) _ x 
sin & ane 
2 2 
> eo Lae 
oe ee 
> Ff (x)= 2 ; 
va Sig 
and (x)= Fi 5 


= 4 f(x) + f(x) =0 


Hence, (b) is the correct answer. 


Exercise for Session 10 


1. Consider the real-valued function satisfying 2f(sin x) + f(cos x)= x. Find the domain and range of f(x). 


2. If f(x) is defined in [— 3, 2], find the domain of definition of f([| x |]) and f([2x + 3]). 


1, -1<x <0 
O<x <1 


3. fo= | 


4. Let f(x) be defined on [—2, 2] and is given byf(x) |; 
x 


5. Let two functions are defined as g(x) -| 


x", 
X+2, 2<x<3 


and 9(x)=sin x. Find h(x) =f(|g(x)|) + | f(g(x))|. 


i! —2<x <0 
Ai hoa and g(x) =F(| x |) +|F(x)|, find g (x). 
-1<x <2 xXt+14 x<1 . 
and f(x) = , find gof. 
2Xx+1 1<x <2 
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Inverse of a Function 


Inverse of a Function 


Let f:A > B be a one-one and onto function, then there 
exists a unique function, g : B > A such that 

f(x)=ye g(y)=x, V xe Aandye B. 

Then, g is said to be inverse of f. 

Thus, g=f':B— A={(f(x), x)|(x, f(x) € f} 


Let us consider a one-one function with domain A and 
range B. 


Where, A={1,2,3,4} and B={2,4,6,8} and f:A—B is 
given by f(x)=2x, then write f and f~' asa set of 
ordered pairs. 


a ee 
f 
1 > 2 
2 | > 4 
3 ] > | 6 
4 > 8 
Figure 3.43 
ge 
2 > 1 
4 | > 2 
6 ] > 3 
8 > 4 
Figure 3.44 


Here, member y€ B arises from one and only one member 
xEA. 


So, f= (12) (2, 4) (3, 6) (4,8)} 

and f-' ={(2,1) (4,2) 6,3) (8, 4)} 

In above function, 

Domain of f ={1,2,3,4}= Range of f'. 
Range of f ={2, 4,6,8}= Domain of f7'. 


which represents for a function to have its inverse, it must 
be one-one onto or bijective. 


Example 109 If f(x)=3x-5, find f7' (x). 
Sol. Here, f(x)=3x-5 


which is clearly bijective as it is linear in x. 


Now, let f(x)=y=>y=3x-5 
= xe VP 
3 
= +5 = 
= FA)== > fas f)=ysx= F707) 
Therefore, f ‘(x)= <= 


Example 110 If f:[1,0¢) > [2,°9) is given by 


f(x)=x+ i find f~' (x), (assume bijection). 
x 


[IIT JEE 2001, 2002] 


Sol. Let y= f(x) 


a, ee 2 


=> x°-xy+1=0 
+,/y?-4 
= Pe cts Mi 


2 


= fs aM [as f(x)=yax= f7)] 


= fi(j- 


Since, range of inverse function is [1,°°), therefore 
neglecting the negative sign, we have 


ge yx'-4 


2 


Example 111 Let f(x) = x*° +3 be bijective, then 
find its inverse. 


Sol. Let y=x?43 lie. y = f(x)] 
> x= y-3 
> x=(y-3)? 
= fF") = (7-3)? y= f(x) = f(y) = x] 
= f(x) = (x -3)° 
Thus, f(x) = (x - 3) 


when f(x) = x° + 3is bijective. 


Example 112 Find the inverse of the function, 
(assuming onto). 


y =log,(x+4/x? +1), (a>1). 


Sol. We have, y = log,(x + x? +1) 


Since, x? +1 > |x| 


.. It is defined for all x. 


y = log,(x + fx? +1), 


which is strictly increasing when a > 1. 


Now, 


Thus, one-one. Also, given that f(x) is onto. 


[where y = f(x)] 


Hence, the given function is invertible. 


y = log, (x +x? +1) 
> a =xt4x°+1 anda’ =x? +1-x 


1 = 
=> x= -(a’ -a”) 
2 


Now, 


Hence, the inverse in the form y= f'(x) is, 


1 x a. 
=—-(a@ -a 
y a ) 


Graphical Representation 


of Invertible Functions 

Let (h, k) be a point on the graph of the function f. Then, 
(k, h) is the corresponding point on the graph of inverse of 
f,ieg. 

The line segment joining the points (h, k) and (k,h) is 
bisected at right angle by the line y=x. 


Ya 
(k, h) (object) 


(A, k) (image) 


>X 


Figure 3.45 
So, that the two points play object-image role in the line 
y =x as plane mirror. 
It follows that the graph of y = f(x) and its inverse written 
in form y = g(x) are symmetrical about the line y= x. 
The graphs y= f(x) and y= f '(x), if they intersect then 
they meet on the line y= x only. Hence, the solutions of 
f(x)=f '(x) are also the solutions of f(x) = x. 
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Example 113 Let f: R +R be defined by 
f= —. Is f(x) invertible? If so, find its 


inverse. 
Sol. Let us check for invertibility of f(x) . 


e~+e~ 
(a) One-one Here, f’(x) = —— 
eX +1 
=> f'(x)= ~ > which is strictly increasing as 
2e 


e’* >0 for all x. Thus, it is one-one. 


(b) Onto Let y= f(x) 


=> y= , where y is strictly monotonic. 


2 
Hence, range of f(x) =(f(-), fe) 
=  Rangeof f(x)=(—~-,°%) 
So, range of f(x) = codomain 
Hence, f(x) is one-one and onto. 
e’* 4 


2e* 


(c) To find f™ y= 
2yt.4y? +4 
e?* — 2e*y-1=05 e* = y cs 


=> 
2 
=> x =log(y+y’ +1) 
=> f(y) = log (y t yy" +1) 
[as f(x)=y > x= f(y] 


is always positive. 


1 
Since, ef 


So, neglecting the negative sign. 


Hence, i (x) = log (x +x? +1) 


Example 114 Let f :[1/2,-) > [3/4, <), where 
f(x)=x? — x+1. Find the inverse of f(x). Hence, solve 


; 1 3 
the equation x? Snel St W-a 


Sol. (a) f(x)=x?-x+4+1 


2 
=>f(x)= [. - 7 + 7 which is clearly one-one and 


onto in given domain and codomain. 


Thus, its inverse can be obtained. 


2 
Let y=(s-3] Fed 


1 3 1 3 
+ Sse 
2 4 2 4 


[neglecting — ve sign as x is always +ve] 
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= faa s+ [x= 


(b) To solve x* -x+1= : +.) x 7. since solution of 
f(x) = f~'(x) are solutions of f(x) = x. 


ie. f(x)=xax?—-x4+1=x 


=> x?-2x+1=0 => (x-1) =0 


“. x =1is the required solution. 


Properties of Inverse Functions 


(i) The inverse of a bijection is unique. 
Proof Let f : A— B bea bijection. If possible let 


g:B— Aandh: B— Abe two inverse functions of f. 


Also, let a,;,a, € Aand be B such that g(b) =a, and 
h(b) = ap, then g(b) =a, => f(a,) =b 
h(b) =a, = f(a,) =b 
But, since f is one-one, so f(a,) = f(a.) >a, =a, 
= o(b) =h(b),V be B 
(ii) If f : A > B is a bijection and g: B > A is the inverse 


of f, thenfog =I, and gof =I,, whereI, and Ig are 


identity functions on the sets A and B, respectively. 


Remarks 


(a) The graphs of f and g are the mirror images of each other 


in the line y = x. As shown, in the figure given below a point 


(x’, y’) corresponding to y = x°(x = 0) changes to (y’, x’) 
corresponding to y = + Vx, the changed form of x = ./y. 


Y x 
xX =VvV 


O X O Y 
Figure 3.46 Figure 3.47 


Figure 3.48 


(b) If f(x) has its own inverse as in f(x) = 1 then f(x) = f-'(x) 
Xx 


will have infinite solutions but f(x) = f-'(x) = x will have 
only one solution. 


(iii) The inverse of a bijection is also a bijection. 


Proof Let f: A— Bbea bijection and g: B— Abe 
its inverse. We have to show that g is one-one and 
onto. 
One-one Let g(b,) =a, and 

&(b2) =a :4,,a, € Aand b,,b, EB 


Then, (by) = g(b2) 

> a, =a, 

= f(a,) = faz) 

=> b, =b, [. f is a bijection] 


[+ g(b)) = a, = b = f(a), B(b2)= a2 bz = f(a2)] 
which proves that g is one-one. 
Onto Again, if ae A, then 
a€é A =>4be Bsuch that f(a) =) 
[by definition of f] 
= ibe Bsuch that g(b) =a [. f(a)=b =a= g(b)] 
which proves that g is onto. 


Hence, g is also a bijection. 


(iv) If f and g are two bijections f: A> B,g:B-C, 


then the inverse of gof exists and(gof)' = f ‘og’. 
Proof Since, f: A— Band g:B—Care two 


bijections. 
*. gof :A— Cis also a bijection. 
[by theorem, the composite of two 
bijections is a bijection] 
As such gof has an inverse function (gof)~' :C > A. 
We have to show that (gof)"' = f ‘og. 


gof 
Figure 3.49 
Now, leta€ A, b€ B,c€ C such that 
f(a) =band g(b) =c 
So, (gof)(a) = gl f(a)]= g(b) = 


Now, fla)=b=> a=f '(b) ...{i) 
a(b)=c => b=g'(c) (ii) 
(gof\(a)=c > a=(gof) Xe) _ ii) 


Also, (f ‘og™' )(c) = f ‘[g*(c)] [by definition] 


= f"(b) [by Eq. Gi)] 
=a [by Eq. (i)] 
=(gof)'(c) [by Eq. (iii)] 
(gof)' =f 'og™, 
which proves the theorem. 


Example 115 Let g(x) be the inverse of f(x) and 
f'(x)= 


z. Find g’(x) in terms of g(x). 
1+ Xx 

Sol. We know, if g(x) is inverse of f(x). 
=> gt{f(xtax = {f(x f(x) =1 


= g{f(x)}= Ea 1+x° => g’{f(g(x))}=1+ (g(x) 


=> g'(x)=1+(g(x)? [. f(g (x)) = x] 


Example 116 If f:R +R is defined by f(x)=x* +1, 
find the value of f~' (17) and f7' (- 3). 
Sol. f(x)= x? +1; f-47) => f(x)=17 = x? 4+1=17 


> x=+4 and f '(-3) 

= f(x)=-3 3x? 4+1=-3 

> x? =-4 [which is not possible] 
Hence, f '(7)=+44 and f '(-3)=6 


Example 117 If the function f and g are defined as 
f (x)=e* and g (x) = 3x —2, where f :R >R and 
g:R-R, find the function fog and gof. Also, find the 
domain of (fog) and (gof)7'. 


Sol. ( fog) (x) = f {g (x)} 


= Ff {g (x)} = f (Bx — 2) 
= f fg (x)}=e°*~? (i) 
and (gof) (x)= g tf (x)} 
> & {f (x)}= 8 fe*} 
= g tf (x)}=3e* -2 i 
For finding ( fog)’ and (gof) '. 
Let (fog)(x)=y =e" * 
=> 3x-2=lgy => x= RE*? 
_ log x +2 


os lo +2 = 
=> (fog) ‘ye and (fog)? x 


3 


and domain of (fog) ' is x>0, ie. x € (0,09). 
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Again, let (gof)x = y =3e* -2>e* = sd 


= x = log (224) 


=> (gofy y= log (22? 


=> — (gof 2 x= log (= * "| 


x+2 


and domain of (gof )”' is >0. 


Hence, domain of (gof )! is x> -2, ie. xE(—2, ©). 


Example 118 If f(x)=ax+b and the equation 
f(x) = f-'(x) be satisfied by every real value of x, then 
(a) d=2,b=-1 (b) a=-1,bER 
(c) d=1,bDER (d) d=1,b=-1 
Sol. If f(x)=ax +b 
= fy=2-2 
a a 


Since, f(x) = f ‘(x),V xER 


1 
=> =aandb= 
a a 


Hence, (b) is the correct answer. 


Example 119 If g(x) is the inverse of f(x) and 
f’(x)=sin x, then g’(x) is equal to 
(a) sin (g(x) (b) cosec (g(x) 
(c) tan (g(x) (d) None of these 
Sol. Given, g(x) = f '(x) 
So, x = f(g(x)) 
On differentiating w.r.t. ‘x’, we get1 = f’(g(x))- g’(x) 
1 1 
f’(g(x)) sin (g(x)) 
g(x) = cosec (g(x)) 
Hence, (b) is the correct answer. 


Therefore, g’(x) = 


Example 120 If A and B are the points of 
intersection of y = f(x) and y = f~'(x), then 
(a) A and B necessarity lie on the line y = x 
(b) A and B must be coincident 
(c) slope of line AB may be -1 
(d) None of the above 
Sol. If solution of f(x) = f~'(x) doesn’t lie on y = x, then they 
must be of the form (a, 8) and (B, a). 


.. Slope of line AB may be —1. Hence, (c) is the correct answer. 
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General Results (iii) f(x + y) = f(x)+ fly) => f(x) =a™. 

If x, y are independent variables, then (iv) f(x +y) = f(x) = fly) € f(x) =k, where k is 
(i) f(xy) = f(x) + fly) = f(x) =kin x or f(x) =0. constant. 
(ii) f(xy) = f(x): fly) => f(x) =x", neR. (v) f(x) takes rational values for all x => f(x) isa 


constant function. 


Exercise for Session 11 


1. Find the inverse of the following functions 
(i) f(x) =sin™ g x €[-3,3] 


(ii) F(x) =loge (x? + 3x + 1), x €[1,3] 
(iii) f(x) =5 9%, x >0 


(iv) f(x) =loge (x + x? +1) 


XM xX <1 
(v) f(x)=1x?, 15x <4 
8/x, x >4 


2. \f the function f :[1, cc) > [1, e) is defined by f(x) =2*'* ~"), then find f-"(x). 


Session 12 


Miscellaneous Problems on Functions 


Miscellaneous Problems 
On Functions 


We should consider certain examples to make the concept 
clear. 


Example 121 For xR, the function f(x) satisfies 


2f(x)+ fl- x)= x?. The value of f(4) is equal to 
13 43 23 
(a) = (b) i (c) = (d) None of these 
Sol. We have, 2f(x)+ f(1- x)= x’ (i) 


In Eq. (i) x is replaced by (1 — x), we get 
2f(1—x) + f(x)=(1-x) ...(ii) 
On solving Eqs. (i) and (ii), we get 
2f(x)+ f(l— x)= x7 }x2 
=>  _2f(1—x)+ f(x)=(1- x) 


> 3f(x)=2x? -(1- x)? 
= fx) = 5 {x? + 2x1} 
<4 _ 23 
sa)= 7 {16+ 8-}= = 


ax’ +bx* + cx —5, where 

=7, find f(7) 
f(x) = ax’ + bx? +x —5 

f(—x)=- ax’ — bx? -cx-—5 


~ f(x) + f(-x) = —10 
Putx=7, (7) + f(-7)=-10 > f(7)=-17 


Example 122 Let f(x)= 
a,bandc are constants. If f(-7 
Sol. As, 


Example 123 If flo [1-2] =1+x for x eR—{0, Th. 
x 
The value of 4f(2) is equal to 


Sol. Here, f(x) + s(1 - +) eee Ai) 


= Fores i |aty.tety=1-2 
y x 


eye ea “ 


Also, faye s(t = |a14e, pies = 
Tx 


1 
f( -)+ fa (l-x)= ae 


= f (.)+ 100 = Ai) 
1-x 1% 
On subtracting Eq. (ii) from Eq. (iii), we get 
#0) f(: “|= | ae 
x =x. 2X 


From Eqs. (i) and (iv), we get 


Ra ae 
1=x% x 
2f(2)=— 


=> f(2)= 1 4f@)= 3 
Example 124 Let f(x) =max{x, x7}. Then, find 
equivalent definition of f(x) 


Sol. Note These type of questions, where f(x) are either maxi- 
mum or minimum should be solved graphically for better 
representation. 


-1 
neglecting 


-2 


Let f\(x)=x and f,(x)= x? 
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Now, draw graph for f\(x)= x and f,(x) =x’. 


Here, neglecting the graph, below point of intersection. 
Since, we want to find the maximum of two functions f,(x) 


and f2(x). 
x? , x<0 or x21 
a O<sx<il 


fla) | 


> 


Example 125 Let 
f(x) =max {1+ sin x,1— cos x, }}, V x € [0,27] 


and g(x) =max {1,|x-1|},V xER. Determine f{g(x)} 1-x, x <0 
and g{ f(x)} in terms of x. a g(x)=41 0<xs2 
x-1, x2 


Sol. Here, f(x) = max {1+sin x, 1-cos x, 1}. 
Graphically it can be shown as 


1- f(x), f(x) <0 
Now, g{f(x)}=41, O0< f(x) <2 
f(x)-1, f(x)>2 
Since, f(x) € [1,2], V x € [0,27]; g(f(x)) =1V x € [0,27] 


1+sin {g(x)}, 0<g(x)< 


Also, f{g(x)}={1-cos {gah F< a(x)s 


1, SE < g(x) 2m 


L 1-20 < x <1-3n/2 
1-cos(1-x), 1-3m0/2<5 x <1-3n/4 
1+sin(1-x), 1-3t/4<x<0 


3m 31 = i 
f(x) =4 1-cosx, <x< [using above graph] = f(g(x))=)1+sin1, O<xS2 
is 2 1+sin(x-1), 2<x<1+3n/4 
1 
1, eee 1-cos(x-1), 1+3m/4<x<1+3n/2 
1, 14+30/2<x<2m+1 


Again, g(x) = max {1,|x-1|}, graphically it can be shown as 


Exercise for Session 12 


1. ForxeR- {1}, the function f(x) satisfies f(x ) + 2F 4] = x. Find ?f(2). 


2. Let f(x) and g(x) be functions which take integers as arguments. Letf(x + y) =f(x)+ g(y) + 8 for all integers 
x and y. Let f(x) = x for all negative integers x and let g (8) = 17. Find f(0). 


3. The function f :R —>R satisfies the condition mf(x —1)+ nf(—x)=2| x |+1.Iff(-2)=5 and f(1) =1, find(m +n). 


The equivalent definition of f(x) =max{x?,(1— x)*,2x (1— x)}, whereO <x <1. 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


Tb ob ax + ay 
2k-1 


2k 2k 
An,.X + Anp-1 X 


> Ex. 1 Let f(x)= ; 5 
bog Dye Dy 


where k is a positive integer, a; ,b; € Randay, #0, 
bo, #0 such that by, x™* + by, xX" + ...4.b,x + by =0 


has no real roots, then 


2k 
Dox x a Don x 


(a) f(x) must be one to one 


2k 2k-1 
(b) ay_x°™ + Ag~—1 X 


+...+@X +d) =0 
must have real roots 
(c) f(x) must be many to one 
(d) Nothing can be said about the above options 
Sol. (c) f(x) is continuous, V x € R. 
lim f(x)= lim f(x)=@« 
x > — 00 x oo bo, 
.. f(x) is many to one. 


Ex. 2 If og sin [. +) Seen the value of 
4 


log 19(sin x) +log j9(cos x) is 


(a) -1  (b) -2 


Sol. (a) 


(c) 2 (d) 1 


sin x + cos x 6 
2 logio ( V2 ) = logy (=) 


1+2sin x cos x 6 
> logio ( ) = logio (=) 


2 
1 , 3 
=> —+sin x cos x =— 
2 as) 
‘ 1 
=> sin x cos x = — 
10 


logy (sin x) + logy) (cos x) = -1 


Ex. 3 The diagram shows the dimensions of the floor of 
an L-shaped room. (All the angles are right angles). The area 
of the largest circle that can be drawn on the floor of this 
room is 


3 10 
12 
9 
18 
(a) 16% (b) 25 
810 1457 
oe aj 
(c) - (d) A 


Sol. (b) 
Here, (x —h)? +(y—h)* =h’ passes through (8, 9). 
(8-h)? +(9-hy =h? 
=> h® — 34h +145 =0 
=> (h —5)(h-29)=0 
=> h =5, neglecting h = 29 
r=5 


Area of the largest circle = (5)? = 25m. 


Ex. 4 Suppose that the temperature T at every point 
(x, y) in the cartesian plane is given by the formula 
T =1—x? +2y”. The correct statement about the maximum 
and minimum temperature along the line x + y =1 is 
(a) Minimum is -1. There is no maximum 
(b) Maximum is -1. There is no minimum 
(c) Maximum is 0. Minimum is - 1 
(d) There is neither a maximum nor a minimum along the 
line 


Sol. (a) T =1- x’ +2y’, where x + y=1 
T=1-x7 4+2(1-x/y 
=1-—x°4+2(1+ x? - 2x) 
T=x"°-—4x4+3 
=(x—2)* -1 
Z 


max 


Ae = doesn’t exist 
and Tmin = —1 


Ex. 5 The domain of the function 
F(x) =max {sin x, cos x} is(— 9, 00). The range of f(x) is 


1 
(a) - 2’ | 
(c) [0, 1] 


1 1 
" fe a 
(d) [- 1, 1] 
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Sol. (a) Here, f(x) = max {sin x, cos x} 


| 
a’ 


From graph, range of f(x) € - = 


Ex. 6 Leta function f be defined as 
f:1,2,3,4} > {1, 2,3, 4}. If f satisfy f( f(x) = f(x), 


V xe {1, 2,3, 4}, the number of such functions is 


(a)10 — (b) 40 (c) 41 (d) 31 
Sol. (c) Here, f(f(x)) = f(x), let f(x) = y 
=> fiy=y 


CaseI Range contains exactly one element. 
It can be done in *C, ways. 


f 
ae 


Say, f(1) = 1 remaining 3 elements 2, 3, 4 can be mapped 
only in one way > Total = *C,-1= 4 ...(i) 


Case II Range contains two elements, this can be done in 
“Cy ways. 
f 
a 


Say, (OH (052 


Remaining 2 elements, i.e. 3 and 4 each can be mapped in 


2 ways. 

Total = *C, x2x2= 24 ...(ii) 
Case III Range contains exactly 3 elements which can be 
done in *C, = 4 ways. Say, f(1) =1, f(2) = 2, f(3) =3. 


Now, remaining element can be mapped only in 3 ways. 
Total = *C,-3 = 12 ways ...(iii) 


Case IV Range contains all 4 elements f(1) = 1, f(2) = 2, 
F(3) = 3, f(4) = 4. 


_ 
_ 
P| 
ae 


“. Only 1 way. 
“. Total ways = 4+24+12+1= 41 


Ex. 7 Area bounded by the relation[2x]+[y]=5, 


x, y >0 is (where[- ] represent greatest integer function) 


(a) 2 (b) 3 (c)4 (d) 5 
Sol. (b) Here, [2x]+[y]=5 

Let us consider [2x] =0=0< 2x <1land[y]=5 

Le. x €[0,1/2) and ye [5, 6). 


Similarly, we can consider [2x] = 1, 2,3, 4 and5. 
when, [2x]=1 = 1/2<x<1 and ye [4,5) 
[2x]J=2 => 1<x<3/2 and ye [3,4) 
[2x]=3 = 3/2<x<2 and ye [2,3) 
5 
[2x]=4 > 2S eS and yé[1,2) 


[2x]J=5 = 5/2<x<3 and ye (0,1) 
which can be shown as 


Ya 


oo ” 
i ; i : i 


0 172 1 372 2 5/2 83 


mo wo fF A OD 


.. From the graph, area is 3 sq units. 


Ex. 8 If the integers a, b, c, dare in arithmetic progres- 
sion anda<b<c<d andd =a’ +b’ +c’, the value of 


(a +10b + 100c +1000d ) is 


(a) 2008 (b) 2010 (c) 2099 (d) 2016 
Sol. (c) Leta=x-t,b=x,c=x+tandd=x+2t. 
Where, x € J andt > 0 and t is an integer (asa< b<c<d). 


Now, d=a’ +b? +c? 

> x+2t=(x—t)? +x? +(x+t) 

= x +2t =3x? +28? 

> x(1-3x) = 2t(t -1) (i) 


ast >Oandte I, hencet >1 > RHS2=0 


LHS = x(1-3x)2>0 = xe[0,1/3] 
The only integer is zero > x =0 


From Eq. (i), t =Oort =1 


But t>0>t=1 
a=-1,b=0,c=1,d=2 
> a+10b+100c + 1000d = 2099 


» Ex. 9 Let f(n) denotes the square of the sum of the digits 

of natural number n, where f ?(n) denotes f(f(n)), f°(n) 

denotes f( f(f(n))) and so on. Then, the value of 

f°" (2011) - f° (2011) . 

fe" 011) =f" " Q01t) 
(a) 1 (b) 3 


(c) 5 (d) 7 
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Sol. (a) Here, f(n) = (sum of digits of natural number n)* 
f (2011) = (2+0+1+1) = 16 
f?(2011) = f(f(2011)) = f(16) = (1+6)? = 49 
f?(2011) = f(49) = (449) = 169 


f'*(2011) = f (169) =(1+6+9)" = 256 
f (2011) = f (256) =(2+5+6)° = 169 
f°(2011) = (169) =(1+6+9)" = 256 
Thus, f°"(2011) = 256 and f7"*'(2011) = 169n>2 


f° (2011)— f""(2011) _ 169-256 _, 
f79"" (2011) — f7""8(2011) 169-256 


= 


More Than One Correct Option Type Questions 


4 4 4 
Ex. 10 If Ya? x? =a) 2; Gia xt Vain <0, where 
i=l i=l i=l 


a; >0 and all are distinct. Then, 


(a) a, +a; > 2a; (b) Ja,as5 = a3 
5 

(= >44++ @Mg =a} 
i=l 


Jaa, a ay 
Sol. (a, b, d) (a7 + a3 +3 +.az) x? —2 (ayay + dyaz + G3d4 + A4as) x 
+(a3 +3 +a, +a2)<0 
=> (ax —2ayay x +.a3)+ (a3 x? —2aya,x+az)+.. 
+(ajx? —2aya,x + a2) <0 
=> (ax — ay)’ + (a,x —a3)’ +... +(ayx —a5)* <0 
. (a,x — Gy) + (a,x — a3)? +... + (a,x —a5)* =0 


az a3 _ ag _ as 


G4 a, az ag 


=> Gh, A, 43, Aq, A, are in GP. 


+ 
hee Jaa, = a+, > 2a3. ( aja5 = a3) 
2 
2 1 1 
HM of a, and a, < GM of a, and a, > <—+ 
VUGg GY ag 


oe) ae — 72 er 
Gy *d2°d3°d4°as = a3. [*" a5 = 3, a, +a, = a3] 


» Ex. 11 If f(x-y), f(x): fly), f(x +y) are in AP for 
all x,y € Rand f(0) #0, then 


(a) f’(x) is an even function 


(b) F'()+ f"(-1) =0 


() f/(2)- f(-2) =0 
(d) f'3)+ f'(-3) =0 
Sol. (b, d) Given, 2f(x)- f(y) = flx+y)+ flx-y) 
Atx=y=0, 
2f(0)- (0) = 2f(0) 
= 2f(0)-(f()-1)=0 


=> f(0)=1 [as (0) #0] ...(i) 
At x =0, 

2f (0): f(y) = f(y) + f(-y) [using Eq. (i), f(0) = 1] 
= 2f(y) = fly) + f(-y) 


# f(y) = f(-y) = f(x) is even function. 
We know, if f(x) is even, then f’(x) is odd. 

4 fi(-x)=-f'"(x) 

; PQje-f' Ciand (O)==f -3) 


» Ex. 12 If the equation x? + 4+3cos (ax +b) =2x has 


atleast one solution where a, b € [0,5], the value of (a + b) 
equal to 


(a) 5a = (b) 3a (c) 2m 
Sol. (b, d) x? —2x + 4 = -3cos(ax + b) 


(d) 1 


(x — 1)? +3=—3cos(ax + b) 
Here, LHS = 3 and RHS < 3. Thus, the above equation have 
solution if LHS = RHS = 3 
> x=1 andcos(ax+b)=-1 
Hence, cos (a+ b)=—-1.. a+ b=, 3m, 50 
But,O<a+b<10 > at+b=nor3n 
Hence, (b) and (d) are the correct answers. 
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Ex. 13 Which of the following functions have the same 
graph? 


(a) f(x) = log, e* (b) g(x) =| x | sgn x 


(c) h(x) = cot” (cot x) (d) k(x) = lim a tan’ '(nx) 


Sol. (a,b,d) (a) f(x) = log, e* = x - log, e = x shown as, 


x 
x|- 
(b) g(x) =| x|sgn x= | x | 
0, x=0 


£(x) = x, which is same as f(x). 


JEE Type Solved Examples : 
Statements | and II Type Questions 


= Directions (Q. Nos. 14 to 15) For the following questions, 
choose the correct answers from the codes (a), (b), (c) and 


(d) defined as follows 


(a) Statement | is true, Statement II is also true; 
Statement II is the correct explanation of Statement | 


(b 


wa 


Statement | is true, Statement II is also true; 
Statement II is not the correct explanation of 
Statement | 

(c) Statement | is true, Statement II is false 


(d 


wm 


Statement | is false, Statement II is true 


a) 
Ex. 14 Let f(6)= elt Geos *tan( % 0} 
(sin@d+cos@) 4 


VOER {rm thne i 
4 
Statement I The largest and smallest value of f(0) differ 
1 
by —. 
V2 
Statement II asin x + bcos x +ce€[c— ala” +b? ‘ 


e+e" +5* ],V xE R, wherea, b,c€ R. 


(c) A(x) = cot ' (cot x)is shown as, 


which is not same as f(x) and g(x). 


(d) k(x) = lim cd tan' (nx) 
noo TT 


2x 


™ 
—:-, x>0 

mT 2 xX Kd 

2x Tl 
=4-—--—, x<0=)x, x<0 

T 2 
0, x=0 0, x«=0 

fk 6) =X, Ve 


Hence, (a), (b) and (d) are the correct answers. 


4 sin’ 0 cos 0 — cos + sin9 
4 (cos 8 + sin 8) 


Sol. 


= 


(a) We have, f(0@)= 


_ 2sin 0 ((sin 8 + cos @)* — 1) —(cos @ + sin @) + 2sin 0 
4(cos 8 + sin 9) 


ee Cre) ee 
2 4 


= tine - sos 26)¢|- a 
4 4 4 


2 
Ex. 15 Consider two functions f(x) =1+e° * 


: 1 2 
and g(x) =./2| sin x|-1+ 
1+sin‘ x 


Statement I The solutions of the equation f(x) = g(x) is 
given by x =(2n +1) ., Vnel. 
Statement II /f f(x) 2k and g(x) <k (where k € R), then 


solutions of the equation f(x) = g(x) is the solution corre- 
sponding to the equation f(x) =k. 


Sol. () LHS =1+e% *>2 


As, J2|sinx|-1<1 


1— cos 2 2sin” 2 
pa cos 2x = ” bs _ : <1 
1+sin° x 1+sin° x : degiye 
sin” x 
; 1— cos 2x 
“. RHS = ,/2| sin x | -1 + ———— s 


1+sin* x 


Equation will satisfy, if LHS = RHS = 2 which is possible 
when cot” x =0and|sin x | = 1. 


JEE Type Solved Examples : 
Passage Based Questions 


Passage I 
(Ex. Nos. 16 to 18) 


Leta,,(m=1, 2,..., p) be the possible integral values of a for 
which the graphs of 

f(x) =ax? + 2bx +b 
and g(x) =5x* —3bx—a 


meet at some points for all real values of b. 


P n 
Let t. = II (r-a,,) and S, = t..ne N. 
m=1 


r=1 
Ex. 16 The minimum possible value of a is 


1 5 2 
(a) 5 (b) 6 


ar 


3 
(c) 28 
> Ex.17 The sum of values of n for which S, vanishes is 

(a) 8 (b) 9 

(c) 10 (d) 15 


Ex. 18 The value of Js equal to 


r=5 ‘6 


1 1 
(c) 15 


(d) — 


1 
(a) 3 18 


1 
i 


= Sol. (Q. Nos. 16 to 18) 
16. (a) 17. (c) 18. (d) 
ax® + 2bx + b=5x" —3bx -—a 
> (a—5)x* + 5bx +(b+a)=0 
Ifa #5, then since x € R, 
D =25b’ — 4(b + a\(a—5)>0,V bER 
=>  25b? — 4(a 


5)b— 4a(a—5)20,VbER 
16(a — 5) + 16(25)a(a — 5) <0 


=> 16(a —5)(a—5 + 25a) <0 
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> x=(2n+1) = nel 
2 


*. Statement I is correct. 


Statement II is not always correct because solution of the 
equation f(x) = g(x) will be solutions corresponding to 
f(x) = g(x) =k in the domain of f(x) and g(x) both. 


Hence, (c) is the correct answer. 


¢ wel 
= (a—5)(26a—5) <0 «. e| 55) 


If a =5, 5bx + (b + 5) = Ois not satisfied for b = 0. 
Am € {1, 2, 3, 4) t, =(r — 1)(r — 2)(r — 3)(r - 4) 


5, =2 Dir 4)(r — 3)(r — 2)(r — 1)(r - (r -5)) 


= 2 Sill 4)(r = 3)(r -2Y(r— Wy 


r=1 


(r —5)(r — 4)(r — 3)(r — 2)(r - 1)] 
== n(n 1)(n — 2)(n — 3)(n — 4) 
5, =0 
> n=1,2,3,4 


.. Sum of values of n for which S, vanishes is 
1+2+3+4=10 [n = 0 rejected] 
1 1 


n 
—=- lim by 
ras br 3n >00 15 (r 


G=De( =) 

4)\(r — 3)(r — 2)(r - 1) 

1 1 | 
3\(r-2) (r—-3)(r-2)(r 1) | 


n 


x c 4)(r 


1m. 
3 n> 


sim 22 1 41 
n>02 3/6 (n—3)(n—-2)(n—-1) 18 


Passage II 
(Ex. Nos. 19 to 21) 
Let w be non-real fifth root of 3 and x =w® +w’. If 
x = f(x), where f(x) is real quadratic polynomial, with 
roots a and B, (a, € C), then determine f(x) and answer 
the following questions. 


» Ex. 19 Every term of the sequence { f(n)}, n€ N is 


divisible by 
(a) 12 (b) 18 
() 24 (d) 27 
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Ex. 20 Which of the following is not true? 
(aja +B =-3 (b) oB = 12/5 
(c) |a —B|= v3/5 (d) |o|+|B|= 23/5 


Ex. 21 Ifo andB are represented by points A and B in 
argand plane, then circumradius of AOAB, where O is origin, is 


(a)4/5  (b)8/5 (c) 16/5 (d) 32/5 
= Sol. (Q. Nos. 19 to 21) 

19. (b) 20. (d) 21. (a) 

Here, x=witw' 

> x? =(w*)(w+w’) 


=(w°)? [w> +5w*-w? +10w?-w* +10w?-w? 
+5w-wetw] 

Put w° =3andw’? =9 
Now, x° =9 [3+5-(3w)+10-(3w?)+10-3w?+5-(3w*)+37] 
= 9[12+ 15(w + w’)+15(w? +-w*)+15(w? + w*)] 


= 9) 115) is.) = | 15% 
w? w 


= IE + isa( fe =) + 198 


w Ww 


ll 
‘Oo 


12+15x- ‘—, + 15x 


[" 2 2 
wtw ow 
w Ww 


Il 
Ne) 


3 4 
i241 OEY) ase 
[ ] 


= 9) 12415x-~+415x 
L as | 


= 9[12+ 15x +5x7]= f(x) 
Now, f(x) =9(5x? +15x +12) 


“. f(x) =0 

= »oSe =biNG 8 
10 10 , 

(i) For sequence {f(n)}, 


f(n) = 9(5n? + 15n + 12) = 9[5n(n +1) +10n +12] 


= 9 X an even number 


. Every term of {f(n)} is always divisible by 18. 


a-B |= 


2i 


(ii) Clearly, a +6 = -3,08 = = 


15 
10 


2 2 
But |o.|+||=2 (22) {8 =a 
10 10 5 
(iii) In argand plane, 


OA = OB= a and AB=2 = 
5 10 5 


and area of AOAB, 


s=tanow= 1. P-(35) 
2 2 V5 


m< 


A(-15/10, ¥15/10) 


B(-15/10, -V15/10) 
12 /3 {12 
OA-AB-OB_ V¥5\5\5 _ 4 
ah otf) 5 
2 V5\10 


.. Circumradius, R= 


Passage III 
(Ex. Nos. 22 to 24) 
Let A = {1, 2,3, 4,5} and B = {-2, -1,0,1, 2, 3, 4, 5}. 


Ex. 22 Increasing function from A to B is 
(a) 120 (b) 72 (c) 60 (d) 56 


Ex. 23 Non-decreasing functions from A to B is 
(a)216 — (b) 540 (c) 792 (d) 840 


Ex. 24 Onto functions from A to A such that 
Ff (i) 41 for alli, is 
(a)44—_(b) 120 


(c) 56 (d) 76 


= Sol. (Q. Nos. 22 to 24) 
22. (d) The desired number is °C; = 56 
23. (c) Here, for non-decreasing functions from A to B, is 
8,14 °C,-44+ °C3-6+ 8Cy-44 8C,-1= 792 
Explanation for case °C, say two elements of set B are 
selected in °C, is {-1, 0}. 
Now, [x, 21, x, 21] 
where, x, denotes number of elements of set A maps to —-1 
and x, denotes number of elements of set A maps to 0. 


Xy+X2=5 


.. Total number of solutions is *C,. 
Similarly, explanation for case °C, say three elements 
selected in °C; is {-1, 0, 1}. 
Now, x,;+xX,+%3=5 (x, 21, x. 21, x3 21) 

.. Total number of solutions is *C, etc. 
24. (a) Onto functions from A to A such that f(i) 4 i for alli. 

> s(t Ege ce “74 

1! 2! 3! 4! 5S! 


JEE Type Solved Examples : 
Matching Type Questions 


@ Ex. 25 Match the statements of Column | with values of Therefore, no value of r; can be 49 or larger factor of 
Column II. 2009 otherwise their sum is larger than 56. 
As 56=414+7+7+4+1 
ae Seluminill Therefore n= 413;ry =73 =7 
(A) Let f(x) be a function on (— ©, c) and (p) 4 ; - a 
f(x+ 2)= f(x — 2). If f(x) = Ohas only three and hal 
real roots in[0, 4 ]and one of them is 4, then the Hence, n=4 
number of real roots of f(x) = 0in (— 8, 10]is (C) 2xy = 2009 — 3y yields 2xy + 3y = 2009 
(B) Lety,4,4,...,% ben positive integers, not (q) 5 = _ 2009 
necessarily distinct, such that 2x +3 


_ yn n-1 
(e+ HA +B)... Ot Ha" + SOX" +... So, 2x + 3 must be the factors of 2009. 


+ 2009. The possible value of n is Sinks: 2009 =72-41 


(C) Ifx and yare positive integers and (r) 8 
_ Thus, 2x + 3 can be one of the factors 7, 49, 41, 287 
2xy = 2009 — 3, then the number of ordered 49008 
pairs of (x, y) is : 
or 2x+3=7;2x +3=49;2x+3= 41; 
(D) Ifx, ae R, satisfying the equation is) 2 2x + 3 = 287 
moat + = = |, then the difference between and 2x +3 = 2009. 
the largest and smallest value of the expression Hence, x = 2,23, 19,142 and 1003 
Y => Ordered pairs are (2, 287), (23, 41), (19, 49), 
7tais (142, 7), (1003, 1). 
(D) Let x — 4=2cos® 
Sol. (A) = (s), (B) > (p), (C) > (q), (D) > 
(A) >), B) >). > @. O) > Ss ee 


(A) Given, f(x + 2) = f(x — 2), domain is Rx > x +2 
flx+ 4)= fx) 
= f is periodic with period 4. i 
Put x =0, f(4)= f(0) 
But f(4)=0 
=> f(0)=0 


> x =0,is also the root. 


and y=3sin0 


Since, in [0, 4], f has only 3 roots. 


So, f(x) is the form of sin (=) fulfilling all 


conditions given in the question, hence the 3rd root in : ; ; 

[0, 4]is 2 as f(2)=0. Now o28 a2 _(2cosO +4) | 2g 

.. The number of real roots in ( — 8, 10] is 9 and the 4 9 4 

roots are (— 6, — 4, —2, 0, 2, 4, 6, 8, 10). _ 4cos*6+16+16cos6+4sin°O 20+ 16cos0 
(B) (4 +1, +...+%) = 56 4 4 

and Ilo... T, = 2009 =77- 41 z=5+4cos0 


[using theory of equation] Hence, Zmax — Zmin =(9 —1)=8 


As 2009 = 77-41 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


> Ex. 26 Let f(x) =sin” x—cos™ x and 
&(x) =1 + tan” |x|. 


The number of values of x in interval[—101, 207 ] satisfying 
the equation f(x) = sgn(g(x)), is5a. Then, a is equal to...... ‘ 


Sol. (3) g(x) = ; tan |x] +1 


= sgn (g(x) = 1 
> sin? x — cos” x =1 
> sin? x=1+ cos” x 


which is possible, if sin x = 1 and cos x =0 


T 

x =2nT + — 

2 
T 

Hence, —10m < 2nm + — < 207 
2 

21 39 

> —-—<2n<— 

2 2 

_ eget 

4 4 

=> -5<ns9 


Hence, number of values of x = 15> a=3. 


» Ex. 27 Consider the function g(x) defined as 
(2208 1) 9 4 
B(x) (x 1) =(x +1)(x* +1)(x" +1) 
ee +1)-1 the value of g(2) equals ...... : 
(x = 1)(x + 1)? + 1)(x4 £1). (PY +:1) 
(x — 1) 
GP =F 4.x #9) 
(x —1) 


(x? —1)(x?” +1)...(x 
(x -1) 


Sol. (2) RHS = 


1 


22007 


+1) 


1 


2008 


-1)-(x-1) 
(x - 1) 


2 
Hence, a(x)(x?” “)_4)= a 


_x (x2 -1_ 1) 
— (x=1) 
x 
er 


g(2)=2 


» Ex. 28 If f(x) = ao the value of ‘a’ 
= 


which satisfies f ‘(2a -4)= y. is 
2 


Sol. (3) Given, f '(2a- 4) = ; 


f(z) =2a-4 


d pe 9 
Put x =—in f(x) =3/——————_-1 
2 log, (3 —2x) 
9 
2a-4=3 a | 
log, 2 
=> 2a-4=39-1 
=> 2a-4=2 
=> 2a=6 
‘ a=3 


» Ex. 29 Let f be defined on the natural numbers as 
follow: 
f(t) =1 and forn>1, fla) = fLfla1)}+fln~ flr), 


1 
the value of — r) is 
fg DIO 


Sol. (7) Here, f(1)=1 

F(2)= FLFG)]+ fl2— f)], using fl) =1 
F(2)= fl) + fA) = 2 

F(3) = FIFI] + fB- F2)] 


= f(2)+ f(l)=2+1=3 


Thus, f(nj)=n 
1i< 1 
—_— = —[14+2+3+...+20 
ler 


1 _ 20(20+1) 
=—x =9 
30 2 


® Ex. 30 Ifa,b,c are real roots of the cubic equation 
f(x) =0 such that(x —1)* is a factor of f(x) +2 and 
(x +1)? is a factor of f(x) — 2, then|ab + bc + cal is equal to 
Sol. (3) Let f(x) = Ax? + Bx? +Cx+D 
Since, (x —1)* is a factor of f(x)+2. 


fQ)+2=0 


=> 


> A+B+C+D+2=0 ...(i) 
Also, (x +1)? is a factor of f(x)—2. 
= F{(-1)-2=0 
> A+B-C+D-2=0 ...(ii) 
From Eq. (i), D=-A-B-C-2 
f(x) = Ax? + Bx? +Cx-A-B-C-2 
> f(x)+2= A(x? -1)+ B(x? —1)+C(x-1) 
Since, (x — 1)’ is factor of f(x) +2. 
=> f’Q)=0 => 3A+2B+C =0 ..-(iii) 
Similarly, (x +1)” is factor of f(x)—2. 
— f'(-)=0 = 3A-2B+C=0 ...(iv) 
From Eqs. (i), (ii), (iii) and (iv), A =1,C =-3, B= D=0. 
f(x)= x? -3x 
Hence, jab + be + ca|= 3 
Ex. 31 The minimum value of k(k € 1) for which the 
equation e* =kx* has exactly three real solutions, is 
Sol. (2) Here, ev=k? = a =k (i) 
% 
Let f(x)= . 
ae 
fi(x)= 
x 


.. f(x) is increasing on (—°9,0) U[2,c°) and decreasing on (0,2) . 


Subjective Type Questions 


Ex. 33 Let a sequence x,, x, x3,... of complex numbers 
be defined by x; =0, X41 =X; —i for alln >1, where 


i? =-1. Find the distance of X99 from X99; in the complex 


plane. 
Sol. Given, x,=0 
Then, X, =0°-i=-i 
x3 =(-i) -i=-1-i=-(1+i) 
xg=([-(1t+)) -i=2i-i=i 
x5 =(i) -i=-1-i=x, 
X6 = x, and hence x, = x, and so on. 
Xan = 8 Xang1 = (1+ i) 
Xg999 = i = (0, 1) and 
X97 = -1-i=(-1,-1) in the complex plane. 


So, the distance between X29) and X4997 is 1+ 4 = V5. 
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.. f(x) can be plotted as 

2 
So, clearly from graph , k > sk el 
Hence, Ka 9 


min 


Ex. 32 The value of expression 


i + ay +3y1+ 4V14+5¥...0° is 


Sol. (3) As, we can write 


n=vn? = J1+(n?-1) = J1+@-DatD 
= fit n—yln 41). 
= fi+(n-1) fie (nen? 1 
= f1+(n-1)- 1+ (a) 49). 
= 1+(n-2). l+n-4{(n +2) 
= fen vefien frente 
= fit(n—1)-Jt+n-fit(nti(n +3) 
= fit in-1)- firm fitted fines) and 


so on. 


Ex. 34 Ifa,b,c,d,e are positive real numbers, such that 


a+b+c+d+e=8 anda’? +b? +c* +d? +e” =16, find 


the range of e. 
Sol. As we know, 


2 
[steeets) Z 
4 


at+htct¢ a’ 


: Ai) 


[using Tchebycheff’s Inequality] 
where at+tb+c+d+e=8 
and a+b +c? +d? +e? =16 


From Eq (i), reduces to 


2 2 
8-e ginoe 
4 4 


=> 64 + e” - 16e < 4(16-e”) 
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=> 5e” - 16e <0 But, if [x] = 1, then given equation 
=> e(5e - 16) <0 {x} =x ..(iii) 
16 : : which is true only when x € [0,1) 
=> O<es ‘= [using number line rule] and [x]J=1 > xe[1,2) iv) 
+ 7 + From Eqs. (iii) and (iv) no value of x, 
0 46 when [x]=1 .(v) 
. _ [x] 
Thus ee [o =| Now, from Eq. (ii), {x}= net 
when [x] #1 
Ex. 35 Find the set of all solutions of the equation Again, as we know {x }€ [0, 1) 
Qs 2F tao? eT, , pe Al, 2g 
[IIT JEE 1997] os > bA-i 
Iyl_Joy-1_4)eoy-1 
Sol. Here, 2 2 1| gre os [x] 24: anal [x] 4 
We know, how to define modulus, we have three cases as [*]-4 [=4 
Casely<0 Le. ; <0 and {{[x]<0 or [x]>1} 
x]- 
as when y <0 Le. x]<1 and x]<0 or [x]>1 
=> 2% +(2%*-1) = 2141; 7 [ ] i] [ | } 
; lyl=-y [using number line rule] 
=> ae ‘ 
a and|2”-'-1|=-(2”" 1-1) ie. [x] <0 
; _ = [x] 
Hence, y = -1, which is true when y<0. (i) “ ea [e|tigh = x= [e]+ [x]-1 
Case II 0<y<1 [x]? 
> <= ; [where x takes values less than 1] 
as when0< y<1 [x]-1 
=> 2%4(27 1-1) =2 141; bile [x]? 
as —_ VIF a x= ; [where x < 1] 
. and|2”~*-1|=-(2”"*-1) [x1 
[x]? ' Bees 
= y =1, which shows no solution as, = om ne. [where [x] is any non-positive integer] 
O0< y<1 ...(ii) 
Case Ill y21 Ex. 37 Find all possible values of x satisfying 
> 2” -(27'-1) = 2741 as when y 20 [x] _ [x= 2] _8ix} +12 
=> 27 =2Y tyor7, ly|j=y [x=2] [x] [x- 2] [x] 
4 ayer dloestcg opyeat_g (where [ ] denotes the greatest integer function and { } is the 
= | 7 - eh fractional part). 
=> 2” =2”, which is an identity, therefore it is true, V y>1. Soi Here: [x] _[x-2]_ 8 {x}+12 
(iii) [x-2] [x] | [x-2][x] 
Hence, from Eqs. (i), (ii) and (iii) the solution set is [x]? -[x-2} _ 8{x}+12 
{y:y21U y=-Ip = [x-2][x] [x] [x-2] 
Ex. 36 Solve the equation[x]{x} = x, where [ ] and{} => ([x]-[¢-2) (Lx]+[e-2]) _ 8 ix}4 12 
denote the greatest integer function and fractional part, allel Pe lle=2] 
respectively. = ([x]-[x-2]) ([x]+[x-2]) =8 {x}+12 
Sol. We know that, x =[x]+ {x} (i) => ([x]-[x]+ 2) ([x]+[x]-2) =8 {x} +12 
Thus, we have [x]{x}=[x]+{x} [s[x+I]=[x]+7] 
> 4 -1)=8 +12 
= {x}= 4 i) ie aa . 
[x]-1 => [x]-4=2 {x} (i) 


Here, in Eq. (ii), [x] #1 Now, asweknow 0<{x}<1 => 0<2{x}<2 


Y 


O0<[x]-4<2 => 4<[x]<6 
> [x]=4,5 


if[x]J=4 => 2{x}=[x]-4 (ii) 
becomes {x} = 0 ~ 
and if [x]=5 => 2{x}=[x]-4 
becomes {x} = ; ky 


Thus, from Eqs. (ii) and (iii), we have 
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Hence, f(6)=6? +1=217 
Aliter Let f(x) = a)x" + ax" ~'+a,x"~? 
Tie 1G, a, 
1 1 
Then, fix)-f{2]= F004 4(2) 


a 


map te tn 


7 a 

=> (agpx" tax" '4+... +a)( 4 
n 

ce 


S a a. 
=(ayx" + a,x" a ta)+( 4 : ta] 
x 


x =[x]+{x} ye 
= ais [using Eq. (i)] On comparing the coefficient of x", we have 
1 11 : saa 
and x=5+ . = = [using Eq. (iii)] A), =A > a, =1 [as dy # 0] 
11 Comparing the coefficient of x” ~', we have 
= re{a 2 dq, + a,a, =a 
2 0%n -1 m1 L 
> Ady -, ta =a [as a, = 1] 
Ex. 38 If f(x) is a polynomial function satisfying => Aya, -1 = 0 
F 1 4 An -1 =0 [as dy #0] 
f(x): (2) = f(x)+ (4) and f(4) =65. Find f(6). Similar! _ Ses 
x ‘se imilarly, 2) a ree a, 
; i and a =+1 
Sol. Here, es) (4] = f(x)+ (2) fears 
1 7 1 => f(A) =+4"4+1 
~ (s)-f{2)-F0)= (2) = eae = a" = 64 
x)= 0) Ai = n=3 
= LO ane (i : ce 
Also rhea = = Flay (2) Hence, f(6)=6 +1=217 
= fxyf(2)-r a f(x) Ex. 39 If f(x) satisfies the relation, 
7 x F(xty) = f(x) + fly) for all x,y € Rand f(1) =5, then 
=> f - = Ao (ii) find © Flo) Also, prove that f(x) is odd. 
On multiplying Egs. (i) o> (ii), we en as Solties, (ery f+ fol nitseroipei 
x): f(—|= ae Fr)= fr-1) + FM) (i) 
a (5) {f(1/x) - {fF (x) - I ° f(r) = f(r -1) +5 
> [s(2}-s]ur-n- 1 ..-(iii) > f(r) = {f(r -2) + 5} +5 [using definition] 
| i a = flr) = flr 2) +2-6) 
Since, f(x) is a polynomial function, so { f(x) - 1} and = f(r) = f(r -3) +3-(5) 
{f () = i} are reciprocals of each other. Also, x and 4 ARE =§ CCCs Aik tins honcho noiRe Raa NS aNnTRelnn eS HS 
reciprocals of each other. aS fir)= flr - a +(r-1)'5 
Thus, Eq. (iii) can hold only when => f(r) = fQ) +(r-1)-5 
f(x)-1=+ x", wherene€ R => f(r) =54+(r-1)-5 
fix)otx? 41, but f(4)=65 =a «Lass 
= ee ee ee Yf)= MGn)=5[1+24+34... 4m] 
= 47-45 => n=3 [. 4" >0] . ed 
So, f(x)=x? +1 7 2 
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Hence, ¥ f(n) = ominat} ...(ii) 
Now, putting x = 0, y = 0in the given function, we have 
F(0 +0) = F(0) + F(0) 
f(0) =0 

Also, putting (- x) for (y) in the given function, 

f(x- x)= f(x) + f(- x) 
= f(0) = f(x) + fC x) 
= O= f(x)+ f (-x) 
=> f(- x)=- f(x) ..-(iii) 
Thus, ¥ F(n) = anne) and f(x) is odd. 


n=1 


9* 


Ex. 40 Let f(x)= : 
9*+3 


Show that f(x) + f(l1- x) =1 


and hence evaluate 


1 i 3 1995 
5 (sec) +4( Fa) (3), 


Sol Crei, #G)= = ei, 
97 43 
= f-s)= 
gt as 
im 
Zs fal- x)= =? _ 
43 9 +39 
9* 
9 . 
TOTS oe ae ...(ii) 
On adding Eqs. (i) and (ii), we get 
flx)+ f- x)= — +" — 
9* +3 3(3+9*) 
3-97 +9 — 3(9* +3) 
3(9* +3) 3(9* +3) 
f+ fl=2)51 ...(iii) 
1 2 3 998 


Now, putting x = 


: : susaits in Eq. (iii), we 
1996 1996 1996 1996 


1 1995 
Fl se50)* #356) =? 


yA 1994 
tse) Gee) 


get 


997 999 
=> oot ep) eg 
1996 1996 
998 998 
= oe +f [ lei 
1996 1996 
998 1 
or f|m—le- 
1996 2 


On adding all the above expressions, we get 
1 2 1995 
f | —J+f}]— +... + f | — 
1996 1996 1996 
1 
=(1+14+1+...+ to 997 a ae 


1 
=997 += 
2 


= 997.5 


Ex. 41 ABCD is a square of side a. A line parallel to the 
diagonal BD at a distance x from the vertex A cuts the two 
adjacent sides. Express the area of the segment of the square 
with A at a vertex, as a function of x. 

Sol. There are two different situations, 
(i) when x = AP < OA, 
E a 
Le. x< BS 


(ii) when x = AP > OA, 


. a 
ie. x > —= but x < V2a 


a 


1 
CaseI_ ar (A AEF) = = x-2x = x! 


CaseIl ar (ABEFDA) = ar (ABCD) ~ ar (ACEF) 
=q’- ; (J2a- x)2(V/2a - x) 


ar (ABEFDA) = 2V2 ax - x? - a” 


2 a 
x", O<x<— 
f(x)= ,. 
2J2ax —x? -a’, —<x</2a 
V2 


Ex. 42 A function R > R is defined by 


ax? +6x-8 
f (x) = —————_ .. Find the interval of values of & for 
OL + 6x — 8x? 
which f is onto. Is the function one-one for & = 3? Justify 
your answer. [IIT JEE 1996] 
Sol. Since, f : R —> R is an onto mapping. 
*. Range of f =R 
2 — 
=> NL assumes all real values of x. 
a + 6x — 8x 


a x° +6x-8 
O + 6x — 8x 
Then, y assumes all real values for real values of x. 
>ay + 6xy — 8x°y =x? +6x -8 VyER 
=> x” (a + 8y)+6x(1— y)—-(8+a@ y)=0, VyER 


We know, above equation assumes all real values. 


So, D=0 

=> 36(1—y)° + 4(a +8y) (8+ ay) 20 
=> 4[9(1-2yt+y*)+(8a +a7y + 64y + 8ay")]20 
> [9 — 18y + 9y? +80 +a*y + 64y + 8ay7] =0 
> [y? (8a +9) + y (a? + 46) + (8a +9)]>0 


We know, if ax? + bx +c >0,V xanda>0 => D<0 


So, (a” + 46)° — 4(8a +9)(8a +9)<0 and (8a +9)>0 


=> (a* + 46)? —[2(8a +9)P <0 
=> (a* + 46 — 16a — 18) (a? + 46 + 16% + 18) <0 
and a >- 9/8 

(a? — 16 +28) (a? +16 +64)<0 and a >-9/8 
> (a — 14) (a —2)(a +8)? <0 and a>-9/8 


+ + 
' 


2 = 14 


a € [2,14] U{-8} and a >-9/8 
Thus, ae [2,14] 
Hence, f is onto when vé [2, 14]. 
3x" + 6x —8 


Again, if =3, we have, f (x)= ee 
3+ 6x — 8x 


Clearly, f(1) = f (-1), which shows f (x) is not one-one. 


Ex. 43 Let f(x,y) be a periodic function satisfying the 
condition f(x, y) = f((2x + 2y),(2y — 2x)), V x,y © R. Now, 


define a function g by g(x,0) = f(2*,0). Then, prove that 
&(x) is a periodic function and find its period. 
Sol. We have f(x, y) = f (2x + 2y, 2y - 2x) (i) 
= f(2x + 2y, 2y -2x) = f {22x + 2y) + A2y - 2x), 
A2y - 2x) — 22x + 2y)} 
=> f(x y)= flex + 2y, 2y -2x) = f(8y, - 8x) 


=> f(x,y) =f (8y,- 8x) .. (ii) 


and a>-9/8 


[using Eq. (i)] 
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= f(8y, -8x) = f{8(- 8x), -8(8y)} [using Eq. (ii) 
=> = flxy)= f (2x + 2y, 2y -2x) = f (By, -8x) 

= f(-64x, -64y) 
= f(x y)= f(-64x, -64y) ...(iii) 
= f(-64x,-64y) = f(64 x 64x, 64 x 64y) 

= f (2? x,2"y) 

> f(x,y) = f (2 x, 2” y) [using Eq. (iii)] 
=> ~~ f(2*,0)= f(2'”-2*, 0) = f(2'* * *,0) ...(iv) 
Given, g (x, 0) = f(2*,0) 
=> — g(x,0)= f(2*,0) = f(2**,0) 


=> £(x,0) = g(x + 12,0) 


[using Eq. (iv)] 


Hence, g(x) is periodic with period 12. 


Ex. 44 Solve the equation 
10% + VGx +4) — 2.196% +) (x +2) agi=se= 


So/. Given equation is 


103% 7% +4 _ 9.49%) + 3x42 — 10 : 
10* ** 
=k 10% + 8x+4_ 9.492% + 4x42 419 
a 102% 2x41) _9.4Q2@7 + 2x41) _ 49 
2 2 
= 102% +) ~ 2.192 +) =10 
2 2 
=> {107 + Dy? _ 9. 1g? tO") = 19 ...(i) 
2 
Let 10° +) =y (ii) 


=> y? -2y=10 = y?-2y-10=0 


_ 244+ 40 


=> = 
4 2 

> y=1t V11 

=> y=1+-v11 [neglecting —ve sign as y > 0] 

=> 107%) s14J1 

= 2(x +1) =logi(1+ V11) 

= tee} = “logio(1 + V1) 

ay eae: [-logia(t + V1) 


Hence, x=-1+t slogio(1 + Vi) 


Ex. 45 Find the real solution of 
[x] +[5x]+[10x] +[20x] =36K +35, K € integer, where[-] 
denotes the greatest integral function. 


Sol. Let x = a+r, where a€ integer and r € [0, 1). Then, there 


are four cases 
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1 1900 1990) | 2000 
= < f( ) < 


eer. tie pe ait < £1199) < 999 
20 0 10 90 90 90 90 

«1 1 ey 1 f (1990) 

ili) —Sr<— iv)—<r<l . pers ta i 

( er A ( i = = 21,22 (i) 

1 
Casel If0<r<—- Given. x — f(x) —19| ~ |-90 f(x) 
20 ,x- f(x) = 
- [x] + [5x] + [10x] + [20x] = 36K + 35 Now, there are two cases arise. 
= [a+r]+[5a+5r]+ [10a + 10r] + [20a + 20r]= 36K + 35 l £(1990) | 
_ Case I ———_ |=21 
> at5a+10a + 20a =36K + 35 | 90 
[by definition of the greatest integer function] 1990 F (1990) 
= ere We have, 1990 - f(1990) = 19] : 2 = 
which is not possible for any values of a and K as they 1990— f(1990) = 19-(104) — 90-(21) 
belongs to integers. ...(i) 7 
i ; => f(1990) = 1904 ... (ii) 
Casell If—<r<—- 1990 
20 10 Case II ee 
[x] + [5x] + [10x] + [20x] = 36K +35 
1990 f(1990) 
= [at+r]+ [5a + 5r]+ [10a + 10r] + [20a + 20r] We have, 1990 - f(1990) = 19 90 
= 36K +35 19 90 
=> at+5a+10a+20a+1= 36K +35 => f (1990) = 1994 ... (iii) 
> 36a +1=36K +35 From Eqs. (ii) and (iii), we have f(1990)= 1904 or 1994. 
=> 36a = 36K + 34, 
which is again not possible, V a, K € integer. (ii) Ex. 47 Solve the system of equations; 
|x? -2x|+y=1x? +y|=1 
1 1 
Case lll If—<r<-- 
10 5 Sol. Here, |x? -2x|+y=1and x” +|y|=1 gives four cases as 

“. [x] + [5x] + [10x] + [20x] = 36K +35 Cased ote SG anal y20 ...(i) 


=>[at+r]+ [5a+ 5r]+ [10a+10r] + [20a + 20r] = 36K + 35 


Equations are x? -Ix+y=1 and xe+y=l 
=> at+5at+10a+1+20a +2= 36K +35 


> 1-2x=1 =x=0 and y=1 ...Aii) 
> 36a + 3=36K +35 , 
From Eq. (i), x°-2x20 = xS0 x22 and y20 
=> 36a = 36K + 32, ; s 
which shows no value of aand K can be given. ..- (iii) Minus ao and y= 11s the only solumem when 
1 x’?-2x>0 and y20 
CaseIV If-< dL. 
re 5 ee Case II x*-2x20 and y<0 
“. [x] + [5x] + [10x] + [20x] = 36K + 35 => (x<0 or x = 2)and(y <0) ... (iii) 
=> [at+r]+ [5a+ 5r] + [10a + 10r] + [20a + 20r]= 36K +35 . Equations are x°-2x+y=1landx?-y=1. 
=> at+5a+1+10a+2+20a+ 4=36K +35 Adding these equations, we get 
=> 36a+7 =36K+35 2x°-2x =2 
> 36a = 36K + 28 14.5 14.5 
. oe : ; or i= and y = ...(iv) 
Again, no solution is possible. (iv) 2 
Hence, from Egg. (i), (ii), (iii), (iv) there exists no real value = ; 1-J5 14/5 
which possesses solution. From Eqs. (iii) and (iv), x = 9 and y = 2 
2 
Ex. 46 Let f:N—N bea function such that Cet wan 
; x > (O<x<2) and (y20) ..(v) 
(i) x- f(x) =19 * |-90 iv ,VxEN, where[-] 2 
19 90 Equations are -x° +2x+y=1 and 
denotes the greatest integer function. x’ + y = 1, subtracting, we get 
(ii) 1900 < f(1990) < 2000. -2x? +2x=0>x=0,1 
Find all the possible values of f (1990). ves x=0,y=lor x=1y=0 ...(vi) 


Sol. Since, 1900 < f(1990) < 2000 which satisfy Eq. (v). 
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CaseIV x°-2x <Oandy <0. Ex. 49 If p and gq are positive integers, f is a function 
=> (0<x<2) and (y<0) ..(vii) defined for positive numbers and attains only positive values 
.. Equations are -x’+2x+y=land x*-y=1, such that f(x f(y))=x?y", then prove that q = p. 
adding, we get2x =2 >x=1 Sol forx= 1 eee 
and y = 0 which satisfies Eq. (vii). y 
Thus, solutions are 1\ 1 q 
bs I foe? 
(=O y=D(=1y=0and[ x=y=48} v 
= fay=— — 
{f(y)} 
» Ex. 48 Let f and g be real-valued functions such that hi 
S(xty)+ f(x-y) =2f(x): gy), V xy © R. Prove that, if > f= 
F(X) is not identically zero and| f(x)|<1,V x € R, then tf} 
Is(y)ISLVyeER For y =1, we have f(1)=1 
Sol. Let maximum value of f(x) be M. & f= yl? 
> max | f(x)|= M, where0< M <1 (i) or f (x)= xP ...(i) 
: : are e 
[since, f is not identically zero and | f(x)|S1,V xe R] Hsics Flxe-y™) = x? -y! 
Now, f(xty)+ f(x-y) =2f(x)- a(y) a - 
e =2Z 
= 2f(x)| Isl =lfle+y) + f(x-y)| : sh 
= 21 fo) leMslfx+y +1 f(x-y)| = adel 
[as |a+ b| < al +|D|] => F(x-z)= x? 2? 
=> 2\f(x)|-|gQ)|S M+M or f(x)=x? (ii) 
[using Eq. (i), ie. max | f(x)|= M] From Eqs. (i) and (ii), we have xUP = xP 
= Ig(yIS1,VyER q 2 
: : : ‘ > —=porq=p 
Thus, if f(x) is not identically zero and| f(x)|S1,.V xER, p 


then|g(y)|<1, VyeER 


Functions Exercise 1: 


Single Option Correct Type Questions 


x,for0<x<1 
. fi(x)=)1, for x>1 


0, otherwise 


f2(x) = fi(—x), for all x 
and f3(x)=— f2(x), for all x. 


f(x) = f3(—x), for all x 


Which of the following is necessarily true? 


(a) fa(x) = fi(x), for all x  (b) f(x) = — fa(—x), for all x 
(c) fo(—x) = f(x), for all x (d) fi(x) + fa(x) = 0, for all x 


. Which one of the following is an odd function? 


8 8 4 4 


» If f(x)= nd g(x) 


= + 
f(sinx)  f(cos x) 


+ 
1-x 1+x 
the g(x) is periodic with period 


()* (b) x (c) (d) 2m 


. Let f be a function defined by f(xy) = I) for all 
y 


positive real numbers x and y. If f(30) = 20, the value of 
f (40) is 


(a) 15 (b) 20 (c) 40 (d) 60 


. Let f(x) = el sna} and g(x)= el sen] € R, where 
{x} and [x] denote fractional part and greatest integer 
function, respectively. Also, h(x) = log( f(x)) + log(g(x)), 
then for all real x, h(x) is 

(a) an odd function 

(b) an even function 

(c) neither odd nor even function 

(d) both odd as well as even function 


. Which of the following function is surjective but not 
injective? 

(a) f: ROR, f(x)=x* + 2x? -x? +1 

(b) f: ROR, f(x)=x?>+x41 

(c) f: ROR*, f(x) = 14 x? 

(d) f: ROR, f(x)=x° + 2x°-x4+1 


rf 


10. 


11. 


12. 


13. 


14. 


If f(x) =2x* +7x —9, then f~'(4)is 
(a) 1 (b) 2 (c) 1/3 


(d) non-existent 


. The range of the function 


2 
e* -logx-5” *? -(x? —7x +10). 


2x7 —11x +12 


(a) (— 2, 2) (b) [0, e) @[3.-] (3.4) 


f(x) = 


. If x =cos ‘(cos 4) and y = sin ' (sin3), then which of the 


following holds? 


(a)x-y=1 
(c) x + 2y =2 


(b)x+y+1=0 
(d)x+y=3n -7 


\ 2/3 
2sinx+sin2x 1-—cosx 
Let f(x) = : ;xER 
2cosx+sin2x 1-sinx 
Consider the following statements. 
I. Domain of f is R 


Il. Range of f is R 
Ill. Domain of f is R—(4n — ie. nel. 
2 


IV. Domain of f is R—(4n + ie nel. 
2 


Which one of the following is correct? 


(a) I and II (b) II and III 
(c) Il and IV (d) I, IW and IV 
If f(x) = e in — LD) cost | here [x] denotes the greatest 


integer function, then f(x) is 

(a) non-periodic 

(b) periodic with no fundamental period 
(c) periodic with period 2 

(d) periodic with period 1 

The range of the function, 

f(x)= cot (logos (x* —2x” +3))is 


(a) (0, m) (0% |] @| 4,2] 


: + : where [-] 
log(x* +e)} 14x? 


denotes greatest integer function, is 
e+1 
(a) (0 : } U {2} (b) (0, 1) 


(c) (0, 1] VU {2} (d) [0, 1) U {2} 
The period of the function f(x) =sin(x +3-[x +3]), 


where [‘] denotes greatest integer function, is 
(a)2n+3  (b)2n (c)1 (d) 4 


Range of f(x) = 


15. Which one of the following functions best represent the 
graph as shown below? 


y 
(0, 1) 
X’« o >X 
y’ 
1 1 
(a) f(x) = ae (b) f(x) = Jie lal 
(c) f(x) =e"! d) f(x)=a"*"!,a>1 


16. The solution set for [x] {x} = 1, where {x} and [x] denote 


fractional part and greatest integer functions, is 
(a) R* — (0,1) (b) R* - {1} 


(om +<imel- co} ({m-+2sme n-th 


17. The domain of definition of function 


f(x) = log(./x * 5x —24 —x—2), is 
(a) (— 2, -3] (be =3] 
(d) None of these 


U[B, 2) 


18. If f(x) is a function f : R— R, we say f(x) has property 
I. If f( f(x)) = x for all real numbers x. 
Il. If f(—f(x)) =— x for all real numbers x. 


How many linear functions, have both property I and II? 


(a) 0 (b) 2 
(c) 3 (d) Infinite 
19. Let f(x)= * and g(x)= 2 Let S be the set of all 
x a 


real numbers r, such that f(g(x)) = g(f(x)) for infinitely 
many real numbers x. The number of elements in set S is 


(a) 1 (b) 2 
(c) 3 (d)5 

20. Let f(x) be linear functions with the properties that 
fs f(2), f(3) = f(4) and f(5) =5. Which one of the 
following statements is true? 
(a) f(0) <0 (b) f(0) = 
(c) fl) < f(0) < f(- 1) (d) f(0) =5 


21. Suppose Ris relation whose graph is symmetric to both 
X-axis and Y-axis and that the point (1, 2) is on the graph 
of R. Which one of the following is not necessarily on 
the graph of R? 
(a) (-1, 2) 
(c)(-1, -2) 


(b) (, — 2) 
(d) 2, 1) 


22. 


23. 


24. 


25. 


26. 


27. 


28. 
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The area between the curve 2{y}=[x]+1,0<y<1, 
where {} and [-] are the fractional part and greatest 


integer functions, respectively and the X-axis, is 


1 3 
(a) A (b) 1 (c) 0 (d) A 
If f(x) =sin™' x and g(x) = [sin (cos x)]+ [cos (sin x)], 
then range of f(g(x)) is (where, [-] denotes greatest 


integer function) 
—1 1 —1 
oa Oey 
m1 
oa] 


The number of solutions of the equation 

—2=[{x* +10x + 11}]is 
(where, {x} denotes fractional part of x and [x] denotes 
greatest integer function) 


(a) 0 (b) 1 (c) 2 (d) 3 
Total number of values of x, of the form cn né N inthe 
n 


1 1 
interval x € =. =| which satisfy the equation 
25 10 


{x}+ {2x}+...+ {12x} = 78x (where, {} represents 
fractional part function), is 


(a) 12 (b) 13 

(c) 14 (d) 15 

The sum of the maximum and minimum values of the 
function f(x) = : is 


1+(2cos x —4sin x)’ 


22 21 22 21 
20 


Let f:X Y, f(x 
then X —Y is/are 


| ®. a > [2,32] 


)=sin x+ cos x+ 2/2 be invertible, 


The range of values of a, so that all the roots of the 


equation 2x? —3x? —12x + a=Oare real and distinct, 
belongs to 

(a) (7, 20) (b) (-7, 20) 

(c) (-20, 7) (d) (-7, 7) 
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29. 


30. 


31. 


32. 


33, 


34, 


35. 
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If f(x) is continuous such that| f(x)|<1,V xe Rand 


(x) ef) — elf@| : £ p(x) 
g(x) = ——____, then range of g(x) is 
ef) 4 elf) 
7+ 
(a) (0, 1] (b) [o S 
eH 
2 2 
e +1 1l+e 
Let f(x) =./|x|— {x}, where {} denotes the fractional 


part of x and X,Y and its domain and range respectively, 
then 
(a) f:X ~Y:y = f(x) is one-one function 


(by X e(- - -;| U[0, ©) and Y e| ~| 


(c) xe(---2] UI co) and Y € [0, «) 


(d) None of the above 


If the graphs of the functions y = In x and y = ax 


intersect at exactly two points, then a must be 


(a) (0, e) (b) & 0} 
e 
(c) (0 *) (d) None of these 
e 


A quadratic polynomial maps from [—2, 3] onto [0, 3] and 
touches X-axis at x = 3, then the polynomial is 


(a) = (s" —6x + 16) (b) = (s" —6x +9) 


2 
(c) ae 6x + 16) 


The range of the function y= ,/2 {x}- {x}? - ; 


(where, {-} denotes the fractional part) is 


1 1 1 
ofp] © [2) 


Let f(x) be a fourth differentiable function such that 
f(2x* —1)=2xf(x),V x€ R, then f'’(0) is equal to 
(where, f aa (\)) represents fourth derivative of f(x) at 


ee z 
(d) a 6x + 9) 


x =0) 
(a) 0 (b) 1 
(c) -1 (d) Data insufficient 


Number of solutions of the equation [y + [y]] =2 cos x is 
(where, y = : [sin x + [sin x + [sin x]]]and [-] denotes 


the greatest integer function) 
(a) 1 (b) 2 
(c) 3 (d) None of these 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


If a function satisfies f(x + 1)+ f(x -1)= /2f (x), then 
period of f(x) can be 

(a) 2 (b) 4 (c) 6 (d) 8 

If x and © are real, then the inequation 


log, x + log, 2+2cosa <0 

(a) has no solution 

(b) has exactly two solutions 

(c) is satisfied for any real o and any real x in (0, 1) 
(d) is satisfied for any real o and any real x in (1, -) 


|| 
The range of values of ‘a such that ;) =x? -ais 
2 


satisfied for maximum number of values of ‘x’ 
@G3-) 0) es) © CL) @ CL) 

Let f : R- Rbe a function defined by f(x) = {| cos x |}, 
where {x} represents fractional part of x. Let S be the set 
containing all real values x lying in the interval [0, 27] 
for which f(x) #| cos x|. The number of elements in the 
set Sis 
(a) 0 (b) 1 (c) 3 


The domain of the function 
f(x= MOB da xeenaxl | cos x|+ cos x),0S x<Tis 


TT 
0 (03 


(d) None of these 


(d) infinite 


(a) (0, 2) 


Tl 
(c) (0 =) 


If f(x)= (x? + 20x +07 —1)"* has its domain and 


range such that their union is set of real numbers, then 
ot satisfies 


(a) -1<a<1 (bl) a<-1 
(c) 21 (d) a<1 
Let f :(e, ce) — Rbe a function defined by 


f(x) = log (log (log x)), the base of the logarithm being e. 
Then, 

(a) f is one-one and onto 

(b) f is one-one but not onto 

(c) f is onto but not one-one 

(d) the range of f is equal to its domain 


The expression x” — 4px + q’ >0 for all real x and also 


r? + p* <qr, the range of f(x)=—_*" — is 


x +qx+p° 
ee 6 
(a) E 4) (b) (0, ©) 
(c) (=, 0) (d) (— 9, ©) 


44,3 _ 
Let f(x) =~ as 


.If range of f(x) is the 


set of entire real numbers, the true set in which A lies is 
(a) [-2,2] (b) [0,4] 
(c) (1,3) (d) None of these 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


Let a=3"?*4 +1 and for alln> 3, 
let finj="C a” —"Cye" * +" Cua” 
+e Ca. 
If the value of f(2016)+ (2017) = 3X the value of K is 


(a) 6 (b) 8 
(c) 9 (d) 10 


The area bounded by f(x) =sin™ ‘(sin x) and 


2 
(a) 7 sq units (b) z sq units 


3 2 
(c) . sq units (d) . sq units 


2 
If f:R>R, P(x) = "1 (b> tand f(x), 
x b 


f(x) 
have the same bounded set as their range, the value of b 
is 


(a) 2V3 -2 (b) 2V3 +2 
(c) 2V2 -2 (d) 2/2 +2 
i“ + cos waka + tan Z [x] where 


The period of sin z 
12 


[x] represents the greatest integer less than or equal to x 
is 


(a) 12 (b) 4 
(c) 3 (d) 24 

If f(2x + 3y, 2x —7y) = 20x, then f(x, y) equals 

(a) 7x —3y (b) 7x + 3y 

(c) 3x —7y (d) x-y 

The range of the function f(x) =./x -—1+2,/3- x is 
(a) [V2, 2V2] (b) [V2, ¥10] 

(c) [2v2, V10] (d) [1,3] 


The domain of the function 
f(x) = cos” (sec (cos x)) 
1 


+ sin’ (cosec (sin ’ x)) is 
(a) xER (b) x=1,-1 
(c) -l1S<x<1 (d) xEo 


Let f(x) be a polynomial one-one function such that 
F(x) f(Y) +2 = F(x) + Fly) + Flay), V xu ye R- 1, 
Ff) #1, f' 0) =3. 

Let g(x) = 7 (f(x) +3) - [ f(x) dx, then 

x) = 0 has exactly one root for x € (0, 1) 


a 
b) g(x) = 0has exactly two roots for x € (0, 1) 
g(x) #0, Vx Ee R- {0} 


53. 


54. 


99. 


56. 


97. 


58. 


59. 


60. 


61. 


Chap 03 Functions 165 


Let f(x) be a polynomial with real coefficients such that 
f(x)= f(x) f’’’ (x). If f(x) = 0is satisfied x = 1, 2,3 
only, then the value of f’ (1) f’ (2) f’ (3)is 

(a) positive 
(c) 0 


(b) negative 
(d) Inadequate data 


Let A = {1,2,3, 4,5} and f : A > A be an into function 
such that f(i) # i,V ie A, then number of such functions 
f are 

(a) 1024 (b) 904 

(c) 980 (d) None of these 

If functions f : {1,2,...,n} — {1995, 1996} satisfying 


f()+ f(2) +... + £(1996) = odd integer are formed, the 
number of such functions can be 
(a) 2" (b) 2"? (c) n® 
The range of y=sin*® x—6sin” x + 11sin x —6is 
(a) [- 24,2] (b) [- 24, 0] 

(c) [0, 24] (d) None of these 


Let f(x) =x? —2x and g(x)= f(f(x)-1)+ f(6—- f(x)), 
then 

(a) g(x) <0,VxER 

(b) g(x) <0, for some x ER 

(c) g(x) 2 0, for some x € R 

(d) g(x)20,VxER 


(d) gral 


If f(x) and g(x) are non-periodic functions, then 

h(x) = f(g(x))is 

(a) non-periodic 

(b) periodic 

(c) may be periodic 

(d) always periodic, if domain of h(x) is a proper subset of 
real numbers 


If f(x) is a real-valued function discontinuous at all 
integral points lying in [0, n] and if (f(x))? =I), 


V xe [0,n] then number of functions f(x) are 


(a) 2"*1 (b) 6x3" = (c) 2«3"7!  (d) 377! 
A function f from integers to integers is defined as 

n+3, neéodd 

f(x)= | 

n/2, ne€even 
Suppose k € odd and f(f(f(k))) = 27, then the sum of 
digits of k is 
(a) 3 (b) 6 (c) 9 (d) 12 
Iff:ROR nd fg ted isn 

x* +3x7° +7 


fractional part of x, then 

(a) f is injective 

(b) f is not one-one and non-constant 
(c) f is a surjective 

(d) fis a zero function 
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62. 


63. 


64. 


65. 


66. 


67. 


68. 
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Let f:R—R and g:R—R be two one-one and onto 
functions, such that they are the mirror images of each other 
about the line y = a. If h(x) = f(x) + g(x), then h(x) is 

(a) one-one and onto 

(b) only one-one and not onto 

(c) only onto but not one-one 

(d) None of the above 


Domain of the function f(x), if3* +3/%) = minimum of 
(t), where $(t) = min {2t° — 15t? + 36t — 25,2+|sin |} 


a) (— 1) 
) 


c) (0, logs 2) 

d) (— =, log; 2) 

Let x be the elements of the set 

A = {1,2,3,4,5,6,8,10,12,15,20,24,30,40,60,120} and 
X1,Xy,X3 be positive integers and d be the number of 
integral solutions of x, x» x3 =x, then d is 


(a) 100 (b) 150 
(c) 320 (d) 250 
If A >0,c,d,u, v are non-zero constants and the graph of 


f(x)= |Ax +c |+ dand g(x)=- |Ax + u |+ v intersect 
exactly at two points (1, 4) and (3,1), then the value of 


c 
equals 

(a) 4 (b) -4 

(c) 2 (d) -2 

If f(x) = x°4+3x* +4x+asinx+bcosx,Vxe Risa 

one-one function, then the greatest value of (a? +b’ )is 

(a) 1 (b) 2 

(c) V2 (d) None of these 

If two roots of the equation 


(p—1)(x? +x+1)? —(p+1)(x* +x* +1)=Oare real and 


distneraud Fe BSW igs f(f(x))+ f G (4) is 
1 ees “ 

equal to 

(a) p (b) —p 

(c) 2p (d) -2p 


Let f(x) = x7? +2x'? +3x1!4...413x +14 and 


o = cos = +isin “HEN = fla)f(o.*)... f(a"), then 


(a) number of divisors of Nis 144 

(b) number of divisors of Nis 196 

(c) number of divisors of N which are perfect squares 
of 49 

(d) number of divisors of N which are perfect square 
of 12 


69. 


70. 


fi; 


72. 


73. 


74, 


75. 


76. 


The sum of the maximum and minimum values of 
function f(x) =sin™' 2x + cos’ 2x + sec 2x is 

™ 

ice 

(a) 1 (b) 
(c) 2 (a) = 

2 
The complete set of values of ‘a for which the function 
f(x) = tan! (x? —18x+a)>0,V xe Ris 
(a) (81, °°) (b) [81, 2) 
(c) (— ©, 81) (d) (—», 81] 
The domain of the function 
f(x)=sin™ : + d is 


a =a {sin? x+sinx+1 
(a) (— %, ©) 
(b) (- 22, - 2] U [v2, 00) 
(c) (- Oe, - 2] U [v2, oo) U {0} 
(d) None of the above 


log (sin™! «/x? 1 
The domain of f(x) = og (sin yx? txt \, 


is 
log (x? — x +1) 


(b) (-1, 0) U(@, 1) 
(d) None of these 


(a) (-1,1) 
(c) (-1, 0) U {1} 


The domain of f(x) = sin”! (3x — 4x?) + cos” x is 


equal to 


| L B)ufa 4] w | ie |U[o5| 


(d) None of these 


The domain of the function 
f(x) = 94% 4823-2 — 52 — 27-0 ig 


(a) (0, 1) (b) [3, ee) 
(c) [1, 0) (d) None of these 


The domain of derivative of the function 
f(x)=|sin™ (2x? —1)|is 


(a) (-1,1) : 


(b) (-1, 1) ~ {o a =| 


1 
d) (-1,1)~1+ — 
(d) (-1, 1) | + 
The range of a function 


f(x)= tan flogs)4 (5x? — 8x + 4)}is 


(c) (-1, 1) ~ {0} 


77. 


78. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


Functions Exercise 2 : 


More Than One Option Correct Type Questions 


Which of the following function(s) is/are transcendal? 


(a) f(x) =5sin(Vx) _2sin3x __ 


IT or ccna 
ax? taxt1 — (d) fix) 
x-2./x-1 
jx-1-1 


(a) domain of f(x) is x 21 (b) domain of f(x 
(©) f’@0) =4 af 


= (x? + 3)-2* 


(c) f(x) 


Let f(x)= - x, then 


) is [1, ee) — {2} 
=-1 


T T\. 
f(x) = cos? x +.008'( E+ x] cos x-c0s( x +2) 
3 3 


(a) an odd function (b) an even function 


(d) f(0) = f(1) 
If the following functions are defined from [-1,1] to 
[— 1,1], identify these which are into. 


(c) a periodic function 


=1 


(a) sin(sin x) (b) = sin’ ‘(sin x) 
T 


(c) sgn (x) - log(e”) (d) x°sgn (x) 


2 _ 

Let f(x) = x 4x+3, x<3 

x4, 23 

x= 3, x<4 
and g(x) -| 5 , which one of the 

x" +2x4+2, x24 

following is/are true? 
(a) (f + g)(3.5) = 0 (b) f(gB)) = 
(c) f(g(2)) =1 (d) (f - nmr 


If f(x) =x? -—2ax + a(a+1), f :[a~)> a 
the solutions of the equation f(x) = f~'(x) 
other may be 

(a) 5051 (b) 5048 


co). If one of 
is 5049, the 


(c) 5052 (d) 5050 


The function g defined by 

g(x) =sina + cosa — 1,0 =sin™' {x}, where {} denotes 
fractional part function, is 

(b) periodic function 

(d) neither even nor odd 


(a) an even function 
(c) odd function 


The graph of f : R— Rdefined by y = f(x) is symmetric 


with respect to x = aand x = b. Which of the following 
is true? 

(a) f(2a — x) = f(x) 
(c) f2b + x) = f(-x) 
Let f be the continuous and differentiable function such 


that f(x) = f(2—- x), V xe Rand g(x) = f(1+ x), then 


(a) pa is an odd function 


(b) f@a + x) = f(-x) 
(d) f is periodic 


(b) g(x) is an even function 
(c) f(x) is symmetric about x =1 
(d) None of the above 


86. 


87. 


88. 


89. 


90. 


91. 


Let f(x)=|x-1|+|x-2|+|x-3|+|x-4 , then 
(a) least value of f(x) is 4 

(b) least value is not attained at unique point 

(c) the number of integral solution of f(x) = 4 is 2 


(d) the value of is 1 
213] 


Let A = {1, 2, 3, 4, 5}, B= {1, 2, 3, 4}and f:A > Bisa 
function, the 

(a) number of onto functions, if n( f(A)) = 4 is 240 

(b) number of onto functions, if n(f(A)) =3 is 600 


(c) number of onto functions, if ine 2 is 180 
(d) number of onto functions, if n(f(A)) =1is 4 


iraftay+ x 4{2]-2 ee J) 


= 4cos * [BE] +x co5{2 }w re R- {0}, which of the 


following statement(s) is/are true? 

a) fla) + ig = b) fla) + fla) =0 
©) fla) + fla) = ig 
If f(x) 


condition f(100x) = x + f(100x —100),V xe R and 
f(100) = 1, then f(10*) is 


() fay-s(5)- Fe =1 


is a differentiable function satisfying the 


100 100 
(a) 5049 (b) Mr oO vr (d) 5050 
r=1 r=2 
If [x] denotes the greatest integer function then the 


extreme values of the function 
f(x)=[1+ sin x]+[1+sin2x]+ 
x €(0,7) are 

(a)(n —1) (d) (n + 2) 
Which of the following is/are periodic? 


+[1+sinnx}nel*, 


(b) n (c) (n+ 1) 


1, if x is rational 
fx)=) 0 

0, if x is irrational 

x-[x], 2@n<x<2n+1 


(b) f(x) | 1 _ where ['] 
= 


a2n+1<x<2n+2 


denotes the greatest integer function 
2x 


() f(x) =(-1)-® 


integer function 


(d) f(x) =ax —[ax+a]+ tan( 2) , where [-] denotes 


, where [] denotes the greatest 


the greatest integer function 


168 


92. 


93, 


94. 


95. 


96. 
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If f(x) is a polynomial of degree n , such that f(0) =0, 
f()=1/2,..., f(n) = > then the value of f(n + 1) is 
n+ 


(a) 1, when nis even 


(b) —"—, when n is odd 
nz 


(c) 1, when n is odd (d) — when n is even 


n+ 
Let f : R— Rbea function defined by 


f(x+D= iy=> ,v¥ x€ R Then, which of the 
f(x)-3 

following statement(s) is/are true? 

(a) f(2008) = f(2004) (b) (2006) = (2010) 

(c) (2006) = f(2002) (d) (2006) = f(2018) 

Let f(x)=1-x- x°*. Then, the real values of x 

satisfying the inequality, 

1— f(x)- f3(x)> f(1—5x), are 

(a) (—2, 0) (b) (0, 2) 

(c) (2, ©) (d) (-—%, -2) 

If a function satisfies 

(x— y)f(x +y)—(x + y)f(x- y)=Ax?y—y*), 

V x, ye R and f(1)=2, then 

(a) f(x) must be polynomial function 

(b) f()=12 


(c) (0) =0 
(d) f(x) may not be differentiable 


If the fundamental period of function 
f(x) =sin x + cos (\/4—a? ) x is 47, then the value of a 


is/are 


(a) us ~~” 


Functions Exercise 3: 


Statements | and II Type Questions 


= Directions (Q. Nos. 102 to 112) For the following 
questions, choose the correct answers from the codes (a), 


(b), (c) and (d) defined as follows : 


(a) Statement I is true, Statement II is also true; Statement II 
is the correct explanation of Statement I 

(b) Statement I is true, Statement II is also true; Statement II 
is not the correct explanation of Statement I 

(c) Statement I is true, Statement II is false 


(d) Statement I is false, Statement II is true 


102. Statement I The function f(x) = x sin x 


and f’(x)= x cos x +sin x are both non-periodic. 


97. Let f(x) be a real valued function such that f(0) = 5 and 


98. 


99. 


100. 


101. 


103. 


104. Let f: R— Rbe a function such that f(x)= 


f(x+y)= f(x) fla—y)+ fy) fla- x), 
V x, y€ R, then for some real a, 

(a) f(x) is a periodic function 

(b) f(x) is a constant function 


23 
(c) I= 


(a) fly = 
If f(g(x)) is one-one function, then 


(a) g(x) must be one-one —_(b) f(x) must be one-one 
(c) f(x) may not be one-one (d) g(x) may not be one-one 


Which of the following functions have their range equal 
to R(the set of real numbers)? 
(a) x sin x 
[x] ( T “| 

b € . 0}, where [-] denotes th 
ee ra {0}, where [:] denotes the 

greatest integer function 
() = 

sin x 


(d) [x] + (xh, where [-] and {+}, respectively denote the 
greatest integer and fractional part functions 

Which of the following pairs of function are identical? 

(a) fx) = ener 

(b) f(x) 

(c) f(x) =sgn (x) and g(x) = sgn (sgn (x)) 

(d) f(x)= cot” x- cos” x and R(x) = cot® x — cos” x 

Let f:R— Rdefined by f(x) = cos '(—{—x}), where {x} 


denotes fractional part of x. Then, which of the 
following is/are correct? 
(a) f is many one but not even function 


= and g(x) =sec™’ x 
= tan (tan! x) and g(x) = cot (cot! x) 


(b) Range of f contains two prime numbers 
(c) f is non-periodic 
(d) Graph of f does not lie below X-axis 


Statement II The derivative of differentiable function 
(non-periodic) is non-periodic function. 


Statement I The maximum value of sin /2 x + sin ax 


cannot be 2 (where ais positive rational number). 


DQ ica : 
Statement II v2 is irrational. 


a 


| x| x 


ee 
foe ; e+e ~ 
Statement I f(x) is into function. 


Statement II f(x) is many-one function and the 
many-one function is not onto. 


105. Statement I The range of 
f(x) =sin [2 + x)~sin{ E- x] -sin [+ x] 
5 5 5 


. {20 . 
+ sin (= - *| is [-1, 1]. 
5 


Tl ans 
Statement II cos — — cos — =— 
5 


5 
106. Statement I The period of 


1 _ 1 . 
f(x) =2 cos —(x — 7) + 4 sin —(x — 7) is 37. 
3 3 


Statement II If T is the period of f(x), then the period 


of f(ax + b)is 7 
a 


107. f is a function defined on the interval [—1,1] such that 


f(sin 2x) =sin x + cos x. 

Statement I If xe - a " , then f(tan? x)=sec x 
4 4 

Statement II f(x)=./1+x,V xe[-11] 


108. Statement I The equation f(x) = 4x° + 20x —9 =Ohas 
only one real root. 
Statement II f’(x)= 20x* + 20=0has no real root. 


Functions Exercise 4: 
Passage Based Questions 


Passage I (Q. Nos. 113 to 115) 
Let f : R— R be a continuous function such that 


Flx) af (Z}+r(Z)= 2% 


113. f(3) is equal to 
(a) f(0) (b) 4+ f(0) (c) 9+ f(0) (d) 16 + f(0) 
114. The equation f(x) — x — f(0) =0 have exactly 


(a) no solution (b) one solution 


(c) two solutions 
115. f’(0) is equal to 
(a) 0 (b) 1 


(d) infinite solutions 


(c) F(0) (d) — f(0) 


Passage II (Q. Nos. 116 to 117) 


Consider the equation x + y — [x][y]=0, where [-] is the greatest 
integer function. 


116. The number of integral solutions to the equation is 
(a) 0 (b) 1 
(c) 2 (d) None of these 

117. Equation of one of the lines on which the non-integral 
solution of given equation lies, is 

(b) x+y =0 

(d) x+y=5 


(a) x+y=-1 
(c) x+y=1 
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109. Statement I The range of a ! 5 is (— ©0, 0), 
1+x 


Statement II When0< x <1, log xE(-—~,0]. 
110. Let f :X —Y be a function defined by 


: T 
flx)=2sin(x+)- 2cosx+tc. 
4 


310 ; 
Statement I For set X, x € 0 4 U x I f(x)is 
2 2 
one-one function. 


Statement II f’(x)20,xe o 4 
Zz 


111. Let f(x) =sin x 


Statement I /f is not a polynomial function. 


Statement II nth derivative of f(x), w.r.t. x,is not a 
zero function for any positive integer n. 


112. Statement I The function f : R— R, given 
f(x) = log, (x + x° +1),a>0,a# 1is invertible. 


Statement II f is many-one and into. 


Passage III (Q. Nos. 118 to 120) 

Let f(x) = ; [roo +f G] for x,y € R® such that f (1) = 0; 
y 

f'()=2. 

118. f(x) — f(y) is equal to 

(a) f (2) () f =) (o) flex) (a) fey) 
x y 
119. f’(3) is equal to 


1 2 1 

(a) 3 (b) 3 (c) 2 (d) a 
120. f(e) is equal to 

(a) 2 (b) 1 (c) 3 (d) 4 


Passage IV (Q. Nos. 121 to 123) 
If f :R— Rand f(x) = g(x) + A(x), where g(x) is a polynomial 
and h(x) is a continuous and differentiable bounded function on 
both sides, then f(x) is one-one, we need to differentiate f(x). If 
f(x) changes sign in domain of f, then f, if many-one else 
one-one. 


121. If f: R-> Rand f(x)=a,x +a3x° 


5 on+ 
+ 5X° +...4 gn 41x" 


1 -1 
=cot x 


where 0 < a; <d3 <...< Gn 41, then the function f(x) is 
(a) one-one into 
(c) one-one onto 


(b) many-one onto 
(d) many-one into 
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x(x* +1)(xt+1)+x* +2 


122. If f : R— Rand f(x) = , then 


x? +x41 


f(x)is 


(a) one-one into (b) many-one onto 


(c) one-one onto (d) many-one into 


123. If f :R— Rand f(x) = 2ax + sin 2 x, then the set of 


values of a for which f(x) is one-one and onto is 


f)ae[- +3] (b) a €(-1,1) 


(d) a€R-(-1,1) 


Passage V (Q. Nos. 124 to 126) 
Let g(x) = ap + ax + a,x” + a,x° and f(x) = /g(x), f(x) has its 


non-zero local minimum and maximum values at — 3 and 3, 
respectively. Ifa, € the domain of the function 
{1+ x? 


h(x) = sin 


124. The value of a, + dz is 
(a) 30 (b) — 30 
125. The value of ay is 


(a) equal to 50 
(c) less than 54 


126. f(10) is defined for 
(a) dy > 830 
(c) a) =830 


(c) 27 (d) - 27 


(b) greater than 54 
(d) less than 50 


(b) ay < 830 
(d) None of these 
Passage VI (Q. Nos. 127 to 129) 


Let f :[2,0) > [1, 2°) defined by f(x)=2" ~** and 


eZ] —> A defined by g(x) = oe 
9 sin x — 


functions. 

127. f (x) is equal to 
() e+ ialogs 
(c) 2- 4+ logs x 


128. The set A is equal to 


be two invertible 


(b) ,j2+ ./4+ logy x 


(d) None of these 


(a) [—5,-2] (b) [2,5] (c) [-5,2]  (d) [-3,-2] 
129. The domain of f~'g~'(x) is 
(a) [-5,sin 1] (b) 5 
) [-s-G2sn0) @) Grand, 
2—sin 1 2-—sin1 


Passage VII (Q. Nos. 130 to 132) 


Let P(x) be polynomial of degree atmost 5 which leaves 
remainders — 1 and 1 upon division by(x —1)° and (x +1)’, 


respectively. 


130. Numbers of real roots of P(x) = 0is 


(a) 1 (b) 3 (c) 5 (d) 2 
131. The maximum value of y = P’’ (x) can be obtained at x is 
equal to 
1 1 
(a) - A (b) 0 (c) aa (d) 1 


132. The sum of pairwise product of all roots (real and 
complex) of P(x) =0is 


(c) 2 (d) -5 


Passage VIII (Q. Nos. 133 to 135) 
Consider >1 and f: Fa > Fa be bijective function. 
a a 


Suppose that f~\(x) = ri yi for allx€ ie | 
x Qa 


133. f(1) is equal to 
(a) 1 
(c) -1 

134, Which of the following statements can be concluded 
about ( f(x))? 


(b) 0 


(d) does'nt attain a unique value 


(a) f(x) is discontinuous in xa 
a 
(b) f(x) is increasing in [=.0) 
104 


(c) f(x) is decreasing in [=.2 
oO 
(d) None of the above 


135. Which of the following statements can be concluded 
about f(f(x))? 


(a) f(f(x)) is continuous in [+0 
oO 
(b) F(7G)) is increasing in [=.0 


(c) f(f(x)) is decreasing in |=. 
Ol 
(d) None of the above 


Passage IX (Q. Nos. 136 to 137) 


Let f be a real valued function from N to N satisfying. The relation 
f(m+n)= f(m)+ f(n) for allmneN. 


136. The range of f contains all the even numbers, the value 


of f(1)is 
(a) 1 (b) 2 (d) 4 


137. If domain of f is first 3m natural numbers and if the 


(c) 1 or 2 


number of elements common in domain and range is m, 
then the value of f(1) is 
(a) 2 
(c) 6 


(b) 3 
(d) Can’t say 
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a| Functions Exercise 5 : Matching Type Questions 


138. Match the statements of Column I with values of 


Column II. Column I Column II 
Column I Column II (B) If f _2tan x 
ie : er ; R 1+ tan’ x Bets 
(A) _./sin (cos x) has domain (p) xe _ (cos 2x + ieee? 2 tae x) (q) x° + 2x 
. -1 é = > 
(B) (/cos (sin x))’ has domain | (q) R- {om + a then f(x)is 2 
(C) tan(zm sin x) has domain (r) T (C) If f(x+yt 1 =aWf(x) + VIO yy? 
xe aac mala (r) 1+x 
for all x, y € Rand f(0) =1, then f(x) 
(D) In(tan x) has domain ) xe an a ee | is 
(D) Wa<x<Sand ftx)=|]42042, 
139. Match the statements of Column I with values of 4 (s) (x+1) 
Column II. where [y] is the greatest integer < y, 
then f '(x) is 
Column I Column II 
(A) |4sinx-1|<+5,x€[0,7], |(p) [ *) E 141. Match the statements of Column I with values of 
> cae 0, —|U}—, 1 
the domain is | 4 Column II. 
iB) Ase gs (q) [ 3 on oial Column I Column II 
sin x + 3 < 0,[0, 270], the (A) oe Sipe ie ws? Ve a Tt (p) Defined for all 
domain is 3 real ‘x 
(C)  |tan x|<landxe[0,7], (r) P 3m + cos x cos(x+ 2) then f(a) 
the domain is |” 10 3 
(D) cosx—sinx21and[0,2n],|(s) [x 5x (B)  g(x)=tan(e)) + [x+a]-5—x, | (q) Even function 
the domain is 6 & where [-] denotes the greatest 
= integer less than or equal to x, then 
140. Match the statements of Column I with values of g(x) is 
Column II. (C) h(x) 2 _ + x +5, then h(x) is (r) Odd function 
Column I Column II 
i ee (D) k(x) =2sin’x — cos 20 (s) Periodic 
(A) If f(x)= , the x73 + 4sin &-sin x cos (x + ) function 
x’ -1, when x >0 (p) 
j 2 + cos2(x+ @),aER, 
fof(x) for-1<x<0Ois then k(x) is 


a] Functions Exercise 6 : Single Integer Answer Type Questions 


142. A function f : R— Ris defined by 144. Let f : N > Rbe such that f(1) =1and 
f(x+y)—kxy = f(x)+2y’,V x, ye Rand f(1)=2; f(1) +2 f(2)+3f(3) +... + nf(n) = n(n + 1) f(n), for n 2 2, 


f (2) =8 where k is some real constant, then 


fixer : J es 


x+y 


hen —————_—— is 
2010 (2010) 


2010 x + 163 2010 
145. If f(x) = ee SY eS ands ——,, the least value 
165 


165x — 2010 


143. If f : R— R satisfying 


Flax = f(y) = FF) + x Fly) + fx) —1, for all of FUF(a)) + f f (4) iS ccs . 


x yeER, mea disses : 
7 
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146.Ifa,B,yeRa+B+y=4anda’ +B? +y* =6 the 
number of integers lie in the exhaustive range of © is 


147. The number of linear functions satisfying 
f(xt f(x) =x+4+ f(x) V xis : 
148. If A = {1, 2, 3}, B= {1, 3, 5, 7, 9}, the ratio of number of 


one-one functions to the number of strictly monotonic 
functions is ............ : 


149. If n(A) = 4,n(B) =5 and number of functions from A to B 
such that range contains exactly 3 elements is k, fe is 
60 


150. If aand bare constants, such that 
f(x) = asin x + bx cos x + 2x” and f(2)=15, f(—2) is 


value of g’(1)is ......... : 
152. If f(x) = x? — 12x 4 pipe {1, 2, 3, ..., 15} and for each ‘ 
p’, the number of real roots of equation f(x) =0is 


denoted by 0, the =20 is equal to ......... F 


153. Let f(x) denotes the number of zeroes in f’ (x). If 
f(m) — f(n) =3, the value of 
(m 


—N)max — (m ~ 1) min a 


2 


154. 1f x? + y? = 4, the maximum value of [+] is 
x+y 
155. Let f(n) denotes the square of the sum of the digits of 
natural number n, where f?(n) denotes f(f(n)), f(n) 
denotes f(f(f(n))) and so on. The value of 
£2" (2011) — f 2" (2011) ‘ 
f 23 (2011) — f 2°! (2011) 


156. If [sin x] + = |? as 
2m 51 107 


greatest integer function, the number of solutions in the 
interval (30, 40) is ......... ‘ 


, where [-] denotes the 


157. The number of integral solutions of are : with x<y 
x y 
is ‘a’. The value of ‘a —@ is ......... : 
158. If f(x) is a polynomial of degree 4 with leading 
coefficient ‘1’ satisfying f(1) = 10, f(2) = 20 and f(3) = 30, 


then eee IS’ cscs . 
19840 


159. Ifa+b=3- cos 40 anda-— b= 4 sin 20, then abis 


always less than or equal to ...... : 
160. Let ‘n’ be the number of elements in the domain set of 
xP 4x and ‘Y’ be the 


the function f(x) - In eae 


global maximum value of f(x), then [n + [Y ]Jis......... 
(where [-] = greatest integer function). 


161. If f(x) is a function such that 
f(x-)+f(x+D= V3 f(x) and f(5) = 10, then the sum 
19 
of digits of the value of SFE Lr): 1S: ssthtateniens ‘ 


r=0 
x se 
162. If2f(x)= f(xy)+f =) for all positive values of x and 
y 


y, f(1) =Oand f’ (1) =1, then f(e) is... ; 
163. Let f be a function from the set of positive integers to 
the set of real number such that f(1) = 1 and 


n 


Sry) =n(n+1)f(n), Vn 22, the value of 2126 


r=1 
F (1063) is eee 
4 2 
164, If f(x)= ~*~ *" the value of f(") 
x? -—x+1 


(where ‘w is the non-real root of the equation z* = 1 and 
‘nv is a multiple of 3), is... . 
165. Eres 


LS% 


1+x 


Jr2°sor#—ntand 2) #0 the 


value of | [ f(—2)]| (where [-] is the greatest integer 
function), iS... . 


166. An odd function is symmetric about the vertical line 
x =a(a>0) and if )\[f(1+ 4r)]" =8, find the 
r=0 


numerical value of 8f(1). 


1+x 
=In , then find x. 
e+e \y1-x 


3x7 +9x+17. 
is 5k +1, 


167. Let 


168. If the maximum value of f(x) = 
3x? +9x+7 


the value of k is... 4 
169. The period of the function f(x) which satisfies the 
relation f(x)+ f(x+4)= f(x +2)+ f(x+6)is wo. 
170. If a non-zero function f(x) is symmetrical about y = x, 
then the value of p (constant) such that 
f2(x)=(f (x)? — px: f(x): f(x) +2x° f(x) for all 


xX ER iS eceeee - 
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2 . . 
71 laf RSRend fO= 3x° +mx+ ” TF the mageot 172. Let f(x) be a monotonic polynomial of (2m—1) degree 
x? +1 where me N, then the equation 
Fan? . f(x)+ f(8x)+ f(x) +...4+f (2m-—1) x = (2m-—1) has 


this function is [—4,3], then the value of il 


sr or oe . roots. 


Functions Exercise 7 : Subjective Type Questions 


173. Let x be a real number. [x] denotes the greatest integer 12 1< 
function, {x} denotes the fractional part and (x) denotes chee Lf be py ae 
the least integer function, then solve the following : 7 — 
(i) (x)? = [x]? +2x (ii) SiG )= er where f ' denotes the inverse 
i=l i=1 


(ii) [2x ]-2x =[x+1] 
_ 2 
p= ae snd yey 6 180. Let f (x)= x° -2x,x€ Rand 
g (x)= f (f(x)-1) + f (5~ f(x), show that g (x) 2 
(v) [x]+|x-2]<Oand-1< x <3 VxeR 
174. Let n be a positive integer and define 181 


If fisa ae function satisfying 
f (n)=1!4+2!43!4+..4-7!. Find polynomials P(x) and 


Q(x) such that f (n + 2)= O(n) f (n) + P(n) f (n +1) for Ar ae ae ee, oe ils ET) eye haat 
alln21. 
2n-1 182. Ifa+b+c=abc,a,bandce R*, prove that 
175. If f (x)= (a>0), evaluate y af [= ) atb+c>3v3. 
aX + ok ar an 
ect ee 

176. Find the domain of the function 183. Consider the function f (x)= 2° , 

f(xd=loe {96 a(x? 8x +4 2-2} 0, net 

log. |sin x| where [-] denotes the greatest integral function and I is 


. : 2 
177. Let S(n) denotes the number of ordered pairs (x, y) the set of integers. Find g (x) = max {x", f (x),|x|}: 


1 .4- 4 =—25 05:2. 
satisfying — + —=—, wheren>landx,y,neEN. 
x yon 184. If f(x) is continuous function in [0,2] and f (0) = f (27), 
(i) Find the value of S(6). then prove that there exists a point c € (0, 7) such that 
(ii) Show that, if n is — then S (n) = 3, always. Fley= fle +m). 
1 185. Let g(t)=|¢-1|-|t|+|t+1|,,VteR 
178. Solve ={x }+ 5 , where [-] denotes the greatest 3 4 
x] Bl Find f (x) = max {g (t):-~ <t<x},V xe(.} 
integer function and {} ine fractional part of x. 2 2 
179. Let f(x)= x? +3x-3.x20.n points x1, Xy,.....,X, are 186. Find the integral solution for nn, = 2n, —n, where 


so chosen on the X-axis that Ny, M2 € integer. 
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Functions Exercise 8 : Questions Asked in Previous 10 Year's Exams 


(i) JEE Advanced & IIT-JEE 


187. Let fi: ROR fo :[0,°) > R fs :R— Rand (c) Statement I is true; Statement II is false. 
f4:R— [0,0°) be defined by (d) Statement I is false; Statement II is true. 
[Match Type Question, 2014 Adv.] Let F(x) be an indefinite integral of sin? x. 
ee |x|, ifx<0_ Pas iGis sin x, if x <0 Statement I The function F(x) satisfies 
' e*, ifx>0 : as x, ifx>0 F(x+7) = F(x) for all real x. Because 


; Statement II sin’(x +7) = sin” x, for all real x. 
and f4(x)= | falfilx)], ifx<0 [Assertion and Reason Type Question, 2007] 
falfi(x)]-1 if x20 


190. Match the conditons/expressions in Column I with 


Column I Column II statement in Column II. 
A. is . onto but not one-one 2 650-45 
Ja ee : ee ee 
B. fz is q. neither continuous nor one-one x2 5x +6 [Match Type Question, 2007] 
C. fo off, is r. differentiable but not one-one 
D. fris s. continuous and one-one Column I Column II 
Codes A. If-1<x<1,then f(x) satisfies p. 0< f(x)<1 
ABCD ABC D : 
@rps q (b)p rs q B. If1<x <2, then f(x) satisfies q. f(x) <0 
(c)r p q s (jp r qs C. If3<x<5,then f(x) satisfies r. f(x)>0 
: eee x/2 er te | 
188. If function f (x)= x° +e*'* and g(x)= f° (x), then D. Ifx>5,then f(x) satisfies s. f(x)<1 
the value of g’ (1) is [Integer Type Question, 2009] 


. . 191. Find the range of values of t for which 
189. For the following questions, choose the correct answer 


2 
from the codes (a), (b), (c) and (d) defined as follows. Fens 1—2x + 5x te - uu = 
(a) Statement I is true, Statement II is also true; Statement II 3x? —2x -1 2 2 
is the correct explanation of Statement I. [Subjective Type Question, 2005] 
(b) Statement I is true, Statement II is also true; Statement II 
is not the correct explanation of Statement I. 
(ii) JEE Main & AIEEE 
192. If f,.(x)= = (sin* x + cos* x), where x € Rand k > 1, (a) £ Vim, n € {0,1,2,...} 
k (b) + Vat, ne€ {1,2,...} 
then f, (x) — f¢ (x) is equal to [2014 JEE Main] (c) 1/2 + 2nm,n€ {...-2-1,0,1,2...} 
(a) 1/6 (b) 1/3 (c) 1/4 (d) 1/12 (d) 2nn,n € {...,-2,-1, 0,1,2,...} 
193. The function f: [0,3] — [1,29], defined b b- 
23, Thoteseton {| : ima : pdenaea hy 195. Let f :(0,1) 3 Rbe defined by f(x) =———, where bis 
f(x) =2x” —15x° + 36x +1, is [2012 AIEEE] 1— bx 
(a) one-one and onto a constant such that 0 < b <1. Then, [2011 AIEEE] 
(b) onto but not one-one (a) f is not invertible on (0, 1) 
(c) one-one but not onto b ¢ fon (0. 1) and f(b) = 
(d) neither one-one nor onto ) Fes a Fe) f(0) 
194. Let f(x)= x” and g(x) =sin x for all x € R. Then, the set (c) f = fon (0, 1) and f(b) = u 


(0) 


oS 


of all x satisfying ( fogogof )(x) = (gogof )(x) , where ; 
(fog)(x) = f(g(x)), is [2011 AIEEE] (d) f~ is differentiable on (0, 1) 


196. 


197, 


198. 


199. 


200. 


201. 


202. 


203. 


204. 


Let f be a real-valued function defined on the interval 


=. =a = e 4 * 
(-1,1)such that e~* f (x) a+ | Jt? +1-dt,Vx 

€ (— 1, Land let = be the inverse function of f. Then, 
[f ~'(2)] is equal to 


[2010 AIEEE] 
(a) 1 (b) 1/3 (c) 1/2 (d) 1/e 
If X and Y are two non-empty sets, where f : X —Y, is 


function defined such that 
f(C) ={f(x): x eC} for CC X and 

f "(D)= {x: f(x)e D} for DcY, 
for any ACY and BCY, then 

(a) f{f(A)}= A 

(b) f '{f(A)} = A, only if f(X) =Y 

(c) fUf (B)} = B, only if B C f(x) 

(d) ff "(Bh = B 


[2005 AIEEE] 


x, if x is rational 0, if x is rational 
f(x)= Se es west ce oe nt, en ees 

0, if x is irrational x, if x is irrational. 
Then, f — gis [2005 AIEEE] 


(a) one-one and into (b) neither one-one nor onto 


(c) many one and onto —_ (d) one-one and onto 


If f (x) =sin x + cos xeQga=x* —1, then g {f (x) bis 
[2004 AIEEE] 


|@.n 


invertible in the domain 


T Tl 1 
0, — b 
@|o.| 0] «2 ) (| 
Domain of definition of the function 


f (x)=. |sin™ (2x) + : for real valued x, is 


11 1 1 
«| a 0] 7 | | 


Range of the function f (x)= 


Th: 3 
2° 2 


[2003 AIEEE] 


11 11 
2 J] @| 4 ;| 


x7 +x4+2 


; ;x€ Ris 
x" +x+1 [2003 AIEEE] 
(b) (1, 11/7) 

(d) (1, 7/5) 


(a) (1, 2) 
(c) (1, 7/3] 


If f :[0,°)— [0,) and f (x)=. 


x 


, then f is 
Te [2003 AIEEE] 
(a) one-one and onto (b) one-one but not onto 


(c) onto but not one-one _(d) neither one-one nor onto 


Let function f : R— Rbe defined by f(x) = 2x +sin x 
for x € R. Then, f is [2002 AIEEE] 
(a) one-to-one and onto 

(b) one-to-one but not onto 


(c) onto but not one-to-one 
(d) neither one-to-one nor onto 


Let E = {1, 2,3, 4} and F = {1, 2}. Then, the number of onto 


functions from E to Fis [2001 AIEEE] 


(a) 14 (b) 16 (c) 12 (d) 8 


205. 


206. 


207. 


208. 


209. 


210. 


211. 


212. 
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Suppose f (x)=(x + 1)” for x >-1. If g (x) is the 
function whose graph is reflection of the graph of f (x) 


with respect to the line y = x, then g (x) equals 
[2002 AIEEE] 


(a)- Vx -1,x20 (b) ——,x>-1 
(x + 1) 
(c) j/xt1,x2-1 (d) Vx -1,x 20 


If f :[1,°) > [2.©) is given by f (x)=x +, then 
x 


f —"(x) equals 
(a) x+x?-4 b x 


2 er 


( Zoe 4 (d)14 f/x? —4 


2 
Let f (x)=(1+b7) x” + 2bx + 1and let m(b) be the 


minimum value of f (x). As b varies, the range of m(b) is 


[2001 AIEEE] 
1 
,1] (b) 0 ;| 


(d) (0, 1] 


[2001 AIEEE] 


log,(x +3) is 
(x? +3x +2) 
[2001 AIEEE] 


The domain of definition of f (x) = 


(a) R/{-1, — 2} 
(c) R/ {-1, —2, -3} 


(b) (2, =) 
(d) (— 3,00 )/{- 1, — 2} 


, x #—1. Then, for what value of & is 


Let f (x)= 
+ 


f [f (x)]=x? [2001 AIEEE] 
(a) v2 (b) - V2 
(c) 1 (d) -1 


x <0 
Let g(x)=1+x-[x] and f(x)=) 0, x=0, then for 
1 x«>0 


all x, f [g (x)]is equal to [2001 AIEEE] 
(a) x (b) 1 
(c) f (x) (d) g (x) 
The domain of definition of the function y (x) is given by 
the equation 2* +2” =2, is [2000 AIEEE] 
(a)O0<x<1 
(b)0<x<1 
(c)-—o <x <0 
(d) -o0o< x <1 
Let f (0)=sin 6 (sin ® + sin 30). Then, f (0) 

[2000 AIEEE] 
(b) < 0, for all real 0 
(d) <0, only when 0 < 0 


(a) 2 0, only when 02 0 
(c) = 0, for all real 0 


Exercise for Session 1 


Answers 


1. (i) not a function (ii) not a function (111) function 
(iv) function (v) not a function (vi) function 
(vii) function (viii) not a function (ix) function 


(x) not a function. 


2. (i) not a function (ii) not a function (iii) not a function 
(iv) is a function (v) not a function 


3. (a) 
4. (a) f:A 9B 


(c) f:4 3B 


5. (b) 

Exercise for Session 2 
1. (- ©, 2] U[3, ©) 
3. [-LY 
5. {2, 3} 

Exercise for Session 3 
1.[4, 6] 
3.[1-V2, 0) U[1+ V2, 3) 
5. (2, 3) 
7.[- 2, -1/2] V[1/2,2] 


Exercise for Session 4 
1. R -(-2,2) 
3. (0, 1)U(,e) 
5.R-I 
7.R 
9. (- , 0) U (0, 1] U[2, ©) 


10. (0, 1) 


12. (- V8, - 1] U[], V8) 


(b) f:4 3B 
Ds 


(d) f:4 ~B 


>< 


2. (- ~, — 1/2] U (0, 1) U2, ©) 
4, (—00, 00) 
6. fl, 2, 3} 


2. (0,1] U[4,5) 
4.x €[2, 4] 
6.[-1/ 4, 1/4] 
8.[- 1, 3] 


10. 


2.[-2, 2] 

4.[0,3) 

6. (—-9,— 2) U (4, -&%) 
8. (2, 0) 


mola 
nf-tladfon 


14. R - (1, 2) U 2, 3, 4, 5, 6, 7, 8, 9, 10} U (10, 11) 


15. ,5) 
62 


16. No solution 


18. Integral solutions are (2, 2) and (0, 0), all non-integral 
solutions lie on exactly two linesx + y= Oandx+ y=6. 


Exercise for Session 5 
1.[0, 3] 
3.[3 - ¥2,3+ v2] 


5. (— ~, log; 9) 


7.R - (2 - 2V3,2+ 2,3) 


R= 179, 1/3] 
4.[1, 5] 


6. [- °0, =| U (1, 2) 


8.[2, 2) 


9, (— ©, 0] 10. | 


6 
11. 0,3 12. fr} 
13; E 4 14. (0. 4 15. {0} 
3°2 2 
16. aa 17.[-1,]] 
2/2 2/2 
18. {0} 19. [1, ©) 
20. {1} 21. [0, 2] 


22. Image of (—»», 1) under f is (1, -), Image of [1, 2] 
under / is[1, 2] 
23. Range of f(x) is {0} 


and domain is U | [20m - | [2 + | 


N 
> 


. Range of f(x) is {tog | and domain is [1, 2) 


N 
on 


. Range of f(x) isthe set of all non-positive integers and 


domain is _ - 2) U [- i; ool 


Exercise for Session 6 
1. (4) odd (11) even (iii) neither even nor odd (iv) even 
(v) odd (vi) odd (vii) neither even nor odd (viii) even 
2. f is an even function when x € integer f is an odd 
function when x ¢ integer. 


3. @soy={ oe ei 


5. a € (400, ©) 


2x, x<-l 
x|x|, -l<x<0 


(ii) f(x) = | 


—x|x|, -l<xs0 


Exercise for Session 7 
1. (i) 1/3 (ii) 27 (iii) 1 (iv) 24 (v) Does not exist 
(vi) 2(n + 1)! (vii) 1 (viii) 27 
2. Period is 8. 
3. f(x) is periodic with period 2A. 


4. f(x) is periodic with period 2p. 
99 
5. f(x) is periodic with period 12 and x Ff (5 + 12r) = 10000 
Exercise for Session 8 
2 f' M=y 


3. As monotonic and range = Codomain = Bijective 
5. A €[0, 1) 


6.A c(0. ll 
2 


7. b° <3a(c- |d}) 


1.x = Oand ge2 
2 


8. X e[-E-a, -a and Y €[c—r,c+ r], where 


o = tan! [¢ z a andr =a’ + J2ab + b? 


a 


Exercise for Session 9 
1. Not Identical 2. Identical 3. Not Identical 
4. Identical 5. Identical 6. Not Identical 
7. Identical 8. Identical 
9. Identical 10. Identical 


Exercise for Session 10 


1. Domain €[- 1, 1] and range € Ee 4 


3 


2. Domain for f([|x|]) € (-3, 3) 
Domain for f([2x + 3]) €[- 3, 0) 


sin? x -sinx+ lL—-l<x<0 


3. A(x) = 


4.g@)=1 0, 
e= 1}, lees? 


O0<x<l 
-2<x<0 


O<x<l 


2sin? Xx, 


— x, 


Exercise for Session 11 


1. (i) f-! @) =3 sin x 


Chapter Exercises 


. (b) 2. (d) 3. (a) 4. 
. (c) 12. (c) 13. (d) 14 
. (d) 22. (a) 23. (d) 24 
. (c) 32. (b) 33. (c) 34 
. (b) 42. (a) 43. (d) 44 
. (b) 52. (d) 53. (c) 54 
. (b) 62. (d) 63. (d) 64 
. (c) 72. (d) 73. (a) 74 
. (a, b) 82. (b, d) 83. 
. (a, b, c, d) 88. (a,b,c) 89 
. (a, c) 95. (a, b, c) 

. (a, d) 100. (b,c, d) 

. (d) 107. (a) 108. (a) 109 
. (c) 117. (b) 118. (b) 119. 
. (d) 127. (b) 128. (a) 129. 
. (c) 137. (a) 

- (A) >(s), (B) > (Pp), (C) >), (D) > @) 


- (A) >q), (B) > ©), (©) >(), (D) > (P) 


. (4) 143. (7) 144, (2) 145 
mC) 153. (9) 154. (6) 155 
(1) 163. (2) 164. (3) 165 
- CG) 


173. (i) 0,n + > where n €Z 


(ii) + 1,= (iii) {0 1, *. + 


(iv) {l, - 1, + 1+ k, where & is any positive proper fraction} x; 
(v) no solution 
174. P(x) =x+ 3andQ(@x~) =-x-2 


175. (2n — 1) 


176.x €(3,1)U (=) U (=. 5} 


2 2 


177. (i) S(6) =9 


29 19 97 


178. Possible solutions are —, —, — 


179. 4 Xx, =] 


12° 6° 24 
181. f(f(2)) = 26 


nt= 


Chap 03 Functions 


Gi) [G)=P x>0 WF => -e) 


x, x<l 


(v) f-l(x) = 1 Vx, 1S x< 16 


x x>I16 
64 


2. f(a) = Tt ail + 4 log, * ale A 10E x>0 


5. gof = 1?,-2<x<l 
See) _ Exercise for Session 12 


are 344/54 4e 


2 


177 


(l-x), O<x< : 
15 23.17 35 4. f(x) = 42x(1-x), 5S¥S5 
x, 2 <x<l 
2 3 
(a) 5. (a) 6. (d) 7. (a) 8. (a) 9. (d) 10. (c) 

. (c) 15. (c) 16. (d) 17. (a) 18. (b) 19. (b) 20. (d) 

. (b) 25. (b) 26. (a) 27. (a) 28. (b) 29. (d) 30. (c) 

. (a) 35. (d) 36. (d) 37. (c) 38. (d) 39. (c) 40. (d) 

. (a) 45. (c) 46. (a) 47. (a) 48. (d) 49. (b) 50. (b) 

. (c) 55. (d) 56. (b) 57. (d) 58. (c) 59. (c) 60. (b) 

. (c) 65. (b) 66. (a) 67. (a) 68. (b) 69. (c) 70. (a) 

. (b) 75. (b) 76. (b) 77. (a,b,d) 78. (b,c,d) 79. (b,c,d) 80. (b,c,d) 
(a,b) 84. (a,b, c, d) 85. (b, c) 86. (a, b, c, d) 

. (b, d) 90. (b, c) 91. (a, b, c, d) 92. (c, d) 93. (a,b, c, d) 

96. (a, b, c, d) 97. (a, b, c) 98. (a, c) 
101. (a,b,d) 102. (c) 103. (b) 104. (c) 105. (a) 

. (d) 110. (d) 111. (a) 112. (c) 113. (d) 114. (c) 115. (a) 
(b) 120. (a) 121. (c) 122. (d) 123. (d) 124. (c) 125. (b) 
(c) 130. (a) 131. (c) 132. (b) 133. (a) 134. (b) 135. (b) 

139. (A) > (0), (B) > (5), (C) > (p), (D) > @) 
141. (A) >(p,q,s), (B) > (s), (C) > (q), (D) > (p.4,1,8) 

. (4) 146. (2) 147. (2) 148. (3) 149. (6) 150. (1) 151. (3) 

. () 156. (1) 157. (4) 158. (1) 159. (1) 160. (5) 161. (2) 

. (2) 166. (7) 167. (0) 168. (8) 169. (8) 170. (2) 171. (4) 

x’, -2<x<-l1 

-x, -l<x<-1/4 3/2, -—3/2<x<-1/2 

1 1 . 2Q+x,  -1/2<x<0 
183. g(x) = Be Ss “years” 185. f(x) = eer 
O0<x<l x, <x 

x’, 1<x<2 
186. (— 3, 3), (— 2, 4), (0, 0) and (1, 1) 187. (d) 
188. (2) 189. (d) 190. Ap, Bq, Coq, Dp 

T T 3n 1 

is1.| e =| U =. 4 192.(d) 193. (d) 
194.(a) 195.(a)  196.(b) 197. (c) 198. (d) 199. (b) 
200.(a) 201.(c)  202.(b) 203.(a) 204.(a) 205. (d) 
206.(a) 207.(d)  208.(d) 209. (d) 
210.(b) 211.(d) 212. (c) 


6. (a) f(x)=x* +2x?-x? 41 


A polynomial of degree even will always be into. 


@ 
(b) f(x)=x3 + x41 
=> f'(x) =3x" + 1, ie. injective as well as surjective. 


(c) f(x) =1+ x” , neither injective nor surjective as 


range € [1, ©). 


1. Here, (d) f(x) = xo +2x*-x41 
ys => f(x) =3x? + 4x-1 
=f, (x 
y=1,(%) +4 => D>0 
y’ x x *. f(x) is surjective but not injective. 
-10 7. Here, f(x) is bijective, hence f~'(4) exists when y = 4. 
ry Re 2x? +7x-9=0 
AY => (2x? + 2x + 9)(x-1)=0 
=> x =1only, as2x* + 2x +9 = 0has no other root. 
1 ; 
x? X—_—___+—_>x se (ex +2 72 
0 6. Tike, Fas e*-logx 2 (x° — 7x + 10) 
-1t 2x° —11x+ 12 
y=faX)=Fal-%) we 
yy’ _e*-logx-5* * -(x —2)(x—-5) 
(2x — 3) (x — 4) 
= fi(x) = — fa(-x) 3 
. . 1 Note that at x = — and x = 4, function is not defined and in 
2. Only in option (d), the graph has a symmetry w.r.t. origin. 2 
3 
3. Here, f(x) = 4 open interval (2 s| function is continuous. 
1-x 
2 
x. ] . 5* +2) 2 —5 
> Gia om Coe (x -2)(x-5) 
| cos x| ye (2x — 3) (x - 4) 
and f(cosx) = — 7 (+ ve) (+ve) (— ve) (— ve) = 
| sinx| (+ ve) (— ve) 
&(x) =| sinx| +| cosx | . e* logx-5*°* «(x -2)(x—5) 
‘ T and lim 
Period of g(x) = = x34 (2x — 3) (x — 4) 
(1) _ (+ve) (+ve) (-ve) _ 
4. If x =1, we see f(y) = LQ) for all y 7 (+ve) (—ve) 7 
y 
Put y =30 In the open interval (3 a} the function is continuous and 
= (1) = 30- f(30) = 30(20) takes up all real values from (— ©, ©). 
= 600 (i) Hence, range of the function is (—¢, °°), 
Now, let y = 40 9. As, x = cos ‘(cos 4) = cos ‘(cos(2m — 4)) =2n — 4 
1 600 ie ca Fees 
=> f(40) = it) =—=15 and y =sin | (sin3) 
40 40 


= sin? (si -3) = -3 
5. h(x) = log( f(x)- g(x) = loge!” | x glel*! sn x] ne 


x+y=30-7 
= loge’ =e"! sen x asinx + sin2x 1—cosx\"” 
hx) = el*! sgn x ” fn) =[2 cosx + sin 2x La sos2 
e*, x>0 2sinx-(1+ cosx) (1 —cosx) waa 
=) 0, x=0 -(2 fost tees) Goes | 
-e*, x<0 


For domain, sinx # + 1 


=> — h(x) + h(-x) =O forall x - xe R-{(an—1)% (in + 1) 3} 
A(x) is odd. 2 2 


11. As, f(x a 2) = esin{x + 2}- cos M(x + 2)_ esin txt: cosTx _ f(x) 


12. 


13. 


14. 


15. 


16. 


17. 


2/3 
f(x) = tans : at = tan’x 


(1 — sin’ x) 


=> Range € [0, ©) 


*, Periodic with period 2. 
Here, y = x! —2x* +3=(x*-1)? + 2=>Vmin = 2 
> logos (x4 —2x°+3)< logyj22=-1 


f(x) = cot™ (logy s(x* — 2x? + 3)) > cot (-1) 


= Range € Ee n| 


Here, log,(x* + e) >1, for allxeR 
0< —— So 
log(x* + e) 
1 0, x#0 
> —> |= 
log(x" + e) 1, x=0 
: x#0 
= f=} fia 
2s x= 
Which is shown in figure as 
Y 
aA 
26 
1 
x’ ee >X 
yy’ 
*. Range of f(x) €[0, 1) U {2}. 
Letx+3=t 


f(t) =sin({t}) > Period =1 


As, e' can be shown by graphical transformation. 

¥ 
on y=e™ 
X’< O > x 

I 

Here, [x] {x}=1 

=> {x}= : or x —[x]= : a 

[x] [x] [x] 


Obviously, x > 2 


1 
x=m+—,meN- {i} 
m 


Here, |x” —5x — 24 > x + 2 is equivalent to the 


collection of two system of inequations. 
CaseI x* —5x-242>0andx+2<0 
=> (x-—8)(x+3)20andx<-2 

=> x<-3 


18. 


19. 


20. 


21. 


22. 
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Casell x? —5x -—242>0,x+220 


and x? —5x —24>(x +2) 
> x €(— 0, — 3] U[8, 0), x € [- 2, ~) 
and x°-5x-24>x°+ 4x44 
=> 9x <-28 

=28 
=> “<< 

9 


*. No solution, ie. x € 0. 


From Eqs. (i) and (ii), we get 


x E(— 0%, —3] 

Here, Ff) = x 
> mmx + b)+b=x 
> mx + b(m+1)=x 
=> m=+1,b=0 
If f(—f(x)) =- x=>-m(mx+ b)+b=-x 
= —m’x + b(-m+1)=-x 
> m=+1landb=0 
“. Only 2 straight lines, ie. y =+ x. 
Here, f(g(x)) = ——~—— and g(f(x)) = rx 

1+(r-1)x 
If Flg(x) = al fla) then = re 
> rx =rx(1 + (r — 1)x) 
= r(r—1) x*° =0 


If this is to be true for infinitely many x, then 
r(r-1)=0>r=0,1 
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...(ii) 


Since, f is a linear function, so it has the form f(x) = mx + b 


because f(1) < f(2), we have m 2 0. Similarly, f(3) < f(4) 


=>ms<0. 


Hence, m = 0 and f is constant function. Thus, f(0) = f(6) =5 


Suppose R is just a rectangle whose four vertices are 
(1, 2), 0, -2), (-1, —2), (-1, 2). 


The X-axis and Y-axis symmetries in the problem are satisfied, 


but the point (2, 1) is not contained in R. 
Here, 2{y}=[x]+1 
Since, 0S y <1 

wi=y 
and 0<[x]+1<2,ie.-1<[x]<1 
When -1<x<0 >y=0 


1 
When 05 x<1>y=- 


2 
AY 
"e l) +y=1/2 
acer 0 1 - 
yY 


1 
The required area = \ 
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23. Here, -1<cosx <1 


> —sin1 <sin(cosx) <sin1 
= [sin(cosx)]=0,-1 

Also, -1<sinx <1 

> cos1 < cos(sinx) <1 


[cos(sin x)] =0,1 
f(g(x)) has range {=o 
24. As we know, { f(x} € [0,1) 


=> [{f(x)}] = 0 
e* + e* —2 =[{x? + 10x + 11}] 


=> e* +e*-2=0 
> (e* + 2)(e* -1) =0 

e* =1is the only solution. 
—! x =0 


= Number of solutions is 1. 
25. We know that, {x} = x—[x]. 
{x}+ {2x}+ {Bx} +...4 {12x} = 78x. 
=> x—[x]+2x—-[2x]+3x—-[3x]+...+12x—-[12x] = 78x 
=> (x+2x4+3x+...412x)—([x]+ [2x]+...4[12x]) =78x 


> [x]+ [2x]+...4+[12x]=0 
0<12x <1 
1 
=> O<sx<—, V—<xs— 
25 10 
1 1 
Common values of x € =| 
25 12 


1 
Since, x is of the form —. 
n 


12 14 oe | 
x=—,—,—.... 
25 24 23 14 13 


ie. 13 solutions. 


26. — /20 <2 cos x —4sin x < /20 


> 0 <(2 cos x —4sin x)* <20 
1 1 
n= =—;max=1 
1+20 21 
22 
= M+m=— 
21 


27. f(x) =~2 sin (x + *) + 2/2 


or f(x) = /2 cos(x- + 2/2 

> Y =[v2, 32] 

ma x=| m8) - =.=] 
4 4 4 4 


28. Let f(x) =2x° —3x° —12x + a,then 
f(x) = 6(x? — x — 2) =6(x + 1)(x —2) 


29. 


30. 


37. 


So, the roots of f’(x) = 0 are x = —1, 2. 
AY 


Now, f(x) = 0 will have all real roots, if f(—1) > 0 and 
f(2) <0. 

=> -2-3+12+a>0 and 16-12-24+a<0 

=> -7<a<20 


fos ef) el fel aes 
Je fee 
For 0O< f(x) <1, 
a(x) = 0 
-1< f(x) <0 
eft) _ fe) af) 4 2 


80) = Fay, fe ~ 4) Fw yy 


For -1< f(x) <0, 
1 —e 
ate) [5 | 


Far “1s (0) <1,46)¢] 25,0] 
1+e 
f(x) = || — tx} |x | = {x} 


LMI. 


vy’ 
a 
> xe[-=-3 UL[0, 2°) 
2| 
> Y €[0, ¢) and f(x) is many-one. 


Given, curves are y = In x and y = ax. 


= In x = ax has exactly two solutions. 


1 1 
= —~ = ahas exactly two solutions to find the range of =, 
x x 
~ — In 
In x dy * = * 4-Inx 
Let y = ,x>0; = 7 = 7 
x dx x x 


y is increasing, if1- In x >0orlnx<150<x<e 


Range of y € (- °0, | graph of y = ie 
e 


x 


In x 
For exactly two solutions of —— =a 


1 
=> ae(o2] 
€ 


32. Let f(x) = ax’ + bx + cas it touches X-axis at x =3 


33. 


34. 


35. 


36. 


37. 


=b_ 
vom 
=> b=-6a 
Also, 9a+3b+c=0 
4a -2b+c=3 


3 


a? 
y= 2 {x} fa? -= 


=> 2{x}- {x}? 


1 3 
>0>-—<{x}< 
2 2 


38. 


> 5 Stb<t (2 0 < {x} <1) 


3 1 
2{x} — {xP - - is increasing for - <{x}<1. 


= Range= c :| 


Replace x by — x 

= x[f(x) + f(-x)] =0 

> f(x) is an odd function. 

> f'"(x)is also odd > f'"(0) = 0 
[y+[y]]=2cosx => [y]=cosx 


=> y= : {sin x + [sin x + [sin x]]] =[sin x] 


=> [sin x] = cos x 
Number of solutions in [0, 271] is 0. 
Hence, total solution is 0. 
.. Both are periodic with period 27. 
By replacing x = x + land x = x — 1, we get 
f(x +2) + f(x) = V2 f(x + 1) 
Fla) + f(x -2) = vaf(x - 1) 
From Eqs. (i) and (ii), gives 
fle +2) + fle —2) + 2flx) 
= v2 [f(x +1) + fx-1] 
= V2V2 f(x) 
f(x +2) + f(x -2)=0 
On replacing x by x + 2, we get 
f(x + 4) + f(x) =0 
f(x + 8) =—- f(x + 4) = f(x), V x 
“. f(x) is periodic with period 8. 
The equation has meaning, if x > 0,x #1. 
ae Domain = (0, 1) U(J, 2) 
If x €(0, 1), then log, x <0 


and log, x + log, 2= Des + wee 


log2 log x 


= sum of a negative number < —2 


39. 


40. 


...(i) 
...(ii) 
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In this case any © will satisfy, since 2 cos & can never be more 


than 2. 

Thus, the inequation is satisfied for any x in (0, 1) and for any a. 
1 log 2 

If x €(1, ), then log, x>0 => ~2*~ + 78 

log2 log x 


>0 


The inequation cannot be satisfied unless 
cos &=—land x =2 
ie. log, x =1 
Option (d) is wrong, since in the last case there are infinite 
solution. 


|x| 
If we draw the graph of (+) and x” —a, then the range of 
value of a will be (—1, °). 


Y = 
q y=xe+1 


(0,}1) 


vy 
Maximum possible solution for ‘x’ is ‘2’. 


f(x) #| cos x | is true only when 


|cosx|=1 > x=0,7, 20 


Tt 
jcos x] + c0sx>0- xe] 0,2] 
™ ‘ 
For xe] 0,2)1<sin xs cos x < V2 
. Tt 
But sinx+ cosx#1sxe(a.5] 


Tt 
Now, for x € (0 =) 


108 sin x + cos x (| cos x | + cos x)20 


1 ™ 
> cosx>- > xE€/0,— 
2 3 


41. y =((x + a)? -1)"4 =[(x + a-1)(x + at 1)" 


42. 


43. 


(x+a-1)(x+a+1)20 
x21-qandx<-1-afora>0 

For a<0,x51-Q,x2-1-@a 

(x + @) <1and(x + a) > -1 
For a <—1,x < Oand range is [0, ©). 
f(x) = log (log (log x)) 

log x > 1 when x € (e, -) 
.. log (log x) > 0 and hence, log (log (log x)) is well defined and 
uniquely. 
It is evidently one-one. Since, the range of log x = R, f(x) is 
one-one and onto. 
x’ -—4px+q°>0,VxER 

=> 4p’ —q’ <0 (i) 


r+ p’<qr ...(ii) 
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44, 


45. 


46. 
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x+r 
Let y= > TF 
x +qx+p 
=> xy + xqy -1)+ p*y-r=0 (iii) 
x is real, 
=> (q? —4p’)y’ + y (-2q + 4r) +1>0 


From Eq. (i) > Coefficient of y’ is a positive discriminant. 
= (4r — 2q)’ — 4(q’ - 4p’) 
=16(r? + p’ —qr) <0 [from Eq. (ii)] 


Hence, Eq. (iii) is true for all real y or y € (— =, ©). 


Here, 
x! —Ax3 —3x7 + 3Ax 
f(x) = _; 
_ (x? =3x)(x-A) 
f(x) = a 


Consider, g(x) = x? —3x that can be shown as 


yy 
Now, the range of f(x) is the set of entire real numbers, if 
d € [-2,2]. 
Because, if A > 2 or A < —2, then range of f(x) Z R. 
We know that, 
(a—1)"="Cya" — "Ca" + "Cya"? 
=. (-1)" 7 "C,_,.4 + (-1)" ."C, 
(a-1)" 
a 


41 -2 3 
="Ca"~—"C,- a" “+ "C,-a" 


n C, 
a 


Pe (=1) "Cg #1 


(a—1)"-(-1)" 


a 


Hence, f(n) = 


(a1)? 1 : (a-1)""" +1 


a 


Now, f (2016) + f(2017) = 


1 


2016 
a=1 1+a@=1 
( eal ] , where a = 3224 +1 


= =(a 
a 


1 


f (2016) + f (2017) = (3224)? = 3° = 3% 


in" 


Here, 


2 2 2 
ae a ae) 
2 2 2 


2 2 2 
T T Te od oa 

=> (« ) + (y = —, ie. circle 
2 2 2 


and f(x) =sin 1(sin x) is shown as 


yy’ 


Area of shaded part = a0 x tr? 
360° 


90° non . 
= xT X — = — sq units 
360° 2 8 
2 
+ bx +1 
47. Let = sd 
4 Poa ) 
=> (y—-1)x? + Qy —b)x+(by -1)=0 
=> D>=0 = (4-4b)y? + 4y +(b? - 4) = 0 ...(i) 


Since, f(x) and a have the same bounded set as their range. 
x 


Thus, (4—4b)y? + 4y +(b? — 4) = O have roots @ and - 


a 
Product of roots = 1 
2 
Seif aaah 
4(1-b) 
or b°+4b-8=0 
-4+/ —4+ 
» = At Ib +32 _ 4¢4V3 og ' 
2 2 
48. Since 2 Ol heey 
12 2 
=sin(2n + E21) fg Ol" 
2 12 
tt [x] 


The period of sin oe is 24. 
1 


Tt [x] 


Similarly, period of cos is 8 and period of tan _ =3. 
Hence, the period of the given function = LCM of 
24, 8,3 = 24. 
49. Let f(x,y) =ax+ by 
Then, f(2x + 3y, 2x —7y) 
=a(2x + 3y) + b(2x —7y) = 20x [given] 


2a+2b=20 and 3a—7b=0 
a=7andb =3 
f(% y) =7x + 3y 
50. Domain of f(x) is [1, 3] and the function is continuous. 


Pye 
ca oc ee oe” 


4 (Bo =2Nx-1 


=0 


57. 


52. 


53. 


54. 


55. 


56. 


57. 


7 
ee 


=> 3 


x= 4x 


7 
.. Critical points in [1, 3] are 1, - and 3. 


(1) =2v2, f3) = V2 


and f (2) = Aa + aye = 10, 2V2 being < V10, the range 


= [v2, V0]. 
f(xy= cos! (sec (cos x)) + sin™' (cosec (sin™ x)) 
> —1 <sec (cos! x) <1 
and —1 < cosec (sin x) <1 
> sec (cos x) =+1 
and cosec (sin™) x) =+1 
=> cos! x=0,m and sin! x= as ae 
2 2 
=> x=+1landx=+1 
.. Domain is x = +1. 
Put x=y =1=> f(1) =2 
1 1 1 
Put Ye SI S| SI iS 
x x x 
=> f(x)=x? 41 
> &(x)=0,V x e R- {0} 


f(x) = f(x) x f’’(x) is satisfied by only the polynomial of 


degree 4. 


Since, f(x) = 0 satisfies x = 1, 2,3 only. It is clear one of the 


roots is twice repeated. 


FOF RF‘) = 0 


Total number of functions for which f(i) #i = 4° and number 


of onto functions in which f(i) # i = 44. 
.. Required number of functions = 980 


We can send 1, 2,..., 7 — 1 anywhere and the value of f(n) will 


then be uniquely determined. 


Put sin x =t, 


y= -6t’? +11t-6,-1<t<1 

f(-1) =—24, fl) = 0 

a(x) = f(x? —2x-1) + f(5 — x? + 2x) 
=2x1 —8x3 — 4x* + 24x + 18 


g(x) =8x° — 24x” —8x + 24 


reso SS x==1,1;3 


We observe that, 


g(x) 2 min {g(—1), g(1), g(3)} = 0 


g(x) 20,V xe 


R 


58. Let f(x) =[x], g(x) = 


e 


-| | 


59. 


60. -. 


61. 


62. 


63. 


64. 
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There are four possible functions defined in 0 < x <1, of them 


2 are continuous and two are discontinuous, now for each of 
the points (1, 2,..., — 1), keep functions fixed from left of the 
point, so there are 4 possible functions defined in between next 
two consecutive integral points of them only one is continuous 
and at last for x = n, there is only one possibility of 
discontinuity of the function. So, total number of functions 


=2x3"'x1 
k € odd 
f(x) =k +3 [even] 
ff) = 23 
Et ead apes ys 
=> k = 45 not possible. 
Now, let : € even 
27 = sisisiey) = (2) =? 
ss k=105 
Verifying f(f(f(105))) = f(f(108)) = f(64) = 27 
ee k=105 
Hence, sum of digits ofk =1+0+5=6 
_ sin(7 {x}) 
F@)= x6 43x77 47 
Here, f(1/2) = f(- 1/2) 


Clearly, f(x) is not one-one and also it is dependent on x. 


Since, f(x) and g(x) are one-one and onto and are also the 


mirror images of each other which respect to the line y = a. It 
clearly indicates that h(x) = f(x) + g(x) will be a constant 
function and will always be equal to 2a. 


Let g(t) =2¢° —15t? + 36t — 25 
g(t) =6t" —30t + 36 = 6(t? —5t + 6) 
=6(t-2)(t-3)=0 = t=23 
For 2<t<3, 
2(t)min = £(3) =2X27-15X9 + 36X3-25=2 


Also, 2+ |sint|22 
Hence, minimum 6(t) = 2 
3* 49/0) = 
> 37@) 29-37 ~~ 3fH) 3.9 
t=2 t=3 
> 
—e  +V8 -ve t+ve © 


=> 2-37>0 => 3° <2 => x<log,2 
x €(—%, log; 2) 
Here, x; X, x3 = x and x be the element of A. 


120 
X X2X3 = —— 
x4 


=> x, X_X%3X4 =120 =2°x3' x5). 
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Thus, to find number of positive integer solutions of 
Xy X_ X3X4 =2?x3) x5). 
ie. 0+ 84+ 74+6=3,04+P+yY4+5=1,04+8+74+56=1 


34441 14441 14441 _6n 47 4 
> Cy: Cy: Cy = °C3°° C3" C3 


=20xX4x4=320 .. d =320 
65. (+4. v) 
A 
g(x)=Ax+u+y g(x) =-Ax-u+v 
y=fx) 
P(A, 4) Q(3, 1) 
=9(x) 
f(x) =-Ax-c+d f(x) =Ax+o+d 
xd 
F , 
From above figure, 
4=A+ut+yv, 1=-3A-utv. (i) 
and1=3A+c+d,4=-A-c+d (ii) 


From Eq. (i), 3 = 4A +2u 
From Eq. (ii), -3 = 4A + 2c 
On adding Eqs. (iii) and (iv), we get 
8A+2u+2c =0 
utc _ 
A 
66. As, f(x) is one-one, if f’(x) 20, Vx ER. 
3x’ +2x+4+acosx—bsinx =0,Vx eR. 


(iii) 
.. (iv) 


—4 


=> 3x?4+2x+4>bdsinx—-—acosx,VxER 
=> 3x7 4+6x4+42Va7 +b? VxER 
bsinx—acosx|< va’ +b"] 


=> 3x7 4+6x4+341>Va7 4th VxER 


[as, 


=> 3xt+1)*+1>Va° +b? VxER 
7 Va’ +b? <14+3(x+ 1)”, since 1+3(x+1)? 21 
> Va°+b? <1 
Greatest value of (a” + b*) =1 
pr-l_ x txt] xt 42x? $1-x° (x? +1)?-x? 


67. Here, =—, T= ; : 
pti (x*+x+1) (x° + x+1) 


(x? + x+1)* 
(x? + x+1)(x? -—x4+1) 
(x? +x+1) 


-1  x?-x+1 
Pita >> using componendo and dividendo 
ptl x*+x41 


= 2p _ (x? +1) 
2 2x 
=> geeee (i) 
x 
1=x 1 1 oe 
As, fia) =2=* = pros s{4(4)} =x+— ...(ii) 
Lx x x 


From Eqs. (i) and (ii), we get f(f(x)) + sf }} =P 


1 
x 


68. As, ol and cis the root of x! + x34.4x+1=0 
Now, f(x) = x3 4 2x! 4 3x1 4. 413x4 14 
x 14 
IG) 22 potty 3x4 4M 
x x 
On subtracting, we get 


1 14 
( -2} 00 = x3 4 xt tte text 1 
x x 


14 -oP-14 0 15 


fe) =— 


“1-0 
1514 
(1-a)(1—”)...1—a") 


and we know that 


x 1 =(x-1)(x—a)(x — a)(x —03)...(x-a"*) 


Hence, N = 


15 
2 =] 


x=1 


(x—a)(x — a*)(x—03)...(x— a4) = 


As, x > 1. 


(1—a)(1— a’) — a)... -a"*) = lim 
x71 x-1 


N =153 =3!3.58 
Thus, number of divisors = (13 + 1)(13 + 1) = 14? = 196. 


69. Here, domain of f(x) >x€ {- 7 only 


1 1 Tt 
“. f(x) is minimum when x = 2 Le. forin (;) =— 


1 1 310 
and f(x) is maximum when x = — = Le: frase (-3) = 3 
.. Sum of maximum and minimum value of function is 27. 


70. Here, tan” (x? —18x+a)>0,VxER 


> x°-18x+a>0,VxeER 
> (18)? — 4a < 0 

> a>8l1 

=> a € (81, &) 


71. As,sin? x+sinx+1>0,VxeER 


1 

is always exists. 

asin’ x+sinx+1 
For sin! 5 to exists, 

|x" -1| 
1 
|x" -1| 

=> |x?-1|21 
> x?-1<-1 or x’-121 
> x°<0 or x?>2 
> x=0 or (x<-—-2orx2 v2) 


x €(— 00, —J2] U[v2, ©) U {0}. 
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72. Here, log (x” — x + 1) is defined, when 77. Functions which are not algebraic, are known as transcendal 
x?—-x+1>0 and x?-x+141 panes 
> xéER andx 40,15 xe R-{0,1} wi) -7g poy Mec toa emt 
Again, log (sin ./x’ + x + 1) exists, when qe =T ~1 
0<x°+x4+1<1 eel x, when x € [2, ©) 
> x+x<s0 => xe[-10] (ii) qe=iei ~x, when x € [1, 2) 
x €[-1, 0) f=] 1, x €[2, 0) 
73. Here, ./cos”' x is defined for x € [-1, 1] for ,/sin™ (3x — 4x*) i) 
for x defined 0 <3x— 4x? <1 “. f"10) =1, FG] aa 
3x — 4x3 > 0and3x—- 4x? <1 2 


=> re( 00, 8) ul and 1, 0°) 


2 


2m 
ikea Lb cos( + 2x] 
79. f(x)= + 


= vel : #|Ufoe| cos(2x-+ 2) + coe) 


74. Here, f(x) exists only, if 2 
2 2) 1 27 Tl 1 
4* 4.83 52 —22*-D)D 59. =a ert es glo — cos ar er 
=> 92x oh g2lx - 2) = g2(x -1) >52 
: =+|2 4 2cos{ax+ = a ong E)hee 
as PF S64 as 3 = cos| 2x = ie cos| 2x ee hae 
75. y =|sin™ (2x? -1)| . f(x) is even function, periodic function and 
a 3 
dy _|sin' 2x’ -1)|_ 4x f(0) = f(t) = : 


dx sin! (2x7 -1) | 2x|.f1- x? 


which would exist, if 
|2x|#0, sin’ (2x?-1)#0 and 1-x*>0 


80. (a) Let f(x) =sin(sin' x) = x, V x €[-1,1] 


So, f(x) is one-one and onto. 


2 iy 2 
= x #0, 2x7-1#0 (b) Let f(x) = sin“ sinx) = =x 
1 2 2 
and |x|<1 => x#0,+— and|x|<1 Therangeis| 
: 2 nn} 
> x €(-1, 1) ~ {0 + al So, f(x) is one-one and into. 
v2 x; xS0 
76. The given function is defined for 5x” — 8x + 4> 0 which is (c) Let f(x) =sgn(x)-loge* ={-x, x <0 
true, V x ER. 0, x=0 


Since, coefficient of x? =5 > 0 and D = 64 —-80=-16 <0 . 
“. Range is [0, 1] for x € [-1, 1] 


2 
Let B(x) =5x" —8x + 4 So, f(x) is many-one and into. 
Here, a=5>0 x 2>O 
--Range of g(x) =|-—, ~| =|- 18. |=| 4, ~| (4) Let fe) = x8 -sgn(x)=}- 3°, x <0 
4a 4x5 5 i. een 
4 
As, . <5x7 -8x+ 4<00 So, f(x) is many-one and into. 


81. (a) (f + g) (3.5)= f(3.5) + g(3.5) =(—0.5) + (05) = 0 


ve (5) =Hneynlen bees) Pea (b) fle) = fl0) =3 


=> -1 logs), (5x? —8x + 4) <0 (c) f(g 2)) = f(-1) =8 

=> tan! (-1) <tan™ flogs)4 (5x2 -8x + 4)} < tan” (00) (d) Ff — g)(4) = f(A) — g(4) = 0 — 26 = — 26 
T 1 82. Here, f(x) = x” —2ax + a(a + 1) 

> —-—<f(x)<— ; 
4 2 = f(x)=(x-a)°+a, x €[a) 


xy =|=2.2) Let = y= f(x)=(x-a)’+a 


186 


83. 


84. 


85. 


86. 
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Clearly, y 2a 


=> (x -a)’ =(y-a)>x=atJy-a 
f(x) =a+Jfx-a 

Now, f(x) =f") 

=> (x-a)’+a=a+Jx-a 

=> (x-a)’ =.fx-a 

or (x — a) ((x- a)? -1)=0 

—) x=aora+1 


If a = 5049, then a + 1 =5050 
Ifa + 1 =5049, then a = 5048 


Here, g(x) = sin(sin™ {x} + cos (sin! a/{x}) -1 
= ./{x} + cos (cos! ./1 — {x}) -1 
= Vx + J1-{x}-1 
If x € I, then {x} = 0=> g(x) =0 
Also, g(—x) = g(x) = g(x) is even. 
If x ¢ I, then {-x} =1 — {x} 
g(-x) = 1 —{x} + y{x"}-1= g(x) 
= g(x) is even function. 
.. o(x) = 0,x € and g(x) = g(-x),x éI 


> 


=> g(x) is periodic function. 
Given, f(a + x) = f(a—- x) 
(a) f(2a — x) = f(a +(a—x)) = fla—(a— x)) = f(x) 
Pe f(2a — x) = f(x) ..-(i) 
(b) f@a + x)= fat (a+ x))= fla—(a + x))= f(-x) 
re f(2at+ x)= f(-x) 
(c) f(2b + x) = f(-x) 
(d) From Eggs. (ii) and (iii), we get 
f(2a+ x)= f(2b+ x) 
.. Period is (2b — 2a). 
Here, f(1 + x) = f(1 — x) 
= f(x) is symmetric about x = 1. 
a(x) = fl + x) = g(-x) = fl — x)= f+ x) = g(x) 


= g(x) is an even function. 


...(ii) 
[from Eq. (ii)] ...(dii) 


10-4x, if -o<x<1 
8-2x, if 1<x<2 
f(x)= 4, if 2<x<3 
2x-2, if 3<x<4 
4x-10, if 4<x<oco 


Could be shown as 


87. 


88. 


89. 


90 


91 


Clearly, the least value of f(x) is 4. 
The number of integral solutions of f(x) = 4 are two, ice. {2, 3}. 


12 
Also, T —1,e, = € {2, 3} 


fin -1)+ fe) _, 
12 
2 ==, 
43) 
(a) Number of onto functions 
= 4° — 4.39 + 6-29 -4=240 
(b) Number of onto functions, whose range is 3 elements 
= 4C,(3° —3-2° +3)=4 x 150 =600 
(c) Number of onto functions, whose range is 2 elements 
= *C,(2° —2)=6 x 30 = 180 
(d) Number of onto functions, whose range is 1 element 
= “Cc, = 4 
Replacing x by 2, 
1 
=> 2f(2)+ 245) —2f0)=4 


=> 


fle) + (3) =2+ fil) (9 


Replacing x by 1, 
faye=1 


Replacing x by : 2 5) + ; fQ)+2= 


...(ii) 


lp Hl 


2f(2) + i (;) = (iii) 


From Eqs. (i) and (iii), we get 
f)=1, f (3) =0 


Let g(x) = f(100x), g(1)=1 
=> g(xt+1)-g(x)=x+1 
Putting x = 1, 2, 3,...,99 and adding, we get 
100 
g(100) =5050= Sir = 100 100 + 1) =5050 
r=1 2 
. We have, f(x) =[1 + sinx]+ [1+ sin2x]+...+ [1+ sinnx] 


=n+ [sinx] + [sin2x]+...+ [sinnx] 


a x €(0, 1) 
> 0<sinx <1 
n, if nis even 
=  f(x)= ae 
n+1, if nis odd 
(a) fe) 1, if x is rational 
. (a) f(x) = 
0, if x is irrational 
1, if x is rational 
=f(x+kh= : ae 
0, if x is irrational 


= f(x) is periodic but period cannot be determined. 


x-[x], 2n<x<2n+1 


-, ant+1<x<2n+2 


1/2 


A pcm >X 


-2 -1 0 1 2 3 4 


94. 
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= fle + 4) = flex) 
f(x) is periodic with period 4. 
f(x)=1-x-x° 


Replacing x by f(x), f(f(x)) =1- fx) - f°) 
Hence, the given equation is 
FUfl&)) > fd — 5x), fx) <1 5x 
f(x)=1-x- x 


Y l-x-x°<1-5x 
.. f(x) is periodic with period 2. x -—4x>0 
2x 
(c) f(x) = si x(x — 2)(x + 2) >0 
[2 ®)] [=] So, x €(-2, 0) U2, e) 
= f(x+nm)=(-1y * %=(-1)" 95. (x — y) f(x + y) —(x + y) f(x — y) = 2y ((x — yx + y)) 
. f(x) is periodic with period 1. Let x-yruxty=v 
Tx uf (v) — vf(u) = uv (v — u) 
(@ fl) =(ax + a) [ax + a} + tan{ ™*) Flv) _ flu) 
={axt+a}+ tan( 2) es " fu) 
2 > ( | = ( u| = constant 
v u 


1 2 
“. Period of f(x) is LCM rtf a2 
se le lad te 2 ees f(x) =(Ax + x’) 
x 


92. Here, (x +1) f(x)=x 
= (x+ 1) f(x) -— x=0is(n + 1)th degree 
=> (x+ 1)f(x) -— x =(x — 0) (x -1)(x -2)...(x—-n)-k 


fQ) =2 
A+1=2 > h=1 
f(x)ax? +x 


Put x =n+1=>(n+ 2)f(n+1)-(n+ 1) =(n+ 1)!(k) ...(i) 
Put x =-131=(-1)"*?-(n + 1)M(k) ...ii) 96. Period of sin x =27 
From Eqs. (i) and (ii), we get d period of [4 — ax) = 2m : 
(n+1) 4 (C1)? 1; when n is odd merece ve 44-a° 
fag 
(n+ 2) Ae = LCM [> al | = 47 [given] 
4-a 
93. We have, f(x + 1) = = ...(i) 
f(x) -3 ie. 4—a? =", where p =1,3 
f(x)> fx + 1)—3f(x + 1) = f(x) -5 
- Apart Hence, ga ge V5 7 
 f(x+1)-1 sii i: 
= 97. = - — ai 
On replacing x by (x — 1), we have f(x —1)= are) =? (ii) TADS ONE TI ~ IG) ®) 
f(x) -1 Put x=y =0, we get fla) =~ 
: . _ f(x+1)-5 
Using Eq. (i), we get f(x +2) = ¥x+1)-3 ae Let y =0 
Hoss = fle) = flee) fla) + flO): fla = x) 
_fe)-3  _2f(x)-5 a = fl) =+ fx) ++ fla-x) 
= = ...(iii) 2 2 
F(x)=5 _ 5 f(x)-2 
f(x) -3 > f(x) = f(a - x) 
Put y =a-— xin Eq. (i), 
Using Eg (i), we get flx-2) =F 0 fla) = (flo)? + (fla- x9) 
er 
1 
; ae - ) - = (flo)? = 7 
f(x) =1 _ 2f(x)—5 ; 1 1 
3f@)-5 fx) —2 is Fla)=*> [seve] 
f(x) -1 4 
Using Eqs. (iii) and (iv), we have f(x + 2) = f(x — 2) nonce Pay= 
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98. Since, f(g(x)) is one-one function. 
= f (g(a) = f(g(x2)) whenever x1 # x» 
> &(X,) = g(x.) whenever x, # x2 
=> g(x) must be one-one. 
Let f(x) =y is satisfied by x = x, and x». 
If g(x) is such that its range has only one of x, and x2, then 
f(g(x)) can be one-one even, if f(x) is many-one. 
99. x sin x is a continuous function value of| x sin x | can be made 
as large as we like for sufficiently large values of x. 


Therefore, range of x sinx =R => 


For x € fo =) [x] =0 


For x € (- - 0| Ea >0. 


4 ” tan 2x 


Therefore, values of are never negative. 


tan 2x 


[x] 


tan 2x 


Thus, range of #R. 


> 1, whenever defined. 


sin x 


Thus, range of is not R. 


sin xX 


| x| + ./{x} is a continuous function and 


Jim ((x] + VG) ==, 


lim _((2]- Jfa}) =- 
Thus, range of [x] + ./{x} = R. 
100. (a) f(x) =e" °°" *, (1) = 0 but f(1) is not defined. 
Thus, f and g are not identical. 
(b) f(x) = tan (tan x)=xVxER 
and g(x) =cot (cot x)=x,VxER 
Thus, f and g are identical. 


1, x>0 
(c) f(x) =) 0> x=0 
-1,x<0 


1, x>0 
g(x) = sgn (sgn x) =sgny 0, x=0 
-1,x<0 
1, x>0 
0, x=0 
-1,x<0 


g(x) = 


Thus, f and g are identical. 


2 
cos x 


(d) g(x) = cot® x — cos” x = — cos’ x 


sin® x 
= cot” x cos’ x = f(x) Vx #0 


Thus, f and g are identical. 


101. We have, f(x) = cos '(—{—x}) 
Domain of f(x) € R. 
As, 0S {-x}<1forallxeR 
=> -1<-{-x} <0 


So, range of f(x) € |Z} 


Range of f(x) contains two prime numbers 2 and 3. Graph 
of f(x) does not lie below X-axis. Clearly, f is neither even nor 
odd but many-one. 


 f(x+1) = f(x) => f(x) is periodic. 
102. If we take example of x + sin x, it is non-periodic whereas its 
derivative 1 + cos x is periodic. 


103. The value of sin /2x + sin ax can be equal to 2, if sin V2x and 


sin ax both are equal to one but both are not equal one for any 
common value of x. 


104. Clearly, f(x) is many-one and into function. 
105. f(x) =2 cos = sin x —2 cos = sin x 


. Tt =| 
=2sin x| cos — — cos — 
5 5 


a 1 


= 2 sin x [cos 36° — cos 72° | 


1 Fr 


= 2 sin x [cos 36° — sin 18° | 


=2sin x ot (Bot) sins 


4 4 


ir 


“. Range is [-1, 1]. 


1 1 2m 27 
106. Period of 2 cos : (x — 7) and 4 sin : (x — 7) are a 
a 3 


or 67, 67. 
.. Period of their sums = 67 


107. (f(sin 2x))’ = sin’ x + cos” x + 2 sin x cos x 


=1+sin2x 
= f(x) =J1+ *%Vxe[-11] 


> Ifxe ~™ © | then 
4 4 


f (tan? x) =./1 + tan® x =secx 


108. Fifth degree equation must have atleast one real root. If it had 
two real roots, f’(x) = 0 must have one real root. 


109. Range of ! 
Lox 


7 €(0,1] 


For domain R, log , | E(—-, 0] 


dt x 

110. f(x) = V2 sin x + V2 cos x - V2 cosx+c=-2sinx+c 
= flO) = fr) =e 
Hence, many-one function. 

111. If f(x) =a + ax t+ ayx? +... + a,x", dy #0. 
Then, f ("* D(x) = 0, for all x while any derivative of sin x is 
never a zero function. 


Hence, sin x is not polynomial function. 


112. f is injective, since x # y (x, y € R). 
=> log, {x+ x? +1} # log, fy + Jy? +1} 
= f(x) # fy) 
f is onto because log, (x + {x? +1) =y 
gl an 
2 


> x= 


(2) -aren)ea( gable) 


On adding, we get 


o-5(4)-4(Aa}+ (25) 
-(14+ 5+... +] 
2 2 


2 
As n > ©, we get fo) - f(2|== 


Repeating the same procedure again, we get 
16x” 
F(x) — f(0) = —— 
Zs £6) =16+ 0 
114. f(x) — f(0)-x=0 
16x" 9 
— -x=0 > x=0,— 
9 16 


.. Two solutions. 


115. f(ey= “. £0) =0 


116. For integral solution, 
x+y—-[x]ly]= 
=> -l+x+y-xy=-1 >(x-l1)y-1)=1 
ie. only possible, if 
(x-1=1,y-—1=1) or (x-1=-1,y-1=-1) 
=> x=2,y=2 or x=0,y=0 
*, Solutions are (0, 0) or (2, 2). 


=> xty-—xy=0 


117. For non-integral solution, 
Let x=[x]+ fi 
and a I+ fh 
[x bi ]+ fitly]+ fr 
([x] - 1)([y] -1) = aoe 


Now, O<sfitfr<2 
a fit fp=l 
= (x) -1)(y]-)=2 


Which is possible for 
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[x] =3and[y]=2 
> [x] =2and[y]=3 
> [x] =-1 and[y]=0 
> [x] =Oand[y]=-1 


“. The x + y =[x][y] becomes x + y=6>5x+y=0 
.. Non-integer solution lies on x + y =6 
=> x+y=0 


118. We have, f(x) = ; fom +f Gl 


Interchanging x and - we get 


fo) =5 flay) +#(2)| 


On subtracting, we ae! 


fe) - fo) =3 i(2] (2 


Hence, ff =) =-f (2) 


. From Eq. (iii) becomes f(x) - f(y) = f =) 
y 


f(x + h) — f(x) 
h 
Using the result in Q. No. 118. 


AS). 


119. f’(x) = lim = 


lim = lim 
h>0 h h>0 h 
p(i+4) i 
= li */ = f/i)=—-2= 
La pe 7 
oye 
x 


120. From Q. No. 119, f’(x) =— 


x 
f(x) =2 log x + C 
=> fajy=0 > C=0 
f(x) =2 log x 
fle) =2 log e = 
121. f(x) = odd degree ae + bounded function 
cot! x €(0, 7) 
Also, f(x)>0 
“. f(x) is one-one and range of f(x) ER 
“. f(x) is onto. 


= f(x) is one-one onto. 


189 


...(i) 


...(ii) 


...(iii) 


...(iv) 


190 
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122. We have, f(x) =x" +1 
x“+x+1 


= even degree polynomial + bounded function 


1 4 
7 0, — 
x +x+1 3 


_ 4x°(x? + x41)? -2x-1 
(x? + x+1)° 


f(x) 


=> f(x) = Ohas at least one root which is repeated odd 
number of times or it has one root which is not repeated, since 
numerator of f’(x) is a polynomial of degree 7. 


=> f(x) = 0 has a point of extreme. 
*. f(x) is many-one into. 
123. f(x) = odd degree polynomial + bounded function sin 2x => 
f(x) is onto. 
f(x) is one-one, if f(x) 2 0 or f(x) $0, Vx 
=> az1VUas-1 >aeER-(-1,1) 


124. D,, = {-1, 1}, as minimum occurs before maxima for f(x). 


a;=-1 
Now, B(x) = ay + axt ax’ — x3 
g(x) =a, + 2agx — 3x" 
= —3(x —3)(x + 3)=—3x" + 27 
. a, =27, a, =0 
- a, + dy = 27 
1285. Also, g(-3) > 0 and g(3) > 0 
> ay > 54 and ay < —54 
es ay > 54 
126. Now, @(x) = ay + 27x — x? 


f(x) = yao + 27x - x 
f(10) = Jay + 270 — 1000 
Clearly, (10) is defined for ay > 730. 
127. -- ff (x) =x 
(fo)? -4(F 00)? = 
= (f(x)! — 4(f "(x)" — log, x = 0 
(fx)? =2 + 4 + log, x 


Range of f '(x) is [2, 0). 


f(x) =,/2 + 44 log, x 


f(x) >0 
128. qj e 
sin x -—2 
= 1). ~6cos x fv xe|4 || 
(sin x -2)° | ; 2° 


=> g(x) is an increasing function, hence one-one function. 
“. Range is E (=} ; «| and lies in [—5, —2]. 


129. x : x in domain of g™'(x), 
g(x) in domain of f71(x) 


g '(x) =sin (x a 2) 


,W x €[-5, -2] ...(i) 


y=) 


1 Ax+2 
= sin! (x doy 
x-1 
4 Ux 2 T 
ie. 12a ot 
x-1 2 
+2 
ay eget ee) os 
x-1 


Solving this, we get 
4—sin1 
x<- oa) - ) orx>1 
2-sin1 


...(ii) 


From Eqs. (i) and (ii), we get 
(4+ sin 2 
x €| —5, —-————_ 


2-—sin 1 
Sol. (Q. Nos. 130 to 132) 

P(x) + 1=0has a thrice repeated root at x = 1. 
P’(x) = 0 has a twice repeated root at x = 1. 
Similarly, P’(x) = 0 has a twice repeated root at x = —1. 
= P’(x) is divisible by (x —1)?(x + 1)? 

P’(x) is degree at most 4. 
=> P’(x) = o(x — 1)*(x + 1)? 


x 2 
P(x)=a|—-—x% +x]+e 
5 3 


Now, P(1) =-1and P(-1)=1 > a= andc = 
5 
poy=-8(2-2 _ * 
8\ 5 3 
15 [= 2x? 
=-—y/2-> +1 
8 5 3 
x* 2x? 
has only one real root x = 0, as rors + 1 has imaginary 
roots. 
S eoud 10 
Also, sum of pairwise product of all roots = — ae 
Also, P’’(x)=- macs — x) 
Let fix)=-> x? - x) 
fe) =- 2 6x? =1) =- 2 (5x — 1) x +1) 
=> Maximum at x = = 
= 
130. (a) 131. (c) 132. (b) 
Sol. (Q. Nos. 133 to 135) 
al 
Given, f (x) =— ...(i) 
f(x) 
Replace x by f(x). 
1 if 1 
aa firey = 5( 2) = 49 
25 x 


> i waz ( } (ii) 


1 
x 


From Eqs. (i) and (ii), we get, 


1 1 1 re 
¥@) = 2) => fo s{4] =i ...(iii) 
Putting x = 1, we get 
(f())’ =1 
133. f(1) =1 [as f(1) > 0] 


134. If f(x) is continuous, then being bijective, it will be monotonic. 


135. f(f(x)) would be increasing but f(f(x)) = £ ie. decreasing. 
x 


Thus, contradicts the facts of f(x) being continuous. 
Sol. (Q. Nos. 136 to 137) 
flm+n) = f(m)+ fln) 
n=N-1 
f(N) = fQ)+ f(N-1) 
F(IN-1) = fF) + FIN -2) 
F(N-2) = fl) + f(N —3) 


F(2) = fQ)+ Ff) 
On adding all, we get 
F(N) = NF(1) 
Now, if f(1) =1 
= f(N) =N, which contains even numbers 
If f(1)=2= f(N) =2N, which contains even numbers 
f(1) is 1 or 2. 
136. (c) 137. (a) 
138. (A) {sin (cos x), sin (cos x) = 0 
2nt <cos x <(2n+ 1)n 
0<cosx <1 


TT Tt 
x €| 2nt , 2ntt + 
2 2 


(B) (,/cos (sin x)) 2 


cos (sin x) > 0 


Tt P Tt 
—-—<sinx<— > xeER 


(C) tan (7 sin x) 


Tsinx#t 


sinx#+ 


Nie wla 


Tt Tt 
sears > xeR-|m | 


(D) In (tan x) 


™ 
tanx>0 => 0<x<— 
2 
™ ™ 
mt<x<nt+— > xe(nmnn+ 2] 
2 Zh 


139.(A)|4sinx-1|<V5 => -V5<4sinx-1<45 
=> 1-V5<4sinx<1+5 


1-V5 14+ 5 
=o 


<sin x < 
4 
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10 10 
But x€ [0, 1] domain x € [0, 37/10). 
(B) 4sin® x-8sinx+3<0, 0<x<2n 


=> (2 sin x —1)(2sin x-3) <0 = 2sinx-120 
. 1 T™ ST 
— eS => xE]—,— 
(C) |tanx|<1;xe[-a,m], -1<tanx<1 


Tt Tt 
nt —-—<x<nt+— 
4 


4 
Tt Tt 
Put n = 0, -—<x<— 
4 4 
T 
Put n=1, he eee 
oh eee 
4 4 


31 
But, from domain a <x<u0 


™ ™ 51 31 
Put x=-1, -7 <x<-1@4+-> SS 


But from domain —m < x < — — 


Finally, | TL, =u] Eu 
4 4 4 


3 
But, x € [0, 1] ».xe[ 02 |u] in| 
4 4 


1 si 
(D) cos x~sin x2 105 x22 ( cos x - a2 


T : . 7 1 
> cos x- cos — — sin x- sin — | => — 
4 4 


2 
Tl 1 
> cos| x+E) 2 te 
4 2 
T T T 
> 2nm —-—<x+—<2nm + — 
4 4 4 
T 
=> ae Se a 


On substituting suitable values of n, according to domain 
31 
xe E an U{o} 


140. (A) When -1< x <0, 
f(x) €[0, 1) and f(x)=x+1 
ff(x)) =(x + 1)? -1= x? + 2x 


(cos 2x + 1)(sec” x + 2 tan x) 
2 


1—tan’ x 1+ tan? x+2tanx 
= yotl 
1+ tan” x 2 


_ 1+ tan’ x+2tan x 


(B) 


1+ tan? x 


2t 
eae 
1+ tan” x 


“ f(x) =1+ x 


2 tan x 


1+ tan? x 
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(C) Put x = 0, y = 0, f(1) =(1 +1)’ =2” 
Put x =0,y =1, f(2)=(1 + 2)? =3? 
f(x) =(x +1)’ 


(D) When 4<x<3| *]=1 


By induction, 


=> f(x) =2x +3 


y=2x4+3 5 x22 — 


x= 3 


ae ae 


(A) Simplifying the expression, we get f(x) = > 


(B) Period of tan (e'*) = 1, the period of 
[x + a] —(x + &) + a—5is also 1, hence 1 is the period. 
(C) h(x) — h(—x) = 0, hence even function. 
(D) Simplifying the expression, k(x) = 0. 
Here, f(x + y) —kxy = f(x) + 2y? 
Put x =0=> f(y) = f(0) + 2y* 


=> f(x) =2x" + f(0) 
Now, f)=2+ f(02) >  f(0)=0 
f(x) = 2x? 


Hence, fee] =4 


Given, f(x — f(y)) = F(F(y)) + xf) + f(x) -1 i) 
On putting x = 0 and f(y) = 0, we get 
F(0) = (0) + f(0) -1 
=> f(0)=1 
On putting x = a and f(y) =a, we get 
f(0) = fla) + a + f(a)-1 


...(ii) 


2 2 
> fla)=1- © -. fz)=1— = 
2 
= f(10) =-1+ a = 49 
Hence, =i) =7 
7 
Given, 


fQ) + 2f(2) + 3/6) +...+ nf(n) =n(n + 1) f(n) Rr 60) 
On putting (n + 1) in place of n, we get 
fQ) + 2f(2) + ...+ nf(n) + (n+ 1) f(n+ 1) 
=(n+1)(n+ 2) f(n+1) 
On subtracting Eq. (i) from Eq. (ii), we get 
(n+ 1) f(n+ 1) =(n + 1) (n+ 2) f(n + 1) — n(n + 1) f(n) 
= (n+ 1) f(n+1)—nf(n) =0 


...(ii) 


> nf(n) =(n+ 1) f(n + 1) 
> 2 f(2) =3f() =...=nf(n) 
From Eq. (i), 


f(Q1) + [nf(n) + nf(n) + ... to (n — 1) terms] = n(n + 1) f(n) 
> f()+(n-1)n f(n) =n(n + 1) f(n) 


= f(1)=2n f(n) = 1=2n f(n) 


1 


fi) 
= 4020 > —E =2 
f(2010) (2010) f(2010) 
145. If pe oe 
CX = 4 Cc 


Then, f(f(x)) =x 
fiptay)=xand f{ s(4}}=4 
FOF) + (s(4)] =e4 


146. Here, y = 4-(a + B) 
=> +P +y?=07 +B? + (4-(a+)) =6 


=> 2B" + 2B(a — 4) + (207 — 80 + 10) = 0 
But, BeEeR>D=0 
=> 30° -8a + 420 
=> a € [2/3, 2] 
.. Integer values of are {1, 2}. 
147. Here, f(x) =ax+b 
> ax+ f(x))+b=x+axt+b 
> a f(x)=x 
2 fix)== 
a 
=> ~=ax+b 
a 
=> b=0>a°=1 
> a=+1 
> f(x) = x, ie. 2 functions. 


148. Number of one-one functions = °P; = 60 


Number of strictly monotonic functions = 10 + 10 = 20 


Number of one - one functions 60 | : 


Number of strictly monotonic functions 7 20 
149. The number of different sets contains exactly 3 elements of 
B= °C, =10 
The number of onto functions from A to the set contains 
3 elements = 10[3* — 3(2)* + 3] = 360 
k = 
aan 
150. Here, f(2) =a sin(2) + 2b cos(2) + 8 
and f(—2) = —a sin(2) — 2b cos(2) + 8 
On adding, we get 
f2) + f(-2) = 16 


6 


“ feojsi 
157. Let y = f(x) = x°+ e* 

Then, y(0) =1 

; 2. ub 
Also, Bo= F@ 
1 
(1) = =3 
80 
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152. f(x) =x? - 12x + p 160. Clearly, x’ + 4x >0 
=> f(x) =3x" -12=0 2x° +320 => x7 4+ 4x 22x43 
=> x=+2 and x is an integer. 
. f(-2) =p +16 and f(2) = p — 16 for all p € {1, 2,..., 15} fs x € {1, 2, 3} 
f(—2) > 0, f(2) < 0. It has 3 roots in each case. a n=3 
y0=3%15 = 45 oe: ~9 Now, maximum value xo + ra 4372 
: “ =|In 12| 
153. Given, f(m) — f(n) =3 “ [Y]=2 (Ine? <In12<Ine’) 
If m=125,n=124 > (mM — 1) min =1 . In+ [Y]]=[3 +2] =5 
m=24,n=5 
161. f(x—-1)+ f(xt+ 1) = 3 f(x) 
=> - =3 > —N)max = 19 
ee = fils) + fle+2)=V8fle+ 0) 
2 7 2 =e Putting x= x + 2, 
154. As, x’ + y?=4 f(x +1) + f(x + 3) = V3 f(x + 2) 
> x =2cos0, y =2sin0 f(x-1) + 2f(xt 2)+ f(x + 3) = v3[v3f(x + 1)] 
a a ee f(x—1) + f(t 3) = f(x +1) 
“ oxty a A a Again, putting x = x + 2, 
7 FF f(x +1) + f(x +5) = f(x + 3) 
=> =") = (4 —2(sin20))may = 4+ 2=6 f(x —1) + f(x +5) =0 
are fix +5)=— f(x-1) 
155. f(2011) =(2+ 0+ 141) =16 f(x) =— f(x + 6) 
£2(2011) =(1 + 6)? = 49 , f(x + 12) = f(x) 
f3(2011) = (4+ 9)? = 169 =  f@ + 12r) = 20f(5) = 20 x 10 = 200 
f*(2011) =o 9)° ene Hence, the sum of digits = 2+ 0+ 0=2 
f°(2011) =(2 + 5 + 6) = 169 162. Put x=1, 
‘ af(x) = flxy “f( (i 
f°"(2011) = 256 y 
an+1 = 1 
ee 2fl) = fo) + f +) (i 
f 22011) — f2011) _ 169 —256 y 
7013(2011) — f7°"(2011) 169-256 = 1 
f° (2011) — f*(2011) => fly) =- ; 
' x x 2x 2x 
156. As, [sin x] = on =| = on =| Replacing x by y and y by x in Eq. (i), we get 
inx]=| =} +{2| 2f(y) = flyx) + (2 ) .. (iii) 
27 51 


From Eqs. d (ii t 
Thus, only one solution, i.e. x = 107. pom Pde aaNet) ve ee 


157. As, xy -6(x+ y)=0 =(x -6) (y —6) =36 2tf(x) -— fo}= f =) = [-r (=} =2f =) ...(iv) 
“(x — 6, y — 6) = (1, 36), (2, 18), (3, 12), (4, 9),(6, 6), s = = 
(—36, —1),(-18, —2), (-12, —3), (—4, —9), (-6, 6), f(x) - fly) =f ) ...(v) 
“S xsy => a=10 ¥ 
(a—6)=4 lim Se FO) =f()=1 
158. Here, f(x) — 10x =(x — 1) (x — 2) (x —3) (x — @) aa nae 
f(12) + f(-8) = 19840 jim AO -, as f()=0 
aan ilo 
m SO F(x) _ |, x) _ 
(50: Gwalding, goo 8 oe _ a gsi? = Ee a oe 
On subtracting, b = (1 — sin 20)! He) —Wes etre 
; fa)=0 => c=0 
=> ab = cos‘ 20<1 fle e)= 
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163. f(1) + 2f(2) + 3f(3)+...+ n(f(n)) = n(n + 1)f(n) 
=> f)+2f(2)+3f6)+...4 (n+ I)fm+t 1) 
=(n + 1)(n + 2) f(n + 1) 
=> nint+1)f(n)=(nt+ 1)’ f(n +1) 
> nf(n) =(n +1) f(n + 1) 
ie. 2f(2) =3f() =... =n(f(n)) 


ie. f(n)=- 
n 
1 
2126 f(1063) = 2126 x —— =2 
KK 1063 


x4 x7 41 


x -—xt1 


164. Now, f(x) = => f(x)=x? + x41 


Now, f(w")=@™" + 0" +1=3 


w" = 1, when nis a multiple of 3. 


165. Foy 5(2 = | 250 


1+ 


1-— 
Replacing x by — we get 
1+ x 


9:( Lx ii hase ° 
f [222] fo =(22] 


3 
By using Eqs. (i) and (ii), we get f(x) =x° c : | 


1=—x 


L+x 


= fa)=2| = f-2=> 


= [f(-2)]=2 = |[f(-2)]]=2 
f(2a — x) = f(x) 

= fa-—x)=— f(x) 

 fisodd = f(x + 4a) = f(x) 

= f is periodic with period 4a. 


=> f(i+ 4r) = fQ) 


166. 


< 1 
Now, Y[f(]" =8 = 
2! 1 - f(Q) 
> f= = = 8f(l)=7 
Xo  Bae 2x 
167. Consider, f(x) = a a ae ; 2 
e+e” e+1 e~ +1 
4e2* 
=> (x) = ——. > 0, VxER 
P= >a Vs 


= f(x) is an increasing function. 
= Domain: R, Range : (1, 1) 
For f : R > (-1, 1), 


e-e* 
f(x) = a = fs(-L1)>R 

e@ e 

ey -—e” 
=> x= 

ete” 

1+ z 1+ 
= ey = f(x) = In = 

Lx L=x 


...(ii) 


168. 


169. 


170. 


171. 


Hence, given equation is equivalent to f(x) = f (x). 


eS f(x)=x [as f is an increasing function] 


1+ 1+ 
=> In ae" * =e 
Lax l= x 
Lee ox . 
Now, draw the graph of y = and y =e. They intersect 
1=x 
each other at x = 0. 
3x° + 9x +17 10 
Let y= 1 tS 
3x° +9x+7 3x ORS 7 
Now, 3x7 + 9x +7=3(x° +3x)+7 


2 
3 1 1 
-3[x+2) +—2>-—forallxER 
2 4 4 
Maximum value of is 40. 


3x°+9x+7 
Maximum value of y is 1+ 40 = 41 
5k+1=41>5k=8 

The period of the function is found as follows 
Given, f(x) + f(x + 4) = f(x +2)+ f(x +6) ..-(i) 
.. Replacing x by x + 2, we get 

f(x + 2)+ f(x + 6) = f(x + 4) + f(x + 8) 
From Eqs. (i) and (ii), we get 

f(x) + f(x + 4) = f(x + 4) + f(x + 8) 

=> f(x) = f(x + 8) = Thus, 8 is the period. 


Since, f(x) is symmetric about y = x. 
=> f(x) = f(x) 
F(x) = (f(a)? = pxe f(x) f(x) + 2x" f(x) 
= f(x) = f'(x)— px: f(x): f(x) + 2x" f(x) 
= f(x): {2x° — px: f(x)} = 0 


...(ii) 


> f(x) = — [as f(x) # 0] 
px 
2X 
= i_=— = p=2 
3x? + mx + +n-3 
Here, f(x) = = nm ra3+ i 
x 1 x +1 
25 FD 
4 1+ x7 


For y to lie in [-4,3). 
mx+n-3<0,Vx ER. 
This is possible only if m = 0. 


—3 
When m = 0, then y =3+ is aie 
1+x 
If X72 > Yn 93> 
Now, Yin Occurs at x = 0. [as 1+x’is maximum] 
n=3 : 
Vmin =3+ a =n v(l) 
Since, —-4<y <3 
Ymin = —4 ...(ii) 


From Eggs. (i) and (ii), n = —4 
m+n? _16_ 
4 4 


172. Since, f(x) is monotonic. 
=> f(x) <0or f(x) >0,VxER. 
= f'(px)<0or f’ eae 
= f(px) is monotonic 
= f(x)+ f@x)+ f(5x)+...+ f((2m - 1)x) 
is a monotonic polynomial of odd degree (2m —1), so it will 
attains all real values only once. 


f(x) + f(x) + fx) +...+ f((2m—-1)x) 


one root. 


173. (i) We have, 


= (2m —1) has only 


=[x]?+2x ..-(i) 
=[i+ ff +2i+2f 


(x)? 
=[i+ fT 


[. x =i+ f, where i is integer and fis fraction] 


=> (+f) 


=> fit fP =(i)? +2i+2f 
=> iP +2i+1 =i +2i+2f 
a f= 5 ls]=0(x)=1 


Put the value of (x) and [x] in Eq. (i), we get 


1 
x= 0, ne wes 


(ii) We have, 


[2x]-2x =[x+1] 

> —{2x}=[x]+1 => [x]+ {2x}=-1 
x=-l, ae 
2 


(iii) We have, [x]’ + 2(x) = 0, [x]? =3x,0< x <2 


For 0< x <1,[x]=0,[x’]= 


1<x<-v2,[x]= 


V2 <x <~2,[x]=1, [x’]=2 axae 


V3 <x <2,[x]= 


0o=>x=0 


[x*]=1>x=1 


(iv) We have, y = 4-[x] and [y]+ y =6 
Now, [y]+y =6 >y =3 
On substituting the value of y in y = 4—[x]’ 
=> [x} =1,x=+1,+1+k, where k is fraction. 
(v) We have, 
x]+|x-2|$ 0,-1S x <3 
For -1<x<0,[x]=-=>-1-x+2<0 x21,Not 
possible. 
0<x<3,[x 
Hence, no solution. 
174. Given, f(n) =1!+ 2!+ 3!+...4+n! 
f(n+ 2) =Q(n) f(n) + P(n) f(r + 1) 
=> {1!+2!4+..4(n4+ 2) =Qn){il4 2!4+..4 n}} 
+P(n){1!+ 2!+ 0.4 (n+ 1)! 


Jand | x —2| are positive. 


175. 


176. 


177. 
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+ n!) + {(n+ 1)!+ (n+ 2)!} = {Q(n) + P(n)} 

{1!+ 2!4+ 3!4+...+ nt}+P(n).(n+ 1)! 
Equating coefficients of {1!+ 2!+...+ n!}and(n+1)!on both 
sides, we get 


Q(n) + P(n) =1and P(n)=(n+3) 


=>(1!+2!+... 


So, P(n) =n+3 

or P(x)=x+3 and Q(x) =1- P(x) 

Hence, P(x)=x+3 and Q(x) =-x-2. 

Given, fl) = (i) 

Ise Ja . 

Now, f(1 Oe eve ...(ii) 

From Eggs. (i) and (ii), we have f(x)+ f(l- x) =1 .. (iii) 
(2) (25 ") = 

=> a 
2 

= DAZE fe aan 

r=1 2n r=1 an 


[putting 2n-r = ¢] 


Hence, 


f(x) is defined if} log) sin x (x? -8x + 23)- —S >0 
log,|sin x| 


x? —8x + 23 
=> log} sin x ee = >0 


3 log .8 
as ; = aue = log) sin 8 
log,|sinx| log,|sin x| 
This is true, if 
. x? -~8x +23 
|jsinx|#0,1 and — = <1 
[as |sin x] <1= log) gin» a> Oa <1] 
2 
— 8x + 23 
Now, ee <1 
8 
=> x’ -8x+15<0 
31 
> € (3, 5)- {= =a} 
2 
310 31 
Hence, domain = (3, wl 2) [2.5] 
Given, nx +ny = xy 
> xy-nx-ny+n? =n’ =(x-n)(y-n) =n’ 
= (x-n) and (y-n) are two integral factors of n°. 
[as x, y,n€ N] 


Obviously, if dis one divisor of n”, then for each such divisor, 
there will be an ordered pair (x, y). 


So, S(n) = number of divisors of n’. 
(i) Forn =6, we have d = 1, 2,3, 6,9, 12, 18, 36. 
Thus, S(6) =9 
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(ii) If n is prime, then d = 1, n and n’. 
Hence, S(n) = 3, whenever n is prime. 
1 1 


178. We have, : + = {x}+ 
[x] 


179. 


180. 


181. 


[2x] 3 
CaseI x eI, [x]=-x, [2x] =2x {x}=0 
i ae ae 


= =>x= 
Xx 2x 3 2x 3 2 


9 
> ¢ I, Not possible. 


Case II, x € I + f, where Jis an integer and f is fraction 


[e=2 [axl aor ix} = fis fi<) 


1 1 1 3 1 
=> + =f+-—->f= 
L~ 2F f 3 f 2I 3 
3 1 3 
> O< = < >-< < 
2I 2 2I 6 
9 9 
> —<I<->1=2,3,4 
5 2 


5 1 1 
When I =2, f =—;1 =3, f=31=4 f=— 
f 12 f 6 f 24 

(2 19 a 

€,—,—, — >. 

126 24 


n n 
The condition, af ae = yx can be written as; 
i=l i=l 


Dyed 1< 
= SF (x)=— x 
Nia Nia 


ie. AM of y-coordinates of f ' = AM of x-coordinates of f 
The given two conditions hold if and only if 


x? 43x-3=x 


= x? +2x-3=0 
So, x=-3,4+1 
But x20 = x=1 [neglecting x = -3] 


. 1x aes . 
Hence, we can write — y x; = 1, which is the required result. 
i=l 


We have, f(x) = x? -2x (i) 
and g(x) = f(f(x)-1)+ f6- f(x) (ii) 
a(x) = f(x? -2x-1)+ f(5- x? + 2x) 
= [{x? -2x-1}? -2{x?-2x-1}] 
+[(5- x? + 2x) -2{5- x? +2x}] 
=> g(x) =2x*-8x?- 4x" +24x4+18 
To show g(x) = 0, we find its range. 
ie. g(x) =8x°-24x?-8x+24 let g(x) =0 
> x=-1,land3 
= g(x) 2 min { g(-1), g(1), g3)} = 0 
Hence, g(x) 20, Vx ER. 
Given, 2+ f(x) f(y) = f(x)+ fly) + flay) 
or 1- f(x)- fy) + F(x) fy) = Fxy)-1 
or (1- f(x)) A- f(y) = Flxy)-1 


The above result holds if and only if, 
f(x)=14+ x" 
If f(x) =a,x" +a, x" '+...+ap 


Then, consider (1+ f(x))(1- f(y))=f(xy)-1 
Compare constant term on either side, we have 
1-a)=a-1 > a=1 


Comparing coefficient of x"y", we get 


a; = a, > a, = 1 or otherwise polynomial would not be of 


n degree. 


n 


Comparing coefficient of x, x',..., x" on either sides, we have 


a, =a, =...=a,_, = 0 
=> a, =1and f(x) =x" +1 
Given, f(2)=5,ie.2"+1=5 
=> naz 
Thus, f(x)=x? +1 
= F(f(2)) = f) =5" + 1 = 26 
482. Using AM SGM we ave @* "3 Gone 
= APF eather ol! aebeecand 
=> (a+b+c)"? >3 
=> (a+b+c)>3v3 


183. Clearly, g(x) = 


yi, 
x+ oS < x < 0 as graphically if, 
x0Sx<1 


x’, 1< x <2 can be expressed as shown in the following figure 


y= |x| 


ey’ 
184. Let g(x) = f(x)- f(x+7) ...(i) 
Y + 9(0) 
(x, 0) 
X’< rX 
O a 
me a(n) 


185. 


186. 


Atx=T, g(a) = f(m)- f(27) ...(ii) 
At x = 0, 2(0) = f(0)- f(z) ...(iii) 
Adding Eqs. (ii) and (iii), we have 
8(0) + g(m) = f(0)— f(2m) = 0 
= g(0) =—g(t) 
= g(0) and g(7) are of opposite sign. 
=> There is a point c between 0 and 7 such that 


g(c) =0 ...(iv) 
From Eq. (i) putting x = c, we have 
8(c) = f(c)- f(m +c) (Vv) 


From Eqs. (iv) and (v), we have 
f(c)- f(t +c) =0 
f(c) = fm +c) 
We have, g(t) =|t-1|-|t| + |t+ 1 
-t, t<-1 


t+2, -1<t<0 
=> g(t) = 


Hence, 


2-t, 0<t<1 
t t>1 


Graph of g(t) is 


vy 
—3 —3 
f(x) = max 0) : = <t< x} xe (=. ~| 
Clearly from the graph, 


3/2, —<x<— 


MN, =2n,- Ny 


[given] 


=> n(n, +1) =2n, 


=> Ny =2- 
mt+1 


Since, 7,2 are integers. 


€ Integer 
n+l 


n+1=-2,-1,1,2 
n, =-3,-2,0,1 
ny = 3, 4, 0,1 


Integral solutions of the form (m,n2) are 
(-3, 3), (-2, 4), (0, 0), (, 1). 


=> 
=> 
=> 
=> 
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187. PLAN 


(i) For such questions, we need to properly define the 
functions and then we draw their graphs. 

(ii) From the graphs, we can examine the function for 
continuity, differentiability, one-one and onto. 


=x x<.0 7 
filx) = a => f{x)=x°,x20 
_fsinx, x<0 _ Sol fi(x)), x<0 
fia) ={ x20 7 OHV eee -1, x20 
x, x=0 _ x", x<0 
pas fAso)= | ye -1, x20 
Y y 
y=F(x) y=folx 
~< >X ~< >X 
y=g(X) y 
y=fy(x) y 
xX 
< >X 
y=fy Of, (X) 


: ; ; Dx: x<0 
As, f,(x) is continuous, f’4(x) =) 5, 
ae, xX>0 
fx(0) is not defined. Its range is [0, °°), thus f; is onto. 


Also, horizontal line (drawn parallel to X-axis) meets the curve 
more than once, thus function is not one-one. 


188. Given, g{f (x)t=x = g’{f (x)} f’ (x) =1 


If f()=1 > x=0,f(0)=1 
Substitute x = 0 in Eq. (i), we get 
g(=— 
f°(0) 


E f(x) =3x7 + ak = f'(0)= ;| 


Alternate Solution 


Given, f(xax? + er? 


> f(x) =3x? + : er 
For x=0, f (0)=1, f’(0)= ; and g(x) = f | (x) 


Replacing x by f (x), we have 
g(f(x)ax = gf (x): f)=1 


Put x = 0, we get g’(1)= =2 


1 
f() 
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1= 2 
Given, F(x) = fin’ xdx= |e 


F(x) = “(@x~sin2x) +C 


Since, F(x + 1) # F(x) 
Hence, Statement I is false. 


But Statement II is true, as sin’ x is periodic with period zr. 
(x —1)(x —5) 

(x —2)(x —3) 

The graph of f(x) is shown as 


U 


Given, f(x) = 


A.If-1<x<1> 0<f(x)<1 
B.If 1<x<2 => f(x) <0 
C.If 3<x<5 = f(x)<0 
D.Ifx>5 = 0< f(x) <1 


. . 1-2x + 5x? ™ 1 
Given, 2sint = 5 Pei 4 
3x" = 2x = 1 2 2 
Put 2sint=y => -2Sy <2 
1—2x + 5x? 
D aria eras 
3x? —2x -1 


=> (Gy —5)x? -2xy -1)-(y +1) =0 


Since, x € R — {1, -1/3} 


[as, 3x? —2x -1#0 S(x-1)(x + 1/3) #0] 


D=0 
=> A4y-1)? + 4By—-5)(y+1)20 


=> y?-y-120 
2 
1 5 
=> (y-5] -—20 
2 4 
1 5 1 5 
> y v5 y a 20 
2 2 2 2 
1-5 1+ 5 
=> ys or y2 
2 2 
1-~v5 1+ v5 
> 2sint < v5 or 2sint= v5 
2 2 
F : ™ ‘ . (30 
> sint <sin] -—]| or sint2=sin} — 
10 10 
Tt 31 
> t<-— or t2— 
10 10 
T 


p TT 3m 1 
Hence, range of t is ; U ,— |. 
2 10 10° 2 


192. Given, f,(x) = “(sin x + cos* x), 
where x € Randk >1 


1 1 
fa(x) — f(x) = qisin’ x + cost x)- gain’ x + cos® x) 


1 1 
= rig —2sin® x-cos” x) a —3sin’ x- cos” x) 
-1 1.1 

4 6 12 


193. Plan To check nature of function. 
(i) One-one To check one-one, we must check whether 
f (x)>0 or f"(x)<0 in given domain. 
(ii) Onto To check onto, we must check 
Range = Codomain 


Description of Situation To find range in given domain 
[a,b], put f’(x)=0 and find x=04, Og, ..., On €[a,b] 
Now, find {f (a), f (04), f (G2), + f(On), F(b)} 
its greatest and least values gives you range. 
Now, f :[0,3]>[1,29] 
f(x) =2x°-15x" +36x+1 
f(x) =6x?-30x+36 = 6(x?-5x+6) 


= 6(x-2)(x-3) 


+) - | + 
l l 
2 3 


For given domain [0, 3], f(x) is increasing as well as 
decreasing > many-one 


Now, put f’(x) =0 
—" x=2,3 
Thus, for range f(0) =1, f(2) =29, f(3) =28 
= Range €[1, 29] 
.. Hence, the function is into. 
194. f(x) = x’, g(x) =sin x 
(gof (x) =sin x” 
go(gof ) (x) =sin (sin x’) 
(fogogof ) (x) = (sin (sin x”))” 
Given, (fogogof ) (x) = (gogof}) (x) 
= (sin (sin x*))? =sin (sin x”) 


= sin(sin x’) {sin (sin x”) —1}=0 


=sin (sin x”) =0 or sin(sin x”) =1 


. 2 _ 2 40 
— sinx” =O or sinx ae 
x =nn [ie. not possible as —1<sin @<1] 
x= Vnt 
b 


On * where 0<b<1,0<x<1 
l= 0% 


195. Here, f(x) = 


For function to be invertible, it should be one-one onto. 


Check Range 
let f(x)=y a y= 2% 
1 — bx 
=> y-bxy=b-x =x(1-by)=b-y 


196. 


197. 


198. 


199. 


=> ae eee 
1-—by 
o< PF cy 
1—by 
=> de >0 and ~*~ <1 
1—by 1-by 
1 
=> y<b or a 
and eNO P!) 2G t<y<- 
1-by b 


From Eqs. (i) and (ii), we get 
y €(—1, b) Ccodomain 


We have, e* f (x) =2+ f ve" +1dt,V xe(-1,1) 
0 
On differentiating w.r.t. x, we get 
e*[f’ (x)— f (x)]= yx" +1 
f(x) = f (x) + {xt +1-e* 


- fis the inverse of f. 


fo Af pax 


> 


=> [fF {f OH f’()=1 
= fA 
= fo tf (x5) FG) 
7 eo 1 
= CO a 
Atx=0, f (x) =2 
| 
=> SS) Sera a 
Since, only (c) satisfy given definition, 
ie. fUf7 (B)} =B 
Only, if Bc f(x) 
Let (x) = flex) ~ glx) -| a 
—x, x¢€Q 


Now, to check one-one. 


Take any straight line parallel to X-axis which will intersect 
(x) only at one point. 


=> (x) is one-one. 
To check onto 


x, xEQ . 
As, f(x) = , which shows 
—x, x 
y=x and y=-~—~x for rational and irrational values 
= y € real numbers. 
Range =Codomain = onto 


Thus, f — gis one-one and onto. 
By definition of composition of function, 
g (f (x) ) =(sin x + cos x)? — 1, is invertible (i.e. bijective) 
= gf{f (x) }=sin 2x is bijective. 
T 


Tt 
We know, sin x is bijective, only when x € - ; 4 


...(ii) 


200. 


202. 
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Thus, g {f (x) }is bijective, if — A <2x< . 


T T 
= XS 
4 


E Tl 
Here, f (x) =,/sin ' (2x) + —, to find domain we must have, 
6 


Tl = Tl 
[but -2 <sin ; 0x3 
2 2 


> 


nN 


_ T 
sin” 2x) + — 20 


T 7 T _(-1 _ 1 
-—<sin'(2x)<— => sin( | sexsin 
6 2 6 2 


ie. y > 1]... 


> yx + yxtyax*?+x42 
= x*(y-1)+x(y-1)+(y-2)=OVxER 


Since, xis real, D = 0 


> (y -1)? -4(y-1)(y -2)20 
>= (vy -1) {ty -1)-4(y -2)}20 
= (y -1)(-3y +7)20 
= 1<y s+ ...(ii) 


From Eqs. (i) and (ii), Range € [ ; 4 


Given, f :[0, c) — [0, ) 


Here, domain is [0,cc) and codomain is [0,°°). Thus, to check 
one-one 


Since, f (x)= x 
Tx. 
> f'@)= ap? Ov rela) 


.. f (x) is increasing in its domain. Thus, f (x) is one-one in its 
domain. To check onto (we find range) 


Again, y=f(x)= = 
+ x 
=> yrtyx=x 
=> x= y => = ae 20 
1-y 1-y 


Since, x = 0, therefore 0 < y <1 
ie. Range # Codomain 


. f (x) is one-one but not onto. 
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204. 


205. 


206. 
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Given, f (x) =2x + sin x 
> f' (x) =2+4+ cosx 
> f' (x) >0,VxER 


which shows f(x) is one-one, as f(x) is strictly increasing. 
Since, f (x) is increasing for every x € R. 
“. f (x) takes all intermediate values between (—-»,¢ ). 
Range of f (x) ER. 
Hence, f (x) is one-to-one and onto. 
The number of onto functions from 
E = (1, 2,3, 4} to F = {1,2} 

=Total number of functions which map E to F 

— Number of functions for which map f (x) =1 and 

f (x) =2 for allx ¢ E=2* -2=14 


It is only to find the inverse. 

Let y = f (x) =(x4 1)’ forx>-1 
>t fy=xtix2-1 

=> jJy=xtl > y20,x+120 


> x= Jy -1 
=> f° = Jy -1 
> fO (x)=Vx-1 
=> x20 
1 x +1 
Let y=xt+—-— > y= 
x aa 
=> xy=x? +) 
=> x? -xy+1=0 
+ yy’?-4 
=> x= 
2 
7 ytjly°-4 
= i 
: xt.fx?-4 
= f(x) == 


Since, the range of the inverse function is [1, o9), then 


# ge xt af x? -4 


2 


2 
—fx?-4 
— 4 then f~! (x) >1 


This is possible only if (x — 2)’ > x” — 4 


we take 


If we consider f* (x) = 


= x7 4+4-4x>x7-4 
= 8>4x 
> x <2,where x >2 


Therefore, (a) is the correct answer. 


207. 


208. 


209. 


210. 


211. 


212. 


Given, f (x) =(1 + b”) x? + 2bx +1 


2 
b b? 
=(1+ b’)| x+ +1 
i =.) 1+b° 


m(b) = minimum value of f (x) = 


varies from 1 to 0, so range = (0,1] 
log, (x + 3) = logs (x + 3) 
(x? +3x+2) (x+1)(x + 2) 


Given, f (x)= 


For numerator, x + 3>0 

> x>-3 

and for denominator, (x + 1) (x + 2) #0 
=> xee=1,=2 
From Eqs. (i) and (ii), we get 

Domain is (— 3 ,°9) / {- 1, — 2} 


Ox 
Given, f (x) = 
f@) xe 1 
Ox 
Ox xX + 
ris@l=r| )- 
a 
x+1 x 41 
x+1 
ox 
eel ax ; 
= = = x [given] 
ax+(xt+1) (+1) x41 
x+1 
> ow x=(a+1)x° +x 
=> xla’-(a+1)x-1]=0 
> xat+1\(a-1-x)=0 
=> a-1=0 and a0+1=0 > a=-1 


But & = 1 does not satisfy the Eq. (i). 
g(x)= 1+ x-[x]21 
since x —[x]=0 
f lg (x)]=1 since f(x) =1 for all x >0 
Given, 2* +2” =2,V x,yeER 
But 2* ,2”>0,Vx,yeER 
Therefore, 2* =2-2” <2 >0<2* <2 
Taking log on both sides with base 2, we get 
log, 0 < log, 2* < log, 2 =>-0<x<1 
It is given, 
f (8) =sin 0 (sin 0 + sin 30) 
=(sin 0+ 3sin 0-4 sin’ 6)sin 0 
=(4sin 0 — 4 sin® 8) sin 0 = sin’ 6(4 — 4 sin? 0) 
= 4sin? 0 cos” 0 =(2 sin 0 cos 6)” =(sin20)” > 0 


which is true for all 0. 


a is positive and m (b) 


...(i) 


CHAPTER 


Graphical 
Transformations 


Learning Part 
Session 1 
e When f (x) vertically transforms to f (x)+ a 


Session 2 
© When f (x) horizontally transforms to f(x + a), where a is any positive constant 


(a>) 


e When f(x) transforms to a F(x) or F(X) 


e When f(x) transforms to f (ax) or f (x/a) 

e When f (x) transforms to f(— x) 

© When f (x) transforms to -f(x) 

Session 3 

° To draw y =If (x)|, when y = f(x) is given 

° To draw y = f(IxI), when f(x) is given 

© f(x) transforms tol f(Ixl)|, ie. fl F (xl) 

© To draw the graph of|y| = f(x) when y = f(x) is given 
Session 4 
© To draw y =[f(x)] when the graph of y = f(x) is given and[-] denotes greatest integer or integral function 
© To draw y = f([x]) when the graph of y = f(x) is given 

© When f(x) transforms to y = f({x}), where {} denotes fractional part of x, ie. {x} = x—[x] or f(x) > F({x}) 
© When f(x) and g(x) are two functions and are transformed to their sum 


e When f(x) transforms to f(x) > ails 5 h(x) 


f(x) 
© To draw the graph for y = f(x)-sin x when graph of y = f(x) is given 
© When f(x) and g(x) are given, then find h(x) = max (f(x), g(x)) or h(x)=min (f(x), g(x) 


Practice Part 


e JEE Type Solved Examples 
e Chapter Exercises 


Arihant on Your Mobile ! 
Exercises with this |@) symbol can be practised on your mobile. See title inside to activate for free. 
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Graph and diagram provide a simple and powerful approach to a variety of problems, from which we can solve them in 
a very short time. In this chapter, we will discuss how the graph of a function may be transformed either by shifting, 


stretching or compressing or reflection. 


Graphical Transformations 


A graphical transformation takes whatever its basic function f(x). The graph of new function is the graph of the 


original function shifted vertically or horizontally. 


Session 1 


When f(x) Vertically Transforms to f(x) + a 


(Where a is Any Positive Constant) 


For f(x) f(x)+a, 

First, draw the graph of f(x), then shift the graph of f(x) 
upwards through ‘a’ units such that the distance between 
graphs of f(x) and f(x) +a at every point is same and is 

equal to ‘a’ units. 


For f(x) > f(x) —a, 

First, draw the graph of f(x), then shift the graph of f(x) 
downwards through ‘a’ units such that the distance 
between the graphs of f(x) and f(x) —a at every point is 
same and is equal to ‘a’ units. 


Graphically, it could be stated as shown in figure. 


AY 


, where a > 0 


Figure 4.1 
Example 1 Plot y =|x| and y =|x|+2. 


Sol. We know, y =|x| (modulus function) is define as 


x, x20 
a x<0 
So, we have to plot two straight lines y = x and y = —x. 
For y= x,x20 
x 1 2 3 4 


y 1 2 3 4 


. Locate the points (1, 1), (2, 


them. 


For y=—x,x<0 


2), (3, 3), (4, 4) and join 


x —1 


—2 —3 


y 1 


2 3 


.. Locate the points (—1, 1), (— 


So, we obtained graph of y = 


2, 2), (—3, 3) and join them. 


x|, 


Now, to draw the graph of y =|x | +2 and the graph of | x | is 
shifted upwards by 2 units as shown below. 


y= |x|+2=-x+2, 
x<0 


y=|x|+ 2=x +4 2, 


Ys x>0 


Example 2 Plot y =|x| and y =|x|-2. 
Sol. First, we plot the graph of y =|x| as explained in Example 


1, then shift the graph of |x| through 2 units downwards 
as shown below. 


Exercise for Session 1 
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Example 3 Plot y =e”, y=e*%+1and y =e*-1. 
Sol. We know, y = e* (exponential function) could be plotted 


as shown below which cuts the Y-axis at (0,1) . 
Y 


>X 


=> y =e" +1is shifted upward by 1 unit such that it 
intersects Y-axis at (0, 2) and y = e* —1 shifted downwards 
by 1 unit. Such that it intersects Y-axis at (0,0). 


The graph of the given functions is shown below. 


AY y=e+1 


= Directions (Q. Nos. 1 to 8) Plot the following functions. 


1. y=x?+1 


3. y=x341 
5. y=sinx +1 
7 


» y=(log,x)+1 


2. y=x?-1 
4.y=x°-1 

6. y =sinx -1 
8. y =(log, x)-1 


Session 2 


When f(x) Horizontally Transforms to f(x+ a), where a is any 
Positive Constant, When f(x) Transforms to af (x) or u f(x), 
When f(x) Transforms to f (ax) or f (x/a), 

When f(x) Transforms to f(-x), When f(x) Transforms to —f (x) 


For f(x) > f(x +a) Example 5 Plot y =|x| and y =|x+2J. 
For f(x) — f(x —a), First, draw the graph of f(x), Sol. First we plot the graph of y =|x| as explained in Example 1, then 


then shift the graph of f(x) through ‘a’ units shift the graph of |x| through ‘2’ units towards left. 
towards right such that distance between the graphs 


of f(x) and f(x —a) is same and is equal to ‘a’ units. 
For f(x)— f(x +a), First, draw the graph of f(x), 
then shift the graph of f(x) through ‘a’ units 
towards left such that the distance between the 
graphs of f(x) and f(x +a) is same and is equal to 
‘a units. 


Graphically, it could be stated as shown in figure. 


A 4 -3 -2 -1 O01 2 3 4 


Example 6 Plot y =sin [+ ;| and y =sin [5] ; 


Sol. Let us consider y = sin x, domain of sine functions is R and range 


is [— 1, 1]. sin x increases strictly from —1 to 1 as x increases from 


Tv TT . ‘ Tl 
—— to —, decreases strictly from 1 to —1 as x increases from — to 
2 


2 
a Also, for y = sin x. 
. x -2n _3% -n _@ 0 a n 30 20 
Figure 4.2 2 2 3 3 
Example 4 Plot y =|x| and y =|x-2|. i ee es ee u 
Sol. First we plot the graph of y = |x| as explained in Locate the points (—27,0), [-=. i} (—7,0), (-=- i} (0,0), 

Example 1, then shift the graph of |x| through ‘2’ 2 2 
units towards right as shown below. (= i} (1,0), (= and (27,0) on the graph paper, then we get 


the graph of sin x as shown below. 


-4-3-2 01 2 3 4 
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: TT ‘ 
Now, for the graph of y = sin (x + =) shift the graph of f(x) = A f(x), a>1 


y =sinx through : towards left as shown below. 


tY 


And for the graph of y = sin{ x - *), shift the graph of 


y =sinx through . towards right as shown below. 


f(x) — {af(x)},a>1 


First draw the graph of f(x), then 


stretch the graph of f(x), ‘a’ times along Y-axis. 


Example 7 Plot y =sinx and y =2sinx. 


Sol. First we draw the graph of sin x as explained in Example 
6, then stretch the graph of sin x by 2 times along the 
Y-axis, we get the graph of 2 sin x as shown below. 


AY 


y=2sinx 


: “4y = sinx 


>X 


First, draw the graph of f(x), then shrink the graph of 
f(x), ‘@ times along Y-axis. As shown in the figure. 


Ya 
Ay =1 4x) 
>X 


Example 8 Plot y =sinx and y = sin x. 


Sol. First we draw the graph of y = sin x as explained in 
Example 6, then shrink the graph of sin x by 2 times along 


1 
Y-axis, we get the graph of Pe as shown below. 


AY 


: Xo 
4 LAY ete: .. W= 1/2 sinx 
psa Ort he ee eM 2 y = sinx 
Slt 3 


o 
j | ll oll il 
x< x x 

x< 
x< A 


f(x)— f(ax),a>1 
First draw the graph of f(x), then 
shrink the graph of f(x), ‘a’ times along X-axis as shown 


in figure. 


Figure 4.4 
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Example 9 Plot y =sinx and y =sin2x. 


Sol. First draw the graph of sin x as explained in Example 6, 
then shrink the graph of sin x, 2 times along X-axis, we 
get the graph of sin2x as shown below. 

AY 


f(x) > f - a> 


First draw the graph of f(x), then 
stretch the graph of f(x), ‘a’ times along X-axis, as shown 


in figure. 


Figure 4.5 
; me: 
Example 10 Plot y =sinx and y =sin ot 


Sol. First we draw the graph of sin x as explained in 
Example 6, then stretch the graph of sin x, 2 times along 


X-axis, we get the graph of sin as shown below. 
YA 
| ee 


‘Y =sinx y =singde}” 


f(x) > f(-x) 


To draw y = f(-x), take the image of the curve y = f(x) in 


the Y-axis as plane mirror or turn the graph of f(x) by 
180° about Y-axis. 


Figure 4.6 


Example 11 Draw the graph of y =e“, when the 
graph of y =e” is known. 


Sol. As y =e” is given, then y =e ~ is the image in Y-axis as 


plane mirror. Thus, it can be drawn as shown in the 


figure. 


Example 12 Draw graph of y =log (-x), when the 
graph of y =log (x) is given. 
Sol. As y = log (x) is given and y = log (-x) is the image in 
Y-axis as plane mirror. Thus, it can be drawn as shown in 


figure. 


A 
y=logi 4” 


4 > X 
' 


f(x) > -f (x) 

To draw y =- f (x) take image of f (x) in the X-axis as 
plane mirror or turn the graph of f(x) by 180° about 
X-axis. 


Figure 4.7 


Example 13 Draw the graph of y =-e*, when the 
graph of y =e~ is known. 


“ is the image of e* in the 


Sol. As y = e* is given, then y = -e 
X-axis as plane mirror. 


Thus, it can be plotted as shown in figure 
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Example 14 Draw the graph of y =- log (x), when 
the graph of y =log x is known. 
Sol. As y = log x is given, then y = - log x is the image of 


log x in the X-axis as plane mirror. Thus, it can be drawn 
as shown in figure. 


YA 


__--rY = logx 


>X 


! y =—logx 


Exercise for Session 2 


1. Consider the following function f, whose graph is given below. 


Draw the graph of the following functions. 
(i) F(x + 1) (ii) f(x - 1) 


F( 
(v) 2f (x) vi) 3 


(iii) -F(x) 
f (x) (vii) (2x ) 


Session 3 


To Draw y = f (|x|), When f(x) is Given, f(x) 
Transforms to Draw |f(|x!|)|, i.e. f(x) — |f(|x|)| To Draw |y| = f(x) 


F(x) — |F(x)| 
When y = f(x) is given 
f (x), if f(x) 20 
—f (x), if f(x) <0 
Hence, y =| f (x)| is drawn in two steps 
(i) In the step I, leave the positive part of f (x), (i.e. the 
part of f (x) above X-axis) as it is. 


(ii) In the step II, take the image of negative part of f (x), 
(i.e. the part of f(x) below X-axis) in the X-axis as 
plane mirror. 


We know that |f (x)| -| 


Or 
Take the mirror image (in X-axis) of the portion of the 
graph of f(x) which lies below X-axis. 

Or 
Turn the portion of the graph of f(x) lying below 
X-axis by 180° about X-axis. 


"4 Y 


y =If(x) 


>X 


Figure 4.8 


Example 15 Draw the graph of y =|log x|, when the 
graph of y =log (x) is known. 
Sol. To draw the graph of y =|log x|, we have to proceed in 
two steps. 


(i) In the first step, leave the positive part of y = log x, 
ie. the part of y = logx above X-axis as it is. 


| y = logx 


> X 


Oo} /1 


(ii) In the second step, take the image of negative part 
of y = log x, ie. the part below X-axis in the X-axis 
as plane mirror. Thus, the graph can be 


Y 
| y =| logx| 
>X 


mF 


Remark 


The above transformation of graph is very important in explaining 
the differentiability of f (x). 

From above example we could say, y =log x is differentiable for 
(0, 2). 

But y =|log x| is differentiable for (0, c0)—{1}. As, we have a sharp 
edge at x = 1 (which indicates that it is not differentiable at x = 1), 


f(x) > F(|xI) 
When f (x) is given 

7 _|f (x), if x20 
We know that, y = f |x| {i (ae ee 


Hence, again f (|x|) could be drawn in two steps 


(i) In the step I, leave the graph lying right side of the 
Y-axis, as it is. 

(ii) In the step II, take the image of f (x) in the Y-axis as 
plane mirror. 
The part of f(x) lying left side of the Y-axis (if it 
exists) is omitted. 


e.g. Let us assume the graph of f(x) as shown 
f(x) 


Figure 4.9 


Now, On the right of Y-axis Plot the graph of f(x) as such 


Image of 
f(x) about Y-axis 
when x>0 

Figure 4.10 
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On the left of Y-axis Take the mirror image of the graph 


Again, | f(x)|— | f(|x|)| can be shown as, 
of f(x) (of the portion lying on right of Y-axis). ; 
A 
y = f(x) P 1 _¥ Si flxi)| 
x 4 AWA 4 = 
2| 2 
Figure 4.14 
Figure 4.11 


Example 17 Draw the graph for y =||x)? =2|X|=3 
if the graph for y = x* —2x — 3 is given. 
Sol. First we draw the graph for y = x? — 2x -3 


3 


Example 16 Draw the graph of y =log|x|, when 
graph of y =log(x) is given. 
Sol. We know, y = log |x| could be drawn in two steps 


= (y +4) = (2-1) 
(i) In step I, leave the graph lying right side of Y-axis as it is. Ya : 
(ii) In step II, take the image of f (x) in the Y-axis as plane aia a 

mirror. 2 

+ > 
Thus, it can be plotted as shown in figure. OO 1 3 
Y = Y i ~-o\ +1 
y=logx y = log|x| ee 
ATT =4 
of 1 ao =Xo] /1 — 


Now, we form f(x)— f (|x|), 
ie. y= x? —2x —-3= y=|x|? —2|x|-—3 as shown below 


Note / (|x|) is always an even function. 


F(x) > |F([x])| \ 5 a 
Here, we plot y =| f(|x|)| when graph of f(|x|) is given, in : 
two steps 

(i) In step I, f(x) transforms to | f (x)}. ap aa 

(ii) In step IL, | f(x)| transforms to | f(| x|)}. : 

In next step, we transform f(x) =| f(|x|)|, 
(i) f(x) >| f(x)| (ii) f(x) >| F(x) ie. y =|x|? —2|x|-3— ||x|? — 2|x|-3]| as shown below 
e.g. Let graph for f(x) 
Y (+1, 4) (1, 4) 
t, _y=fey - 
1 -e 
| y= |[x°-2|x]-3| 
o/s zo 
<1 3 =apoa| 3 
Figure 4.12 -3 
Now, f(x) — | f(x)| can be shown as, : 
% Remarks 
: y =|fx)| Above mentioned transformations are very useful in explaining 
+ - continuity and differentiability of functions as, if y =log (x), then 
ort >X (i) y =log |x| can be plotted as shown in figure (4.15). 


(ii) y =|log |x|] can be plotted as shown in figure (4.16). 
Figure 4.13 
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AY AY 


y = |log|x| | 


: 7 


a“ 0 /(1, 0 (1, 0) 
¥ 


Figure 4.15 Figure 4.16 


While discussing the case (i), we could say that it is continuous 
for allx e R— {0} and differentiable for all x e R — {0}. Again, 
while discussing the case (ii), we could say that it is continuous 
for allx e R— {0} and differentiable at all x e R — {-1,0, 1}. 


(As now it has sharp edges at {-1,1} and is broken at {0 }). 


Lyl=f(x) > y=Fi(x) 


When y = f(x) is given 


Clearly, | y| >0, if f (x) <0, graph of | y| = f(x) would not 
exist. 
And if f (x) 20,|y|= f (x) would be given as y =+ f (x). 


Hence, the graph of | y| = f (x) exists only in the regions, 
where f (x) is non-negative and will be reflected about 
X-axis only when f (x) 20. Region where f (x) <0 will be 
neglected. 

Or 


To draw the graph of | y|= f(x), we use following steps 
(i) Remove the portion of the graph, which lies below X-axis. 


['.. the equation | y|= f(x) is not satisfied when 
f(x) is negative.] 


(ii) Plot the remaining portion of the graph and also take 
its mirror image in the X-axis. 


['.. when f(x) >0, then y =+f(x)] 


(1, 1) 


(1,-1) mirror image 


neglecting |_9 about X-axis 


Figure 4.17 


Finally, it is as shown 


>X 


(1,-1) 


Graph, | y|= f(x) 
Figure 4.18 


Example 18 Draw the graph for | y| = (x - 1). 


Sol. We know, here |y| = (x - 1) exists only when (x-1) is 
positive. Clearly y = x — 1 represent straight line the 
passing through (0, 1) and (0, —1). 

.. Neglecting negative values and will be reflected about 
X-axis. Thus, it can be drawn as shown. 


AY 
ly) =x-1 


neglecting (0, —1) 


Finally, it is shown as 


Graph for|y|=x-1 


Example 19 Draw the graph for | y|=(x-1)(x- 2). 

Sol. First we plot y =(x —1)(x —2) 
> yext-ar429(x-4) =(y+2) 
2 4 


; : 3 4 
It represent a parabola opening upwards having vertex (> - } 


It intersect X-axis at (0, 1) and (2, 0) and Y-axis at (0, 2). 


Thus, we can plot the figure as shown below. 


AY 


= (3/2, -1/4) 


Ajo 
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We know, |y| =(x - 1) (x - 2) exists only, when 

(x -1)(x -2)20 and neglecting, if (x -1)(x -2)<0. Summary 

Now, f(x) will be reflected about X-axis, when ° y=f(x)toy=— f(x) Flip about the X-axis. 

(x-1)(x-2)>0. ° y= f(x)toy=f(-—x) Flip about the Y-axis. 

Thus, it can be plotted as shown. y=f(x)toy= | f (x) | Reflect the parts of the graph that lie in 
y the lower half (negative parts) into the 

A upper half of the axes. 

° y=f(x)toy= f( x ) Discard the left part of the graph (for 
x< 0) and take a reflection of the right 
part of the graph into the left half of the 
axes. 

° y= f(x) to | y | = f(x) Discard the lower part of the graph 

>X (f (x)< 0) and take a reflection of the 


: upper part of the graph into the lower hal 
neglecting Image on X-axis, of the ee Peep f 


when (x — 1)(x — 2) 


° y= f(x) to Shift the graph|k | units upwards or 
y=f(x)tk downwards depending on whether k is 
positive or negative respectively. 

° y= f(x) to Advance (shift left) or delay (shift right) 

y=f(xt+k the graph by| k | units depending on 
whether k is positive or negative, 

n respectively. 

° y= f(x) toy =kf(x) Stretch or compress the graph along the 
Y-axis depending on whether| k |>1 or 
| k |< 1, respectively. Also, flip it about the 
X-axis, ifk is negative (this latter 
statement follows from part 1). 


Finally, | y|= (x —1)(x —2) can be shown as 


t > X 


oO 

= 

ine) 
(oe) 


y = f(x) toy= f(kx) Stretch or compress the graph along the 
X-axis depending on whether| k |< 1or 
| k |> 1, respectively. Also, flip it about the 
Y-axis, ifk is negative. 


Exercise for Session 3 


1. Consider the following function f, whose graph is given below. 


Fl ~X 
2 
Draw the graph of the following functions. 
(i) |F(x)| (ii) F(| x1) (ili) [F(x] )—1| 
2. Plot the following functions. 
(i) y =|x? - 2x -3| (ii) y =x? -2|x|-3 (ili) y =llog, x | (iv) y =llogs Ix || 
(v) y =log, |1- x| (vi) y =loga (2— x)? (vil) y =|cos |x| (viii) y =|2- 2" | 
(ix) y = sin(|x|) (x) y = cos(|x|) 
3. Plot the following functions. 
(i) lF(x)|= log, x (ii) IF(x)| = logs (—x) 
4. Find the number of solutions of sin zx =|log,| x||. 


an 


Find the number of solutions of 
(i) 2!*! = sin x? (ii) sin x =x? +x+1 


Session 4 


To draw y = [f(x)], when the graph of y = f(x) is given and [-] denotes 
greatest integer fuctions; To draw y = f([x]) when the graph of 

y = f(x) is given; When f(x) transforms to y = f({x}); where {-} denotes 
fractional part of x, i.e. {x} = x — [x]; When f(x) and g(x) are Two 
Functions and are transformed to their Sum; To draw f(x) — 1/f(x) 

= h(x), To draw y = f(x) - sin x, When f(x) & g(x) are given, then find 
h(x) = max(f(x), g(x)) or h(x) = min(f(x),9(x)) 


To Draw y = [f(x)] 
Where, [-] denotes greatest integral function {i.e. now y 


cannot be fraction}. 


Here, in order to draw y =[ f(x)] mark the integer on Y-axis. 
Draw the horizontal lines through integers till they intersect 
the graph. Draw vertical dotted lines from these intersection 
points. 


Finally, draw horizontal lines parallel to X-axis from any 
intersection point to the nearest vertical dotted line with 
blank dot at right end in case f (x) increases. 


Or 
To plot y =[ f(x)], we use the following steps 
StepI Plot f(x). 


Step II Mark the intervals of unit length with 
integers as end points on Y-axis. 


Step III Mark the corresponding intervals {with 
the help of graph of f(x)} on X-axis. 


StepIV Plot the value of [ f(x)] for each of the 
marked intervals. 


Graphically, it could be shown as 


YYY 
X5 Xe X7Xg 


Figure 4.19 


Example 20 Draw the graph of y =[x°], 
when -2"3 < x<2"/3, 
Sol. Here, in order to draw the graph of y =[x’*]. 
Step1 First we draw the graph at y = x’. 


The function f(x) = x° is called the cube function. 
The domain and range of cube function is R. Since, 
y =x’? is an odd function, so its graph is symmet- 

rical in opposite quardrant. 

For y = x°, we have following table. 


x 0 1 91/3 | 91/3 


y| 0 1 2 -1 -2 


Now, plot the points (0,0) (1,1), (2"”?,2), (—1,—1) and 
(-2'/? 2) and join them by free hand, we get the 
graph of y= x’. 


Step II Draw horizontal lines through integers located on 
Y-axis till they intersect the graph. 


Step III Draw vertical dotted lines from these intersection 
points to intersect X-axis. 


A 
Y y =35), 
settee de eS) 
sagt eee | Ay = Be 
0,0); 71 | 
am! zi i T >X 
-23'-1! 2-7 10 1 23 
asses Lge 4. — ee - 
lf (1-1) =| 
---7 #0 ee ee 
(-25/2) Pe 


StepIV Finally, draw horizontal lines parallel to X-axis from 
any intersection point to the nearest vertical dotted 
line with blank dot at right end. 


Y 
-» 
o+ e 
4+ 
xX <—}-—_+—__—__o—__ > x 
1/3 
_h + 0 1 4/8 
eo -| 
eo +2 
yy’ 


Graph for y =[x*],x € [-21, oe 


Example 21 Draw the graph of y =[sinx] . 


SolStep I First we draw the graph of y = sin x as (explained in 
Example 6) shown below. 


y=sinx > y = [sinx] 


"h 
in aS 1 ie aS Fin aS 
mi rai / \ 
v \ U \ i \ 4 
—3nh or oath fo Th 2 Ont ne ry : 
\ / \ / / \ | 4 y = sinx 
we we we we 
-1 
YyyYyyYy i yY YyYyYyvyYyyyy iy 


Step II Now, draw horizontal lines through integers located 
as Y-axis till they intersect the graph. 


Step III Draw vertical lines from the intersection points to 
intersect X-axis. 


StepIV Finally, draw horizontal lines parallel to X-axis 
from any intersection point to the nearest vertical 
dotted line with blank dot at right end as shown 
below. 
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Ya y=sinx > y= [sinx] 


TH. a lame rans 
bbe im ~ Ruled hd al — 
yYv¥yv¥vrypyeoy yY¥yv¥¥yvog$¥+eiyvy¥oy us 
Bn et RE eee - se an om 3m . 
Ya 
e Bea e 
ae _3n —1 To x t On - 
2 2 
o— -] o——o 


yy’ 
Graph for y =[sinx] 


To draw y =f [x] 

when the graph of y = f(x) is given, following steps are 
used. 
Step1 Plot the straight lines parallel to Y-axis for integral 
value of x, i.e.n=...—3,—2,—1, 0, 1, 2, 3. 

Step II Now, mark the points of which 


X= 3 4S 2% 


—1,x=0,x =1,...0n the curve. 

Step W1Take the lower marked point for x (say) if 
n<x<n+1, then take the point at x =n and draw 
a horizontal line to the nearest vertical line formed 
by x =n +1, proceeding in this way, we get 
required curve. 
Mark the integers on the X-axis. Draw vertical 
lines till they intersect the graph of f(x). From 
these intersection points, draw horizontal lines 
(parallel to X-axis) to meet the nearest right 
vertical line with a blank dot on each nearest right 
vertical line which can be shown as in the figure. 


Ya 
ga 
iG te 
. ae a y = f(Ix}) 
. a a ee 
ae : ”" Ll 1 
we 1! 270 7 2 3 4 i 


Figure 4.20 
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Example 22. Draw the curve y =e!*!. 
Sol. Step I. First we draw y = e* as shown below by figure. 


ex 
"s 


(0, 1) 


>X Graph for y = (x —1)° 


Now, to plot y =({x}—1)* retain the graph for the 


interval x € [0, 1) and repeat for length one as shown 
yy’ below. 


Graph for y = ({x}—1)° 


Step II. Draw straight lines parallel Y-axis for integer values 


of x. Y; 
Step III. Now, mark the points as the curve for 

n=-—4,-3,-2,-1,0,1, 2,3... y = ({x} -1) 
Step IV. Now, take the lower value of x (= — 4) and draw a 7 : = ! : = : 

horizontal line to the nearest vertical line with a blank ie ee _ _ i i‘ io 

dot at left end, as shown in figure given below. Sg, SO 4 0 | 1 3 3 4 >X 


To Plot y = f(x)+ g(x), when a<g(x)<b 
There is no direct approach, but we can use the following 
steps : 
If maximum or minimum value of any one is known. 
Step I Find the maximum and minimum value of g(x) 
say aS g(x) <b. 


Step II Plot the curve f(x) between f(x) +ato f(x) +b, 
Le. f(x) +a<h(x)< f(x) +b. 


Step III 
To Plot y = f({x}) When g(x) =0 
Graph of f({x}) can be obtained from the graph of f(x) by =  h(x)= f(x) 
following rule. “Retain the graph of f(x) for values of x SteplV 
lying between interval [0, 1). Now, it can be repeated for When g(x) >0, then h(x) > f(x), ie. the graph of 
rest of the points. (taking periodicity 1). h(x) lies above the graph of f(x). 
Now, obtained function is graph for y = f({x}). Step V When g(x) <0, then h(x) < f(x), ie. the graph of 
Graphically, it could be stated as h(x) lies below the graph of f(x). 
(i) Graph for y = f(x) (ii) Graph for y = f({x}) The procedure is illustrated by following example. 
: Example 24 Plot y = x+sinx. 
: Sol. Here, y = f(x)+ g(x)=x+sinx 
y —_ 
: ; xX /_iy where f(x)=x and g(x) =sinx. 
= s As we know, g(x) =sinx € [-1, 1] 
Figure 4.21 ap x= 1S ysxrl ...(i) 
To sketch the curve between two parallel line y = x +1 and 
Example 23. Draw the graph for y = ({x}-1)*. y=x-1 
Sol. First we will draw the graph for y =(x —1)’, clearly it Here, g(x)=O0>y=x --(ii) 
represent a parabola opening upward and having vertex Also, when g(x)>0 


(1, 0) which could be ploted as shown below. > x+sinx>x ...(iii) 


and when g(x)<0 
> x+sinx<x ...(iv) 


Using Egg. (i), (ii), (iii) and (iv), we have the following graph. 


< x 
aA Ne 
” 
ee a | (3n/2, 3n/2-1) 
sSes5 a ee al ir a ia aaa na ad 
—an/2| RIN a2 mi 
ee Po flee ee lee fe Pe a i Ch ae ~~F- SINX 
(31/2, -32/2+1) o . A (-a/2,-1/2-1) 
1 
When f(x) Transforms to —— = h(x) 
F(x) 
(i) when f(x) increases, then h(x) decreases. 
(ii) when f(x) decreases, then h(x) increases. 
(iii) as f(x) > 0, h(x) 3 +. 
(iv) as f(x) 3 ~, h(x) 0. 
(v) when f(x) =+1, then h(x) is also equal to +1. 
1 
Example 25 Plot y =| x|- 2 and hence fo) 2 
xX -_ 


Sol. First we plot y =|x|- 2 as explained in Example 2. 


The graph is shown below. 


Here, (i) y=|x|-2 increases when x > 0 


1 
+ JO 


decreases when x > 0 


and (ii) y=|x|-2 decreases when x < 0 


= f(x)= 


increases when x < 0 


|x|-2 


(iii) As, yO 0 > x=142 > f(x)9 w~asx=+2 
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(iv) As, f(x) 30, ie. oo 0asx— © 
and when x > 0% => y=|x|-2— 0 
(v) y=+1> f(x)=+#1 
“. f(x) could be plotted as, 
AY 


To Plot the Graph of y =f(x)-sinx, 
when Graph of y = f(x) is given 
Clearly, —f(x)<f(x)-sinx < f(x) [as-1<sin x <1] 


Hence, graph for y = f (x)-sin x would be lying between the 
graph of y= f (x) and y =- f (x). It amounts to just drawing 
graph of sin x in between the graphs of y=+ f (x). 


The procedure is illustrated by following example. 


| 
xsin—, x#0 


Example 26 Let f(x)= x 
0, x=0 
2... 1 
and g(x) = x at x#0( 
0, x=0 


Discuss the graph for f(x) and g(x), and evaluate the 
continuity and differentiability of f(x) and g(x). 


Sol. We will first try to graphically understand the behaviour 
of these two functions and then verify our results 
analytically. Notice that no matter what the argument of 
the sine function is, its magnitude will always remain 
between — 1 and 1. 

rs 1 2 a 1 

x sin — x* sin — 

x 


Therefore, <| x | and < | x [ 


This means that the graph of x sin 4 will always lie 
between the lines y = + x and the graph of x? sin 4 will 
always lie between the two curves y = + x’. Also, notige 
that as | x | increases, J decreases in a progressively slower 


% 
manner while when | x | is close to 0, the increase in — is 


very fast (as | x | decreases visualise the graph of y = 1/ x). 
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This means that near the origin, the variation in the graph 


of sin ED will b 
x 


e extremely rapid because the successive 


zeroes of the graph will become closer and closer. As we 


keep on increasing x, the variation will become slower and 


slower and the graph will ‘spread out’. 


1 : —_ 
For example, for x > — there will not be finite root of the 
Tt 


1 
function. Only when x > ©, sin — will again approach 0. 


Remarks 


Figure 4.22 


Notice how the lines y = + x ‘envelope’ the graph of the function 
in the first case and the curves y = + x° ‘envelope’ the graph of 


the function in the second case. 


The envelopes shrink to zero vertical width at the origin in both 
cases. Therefore, we must have 


x 


(This is also analy 


. 1 : fl 
im x sin—=Oand lim x? sin—=0. 
30 x x70 x 


: F se lh fen 
ically obvious; sin — is a finite number between 
x 


—1and 1; when it gets multiplied by x (where x > 0) the whole 


product gets infin 
Now lets try to get 


of these two functi 


itesimally small). 


a ‘feel’ on what will happen to the derivatives 
ons at the origin. 


For f(x) =x sin ay 
Xx 


he slope of the envelope is constant (+ 1). 


Thus, the sinusoidal function inside the envelope will keep on 
oscillating as we approach the origin, while shrinking in width 


due to the shri 


nking envelope. The slope of the curve also keeps 


on changing and does not approach a fixed value. 


However, for g 


x) =x’ sin i the slope of the envelope is itself 
x 


decreasing as we approach the origin, apart from shrinking in 
width. This envelope will ‘compress’ or ‘harmmer out’ or ‘flatten’ 


the sin oscillat 


ions near the origin. What should therefore 


happen to the derivative? It should become 0 at the origin! 


Let us ‘zoom in 


‘on the graphs of both the functions around the 


origin, to see what is happening. 


F(x) 


A 


matte 


how much we zoom in; howev 


Figure 4.23 

These graphs are not very accurate and are only of an 
approximate nature; but they do give us some feeling on the 
behaviour of these two functions near the origin. 


The x sin 1 graph keeps ‘continuing’ in the same manner no 
x 


er, in the x° sin 7 graph, the 
x 


decreasing slope of the envelope itself tends to flatten out the 
curve and make its slope tend to 0. Hence, the derivative of 


x sin — at the origin will not have any definite value, while the 


x 


derivative of x°sin 1 will be 0 at the origin. 


x 


Lets verify this analytically 


(i) fQ) = x sin D4 x=0. 
x 


LHO=RED=- lim BORK 
h>0 h 


This limit, as we know does not exist; hence, the derivative for 
f(x) does not exist at x =0 


(ii) F(x) = x sin Aa x=0 
x 


resin 1-0 1 
A = lim Asin—=0. 
h h>0 h 


LHD =RHD = lim 
h>a0 


To Find A(x) max (f(x), g(x)) 
or A(x) = min(f(x), g(x)) when f(x) and g(x) 
are given 


(i) A(x) = max (f(x), 8(x)} 
ces i when f(x)> g(x) 
g(x), when f(x)< g(x) 


To draw the graph of y = max{ f(x), g(x)}, first we draw 
the graphs of both the functions f(x) and g(x) and find 
their point of intersection. 


Then, we find any two consecutive points of intersection. 
In between these points f(x) > g(x), then in order to draw 
the graph of max { f(x), g(x)}, we take those segments of 
f(x) for which f(x) > g(x) between any two consecutive 
points of intersection of f(x) and g(x). 


(ii) h (x) = min {f(x), g (x)} 


f(x), 
h(x)= 
“ oa 


when f(x)< g(x) 
when g(x)< f(x) 
Similarly, in order to draw the graph of min { f(x), g(x)} 


we take those segments of f(x) for which f(x) < g(x), 
between any two consecutive points of intersection of 


f(x) and g(x). 


Example 27 Draw graph for y = max{2x, x*} and 
discuss the continuity and differentiability. 
Sol. Here, to draw, y = max {2x, x}. 
First, plot y = 2x and y = x” on graph and put 2x = x” 
=> x =0,2 (ie. their point of intersection). 


Clearly, y = x’ represent a parabola open upward with 


vertex (0, 0) and y = 2x represent a straight line pointing 
through (0, 0). 
AY 7 


>~X 


Now, since y = max {2x, x”} we have to neglect the curve 


below the point of intersections thus, the required graph is, 
as shown below. 
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A y =max {2x, x2} 


e 
“oe 
- 
“7 


_-7 neglecting 


y’ 
Thus, from the given graph y = max {2x, x*}, we can say 


y = max {2x, x”} is continuous for all x € R. 


But y = max {2x, x”} is differentiable for all x € R— {0,2}. As 


at x = 0,2 curve has corner point. 


Remarks 


One must remember the formula, we can write 

gta M+ 9H) , |FO)-9 
2 2 

yer Od oe 
2 2 


max {f (x), 


and min{f (x), g (x 


Example 28 Draw the graph for y =|2-|x-1||. 


Sol. First we plot y = x —1, it is a straight line intersecting X 
and Y-axes at (1, 0) and (0,—1), respectively. The graph is 
shown below. 


= Now, we plot y =|x - |, For this, the portion of the 
graph remain same which lines above the X-axis and reflect 
the negative portion of the graph about X-axis. 


= Now, to plot y = —|x — 1| take the mirror image of the 
graph of |x—1|in the X-axis as plane mirror. 
Y 
y=> ko 1 
7 i 2 
>X 


Sa ecatatiaadag | °, 
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To find the graph of 2—|x—1|. Shift the graph of y=—|x—1| Sol. Here, h (x) = min {x; x”} can be drawn on graph in two 
upward through 2 units. steps. 


(a) Draw the graph of y = x and y = x’, also find their point 
of intersection. 


ie x=x?s> x=0,1 


Thus, points of intersection are (0, 0) and (1,1). 


To find the graph of |2-|x — 1||, reflect the negative portion 
of the graph of 2—|x—1| in X-axis. 
Thus, y =|2-|x -1]|| can be plotted as shown below. 


yA 


y= |2-|x-1| | 


(b) To find h (x) = min {x; x”} neglecting the graph above 


= the point of intersection, we get 


Y A neglecting 


Remark 


From above figure we could say y =|2-|x — 1] is not 


differentiable at x = {-1, 1,3 } as sharp edges at x =—1, 1, 3. neglecting 


>X 


Example 29 Let h(x)=min{x;x7} for every real 
number of x. Then, which one of the following is true? 


[IIT JEE 1998] pia ae ‘ 

: : , t , 

a) his not continuous for all x ic aes a 
h(x)= | 


x, x<Oor x21 


b) his differentiable for all x 
c) h’(x) = 1, for all x 
d) his not differentiable at two values of x 


x7, O<x<il 


which shows h(x) is continuous for all x. But not 
differentiable at x = {0, 1}. 


Thus, h (x) is not differentiable at two values of x. 


aaa 


Hence, (d) is the correct answer. 


Exercise for Session 4 


1. Plot the following, where [] denotes greatest integer function. 
(i) F(x) = [x2], when -2< x< 2 (ii) F(x) = [Ix] (iii) F(x) = [|x -2]] (iv) f(x) = [|x]-2] 
(v) f(x) = sin” '(sin |x |) (vi) F(x) = [cos™' x] (vii) F(x) = cos(x — [x]) (viii) f(x) = [sin”'(sinx)] 
Plot the graph for f(x ) = min(x —[x], — x —[-x]). 
3. Find the area enclosed by the curves 
(i) max (|x|, |y|)=1 (ii) max(2|x|,2ly|)=1 (ili) max(|x + y|, |x-yl)=1 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


Ex. 1 The number of real solutions of the equation 
e~ +x=0is 
(a) 0 (b) 1 
(c) 2 (d) None of these 
Sol. (b) It is evident from figure that the curves y = e* and 


y =—x intersect exactly at one point. So, the equation 


e* =—x or e* + x =0 has one real solution. 


y = ex 


>X 


Ex. 2 The number of real solutions of the equation 
log, x=|x|,0<a<1,is 
(a) 0 (b) 1 
(c) 2 (d) None of these 


Sol. (b) The number of real solutions of the equation 


log, x =| x| is equal to the number of points of intersec- 
tion of the curves. 


y=log,x and y=|x| (0<a<1) 
* Yh WY =X 
y=, 1 wf 
Xe wv 
y Loo 
a 
0 ve >X 


y = log, x (0 <a <1) 


It is evident from the graph that the two curves intersect at 
one point only. 


“. One real solution lying in (0, 1). 


> Ex. 3 The number of solutions of the equation| x|=cos x is 
(a) 0 (b) 1 
(c) 2 (d) 3 


Sol. (c) The number of real solutions of the equation 


| x |= cos x is equal to the number of point of intersection 
of the curves. 


y=|x| and y=cos x shownas; 


It is evident from the graph that the two curves intersect at 
two points only. 


“. Two real solutions lying in (- . 


» Ex. 4 How many roots does the following equation 
possess 3!*! {)2—|x||} =1? 


(a) 1 (b) 2 (c) 3 
Sol. (b) Here, 3'*!{/2—| x ||}=1 


(d) 4 
> 2-|x|=3!*! 


In order to determine the number of roots, it is sufficient to 
find the points of intersection of the curves y = 2—| x | and 


—2-|x| ‘i 
y=3! , shown as; 


We observe the two curves intersect at two points. 
.. Two real solutions € (—2, 2). 


» Ex. 5 The number of real solutions of the equation 
x? =1-|x-5|is 
(a) 1 (b) 2 
(c) 4 (d) None of these 
Sol. (d) The number of real solutions of the equation 
x?=1-|x-5| 


is equal to the number of points of intersection of the 
curves. 
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y=x? and y=1-|x-—5|,shownas; 
Y 
A 
i+ (5, 1) 
Xx 5 >X 
Y y=1-|x-5| 
y 


It is evident from the graph that the two curves do not 


intersect. 
.. No solution. 


Ex. 6 Number of solutions for 25"'*! = 4!°°S*! in[-n, 2] 


is equal to 
(a) 2 (b) 4 
(c) 6 (d) 8 


Sol. (b) The total number of solutions for the given equation is 
equal to the number of points of intersection of curves 


y= 4 cos x | and y =25"1*!, 


Clearly, the two curves intersect at four points. So, there 
are four solutions of the given equation. 


: , 
\ - \ / 1 
\ 7 pp \ / 
‘on ae as 
2 / ‘Ss es eae Ce 
YY BS vi Mele vf So 
* RK 7 f J 
—T m4 @) Zt 1 
2 2 


Ex. 7 Number of roots of| sin| x || =x +| x| in[-21, 27] 
is 
(a) 2 (b) 3 
(c) 4 (d) 6 
Sol. (b) The total number of solutions for the given equation is 
equal to the number of points of intersection of the 


curves. 
y=|sin| || 
x20 


x<0 


2x, 


and =x+|x|= 
y | x | fn 


>< 


>X 


Clearly, the two curves intersect at three points. 
.. There are three solutions. 


Ex. 8 The equation 3*~' +5*~'=34 has 
(b) two solutions 


(a) one solution 
(d) four solutions 


(c) three solutions 


Sol. (a) The total number of solutions is same as the number 


of points of intersection of the curves. 
y=3* '+5*"' and y =34 


AY 


SeecuEssse >X 


It is evident that these two curves intersect at exactly one 


point. 
.. Exactly one solution. 


Ex. 9 The number of solutions of the equation 
aNN ee [0,27], where [.] denotes the greatest 


cos[x]=e 

integer function is 
(a) 1 (b) 2 
(c) 3 (d) 4 


Sol. (a) It is evident from the graph the two curves intersect at 
only one point. 


AY 
Ay=er-' 


car inte i i } > xX 
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JEE Type Solved Examples : 
More than One Correct Option Type Questions 


Ex. 10 Let g(x) =,/x — 2k, V 2k S$ x < 2(k +1) where, Then, (a) Graph of — f(x) + 2is 
kel, then 
(a) g(x) =,/x +2,-25 «<0 
(b) g(x) =4/x - 2,25 x<4 
(c) g(x) =Vx,0< x <2 
(d) period of g(x) is 2 
Sol. (a,b,c,d) Given, g(x) = ./x — 2k, V 2k< x<2(k+1),Vkel 


Jxt+2, -2<x<0 
vx, O<x<2 
x-2, 25x<4 
x-4, 45 x<6 


The graph of g(x) is shown below 


y, 


ai iain Sn Cini ial Aan aa (c) Graph of f (|x|) is 
x+2| /Vx [aia 
X“< >X 


—2 0 2 4 6 


y’ 


Clearly, g(x) is periodic with period 2. 


Ex. 11 The graph of f(x) is given below. 
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Sol. (a,c,d) 
(a) For the graph of — f(x) + 2, first flip the graph of y = f(x) about, 
X-axis to get y = —f (x) 


Now, shift the above graph 2 units upward to get y = 2 — f(x) 


po wo fF oO 


(b) First shift the graph of f(x), through 1 unit right to get 
y= f(x-1) 


Now, flip the above graph about X-axis to get y =— f(x —1) 


(c) For y= f(|x|), neglect the graph of y = f(x) 
for x < 0, and take the mirror image of 
y = f(x) for x > 0 about Y-axis, 
keeping y = f(x) for x>0 


(d) For y= f(x +1) —2 shift the graph of 
y = f(x), 1 unit left to get y = f(x +1) 


Now, shift the above graph 2 units 
downwards to get f(x +1)-2 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


Ex. 12 The number of solutions of the equation 
1 
[y +[y]]=2cos x, where y =n x +[sin x +[sin x]]], 


where [:] denotes the greatest integer function, is 


Sol. Here, [y + Ly]]=2 cos x 
or [y] + [y] =2c0s x 
[e[x+th]l=[x]+hVxe]] 
or 2[y]=2 cos x 
or [y]= cos x ...(i) 
Also, y= ; [sin x + [sin x + [sin x]]] 


il ‘ 
y =; @[sinx) 


y =[sinx] ... (ii) 
From Eqs. (i) and (ii), we have 
[[sin x]] = cos x 


or [sin x] = cos x 


Subjective Type Questions 


Ex. 14 Sketch the graph of y =log | x|. 


Sol. As we know, y = logy; x is a decreasing graph given as; 


y = loggs(x), x > 0 


Since, f(x)— f (|x|), then taking the images 
about Y-axis for x > 0 


“. y = logy 5|x| could be plotted as; 


Y 
y = logos |x| 


>X 
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The graph of y = [sin x] and y = cos x is shown below. 


A 
2 
1 
xs 10 os ma 
1 + 
W 


.. The number of solution zero. 
Ex. 13 The sum of the roots of the equation cos ' 
(cos x) =[x], where [x] denotes greatest integer function, is 


Sol. The graph of cos ' (cos x) = [x] is shown below. 
YA 


Solutions are clearly 0, 1, 2, 3 and 2m — 3. 
Hence, there are 5 solutions. 


1 
Ex. 15 Sketch the graph for y -| ; - 31. 
x 


Sol. Here, we follow certain steps to plot 


x 


. 1 
y= —3|, as first we plot — 


x 


and then successively 


(i) The graph of = is shown below 
x 


ay 


>X 
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1 As we know, x” + y” = 1isa circle and y =|sin x| is the 


(ii) é > FE To draw the graph of |—| taking mirror 
x x x 


image of negative values of y = sin x about X-axis. Thus, 
we can plot them as; which shows the two curves intersects 


: . : 1. 
images about X-axis for negative values of — in the . 
x at two points. 


1 Number of solutions is 2. 
graph of —. 
x 


Ex. 17 Find the number of solutions of 4{ x} =x +[x]. 


Sol. Here, 4{x}=x+[x] 


> 4(x-[x])=x+[x] [+ {x}=x-[x]] 
np ee eae = i 
x x => [x]= es 
; 1 : 
Shift the graph of Pe through 3 units downward. To find their solution we plot the graph of both y = [x] 
3 
and y = —x, 
" 5 
y a2 
t et B® 
ey eer ee oe 
P< 
ae — -2 
1 we 
(iv) |—|-3— |/—|-3 
x x 


i.e. The two graphs intersects when [x]=0and 1 


, taking mirror images 


To draw the graph of - 3 


1 
i 5 
x => x=0 and x=-— 

3 


about X-axis for negative value of |—|—3 in the graph 


; 1 
sinx+—]. 
2 


. Ex. 18 Sketch the graph of 
of = -3. 

x 1 
Sol. We follow certain steps to plot |sinx +-—|, 

ay ; 

; ; ; 1 : 1 
=|] ie. sinx > sinx+-—> sins] 

YK 2 2 

—~] aaa (i) (ii) (iii) 

101 “ 
3 3 


Ex. 16 Find the number of solutions of the equations 
y =|sinx|andx* +y* =1. 


Sol. To find the number of solutions of two curves we should 
find the point of intersection of two curves. 


=¢j 1 
y=sinx +5 


> X 


Remarks 


(ii) 


Plotting graph of f(x — [x]): 
Graph of f(x - [x]) can be obtained from the graph of f(x) by the 


following rule. 


“Retain the graph of f(x) for values of x lying between interval 
(0, 1). Now, it can be repeated for rest of points. Now, 
obtained function is periodic with period 1.” 


2 
Ex. 19 Sketch the graph of y = aan 
2 x 


x 


Sol. As we know, 2* is exponential function and we want to 
transform it to 2 


x-[x] 


, it retains, the graph for x € [0, 1) 


and repeat for rest points. 


Here, to retain graph between x € [0, 1), so we get 


>X 
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Ex. 20 Sketch the region for y = sin(x -[x]). 


Sol. We know, y = sin x is the periodic function. So, to plot 
the graph between x € [0, 1) and repeat for all values of x. 
AY 


0 Z T x 
2 
i.e. To retain the graph between x € [0, 1). 
AY 
sin |(x-[x]) 


Ex. 21 Sketch the region for|y |= sin x. 


Sol. We know, y = sin x is a periodic function. So, to plot 
|y|= sin x neglect all the points for which y is negative 
and take the image for positive values of y about X-axis 


shown as; 
Y 
L y = sinx 
\ >X 
-3T, /-2T -™ \, T\ ~2n 32, , 
‘af Suet we Soa? 
neglecting 


Now, plotting, | y|= sin x. 


y 
1 

kK 0 % ak awd 
= 


Ex. 22 Consider the following function f whose graph is 
given below. 
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Draw the graph of following functions. 


(a) f(x) +1 (b) f(x)-1— () -f (x) 
(d)| f(x)| (e) f(-x) (f) F(lx1) 
(g) 2f(x) (h) f(2x) @LF()] 
(i) f(x-[x]) 


Sol. (a) f(x)7> f(x)+1 


To draw the graph of f(x)+1, shift the graph of f(x) 
through 1 unit upward. 


AY 


(b) f(x) > f(x)-1 
To draw the graph of f(x)-—1, shift the graph of f(x) 
through 1 unit downward. 


AY 


(c) f(x) -f(x) 


To draw the graph of — f(x). Take the image of f(x) 
in the X-axis as plane mirror. 


AY 


(d) f(x) |f(x)|, To draw the graph of f(x)| taking 
image for negative values of f(x) about X-axis. 


AY 


(e) f(x)> fx) 
To draw the graph of f(—x) take the image of the 
curve f(x) in the Y-axis as plane mirror. 

AY 


() f(x) flx]) 


To draw the graph of f|x| neglecting the graph for 
negative values of f(x) and taking image for positive 
values of x about Y-axis. 


(g) f(x) > 2f(x) 


To draw the graph of 2 f(x) stretch the graph of f(x), 
2 times along Y-axis. 


(h) f(x) f(2x) 


To draw the graph of f(2x), stretch the graph of f(x) 
, 2 times along X-axis. 


AY 


Gi) f(x) > [f()] 
To draw [ f(x)] mark the integer on Y-axis. Draw the 
horizontal lines till they intersect the graph, now 
draw vertical dotted lines from these intersection 
point. Finally, draw horizontal lines parallel to X-axis 
from any intersection point to the nearest vertical 
dotted line with blank dot at right end. 


BA 


(i) f(x) flx-[x]) 


Retain the graph of f(x) for values of x lying between 
interval [0,1). Now, it can be repeated for rest of the 
point taking periodicity ‘1’. 

Y 

k 


Ex. 23 Sketch the graph of y =max(sin x, cos x), 


3 
Vxe (-, 2), 
2 


Sol. First plot both y = sinx and y = cosx by a dotted curve as 


can be seen from the graph in the interval ( 


31 
-T, —| and 
2 


then darken those dotted line for which f(x)> g(x) or 
g(x)> f(x). 


.. Graph of max {sin x, cos x} 


v 


y = max (sin x, COsx) 


—T 
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As from the above graph, 
sin x, -™<x<-— 
31 TU 
cos x, -—<x< 
. 4 4 
max (sin x, cos x) = 
‘ Tt 510 
sin x, <x< 
4 4 
570 31 
cos x, —S<x<— 
4 2 


Ex. 24 Sketch the graph for y =min {tan x, cot x}. 


Sol. First plot both f (x)= tanx and g (x)= cot x by a dotted 
curve as can be seen from the graph and then darken 
those dotted lines for which f(x)< g(x) and g(x)< f(x). 


oe ~o/4 | ges 0 LA. 


vena D4" 


YA 
4 K m4 
a tC CO]OC«RSC‘aRSSCS™ 
“2 2 2 2 
[\ [ 
As from the graph, we have 
TU 
tan x, -—<x<-— 
2 4 
cotx, —-—<x<0 
min {tan x, cotx}= 4 


228 
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Ex. 25 Sketch the graph of y =min{| x|,| x -1|,|x +1}. 


Sol. First plot the graph for, y =|x|, y=|x-1| and y =|x+1| by 
a dotted curve as can be seen from the graph and then 
darken those dotted lines for | x|< {|x -1|, |x + 1|}, 
|x-A\< {{x|, |x +1]} and |x +1\< {|x|,|x-1]}. 


As from the above graph, 


-(x+1), x<-1 
1 
(x+1), -1<x<-— 
2 
1 
-(x), --<x<0 
min {|x|,|*«-1],|*+1]} =4 = ' 
x O0<x<- 
2 
-(x-1), -<x<1 
2 
(x-1), 1<x 


Remark 


To plot the graph of f~'(x, take reflection of f(x) in y=xlineasa 
mirror. 


Ex. 26 Sketch the graph of y =sin | x, V x €[-1,1]. 


1 = TT T TT 

Sol. As,-1<x<1 > -—<sin'x<-= => --<ys<— 

2 2 2 2 

sin ' x is the reflection of sin x about y = x (as a mirror) 
Tm 1 

when x €/-—, —|}. 

2 2 


Z 


‘< 


~ 


aa x 
Meee) ARO), 


a 
, 

1 

t 


y’ 


Ex. 27 Sketch the graph for y =cos'x,V xe€[-1,1]. 
Sol. As,-1< x<1 
=> O0<cos'x<xz 3 O<ysu 


-. cos 'x is reflection of the graph of cos x,0< x < in 
y = x line as a mirror. 


>X 


Ex. 28 Sketch the graph for y =tan''x,V xe R. 


-1 : nt - 1 
Sol. As, xe R > —<tan 'x<—>—<y<— 
2 2 2 2 


= é ‘ —T TT 
. tan”! x is the reflection of the graph of tan x, —< x<— 
2 2 


in y = x as a mirror. 


Ex. 29 Sketch the graph for y =sin ‘(sin x). 
Sol. As, y= sin ‘(sin x) is periodic with period 2n. 


.. To draw this graph we should draw the graph for one 
interval of length 27 and repeat it for entire values of x. As we 
know, 


= 1 
(x), —<x<— 
2 2 
= ae Tl 310 TU 30 
sin”'(sinx) = 4(m—x), —<x<—orn 2N-x2T 
2 2 2 
Tv 
or -—<1%-x<— 
2 


Thus, it has been defined for = <x< = that has length 


2m. So, its graph could be plotted as; 


on -3n/2 0 —n/2 


Ex. 30 Sketch the graph for y =cos ‘(cos x). 


Sol. As, we have that y = cos ‘(cos x) is periodic with 
period 27. 
.. To draw this graph we should draw the graph for one 
interval of length 27 and repeat it for entire values of x of 
length 27. 
As we know, 
4 x: O<x<Tt 
cos (cosx)= 
(2m-x),t<x<2nmor0<2n-x< 0 
Thus, it has been defined for 0< x < 27, that has length 27. 
So, its graph could be plotted as; 


AY 


y=cos |(cos x) 


Ex. 31 Sketch the graph for y = tan ‘(tan x). 


Sol. As, we have that y=tan ‘(tan x) is periodic with period 7. 


.. To draw this graph we should draw the graph for one 
interval of length m and repeat for entire values of x. 
=i T 
<x< 
2 2 


As we know, tan~‘(tan x) = {* 


Thus, it has been defined for = <x< “ that has length 7. 


So, its graph could be plotted as; 


AY 


v= tan (tan x) 


Ex. 32 Find the values of x graphically which satisfy 


2 
——] <1. 
x-1 
x? 
Sol. We have, <1 
x=1 
=> |x7|<|x-1|,V xe R-{1} 


or x? <|x-1|,V xe R-{1} 
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Thus, to find the points for which f(x) = x” is less than or 
equal to g(x) =|x-1|. 
Where the two functions f(x) and g(x) could be plotted as; 
a f 6) = x2 _ 
“ ge) = be] 

\ 


a y 
sles >X 
<iaie 4" | 


Thus, from the graph f(x)< g(x), when x € [A, B]. So that, 
Aand Bare point of intersection of x” and 1- x. 


ies/5 
.. Solving x” = 1-x, we get x = “84 
and pea 
2 
2 
< 1is satisfied, V x € : v5 145 | 
x-1 2 2 


Ex. 33 Find the values of x graphically satisfying 
[x]-1+x* 20; where [-] denotes the greatest integer 
function. 

Sol. We have, 
Thus, to find the points for which f(x) = x’ -1 is greater 


[x]-1+x°20 = x?-12>-[x] 


than or equal to g(x) =- [x]. 
Where the two functions f(x) and g(x) could be plotted as; 
AY a) 

f (x) = x2—1 


+ 
I 
i 
t 
i 

a 


Oo! SSSR SSeS snes e rae s4 
I 
i) 


| 
aK 
i 


Finally. 


~X 
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Thus, from the above graph f(x) 2 g(x) when 
x € (-co, A]U [B, 0), where A is point of intersection of 
x? -1and - [x] when -[x]=+2. 


* x? -1=42, ie. x =-J3 = Aand B=1 


f (x) = 2.cos x 
2 % or 
.. [x]-1+ x? = 0is satisfied, V x € (-c0, - V3] U [1, ©). 1 ao hg (x) = |sin x| 
ra ‘ ‘ of 4 \ 
Ex. 34 Find the values of x graphically which satisfy; ee J 
2 : ool mn 3f/2 2a 
-1<[x]- x° +4 <2, where [.] denotes the greatest integer / 
function. 


Sol. We have, -1<[x]-x?+4<2 3 x?-5<[x]< x?-2 
Thus, to find the points for which f(x) = x” —5is less than 


or equal to g(x) = [x]and g(x) = [x]is less than or equal to Thus, from the above graph the two functions intersect at 

2 two points between [0, 27] and we know that cos x is 

h(x) = x° -2. Cora : : : 
periodic with period 27, so it has same number of solutions 

Where the three functions f(x), g(x) and h(x) could be for the interval [27, 47]. 

plotted as; 


y= yx-[x] 


“. Total number of solutions of 2cos x = |sin x| when 
5 x € [0, 4 ]is 4. 
4 : 
: Ex. 36 Sketch the curves 
al e-2 } 


(i) y =[x] + yx - Ex] 


ot e—_o (iii) y = |[x] + yx - [x] 
‘ eo (where [-] denotes the greatest integer function). 
. : 7 red Sol. (i) Here,0< x-[x]<1,V xe R and 
te pies f x? <x<Jx, Vx [0,1) 
0-0-4 + oo 
ae hd Le eg Hs *=[*]Sq%=[4] 
° ei ss (Jx-1, 1<x<2 
\ ed ! 


=> y=,x-[x]= vx, 0<x<1 
‘ ‘ ajx+1, -15x<0 
, 773 i 


and so on. 
e 1-4 é In general,y = ./x -[x] = Vx,  when0<x<1 
ae ee; 


y=.x-[x]=/x-1, when1< x<2 


i.e. Shifting Vx by 1 unit on right side of X-axis 
Thus, from the above graph; x? -5<[x]< x*-2, when 


y=.x-[x]=./x-2, when 2< x <3, 
x €[A, B]U[C, D}. then graph of y=./x-[x]. 
Where A and Dis point of intersection of x” -5 = + 2 i.e. Shifting ./x —1 by 1 unit on right side of X-axis 
=> x =- 3, V7 Band Cis point of intersection of x*-2=+1 
nee 


and so on. Thus, the graph for y = ,/x - [x] is shown 


as in figure, which is periodic with period 1. 


-1<[x]-x?+4< 2is satisfied, x € [-v3, -1]U [V3, v7]. 


Ay 
Ex. 35 Find the number of solutions of 2cos x =| sin x| 
when x €[0, 47 ]. 


Sol. As we know, the graph of both f(x) =2cos x and 


LEEEEE 
g(x) =|sin x| fo f& ff & + 
.. Their point of intersection are number of solutions. 


1 
i 
1 
1 
>X 
-2 -1 0 1 2 3 


(ii) Again, y=[x]+.Jx-[x] => y=k+ 4 x-k, 


k<x<k+1;ke integer -1+Vx+1-1<5 x<0 


[ vx, OSx<1 
> y=y1lt+yx-1, 18 x<2 


2+.,/x-2, 2<x<3 and so on. 


Thus, the graph for y = [x]+ x —[x] is obtained by 
the graph of y = ./x —[x] by translating it by [x] units 
in upward or downward directions according as 
[x]> 0 or [x]< 0. The graph is shown as 

AY 


Sees loners es 


>X 


aeipeeds ke cael 
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(iii) Graph for y =|[x]+ {x -[x]| is obtained by 
reflecting the portion lying below X-axis of the graph 
of y=[x]+ {x - [x]. About X-axis and keeping the 
portion lying above the X-axis (as it is). 

Thus, the graph for y = [=] + Jx-[]]| is shown 


below. 


>X 


SSERSS CT Sest 
wo 
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Graphical Transformations Exercise 1: 
Single Option Correct Type Questions 


1. The number of real solutions of the equation 5. The equation e* = m(m+1),m<-—1has 
e!*! | x|=0is (a) no real root 
(a) 0 (b) 1 (c) 2 (d) None of these (b) exactly one real root 


(c) two real roots 
(d) None of the above 


6. The number of real solutions of the equation 


2. The number of real solutions of the equation 
3 l*l —g!*! ois 


(a) 0 (b) 1 (c) 2 (d) 3 1—x=[cos x]is 

3. The number of solutions of 3!*! =|2—| x||is (a) 1 (b) 2 
eo (c) 3 (d) 4 
(a) 0 (b) 2 (c) 4 (d) infinite /2 
; ; 7. The number of roots of the equation 1+ 3*'“ = 2” is 
4. The total number of solutions of the equation S6 
s a 

|x—x? -1|=|2x-3-x? |is (b) 1 

(a) 0 (b) 1 (c) 2 

(c) 2 (d) infinitly many (d) None of the above 


Graphical Transformations Exercise 2: 
More than One Option Correct Type Questions 


8. The equation x” — 2=[sin x], where [] denotes the (a) x°,-2<x<-1 
greatest integer function, has Cie K-texe- fe 
(a) infinity many roots 4 


b) exactly one integer root (c) ts Sie z <x<0 
2 4 


( 
: exactly one irrational root @uoxpe vei 


10. If f(x) is defined on [— 2,2] and is given by 


d) exactly two roots 


. ieee, seed alge 
9. Consider the function f(x) = Fj 2 ee : fii \. ie aii ander al Piro then 
where [-] denotes greatest integer function and I is the g(x)is defined as 
set of integers, then g(x) = max{x”, f(x),|x|},-2< x<2 (a)—x,-2<x<0 (b)x,-2<x<0 
is defined as (c)0,0<x<1 (d) Ax —-1),1<x<2 


Graphical Transformations Exercise 3 : 
Statements | and II Type Questions 


= Directions (Q. Nos. 11 to 12) This section is based on 11. Statement I The graph of y = sec’ x is symmetrical 
Statement | and Statement \|. Select the correct answer 
from the code given below. 


about the Y-axis. 


Statement II The graph of y = tan x is symmetrical 


(a) Both Statement I and Statement II are correct and Statement ads 
about the origin. 
II is the correct explanation of Statement I 
12. Statement I The equation |(x — 2) + a| = 4 can have four 
(b) Both Statement I and Statement II are correct but Statement II 5of. . . ' 
; : distinct real solutions for x if a belongs to the interval 
is not the correct explanation of Statement I (i,—4) 


(c) Statement I is correct but Statement II is incorrect Statement II The number of point of intersection of the 


(d) Statement II is correct but Statement I is incorrect curve represent the solution of the equation. 
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Graphical Transformations Exercise 4: 
Passage Based Questions 


Passage I (Q. Nos. 13 to 14) Passage II (Q. Nos. 15 to 16) 
= = -1, -1sxs<0 
Pet fa) = Jala) afa(x) ae Consider the functions f(x) = . ; . 
ee min {x*,|x|}, |x|<1 0<x<1 
(x) = 
max {x”,|x|}, | x|>1 and g(x) =sin x. 
facsy=|me {x?,|xl}, [xl>1 If h(x) = f(|g(x)|) 
max {x?,|x|}, [|S and ha(x)=|fg(x))h 
end let g(x) = ene —3S tS x,-3S5x<0} 15. Which of the following is not true about h,(x)? 
max{f(t), OS t< x,0S x <3}. (a) It is a periodic function with period 


(b) The range is [0, 1] 


13. For xe (— 1,0), f(x) + g(x) is (c) Domain R 


(a) - ees (b) . ecu: (d) None of the above 
erent ee 16. Which of the following is not true about h, (x)? 

14. The graph of y = g(x) in its domain is broken at (a) The domain is R (b) It is periodic with period 27 
(a) 1 point (b) 2 points — (c) 3 points (d) None of these (c) The range is [0, 1] (d) None of these 


Graphical Transformations Exercise 5: 
Matching Type Questions 


= Directions (Q.No. 17) Choices for the correct combination of elements from Column I and Column II are given as option 
(a), (b), (c) and (d) out of which are correct. 


1: Column I Column II 
(Equation) (Number of Roots) 
A. x*tanx=1,x € [0,22] p. 5 
2°S* = |sin x|, x € [0, 27] q: 2 
C. If f(x) is a polynomial of degree 5 with real coefficient such that r. 3 
f(x) = 0 has 8 real roots, then the number of roots of f(x) = 0 
D. 74(-|x|)=1 s. 4 
Codes 
AB Cc. .D A B Cc D 
(a) p qr os (b) q s pis 
() q pos fr (d)s p qr 
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Graphical Transformations Exercise 6: 
Single Integer Answer Type Questions 


18. Let f(x)=x+2|x+1|+2|x -1]. If f(x)=k has exactly one real solution, then the value of k is 


19. The number of roots of the equation x sin x = 1, x € [— 27,0] U (0, 2m) is 


20. The number of solutions of tan x — mx =0,m>1in (- us 4 is 
eee 


21. 


22. 


23. 


24. 


25. 
26. 


Graphical Transformations Exercise 7: 


Subjective Type Questions 


Find the number of solutions of the equation 
2 
x 
——— = 1, praphically. 
1] x—2| grap y 


Find the number of solutions for tan 4x = cos x , when 
x €(0, 7). 
Find number of solutions for equation [sin * 


where [- ] denotes the greatest integer function. 


If x and y satisfy the equations 
max (| x+y|,|x—y|)=1and | y|= x—[x], the number of 
ordered pairs (x, y). 


Find the area enclosed by |x+y—1|+]2x+y+]|=1. 
Find f(x) when it is given by 
f(o= mar] x’, ifs € [0, ©). 


x]=x-[x], 


27. Find a formula for the function f graphed as 


1 


28. Find the domain for f(x) = , 
f [|x-1]]+[]5-x|]-4 


graphically. 
29. Draw the graph for y =./{x} and | y | = / {x}. 
30. Draw the graph for y = — [x]+ ./{x}. 


Answers 


Exercise for Session 1 5. 
1. 
AY 
5 y=xe+1 
4 y=x2 
3 
2 
4 6 4Y 
X’< >X 2 
7654-32-10] 1234567 ony oN. eee 
=| a “ “ H Pe <Y=SINX 
2 ; ; - 
3 y=sin x-1 
-4 
—§ 
7. 
-, i y=log, x+1 
2 _o.e ry=log x 
7 a ~X 
8. LY 
X’« > y=log, x 
6 4 
0 "K 
Exercise for Session 2 
a 1. (i) f(+ 1) is shown as 
>X 
4. (il) f (x—1) is shown as 
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(iii) —f (x) is shown as Exercise for Session 3 
1. Graph for f(x) 


(1) | f(x)| is shown as 


2 <. 

. Nf 

a 3 = 

2 2 

(ii) f (|x|) is shown as 
AY 
ea al eo 
1 


~< + LAT t+—> X 


2 i O12 1 2 
1+ 


2+ 


(iii) 7 ‘i 


2 AQ 2° 3 4 Of 4 


Graph for f (|x|) —1 Graph for |f (|x|) —1| 


(vii) f(2x) is shown as 
2. (i) y= |x? — 2x- 3J=|(x— 3)(x+ DI 
y 


= 0] 3 -_ 


(ii) y = (vt I)(x-3) =? - 2x-3, p= x? —2|xp3 


(ii) y =|log, x| 


y =|log, x| 


(iv) y =|log,|x|| 


+X 


(v) y= log,(l—x) = y= log,|1—x| 


We 


(vi) y= log,(2—x)"= 2log,|2—x 
2, 2 


Y 
+ F 
ry é >X 
(vii) y =|cos|x|| 
Y 
: 
ae) ae 
a: 2 2 2 


(ix) y= sin|x| 
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(x) y= cos |x| 


Y 
1 
x —n/2 n/2 x 
-31/2 0 3n/2 


3. (i) [f@= logy x 


Y 


0 aa 
~~ 


(il) |f(@)|= loga(-x) 


_ 


4. sin 1x = |log, |x| 
x 


y=|loge|xl| 


.. Number of solutions is 6. 


5. (i) 2"! = sinx? 


4 
+X 
LN\n 0 vn 
-.No solution 
(ii) smx=2x° + x41 
Y 
y=x?+x+1 
y=sinx 
a - 


-.No solution 
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sin '(sin |x|) 


(v) y 


Exercise for Session 4 


RIN 
RIN o | 
ll | ll 
~ > aS 
ee ee 
1 1 
1 1 
1 1 
1 R 1 
b---- 48] 0 A 
1 1 
1 1 
F a tea 
1 1 
1 1 
1 1 
sae | 
1 1 
x 
1 1 
1 1 
-! 
1 1 
L ---1 
1 1 
1 1 
t----4810 
i ; 1 
if 1 
if 1 
1 1 
! iJ 
Y Y Y 
< 
A 
= oO 
a a 
eB I! 
aa 
Il 
= 
R 
— 
Ss 
° y 
g v 
a) 
= 
— 


(ii) Here, f(x) = [|x|] 


>X 


(vil) f(x) = cos (x—[x]) 


vy’ 


(iit) f@) =[@- 2)] 


[sin | (sin x)] 


(viti) f(x) 


~< 


Yy’ 


xX~< 


(iv) f@) =[xF2] 


2. Here, f(x)= min(x— [x],-[-]) 
Ya 


: X 
5-4-3-2-1] 123 4 
+ —1 
+ —2 
Y 
y’ 
3. (1) 4 sq units (ii) 1 sq unit (iii) 2 sq units 


Chapter Exercises 
1.(a) 2. (b) 3. (b) 4.(b) 5. (b) 


Solutions 


J x 


1. Given, e l_|x|=0 = d*l=|x| 


Now, the number of solution will be the point of intersection 
of y =e *! andy =| x|. 


Both of the curves shown below 


ex y eX 
A 
y =IxI 
Ss 
xX'< (0, 0) >X 
vy’ 


Clearly, from the graph we see that the both curves do not 
intersect. 
.. No solution. 


2. Given, 3!*!-2/*!=0 = 3) *!=2!"! 
Now, we plot the graph y =3 1/7! 


and y = 2 *| as shown below 


. om 
X << +x 
gu 
vy’ 


Clearly, the two curves intersect at one points. 


Hence, the number of solutions is 1. 
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6.(b) _7.(b) 8. (b,c, d) 9. (a, b, c, d) 


10. (a, c, d) 11. (a) 12. (a) 13. (b) 
14.(a) 15. (d) 16. (c) 17. (b) 18. (3) 
19.(4) 20. (3) 21.0 22. 5 23. 1 
Z O0O<x< ea 
64 8 
24.0 25. 4 sq units 26. f(x) = z¥, 1 Aye'g 
8 
vix> 1 


x, O0<x<l 
27. f(x) =42-x,1<x<2 
0, xS2 
28. D=R/ {(0,1], 2, 3, 4, [5, 6}. 


3. Given, 3/*l=|2—| x|| 


The graph of y =3!*! and y =| 2 —| x | [is shown below 


y ah | 


|2-1xl 


Clearly, both the curve intersect of two points. 


.. Number of solutions is 2. 
4. Given, | x—x?-1|=|2x-3-%7| 
Let f(x) =x- x? — land g(x) =2x -3 —x° 
First we draw the graph of f(x) and g(x) 


then, transforms it into | f(x)| and | g(x)|. 


1)’ 3 
Here, fle) = x=? -1=y=3[x “| = [y +2) 


) 
Clearly, it represents a parabola having vertex (- 


Also, g(x) =2x -3-x* =y=> (x-1)? =-(y4 
It also represent a parabola having vertex (1, — 2). 


The graph of both curve is given below 
Y 
x 


Dib 


vy’ 
Clearly, both the curves intersect at only one point. 


.. Number of solutions is 1. 


1 
2 4 
) 


} 
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5. Given, e~ = m(m-+ 1) Clearly, the curve y = x” —2 intersect the curves y= [sin x] at 
x two points (V2, 0) and (— 1, —1). 
Y .. Therefore, the solution has exactly one integer root and one 
irrational root. 
1 
x x 9. Given, f(x) = cca Gs ee, met 
0, xel 
y’ and g(x) =max{x*, f(x), |x|} 
. 2 
Clearly, for m< —1, it will represent a straight line parallel to First we draw the graph of x", f(x) and|x| as shown below 
X-axis which intersect the e* at only one point. A x2 mi 
Hence, exactly one real root. 
6. Given, 1 — x =[cos x] 
The graph of both the curves is given below : ; 
\Y => Oy an 
y=|1x 
’ a ee ee ee 
X’< , te tt on = >X 
27 2 5 2) 2 
— —} 
YY’ 
. x, —-2<x<-l 
y =1- x intersect the graph of y = [cos x] at exactly two 
points. ee, 1<xs 
Number of solutions is 2. a I 1 
. BIT tones a(x) = —+ x, -—<x<0 
7. Given, 1+3*'° =2 2 
The graph is shown below 1+ x, O0<x<1 
x/2 a x7, 1<x<2 
=] =-254<0 
10. f(x)= 
Fx) x-1, 0<x<2 
a(x) = Fx) + | FO! 
The graph of f(x) is shown below 
xX >X Y 
vy’ x 


Clearly, both the curves intersect at one point. 


8. Given, x’ —2 =[sin x] 


The graph of two curves is given below 


&(x) =| f(x)| + f (|x|) is shown below 


>X 


>X 


Yy 


Chap 04 Graphical Transformations 241 


Clearly, from the graph (f(x), -3<x<-1 
=X —-2<x<0 =A -1<x<0 
Now, g(x) = 
&(x) = 0, 0<x<1 0, O<x<2 
&x-1) 1<x<2 f(x), 2<x<3 


11. We have the graph of y = tan x as shown below 


iy =tanx 
1 1 I 
i >X 
1 I I 
1 1 I 
(x? 4 2x, =3sx<—1 
Clearly, f : “is | _ h (x) geen catia 
t it i tri tt igin. x)= 
early, from the graph it is symmetrical about the origin & 0, heyes 


Also, derivative of an odd function is an even function and ; 
x” — 2x, 2<2x<3 


sec” x is derivative of tan x. 
2 
Hence, both the statements are true and Statement II is a 13. For x €(-1, 0), f(x) + g(x)=x° +2x-1 


correct explanation of Statement I. 14. Obviously, the graph is broken at x = 0, ie. in one point. 


12. We know that, the number of point of intersection of two 
curve is the real solutions of the equation involving these 


15. Clearly, h(x) = f(|g(x)|) =sin’ x has period 7, range [0, 1] and 


functions. domain R. 
Also, |x 2) + a) =4 16. h,(x) =| f(g(x)) 
> |x-2)=+4-a The graph for h,(x) is 
t K-2 4 
¥ - ) 5 PX gen nn nnn nn Bene 
- Oo] 
yy" 2 
For four real roots 4-—a > 0and—4-a>0 Wy 
> a €(—~%, — 4) 


It is clear from the graph that the function is periodic with 


Both Statement I and Statement II are correct and Statement II : 
period 27 and has range [0, 2]. 


is the correct explanation of Statement I 


1 
Sol. (Q.Nos. 13 to 14) 17. Let y =tan x= _ 
Here, fix) = x? me i 
fox) =|x1 We plot the graph for tan x and xe as shown below 
or flee) = file) = 2fxcx) : 
=x’ 2| x| 4 


Graph for f(x) 


A 


>X 


vy’ From the graph, it is clear that, it will have two real roots. 
(b) 2°°° * =|sin x|, x €[0, 27] 
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cos x 


Plotting the graph of y = 2“°°* andy =|sin x|, as shown below 


y = 200sx 


O n/2 T 3n/2 Qn 


From the graph we see that the two curve meet at four 
points for x € [0, 27]. 


cos x 


So, the equation 2 =|sin x| has four solutions. 


(c) Given, f(|x|) = 0 has a real root or f(x) = 0 has four 
positive roots. Since, f(x) is a polynomial of degree 5, 
f(x) cannot have even number of real roots. Hence, f(x) 
has all the five roots real and one root is negative. 

(d) Here, 7*(\5 —|x|]) =1 or 5 — |x|] =77" 


Draw the graph of y =7"” and y =|5 —| || 


A 
5 58 


y =7%| 
From the graph, the number of real roots is 4. 


Hence, a q;b—s;c>p;ds. 
18. Let f(x) =x+2)x+1)+2jx-]] 


x — 2x +1) —2(x -1), x<-1 — 3x, x<-1 
=4x+2%x+1)-2x—-1), 1<xS1=4x+4 -1Sx<1 
x + 2x +1) + Ax —-1), Sl 5x, x>1 


The graph of f(x) is shown below 


> X 


YY’ 
Clearly, from the graph, y = k can intersect y = f(x) at exactly 
one point only if k =3. 


1 
19. Here, xsin x =1ory =sin x =— 
x 


The roots of Eq. (i) will be given by the points of intersection 


of the graphs y =sin x and y = 2 which is shown below. 
x 


X’< 


Graphically, it is clear that the given equation has four roots. 


20. In (- 7 o} the graph of y = tan x lies below the line y = x, 


Tt 
which is the tangent at x = 0 and in [0 2) it lies above the 


line y = x. 
yy y =tanx 
y=mx 
YuXx 
—n/2, 0 
xed west) >X 


yY’ 
For m > 1, the line y = mx lie, below y = x in (- a 0) and 


J 1 
above y = xin (0 ) 
Thus, graph of y = tan x and y = mx, m > 1, meet at three 
™ 1 
points including x = 0 in (- Se *) independent of m. 


2 
21. We have, ———— = 
1-|x-2| 


2 2 
x x 


(i) When x > 2, 


=15 
1-(x-2) 3-x 
Y, 


= x? =3-x,x #3 


No point of intersection. 


2 
(ii) When x < 2, 


=12 
1-(2-x) 


=> x? =-1l+xx¥1 


No point of intersection. 


Here, the number of solution is zero. 


22. Given, tan 4x =cos x 


The number of solutions will be the point of intersection of 


curves y = tan 4x and cos x 


The graph of y = tan 4x and y = cos x is given below. 


From the graph, it is clear that both curve intersect at five points. 


..Number of solutions is 5. 
23. Given, [sin™’ x] = x —[x] 


The number of solution will be the point of intersection of 


y =[sin | x]and y = x —[x] = {x} 


The graph is shown below 


Clearly, the two graphs intersect at only one point. 


.. Number of solutions is 1. 
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24. Now,|x+y|=1 


25. 


> x+y=21 
and |x-yl= 

=> x-y=t 
Also, |y| = x-[x] 
> ty=x-[x] 
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...(i) 


...(ii) 


Here, we see that there is no point of intersection between the 


two curves. 


Here, no ordered pair of (x, y) satisfy the given equations. 


% max (|x+y|, |x-y|=1 


---- y=] 
xX xX 
YAMS AS port 
ee 
ra +123 \ 
1. 


We have, |x+y-—1|+|2x+y+1|=1 
= it(xt+y-l1t(ax+y+1)=1 
(i) (x+y-1)+(2x+y+1)=1 


=> 3xt+2y=1 
(ii) H(x+y-1)-(@x+y4+1)= 

=> —x=3 
(iii) {x+ y-1)+(2x+y+1)=1 

=> x=-1 


(iv) Hx+y—-1)-G2xtyt1)=1 


yy’ 


...(i) 


...(ii) 


...(iii) 


...(iv) 


.. Area of shaded region =| [(3x + 2y —1)-(8x+ 2y + 1)]dx 


-3 
=1 


=i, 2dx = —2[x]-} = -2[-34 1] = 4sq units 
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26. Given, f(x) = max {* x, al V x €(0,0) 


Now, we draw the graph for the curves y = x°, y = x’ andy = = 


64 
y =x8 y =x? 
i 
_| £ ge 
, Ay 64 
X< fe) ig >X 
yy’ 
1 1 
i 0<xs— 
64 8 


27. The line through (0, 0) and (1, 1) has slope m = 1 and y-intercept 
b= 0, so its equation is y = x. Thus, for the part of the graph f 
that joins (0, 0) to (1,1), we have f(x) =x, if OS x<1 
The line through (1, 1) and (2, 0) has slope m = — 1, so its point 
slope formis y —0=(—1)(x-2)ory =2-x. 

So, we have f(x) =2— x, ifl1<x<2 

We also see that the graph of f coincides with the X-axis for 

x >2. Putting this information together, we have the following 
x, if0<x<1 

three-piece formula for f(x) =42-—x, if1<x<2 


0, if x>2 


28. The denominator is a bit complicated and we need to analyse it 
in detail to determine, where it can become zero. 
The fastest and easiest way would be to visualise the graph. 
Draw the graphs for | x — 1 |and| 5 — x |, apply the greatest 
integer function of these graphs separately, then add them and 
find the values of x for which this sum becomes 4. For these 
values of x, the denominator of f(x) becomes 0. 

Y 


Yh 
bea (Graph A) 
7 +X => >X 


2-10) 12 3 4 5 


Y 
4 
Y, B31 c+ (Graph B) 
5 2 o—e e—o 
I5-x| 1 o—e e—o 
>X=> $0 


Now, add the graphs of A and B point by point 


- YO Wo fF DD 


We see that the value of (graph A+ graph B) is 4 for the 
following values of x : (0, 1], {2, 3, 4}, [5, 6). 
Hence, domain D =R/ {(0, 1], 2, 3, 4, [5, 6)}. 


29. Let us first draw the graph for y = ,/{x}. Now, {x} is the same 


as x for 0 < x <1. In this interval, ,/{x} will be the same as Vx. 
¥ 


We can easily see that this same curve will be repeated in every 
previous and subsequent unit interval, since {x} is the same in all 
such intervals. Hence, we obtain the graph of y = ,/{x}. 


CNT. 


Now, we can easily draw | y | =./{x} by taking a reflection in 
the X-axis. 


Ya 


ce 


30. In any interval n < x <n+1, (where n is an integer) [x] has 


the value n. In any interval, therefore the graph of 
y =—[x] + ./{x} will be the graph of ,/{x} — integer n. 
eg. OSx<1 > y= {x}; 15 x<2 > y=-14+./{x}; 


-1<x<0 5 y=1+.,/{x}. The graph is drawn below 


\ 4 
= 0 ae 


CHAP PER 


Limits 


Learning Part 


Session 1 

© Definition of Limits 

e Indeterminate Forms 

e L’Hospital’s Rule 

e Evaluation of Limits 

Session 2 

© Trigonometric Limits 

Session 3 

e Logarithmic Limits 

e Exponential Limits 

Session 4 

e Miscellaneous Forms 

Session 5 

e Left Hand and Right Hand Limits 

Session 6 

° Use of Standard Theorems/ Results 

e Use of Newton-Leibnitz’s Formula in Evaluating the Limits 
e Summation of Series Using Definite Integral as the Limit 


Practice Part 


e JEE Type Examples 
e Chapter Exercises 


Arihant on Your Mobile ! 
Exercises with this |@| symbol can be practised on your mobile. See title inside to activate for free. 


Session 1 


Definition of Limits, Indeterminate Forms, 
L'Hospital’s Rule, Evaluation of Limits 


Definition of Limits 


Let lim f(x) =l. It would mean that when we approach 
xa 


the point x =a from the values which are just greater than 
or smaller than x =a, f(x) would have a tendency to move 
closer to the value ‘1’. 


This is same as saying ‘difference between f(x) and can 
be made as small as we feel like by suitably choosing x in 
the neighbourhood of x =a’. 


Mathematically, we write this, as lim f (x) =], which is 
xa 


equivalent of saying that,| f(x) -1|<e,V x whenever 
0 <|x-—a|<dandeé and 6 sufficiently small +ve 
numbers. 


It is clear from the above discussion that, if we are 

interested in finding the limit of f(x) at x =a, the first 

thing we have to make sure that f(x) is well defined in 

the neighbourhood of x =a and not necessarily at x =a 

(that means x =a may or may not be in the domain of 

f(x)), because we have to examine its behaviour or 

tendency in the neighbourhood of x =a. 

Following possibilities may arise : 

(a) Left tendency is same as its right tendency As 

shown in figure 5.1, when we approach x =a from 
the values which are just less than a, f(x) has a 
tendency to move towards the value | (left tendency). 
Similarly, when we approach x =a from the values 
which are just greater than a, f(x) has a tendency to 
move towards the value / (right tendency). 
In this case, we say f(x) has limit / at x =a, 


ie. lim f(x)=L. 
x—-a 


ty = fe) a 
| va 
a) ‘ _ 
xXx=a 


Figure 5.1 


(b) When the left tendency is not the same as its 
right tendency Here, left tendency is /, and right 
tendency is 1,, clearly left tendency (I, ) is not same as 
right tendency (1, ). In this case, we say that the limit of 
f(x) at x =a will not exist. 


ie. lim f(x)= Doesn’t exist. 
x—-a 


Y 
A 1 1 I 
ae Leer 7. ae 
Pad yne 
----b-----5 a a re > 
yet v=; 
—_ >X 
© 1xX=@aqli 
Y Yx=ath 
x=a-h 
Figure 5.2 


(c) When the left tendency and/or right tendency is 
not fixed As shown in the figure 5.3, it is clear that 
in this case, the function has erratic behaviour in the 
neighbourhood of x =a and it will not be possible to 
talk about the left and right tendencies of the function 
in the neighbourhood of x =a. 


In this case, we conclude that the limit of f(x) at 
x =a will not exist. 


ie. lim f(x) =Doesn’t exist. 
x-a 


ve 
A 


LW 


1 
1 
¥ 


>X 


X=a 


Figure 5.3 
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Remarks Infinity (°°) is a symbol and not a number. It is a symbol 
1. Normally, students have the Y for the behaviour of a variable which continuously 
perception that limit should be a increases and passes through all limits. Thus, the 
finite number. But, it is not always - bp ace ‘nal ie sal Vaeaites Soe 
So. isauiemastiels malta) nas : statement x = co is meaningless, we should write x . 
infinite limit at x =a. Similarly, — 0° is a symbol for the behaviour of a variable 
If lim f(x) =09, it would simply O1 *X — which continuously decreases and passes through all 
mean that function has tendency to a” limits. Thus, the statement x =— co is meaningless, we 
assume very large positive values in Figure 5.4 diould writes ses 
neighbourhood of x = a(as shown in y . 
ti A). A i F 1 : 
gure.) 4 Also, ——0,ifx >+eand—-—0, if x ~- ©. 
For example lim, ry = 00 >X x x 
x70/yx 


We cannot plot on paper. Infinity does not obey laws of 


which indicates the left tendency as 
elementary algebra. 


well as right tendency are the same. 
Again, if im, f(x) =— e, it would 


eo. 
a. 


(i) co + co = co is indeterminate 
simply mean that the function has Figure 5.5 
tendency to assume very large 

negative values in the neighbourhood of x = aas shown in 


figure 5.5. L'Hospital's Rule 


lim, —— =- 0 

el ihieculeameotand Guid “scduests oe” 
At the end we discuss the case when left tendency is (—e) and 1s rule states that, 1 pare! (x) » TEGUCES LO 0 or ee 
right tendency is (+ e) (i.e. f(x) does not have unique oe 


tendency). Then, differentiate numerator and denominator till this 
Thus, in this case limit does not exist. form is removed 
y . 


(ii) co — co is indeterminate. 


For example (as shown in figure 5.5) 


For example lim y does not exist, 


co 


pee ie. lim Hx) = lim i Ve) provided the later limit exists. 
since left tendency is (— ee) and right i xa g(x) xa g(x) 
tendency is (+e) as shown in ot =X 
i ! Lie : 0 
aU But, if it again take form or ) 
2. If f(x) is well defined at x = a, it 0 co 
doesn't imply that Fi , ” 
gures.6 x x ; x 
lim f(x)=f(a). Because, it is quite then lim fx) = lim ft ie lim ft ) 
x-a 
possible that f(x) is well A-WOGIA). Are eta) See (x) 
defined at x = abut not in the neighbourhood of x = aor f(x) is d thi ; : d till 0 co f . 4 
well defined in the neighbourhood of x = a, but doesn’t have a and this process 1s continued till| — or — | orm is removed. 


unique tendency. 


Remark 


e 
Indeterminate Forms L'Hospital’s rule is applicable to only two indeterminate 
0 co 
If direct substitution of x =a while evaluating lim (x) forms (5 or =) 
: xa 0 ae 
leads to one of the following forms 2 
0 co _ xX -24x-16 
—, —,00— 00,1" 0", 00° co x 0 then it is called e.g. Evaluate lim 3 . 
0 © x2 x"° +2x-12 
indeterminate form. 6 _94x-16 0 
i 6 Sol. We have, lim a form 
e.g. lim = — indeterminate form. pee ee oteeee he 
x>1 x-1 0 by? S94 
- . = im ——— [by L’Hospital’s rule] 
. x"-a" 0, ; x2 3x7 42 
lim —W— = — indeterminate form. 
ae eae oe _ 6(2)° -24 _ 168 _ 
. sinx 0. : F 
lim = — indeterminate form. Mere 


x30 x 
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Frequently Used Series Expansions 


2 3 


i.e aj 4 ess 
1! 2! 3) 
2. a Sg TOS g Ned ae 


2! 
[where, a€R*] 


Nx % n(n—1)x? 


3.14 x)" =14+ 


1! 2! 
3 
+ BOARD + ne Rand| | <1 
2 3 4 
4. log tit exe t ge tak oy, 
2 3 4 
[where -1 < x < 1] 
x” — a! 
5. = xT yt Pag xP Sah tt a! 
X-a 


8. cos x =1 + —-+t... 
2 


9. tanx=x+ + x” 4 Xo +. 


10. sin!) x =x + —x° 4 
1. tan! x=x- 


12. sec! x =14 


13. (sin! x)? 


14. x cot x =1 + bos 


2 4 
18. sec x= 144 ot + +. 


31x° 


x 
16. x cosec xX =1+ + + +. 
360 15120 


X tan 2x - 2x tan x 
(1- cos 2x)? 
[IT JEE 1999] 


Example 1 Evaluate lim 


x0 


x tan 2x -2x tan x 


Sol. We have, lim ; 
(1- cos 2x) 


x70 


Evaluation of Limits 


Now, according to our plan, first of all we shall learn the 
evaluation of limits of different forms and then learn the 
existence of limits. 


There are eight indeterminate or meaningless forms, 
which are 


. 0 wey 00 
(i) 0 (ii) 
(v) 20-0 (vi) 0° (vii) 0° (viii) 1° 


We will divide the problems of evaluation of limits in five 
categories, which are 


(iii) 00 - 00 (iv) 00 x 00 


1. Limit of algebraic functions 
2. Trigonometric limits 

3. Logarithmic limits 

4. Exponential limits 

5. Miscellaneous forms 


Now, we discuss one by one in details. 


Limit of Algebric Functions 


In this section, we evaluate limit of algebraic functions 
when variable tends to a finite or infinite value. While 


F ee 0 : 
evaluating algebraic limits the form —, * and co — arise, 
0 © 


which we will discussed here. 
aU 
(i) — Form 
0 


This form can be resolved by factorisation method, 


rationalisation method or by using the formula 
n n 
. x" -a = : : 
lim ———~— = na" ~', which are discussed below. 
x>a x-@Q 


(a) Factorisation Method 


In this method, numerators and denominators are 
factorised. The common factors are cancelled and the rest 
output is the result. 


KX =3xe3 


Example 2 Evaluate lim 
xXx- 


x71 


2 — 
Sol. Method I We have, lim iia 9 poem | 
x71 x-1 0 | 
= lim (47D -2) 

(x -1) 


[as x* —3x+2=(x -1)(x-2)] 


x71 


= lim (x - 2) [as x-140] 
x =>4 
=1-2=-1 
2 
Method II We have, L = lim oii i g form 
x71 x-1 0 
So, applying L’Hospital’s rule, 
t= ig 
x71 1 1 


[i.e. differentiating numerator and 
denominator separately] 


3.2 

_ x” -x* log x+log x-1 

Example 3 Evaluate lim = . : 
x71 xo =] 

x?-x* log x +log x-1 


x? -1 


Sol. We have, lim 


x71 


= lim (x? -1)-(x? -1) logx 
(x? -1) 


E form 
0 


(x-1){x? + x +1-(x +1) log x} 
zs (x-1)(x +1) 
[- x3 -1=(x-1)(x?+x+1),| 
| x* -1=(x-1)(x #1) | 
x? +x+1-(x +1) log x 
(x +1) 


= li 


= lim 
x71 


_V+14+1-(14+1)log1_ 3 
2 


as log 1=0 
1+1 e 


(b) Rationalisation Method 


Rationalisation is followed when we have fractional 
: 1, : ‘ 
powers (like ar etc.) on expressions in numerator or 


denominator or in both. After rationalisation the terms are 
factorised which on cancellation gives the result. 
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Jjxthoawx 
0 h 


Example 4 Evaluate lim 
h-> 


/ h- 
Sol. Method I We have, lim yx th=Vx 
A 


30 h 


Hea \xth-vx yxtht+vx 


E form | 
0 


h>0 h Jxthtvx 
: (x +h)-(x) _ = h 
hooh({xth+ Vx) kooh(/x+htvVx) 


1 1 
= lim = 
hoo Jx+h+ Vx ax 
Method II (L’Hospital’s rule) We have, 


L= lim jx +h -Vx E form 
h->0 h 0 


“. Applying L’Hospital’s rule, 


[differentiating numerator and denominator w.r.t. h] 


1 
 Odx 


Example 5 Evaluate lim ee ee 


xX 2a x? ~4q? 
Sol. We have, lim x= 2a + vx v2a 2 form 
x—2a | 2 ~4q? 0 
peg ee 
= lim Vx +2a 
x>2a WV x—2avVxt+2a 
: ut vx—2a 
= lim + 
xo2alx+2a Vx +2a(Vx + V2a) 
wee eee 
Vv4a_ 2Va 
(c) Based on Standard Formula 
lim ~~" =na"~ 1 where nis a rational number. 
xa x-@ 
Proof Let f(x)=2 4 
x-a 


=] -2, 2 7-3 “A 
=x tax" +aex" > +44" 


* lim f(x)= lim (x""* +ax"-? +a?x""7 +..4a"71) 
xX >a Sa 


1 2 2 -3 -1 
=a" *+a-a" “t+a°-a" ?>+..4a" 

nterms 
_,n-l n-1 n-1 1 


+a” " +...upton terms = n-a"” 
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Se 
Example 6 Evaluate lim 
x72 x-2 
3 3 
Sol. We have, lim cal Fe form 
x72 x-2 0 
=3(2)°71 lim ~—* =n ot 
xa x-@ 
= 3(2)? =12 


yey? 4.4 =p 


Example 7 Evaluate lim 
xl x-1 


2 3 n 
XE EXP HE x" AT 
Sol. We have, lim 


x71 


x-1 


ie (x —1)4+(x? -17) +(x? —1°)4...4(x" -1") 


x21 (x -1) 
x-1 x? 7? x? a hg x” — 1" 
= lim + +... 
x>1}x-1 x=1 x=1 x-1 


=14+2(1)°'43(1)% 1 4...4n(1)" 71 


=14+24+3+..4+n 


_ n(n+1) 
2 
y; 
Example 8 The value of lim ——-— as 
x>1 x- = y? —] 
yo 
(x, ¥Y) > (1, 0) along the line y = x - lis 
(a) 1 
(b) -1 
(c) O 
(d) Doesn't exist 
Sol. As, y > x-lorx>y+t1 
3 
fg 
y>0(y+1)P—-y?-1 
Using L, Hospital’s rule, 
2 
lim ay = lim ey 
y303(y+1)?-2y y706(yt+1)-2 
0 
= =0 
6 


Hence, (c) is the correct answer. 


(ii) Algebraic Function of oo Type 
(a) = Form 


First we should know the limiting values of a* (a >0) as 
x — ce, See the graphs of this function. 


f (x) = a& when 0<a<1 f (x) = a& when a = 1 
q 
a) co O - 
Figure 5.7 Figure 5.8 
f(x) = awhena > 1 
¥ 
O - 
Figure 5.9 


Now, see the graph for a*, when a > 1. This graph appears 
to touch X-axis in the negative side of X-axis and 
thereafter it increases rapidly. This is why because 


lim a* +0, again you will also find the result, 
x—— 00 


lim a* 40 


es Bs 
co, ifa>1 
Thus, we have lim a* =31, if a=1 
“we lo, if 0<aK<1 


This type of problems are solved by taking the highest 
power of the terms tending to infinity as common from 
numerator and denominator. That is after they are 
cancelled and the rest output is the result (or apply 
L’Hospital’s rule). 
2 
x° +5 
Example 9 Evaluate lim ————_ . 
X00 X° +4X+ 3 


2 
Sol. Let ee 


L= lim — 
xe x" +4x+3 


Dividing numerator and denominator by x’, we get 


1+ 2 
2 1+0 
L= lim re = =1 
ame dee (aca 1+0+0 
2 
x x 


K . = 
[because — — 0, when x — ©, where K is any constant] 
x 


x7 45 


Aliter We have, L = lim ; as form 
xox” + 4x +3 Ls J 
. > : ey : 2x co 7] 
Applying L’Hospital’s rule, L = lim form 
xe 2x+ 4 oo 


Again, applying L’Hospital’s rule, L = lim o 4 


x 0D 


| ] 
Example 10 Evaluate lim eee ee 
n—vee (n+ 2)!-(n+1)! 


(n + 2)(n +1)!+(n+1)! 


Sol. We have, lim 
noe (n+2)(n+1)!-(n+1)! 
! 
2 (n+1)![n+2+1]_ lim (n + 3) 
noo (n+1)![n+2-1] n>~(n+1) 


1 
——>0, asn>oo 


n>e214+1Mm 1+0 n 


Ea 
| 
| 


14+3Mm 1+0 
= lim ia = 1 E 


(b) co — co Form 
Such problems are simplified (generally rationalised) first, 


thereafter they generally acquire * | form. 


x7 +X). 


Example 11 Evaluate lim (x- 


X eo 


Sol. We have, lim (x - x’ + x) 
x oo 


=f x? +X hte +x 
x t4/x? +x 
2 


2 
= lim ciel = lim = 


> et xr tx FPP xt lx? +x 


= lim 
x 00 1 


[co — co form] 


= lim 


xX — 0° 1 
oe eee 
x 
= lim =! Fase] 
x 00 1 Ke 
i+ ee 
x 


Example 12 Evaluate lim Gxt axe ape #1). 


x= 99 


Sol. We have, lim (/x? +x+1 - |x? +1) 
x 00 


[co — co form] 


(x? $944 4107 +1) (x? +x414 4x? +1) 
“Ce + x14 x? +1) 


= lim 
xX 00 1 


(x? +x 41)-(x? +1) 
= lim 
Boe 4 gp 14 le? 1 


x 
= lim 


xe fy? + x41 4x? +1 


‘ 1 1 1 
= lim = = 


Xo 1 1 1 
1+—+—+,/1+— 

2 2 

x x x 


1 


pv tose | 
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An Important Result 


If m,n are positive integers and a,b) #0 and non-zero real 
numbers, then 


fits ax” + ax” 4 4 an Xk + am 
> box + Bx + + by aX + bp 
0,m<n 
a 
A > mean 
=1b 


co, m>n_ when aby > 0 
m>n when aby <0 
2 


+b 
Example 13 Evaluate lim ot? when a>0. 


X30 X+] 
ax? +b 
Sol. Here, ifa#0; lim 
x70 x4+1 


[as degree of numerator > degree of denominator] 


2 
+b 
=lim = co [asa> 0] 
xe x+1 
a Ox tb, b 
Again, ifa=0; lim . = =0 
x70 x+1 xe x +1 


[as degree of numerator < degree of denominator] 
km ax’ +b -|\" a>0 
x20 x+1 0, a=0 
2 


X—o00ol X+ 


Example 14 Jf lim “ox - 6}. 0, find the 
values of a and b. 


x70) x+1 


2 
Sol. Given, lim 2 “1 ax-) 


x? +1-ax*? -ax-bx-b 


=> lim =0 
x—> 00 xt1 
2 _ —_ _ 
= ta (1-a)-x(a+b)+(1-b) © 
x —> 00 x 1 


Since, the limit of above expression is zero. 


*. Degree of numerator < Degree of denominator. 

So, numerator must be a constant, i.e. a zero degree 
polynomial. 
: 1-a=0 and a+b=0 


a=1 and b=-1 
x 1 
Example 15 If lim 
. fn [ 


values of a and b. 


Hence, 


- ob =2, find the 


x7 41 
Sol. We have, lim -os-6| 
xv2e0l x+1 


x* (1-a)- x(at+b)+(1-b)_ 
(x +1) 


= lim 
x oo 
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Since, limit of above expression is a finite non-zero number. 


Degree of numerator = Degree of denominator 
=> 1-a=0 > a=1 


Putting a = 1 in above limit, we get 
_  —x (1+b) +(1+5) 
lim =2 


xX oo x+1 
=> -(1+b)=2 > b=-3 


Hence, a=1 and b=-3. 


. x? +1 : 
Example 16 If lim - ax -b |=, find a and 


x— col X+1 
b. 
x41 
Sol. Given, in -ts-b] = 
x>e\l x4+1 
2 
= lim ~ (l-a)-x(a+b)+(1-b)_ | 
x0 xt+1 


The limit of above expression is infinity. 
Degree of numerator > Degree of denominator 
> l1-a>0>aFl 


Hence, a<1 and b can assume any real value. 


Example 17 Let S, =1+2+3+---+n 


where ne N(n= 2). Find lim P,. 
nN—oco 


Exercise for Session 1 


n(n + 1) 

2 
_ n(n +1) pam tn-2_(n+2)(n-1) 
2 2 2 


Sol. As, a 


234 n 3°45 nt+1 
=> P, =|-----... ae ely 
tee GH a 


lim P, = lim an =3 
n— oo no>ont+2 
Example 18 If lim = 1, x lies in the 
/ 1 yn 
ne (sin x) +1 
interval 
(a) (— sin 1, sin 1) (b) (— 1,1) 
(c) (0, 1) (d) (— 1,0) 
Sol. Here, lim — 1 is possible only, if 
ne (sin | x)" +1 
-1<sin'x<1 
> x €(— sin 1, sin 1) 


Hence, (a) is the correct answer. 


1. Iff(a)=2,f’(a)=1.9(a)=-1.9’(a)=—2, then lim 2X) fa)= gla) hx) 5, 


(a) -5 (b) 3 
x cos x —log(1+ x) ie 


2. The value of lim 3 


x70 xX 


(a) 1 


2 
x 
. @ -—COSX., 
3. The value of lim ~~~ is 


x70 xX 


(a) 5 3 


_ cosx-—cosa. 
4. The value of lim ~~~" * is 
xa cot x -—cota 


(a) -sin? a (b) cos? a 


x >a x -a 
(c) -3 (d) 5 
(c) 3 (d) None of these 
1 ff 
(ys G2, 
(c) sin? a (d) cota 


The value of lim & —cot x] is 


x70 x2 
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(b) 1 
(d) None of these 


The value of lim (Ja2x? + ax +1-Ja?x? + 1),(a>0)is 
X > 0° 


1 
as 


(c) Doesn't exist 


P4239 4+334...4n°, 


. The value of lim 5 7 is 
no (n* + 1) 
Ai 
a) — 
Gh 
1 
c) ——. 
(c) a0 


The value of lim 


1-N+2-(n-1)+3-(n-2)+... 


4 
(b) "9 


(d) None of these 


ne 427 4...4n7 


n 


— at+p" 
The value of lim : 
n> g?—p" 


(where a >b > 1)is 
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Trigonometric Limits 


Trigonometric Limits Example 21 Evaluate lim 2~ sin (2*). 


X oo 
To evaluate trigonometric limits the following results are 
; : ae. x 
given below Sol. Since, 2-* =—. We know that, as x > ©, 2* — 09 
Pig 
7... SiINX si “ye, Lan x 
(i) lim =1, (ii) lim =1 “. The given limit = 0 x 
x70 x x0 x 
; , [A finite number between -1 and +1] =0 
sin x tan x spy 
iii) lim =1 iv) lim ——— =1 _ sin (2°) _ 
( ) Bm. , (iv) eer = Hence, en. 2") =0 
- 0 
lim @* = Wi) ii =1 faite x 
ym 0 ese Example 22 Evaluate lim e* sin(d /e”). 
ita a4 ea i bol Witiesaot 
xa y= g xa x-a : 
. d _ finite 
But, angle of sine = — = =0 
1- cos x e °° 
Example 19 Evaluate lim —— si eid dea 
x30 x? “. The given limit = lim ee) lim =” oe xd 
ee x72 1/e* 4 4, de* 
Sol. We have, lim e* 
x70 x? =1xd=d 
a2 +2 
ies 2sin” x/2 _ lia 2 sin® x/2 0 form | X—sin x 
x30) x? x304 2/4 0 | Example 23 Evaluate lim a 
. x—eo Vi X+ COS” X 
1/ si 2 1 
= lim sinx/2\ _ (1)? = 
x702 x/2 2 ff’. - ta 
1 (1 Sol. We have, lim — = lim 
. —cCcos{!i— COS xX x>e\Vx+cos'x *7° 
Example 20 Solve lim = \ 
x0 sin’ X 
2 eX sin x 
i cos| sn so i= 1-0 
Sol. lim 1—cos(1—cosx) _ lim 2) /sin” x = tien a = = 
x0 sin’ x x30 x4 x4 oli x 1+0 
x 
- 2X 
fi cos{2sin | : 4 
= lim 21 /him (=) sin? x- sin? y 
x0 x' x>0\ x Example 24 Evaluate lim ——_~—.— 
xy xX" - y 
2sin” | sin” — 2 _ 2 , ‘ 
sae ( =) : Sol. lim = Y= jim 22 (x+y) sin (x-y) 
ca x! x>y x°-y xy (x+y) (x-y) 
he - 2 = kim sin(x+y) J lim sin(x-y) _ sin(2y) | 
sin} sin“ — | gin? = x>y (xty) xy (x-y) ay 
= lim 2 . 2 
pee sin? = x2 [asx > y =(x-y)—70, but x + y > 2y] 
aery _ sin 2y 
i i 2y 
— o> 


Example 25 
lim [(x+ 5) tan7'(x + 5)—(x+1) tan '(x + 1)]is equal to 


(a) 7 


T 
(c) 2 


(b) 21 
(d) None of these 


Sol. Here, lim ((x +5) tan” (x +5)—(x + 1) tan (x +1)) 
x oo 


= lim (x +5) { — cot (x + 5) —(x+1) 


x oo 
T 2 
{5 — cot (x + »| 
2 


Hence, (b) is the correct answer. 


‘ 2 
sin (71 cos? x 
Example 26 Evaluate lim SUA a 


x0 x? 
[IIT JEE 2001] 
P 3 : +2 
. sin(m cos" x . sin {m (1-sin* x 
Sol. lim ( i lim {nt ( Jt 
x70 x? x30 x? 
_ sin (w-msin? x) 
= lim 
x30 x? 
_ sin (msin’ x) : sin(msin? x) m_ sin? x 
= lim . = lim ; ee 
x0 x x0 TM sin” x 1 x 
: 9 pee 
. sin (msin“ x) . sin’ x 
= lim x mx lim —— 
x30 ™sin“ x x>0 x 
=1xX1x1=7 


Example 27 Let a= min{x* +2x+3,xeR}and 


1- cos 


. ] i 
b= lim . The value of & a’ -b”"~' is 
r=0 


0-0 692 
Sol. Here, a= min {x? + 2x +3, x€ R} 
ie. x? 4+2x4+3=x7 +2x4+14+2 


=(x+1) +2 
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*, ais minimum, when x =-1l,iie. a=2 
an 12 od 
Ain, Fs tim 2sin° 0/2 _ lim 2 sin" 0/2 
930 9? 6304 07/4 
_ 2 sin?0/2 1 
= lim —. = 


6304 (9/2? 2 


. r nat . rr 1)” 
Hence, Sa ber = 2 () 


r=0 r=0 
1 
=> — {22 +2? +24 4.42" 
2 
1 1(4"*+-1) qrtiig 
= _ 
of 4-1 2” x3 


[ie. sum of (n + 1) terms of GP] 


n qantl_y 
ya n-r 

oer Te 
r=0 


Example 28 Evaluate 


‘ Xx Xx Xx Xx 
lim cos COS Cos axa COS: || 4 
ines cos [ Joos) =m 
Sol. Here, lim cos (=) cos{ =) ~cos( =] cos( =] cos(*] 
n—peo ts one 8 4 2 


sin2” A 
2” sin A 


Thus, lim cos( a ) cos( a3 ~cos{ *) cos(* cos(*] 
on onl 8 4 2 


We know, cos A cos2A cos2”A...cos2” 1A = 


n—eo 


me on sn( = = 
a 


>0 and lim ——=1 
60 sin® 


Exercise for Session 2 


1. If lim (x? sin3x + ax? + b) exists and is equal to zero, then 
x7 


9 9 
a)a=-3,b=— b) a=3,b=— 
(a) - (b) - 
(c)a=-3,b= 3 (d) None of these 
2. The value of lim *S272SINX i. 
x>a X-a 
(a) asina-—cosa (b) sina-—acosa 
(c) cosa+asina (d) sina+acosa 
2 =1 
3. The value of lim wee is 
xXOT (m —x) 
1 1 
a) — b) — 
(a) F (b) 
(c) 2 (d) Doesn't exist 
4. The value of lim (V2 —cos ee ig 
0 1/4 (40-1) 
1 1 
a b) — 
@) 16/2 "2 16 
oe (a) 1. 
8/2 2/2 
5. The value of lim (osx *sin x)? = 22 is 
x > 1/4 1-—sin 2x 


V3 3 
Ge (b) - 

1 1 
> 2 


Session 3 
Logarithmic Limits, Expone 


Logarithmic Limits 


In this section, we will deal with the problems based on 
expansion of logarithmic series, which is given below 
2 3 
x" x 
log (1+ x) =x -—+——H.., 0c 
: 2 3 


where, -1< x <1and it should be noted that the expansion 


is true only if the base is e. To evaluate the logarithmic 
log(1+x) _ ; 


x 


limit, we use lim 
x0 


log {1+ (x-a)} 


Example 29 Evaluate lim 


xa (x- a) 
log {1+(x —a)} 
(xa) 
Let x -a=y, when x >a; y—>0 
log {1+ y}_ 
y 


logio (1+ h) 


Sol. We have, lim 


xa 


“. The given limit = lim 1 


yo 


Example 30 Evaluate lim 


h>0 
logy) (1 +h) _ as 
h 


fim LOB (1+ A) 
h>0 h 


log, (1 + h) X logy) e 
h 


Sol. We have, lim 
hoo ho 


X logy e 


lim log(1+ x) _ 


x0 


= loge X 1= logy e 


E 


log (5+ x)- log (5- x) 


x 


Example 31 Evaluate lim 


x>0 x 


iar) ia | 


x 


log 5+ log{14 =) log 5 log[1 =) 


Sol. We have, lim 


x70 


= lim 
x70 Ba 
6 x 
l 1+ — l 1-— 
08 4 05 =) 1 1 2 
= lim =—-+-= 
ba 5- & 5 


x) 2 
5 


5 


wea) 


ntial Limits 


log. (1+ 2h)- 2 log, (1+ h) 
h? 


im 
—>0 


Example 32 Evaluate ! 


[IIT JEE 1999] 
log, (1 + 2h) -2 log,(1 + A) 


Sol. We have, lim 
h->0 


nh? 
2 3 2 3 
on 20 HPL, Hw) 

=li 

hee h? 
= ij -h? + 2h? -... 

0 h? 

_ A’ {-14+2h-...} 

= 

ee h? 


= lim {-1+2h-..}=-1 
h->0 


(1-1. (1+2)} 


Example 33 Solve lim 


X 00 
1; * 2 1 
Sol. Here, put x =—in in| x— ‘oe{1+2)| 
y X00 x 
=e 1 a ACT, 
yo y y 
= lim y — log(1+ y) 
yo y? 
vy 7 
+ he eve 
| : - ( 2 3 4 | 
1 = lim , 
y0 y 
Hee to 
: 2.3 
= lim 
yoo y? 
= tim | yaad 
yro0|2 3 2 
Remark 
lf we solve above question as 
lien 1 log(+y)} _ lien 1_log(i+y) 1 
yoo y y? yoo y y y 
[as lim CoH 1] 
yoo y 


| )- 0, then it is not correct. 
y, 
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Exponential Limits 


There are two types of exponential limits discussed below 


(i) Based on Series Expansion 
. Bs 
e =1+x+—+—+...% 
2! 3) 
To evaluate the exponential limit, we use the following 
results. 


* 4 *_1 
a, | (b) lim 4 
x70 


(a) lim 


=log.a 
x0 x 


a* - b* 
Example 34 Evaluate lim 
x0 Xx 


Sol. We have, lim a -o lim (a =T=(e =) 


x70 x x70 x 


= lim * = lim ee log (a/b) 


x0 x70 Xx 


x 


(ab)* - a* -b* +1 


Example 35 Evaluate lim 


x70 x? 
Sol. We have, lim ee! lim % Bl Se she 
x70 x2 x70 x2 
= lim 2 (b =v -1) 
x70 < 
=H). lim ios ax log b 
x0 x x0 x 
E lim 4 = =o 
x0 x 
tanx _ Xx 


Example 36 Evaluate lim ————. 
x0 tanx-x 


etn x e* e* xe 
Sol. We have, lim = lim 


x30 tanx-x x70 (tanx-x) 
e* fetan x—x _ 4h 


i 
x>0 (tan x-x) 


t: ra 
(tan x x) _ 9X 


= e’x 1[asx >0,tanx-x > 0] 


=i <1 
_ aeX-b 
Example 37 Evaluate lim ——— =2. Find aandb. 
x0 Xx 
x x? 
fre dees | 
Sol. Given, lim esl Eo lim =2 
x2 x x30 x 


Since, 


Example 38 Solve lim 
x>02x 


limit is finite, so (a- b) =0 = b=a 
ax” 
xa + —— 4... 00 
; 2! 
lim =2 
x30 x 
. ax 
lim a+ +..00=2 => a=2 
x20 2! 


Sol. Let L = lim 


b=2 


asin x —bx+cx?+x? 


F 2 3 
asin x — bx + cx" +x 


x02x* log (1+ x)—2x? +x! 


, if it 


: log (1+ K)—2x? +x" 
exists and is finite, also find a,b and c. 


3 5 
x x 
f= Ete ter 
3! 5! 
= lim ; : r 
x0 
2x7] x ad Pies ¥ +...]-2x3 + x4 
2 3 4 
a a 
a—b)x+cex" +|1-— |x" +—x" +... 
( b) 2 1 3 5 
= fat 3! 5! 
a ee 
3 2 


For finite limit, a— b =0,c = 0,1 “ = 0,ie.a=b=6,c =0] 
3! 


So, 


“ + higher powers of x 


L= lim 
x0 2 1 
—--x t+: 
3 2 
a3 _a_6_ 3 
5! 2 80 80 40 


: 2 3 
asin x —bx +cx° +x 


a8 


Where, 


a=6=b,c=0 


im 
x0 2x" log(1+x)-2x* +x 40 


[a=6] 


Example 39 Find the values of a, b andc such that 


Sol. We have, lim 


im 


axe* - blog (1+ x)+ cxe™ 


x 


x0 


x? sin x 


axe* — blog (1+ x)+cxe™ 


x 


x0 


D5 
x sin 


Using the expansion, we have 


2 2 3 
x x x 
+... |-b] x + - 
2! ) 2 3 ) 


x 


Now, above limit would exist, if least power in numerator is 
greater than or equal to least power in denominator, i.e. 
Coefficient of x and x? must be zero and coefficient of x? 
should be 2. 


b b 
eo. (= hoes 
23 2 


On solving, we get a= 3,b=12,c = 9. 


ie. a-b+c=0,at 


(ii) Evaluation of Exponential Limits 
of the Form 1” 


To evaluate the exponential limits of the form 1~, we use 
the following results. 
If lim f(x)= lim g(x) =0, 
x—-a x—-a 
in £2) 
then lim {1+ f(x)}18@ = e*7*8 
xa 


or when lim f(x)=1 and 


x—-a 


Then, lim {f(x)}® = lim [1+ f(x) - 18 


lim g(x) =00 
xa 


lim (f(x)-1) g(x) 
e— ert 


Particular Cases 


Gime se Gi) in [++4) _ 


x0 X— oo 
(iii) lim (1+ Ax)!” =e" (iv) lim [+4] =e" 
x70 X— oo x 


2)" 
Example 40 Evaluate lim [+ =| 
X—0o xX 


x 2 
Sol. We have, lim [1+2) =e Se" {1° form] 


x0 x 


Example 41 Evaluate lim (log; 3x)8*>. 


x>1 


Sol. We have, lim (log; 3x) 89 = lim (log; 3 + log; x)" 
x1 x—1 


1/ log , x [ 1 | 


= iim (1+ log; x) lia log, a= inet | 


lim log, x x 
= er? log; x 


1 
=€ 
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tan — 
. ad 2 
Example 42 Evaluate |im (2-2) 5 
xa x 
cars 
Sol. We have, lim (2-2) 
xa x 
a tan © lim (:-4] tan — 
= lim {+(1-2}| a 2 [1° form] 
xa x 
lim a8 tan lim f(x) 
_in | x 2a _ px 7a ...(i) 


Let x-a=h, we get 


lim h -tan (a+h) lim a n 
gr ath 2a = gir ath 


: [ “| : -h nm 1 
lim — cot} — lim 4 
_ ero ath 2a)) _ eo (a+h)tan (1th/2a) 2a 1/2a 


. —2a tth/ 2a -2a 
aA h) tan (th/2 2h x 
= eh m(a+h) tan (wh/ 2a) _ e™@) =e 


as lim =1 
x—>0tanx 


Example 43 Evaluate lim 


xX+4 
xX+6 
x>o0l X+] 
+6 x+4 
lim (= 
x0 \ x +1 


x+6 


Sol. We have, 


As x—> oe, lim 


=land(x+4)74 0 
x>ex4+1 


[1° form] 


x30 : . x+4 
=e” *tlog> MY =e | as x 4 0: lim =1 
xve0 x +] 


1 
Example 44 Evaluate lim (1+ tan? Jx)2*. 
x>0 
oe lim tan? Vx 
Sol. We have, lim a + tan? Vx )2* =e”? 2% 


x0 


Example 45 Evaluate \im {ta [Fs “}h 


x0 
[HIT JEE 1993] 


1 
1 Tt 
= tan—+ tan x 
; TT x : 4 
Sol. We have, lim {ts ( + =} = lim 
4 


>0 x70 Tl 
i 1-tan— tan x 
4 
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tan x a 


Example 46 Evaluate lim 


x0 


1 5 2 1x? 

+ 

Sol. We have, lim as 
x>0\143x? 


[IIT JEE 1996] 


2 ix 
: 2x 
= lim [ 
x0 143x? 


x 
x-3 
Example 47 Evaluate lim esi . [IIT JEE 
X00 2 


X+ 
2000] 
Sol. We have, lim (=) = lim [us 2 
x>e\x+2 xX —> 00 xt+2 
lim 2 
im | — x eae 2 
= tin (3) =p aos =e? 
Example 48 The value of 
: F 1 OR 
lim 4 sin? ; is equal to 
x0 — ax 
(a) eo a/b (b) er (c) q2a/b (d) eta/b 
2 — bx 
Sol. Here, lim sn? y }| 
x0 2- ax 
2 T 
sec (= 
= lim {i cos | ws I [1° form] 
x30 2-—ax 


[using L’Hospital’s rule] 


_( 2n 
sin 
: fe a (2—bx)? 
— lm =: 


2 — by y3 
* sn 2n ) b (2-ax) tim 4.2 bx) a 


2—-bx x70b (2—ax)? b 


=€ 


Hence, (a) is the correct answer. 


Example 49 The value of 
lim (2x? -9x+8)°'X—7) is equal to 


x 37/2 
(a) eo/2 (b) e/2 
(c) e!/2 (d) e3/2 
Sol. Here, lim (2x? — 9x +8) @*~7) [1° form] 
x= 7/2 
= lim {1+(2x? —9x +7)}ot @x%-7) 
x—>7/2 
lim (2x° — 9x +7)- cot (2x — 7) 
= errr 
lim Se 
47/2 02 _ 4). 
ay sec” (2x — 7) 2 a pee 


Hence, (a) is the correct answer. 
1 


Example 50 The value of lim [tan (Es log x)" ‘ 


is equal to 


(a) e (b) e7' 
(c) e? (d) oo 
‘ on x eo 
Sol. Here, lim tan{ rai log x [1~ form] 
x71 
: : 2 tan (log x) 1 
=e Task 2 tan (log x) )log x om {1— tan (log x)} log x 
x1 1 — tan (log x) 
2lim tan (log x) : 1 
=p Ft log x 1~ tan (log x) _ 52°) — 52 


[asx > 1, logx > 0] 


Hence, (c) is the correct answer. 
2m 


: ; 3 
Example 51 The value of lim [sin ~ +cos =| ‘ 
x30 m m 


is equal to 


(a) e (b) 1 (c) e! (d) e? 
2m 
Sol. Here, lim (sin FR bas =x) 7 
x70 m m 


{1° form] 


; em 
= im, 1+ (sin = + cos ® —}} 
x70 m m 


.. 2m{.. x 3x , 
lim —| sin — + cos — - 1 
x70 x m m 
1 (2 3. 3x 
2m| — cos| — | — — sin — 

: m m m m 1 
lim 2m| — 

m) _ .2 


x30 


=e = 


Hence, (d) is the correct answer. 


Example 52 The value of lim 


n—-eo 


a 


[ese 


(a>0,b >0) is equal to 


(a) Vb 


Sol. Here, lim 


n—-co 


Exercise for Session 3 


1. 


10. 


(b) 8/a 
[a-s¥e) 1) 
| lim 1+ 


(c) vb (d) Va 


a noo a 


x X COS X 


dog, b 


=e4 
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—1 
b" log {= 
1 An?) 


-1/n? 


— ele Bee pve 


Hence, (a) is the correct answer. 


The value of lim 2 —~© ig 
x30 x+sinx 
(a) 0 (b) 1 (c) -1 (d) None of these 
Ya 
The value of lim is 
x>y xX —y¥ 
a= 100K b) =e gy oe = bey (d) None of these 
1+ log x 1+ logy log x + log y 
Xn ® 
The value of lim on is 
x70 r* -§ 
1- log p b log p — logq Cc log p-logq (d) None of these 
1+ log p logr — logs logr - logs 
The value of lim (x +2) tan-'(x + 2)-(x tan"! x)is 
x0 
(a) : (b) Doesn't exist (c) Z (d) None of these 


XK. fet x 
The value of lim csc Me ies , O (0, =| is 
x34 x -4 2 


(b) (cos* «) log (cos «) — (sin «)* log (sin «) 
(d) None of these 


(a) log (cos «) + (sin a) log (sin «) 


(c) (cos* «) log (cos «) 


The value of lim 


[ft tat) _ 


x70 n 
(a) (n!j7/" (b) n! (c) a™ (d) Doesn't exist 
If lim (1+ ax + bx?)*/* =e the values of a and b are 
x3 
(a) a=5.b ER (0) a= Jb ER (c)aeR,beER (d) None of these 
If « and B are roots of ax* + bx + c =0, the value of lim (1+ ax? + bx +c)*/*~“ is 
xa 
28 (a-B) 
(a) e2%o-B) (b) eX %-8) (c) e3 (d) None of these 


The value of lim ((15)" + [(1+ 0.0001)'°°°7”)"", where [] denotes the greatest integer function, is 
n— ce 


(a) 1 (b) B 


The value of lim | x[°°s*] where[-] denotes the greatest integer function, is 
x7 


(c) Doesn't exist (d) 2 


(a) 0 (b) Doesn't exist (c) 1 (d) None of these 
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Miscellaneous Forms 


Miscellaneous Forms 


(i) 0° Form 

When lim f(x) #1 but f(x) is positive in the 
x—-a@ 

neighbourhood of x =a. 


(x) 
In this case, we write {f(x)}&* = else lf} 


lim g (x) log. f(x) 
=> lim [f(x)]}e = era 


x—-a 


Example 53 Evaluate lim |x|*"*. 


x0 
loge|x| 
Sol. lim |x|%"* = lim e%™*8el*l = gx coseex — [¢? form] 
x70 x70 
lim 1/x 
Big 7h eases 2 care [by L’ Hospital’s rule] 
lim _ sin? x lim — sn). cal 
= er? xcosx — ao | x (4) 
= eM" 0) = 9 = 4 
Example 54 Evaluate lim (mn)*/". 
N00 
Sol. Let A= lim (nn) [oo° form] 
noo 
log A = lim 2 log (nt) [= form | 
n—-oo n co 
si eee 
= lim —22_ [by L’Hospital’s rule] 
n—oo 1 
2 
= lm —=0 
noo pf 
log, A=0 => A=1 
n/n 
: e 
Example 55 Evaluate lim (=| , 
nol TT 
A In 
Sol. Let A= lim =) [co” form] 
nol 7 


noon TT 


log A= lim i log [<) 


noo n 


= iw" log e - log t E form 


= lim pees [by L’Hospital’s rule] 
noo 1 
log A=1 
. In 
=> A=e'or im (£) =e 
no>o\| JT 


Example 56 Evaluate lim (cosec x)*. 
x-0 


Sol. Let A = lim (cosec x)* [co° form] 
x0 
=> log A = lim x log (cosec x) 
x0 
= lim log (cosec x) ae 
x20 1 | co | 
x 
1 
-(- cosec x cot x) 
. cosec x 
= li 
x20 1 
x? 
jy [by L’Hospital’s rule] 
= lim =0 
x0 tanx 


log A=0 or A=1 = lim (cosec x)* =1 
x0 


(ii) 1° Form 


(+x)! -e 
Example 57 Solve lim ae leas 
x0 
Vx _ 
Sol. Let L= lim 2) z 
x0 2 a 
log (+x) | 
4 Gye: -% 
log (1+ x)! _ 
= lim © = lim 
x0 x x0 x 
M _ _ 
2 i efe a} lim log(1+ x) z 
x30 x30 x? 
where M = a ae) -1 
x 
1 
e-{eM— 4} ie 
* L= lim - lim 
M->0 M x30 2x 
=ex1x lim—_* = [asx 90 > M0] 


x02x(1+ x) 
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Exercise for Session 4 


1. Evaluate lim (sin x)”. 
x 30° 


noel 


A 1/n 
3. Evaluate lim (=) . 


= 1/ x 
4. eevee tine 
x30 tan x 


(a) e (oye 


24 


Session 5 


2. Evaluate lim (sin x). 
x > 0* 


(d) None of these 


N|O 


Left Hand and Right Hand Limits 


Left Hand and Right Hand Limits 


Let y = f(x) be a given function and x =a is the point 
under consideration. Left tendency of f(x) at x =a is 
called its left hand limit and right tendency is called its 
right hand limit. 

Left tendency (left hand limit) is denoted by f(a —-0) or 
f(a-) and right tendency (right hand limit) is denoted by 
f(a+0) or f(a+) and are written as 


f(a-0) = lim f(a-h) 
fla+0)= lim f(a+h) 


where, his a small positive number. 
Thus, for the existence of the limit of f(x) at x =a, it is 
necessary and sufficient that 


f(a-0) = f(a +0), if these are finite or f(a-0) and 
f(a+0) both should be either + c¢ or —ce, 


Example 58 Evaluate the right hand limit and left 
hand limit of the function 


|x - 4| 
,x#4 
f(x)=4 x-4 : 
0. x=4 
[=| 


Sol. Given, f(x)=4 x-4° 


Now, RHL of f(x) at x = 4 
= lim f(x)= lim f(4+h) 
x74* ho 
ig ggg, 
hoo 44+h-4 hooh 


LHL of f(x) at x =4 
sf f(x)= lim f(4—h) 


=1 


et OPS ie Pl tii ne 1 
h>04-h-4 h->0-h hoo-h 


Thus, RHL # LHL. So, lim f(x) does not exist. 
x74 


5x-4, O<x<!1 


, show that 


Example 59 If = 
P fed one lex <2 


lim f(x) exists. 
x1 


5x - 4, 
Sol. We have, f(x)= | 


0<x<l1 


dx? =3e, 1x <2 
LHL of f(x) atx =1= lim f(x)= lim f(1-h) 
x31 h>0 


= lim 5(1-h)-4= lim 1-5h=1 
h->0 h->0 
RHL of f(x) atx =1= lim f(x)= lim f(1+h) 
xo1* h>0 
= lim 4(1+h)*-3(1+h) = 4(1)° -3(1)=1 
h->0 


Thus, RHL = LHL = 1.So, lim f(x) exists and is equal to 1. 
x1 
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— does not exist. 


1x 
Example 60 Show that lim 
x00 44 


el -~| 

(x)= : 

f ime 

Then, LHL= lim f(x)= lim f(0-h) 
- h-0 


5 = vh 
ev" =4 


Sol. Let 


im ——— 
h>0 eh ay 

tie =2) 04 
= lim Te = = 
h>0(1/eh +1) OF1 


/h Wh 


[ash 30 ap ese! 30 = 1/e"" 50] ...(i) 


RHL= lim (x)= lim (0 +h) 
x730* ho 


eh _4 


4 Joh 
= tay (1-1/e"") 


lim 
hoe 44 h0(141/e") 
[dividing numerator and denominator both by e”"] 
1-0 
=——_=1 [using Eq. (i)] 
1+0 


Clearly, lim f (x)# lim f (x) 
x07 x707 


Hence, lim f(x) doesn’t exist. 
x70 
1- cos 2(x-1) 
Example 61 Evaluate lim ~—————— 
x1 (x -1) 


[IIT JEE 1998] 
Sol. We have, lim qe tse = 1) 
(x -1) 
lesa é 
“iis asin® (x-1) _ lim /2|sin (x - 1)| 
(x -1) (x-1) 
- /2|sin (x — 1)| 


x1 (x -1) 


x71 


4 /2|sin (- h)| aie V2 sin h ag 
(-h) hoo. —h 
RHL = lim V2Isin («= 0) 


x21 (x -1) 


~ jim V2Isin (A)| 


ho h 


=li 


h->0 


Again, 


liga vasinh _ 5 


h>0 h 


Clearly, lim f (x)# lim f (x) 
x21 x31 


Hence, lim f(x) doesn’t exist. 
x1 


Example 62 Solve (i) lim [sin’' x] (ii) lim [sin x] 
xo root x | 
(iii) lim a) 
x 70° x 


(where [-] denotes greatest integer function.) 
Sol. (i) Here, L = lim [sin™! x] 
x1 
Put sin'x=t 


’ T 
x=sint and t>—asx—7>1 
2 


= L= lim ta ={2]=1 


t> 1/2 


lim [sin”}x]=1 
x71 


(ii) Here, L= lim = *] 
x 30° x 
ut ee * 45 +51 asx 0% and [t]=0 
x 
=> L= lim [t]=[1-h] =0 


trl 
[asx 90+h>t->1-Ah] 


(iii) Here, L= lim = | 
x= 0- x 


=> t-1 asx>0 
L= lim [t]=[1-h]=0 
tol 
[asx > 0-h>t71-h.. 


[t]=0] 
Example 63 Solve (i) lim [tan™' x] 


(ii) lim [tan7' x] 


(where [-] denotes greatest integer function.) 
Sol. (i) Here, lim [tan7'x] 


= T™ 
Puttan’x=t >t 
Tl 
lim [t]= H =1 
t> 7/2 2 
(ii) Here, lim [tan ™' x] 
x 3-00 


Ss T 
Put tan'x=t > t>-—asx 3-0 
2 


lim [t]= -* |= [-1.57] =-2 


t>a- 71/2 


Example 64 Solve (i) lim poe 
xo, Xx | 


(ii) lim = "| 
x-0° xX 


(where [-] denotes greatest integer function.) 


Sol. (i) Here, lim = | 
x07 x 


t 
Put * =t => toitasx 0t 
x 
-. lim [t]=[1+h]=1 [asx 90+h>t71+Ahl] 
oe tan x | 
(ii) Here, lim 
x—20- xX 
t - 
Put * = t Stoitasx 0 
x 
lim [t]=[1+h]=1  [asx>0-h>t>1+A] 
toi 


Example 65 Solve 
(i) lim [sin (sin™' x)] (ii) lim [sin7'(sin x)] 
x31 x3 7/2 
(where [-] denotes greatest integer function.) 
Sol. (i) Here, lim [sin (sin ' x)] 
x71 
= lim [x] [assin (sin"'x)=x,if-1< x <1] 
xT 
= lim[1- A] [asx 931 >x=1-A] 
0 


=0 


«. lim [sin (sin7!x)]= lim [sin (sin™'x)] 
x71 x21 


and no need to check for lim [sin (sin! x)] 
x71 


(ii) iim | [sin ‘(sin x)]= ld [sin (sin x)] 


x= Pe 
= lim [x]=lim En ]=1 
Tt ho>0| 2 
> — 
Remark 


If lim [sin (sin”'x)], it means you have to calculate only left 


hand limit and not right hand limit as for x > 1, sin (sin! x) is 


not defined. 
Example 66 Solve (i) lim [cot x] 
x70 
(ii) lim {cot™! x] 
X > +00 


(where [-] denotes greatest integer function.) 
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Sol. (i) Here, lim [cot x] 
x20 


Put cot x = t, now as x 0; cot x exhibits two values 
for x 30° andx 30. ie. cot x 3 + and 

cot x + —o9, respectively. 

.. We should apply right hand and left hand limit; 


ie. lim [cot x] = lim [t]=° 
x70" Le ae 
[. cotx=t>toOt+easx 30°] 


lim [t]=-< 
t3- © 


and lim [cot x] = 
x70 


>07] 


[. cotx=t>t—>-«asx 


*, Limit doesn’t exist. 


= lim [ft] 


t>0* 


1 


(ii) Here, lim [cot™! x] 
xX +00 
[. cot” x=t>t30* as x 9 +0] 


=lim [0+ h]= lim 0=0 
h->0 h->0 


Example 67 Solve lim sin a , where [-] denotes 


x70 


greatest integer function. 


Sol. Here, lim sin I since we have greatest integer 
x30 Ba 


function, we must define function. 


Now, RHL (put x =0+ h)= lim | sin |o+hl] 
h—0 O+h 


sin h 


We know that, — 1ash — 0 but less than 1. 


. sinh 
RHL = lim 0=0 .. patito! 
h>0 h 
: ; . |O-h| 
Again, LHL (put x =0-h) = lim | sin ———|, 
. h>0 -h 
sinh 


we know 


— -1ash — 0 but greater than -1. 


ae ey 


Thus, Limit doesn’t exist, as RHL = 0 and LHL = -1. 


LHL = lim-1=-1 


h->0 


Example 68 Solve lim aa | where [ - ] denotes 


x70 | x | 


greatest integer function. 


Sol. Here, lim | lx! | (i) 
x3 of |x | 
We know that, ee >lasx—0 or sin || >lasx 30 


x |x 
from right or left, 


ee ee eee ee ed 7 


x| 
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From Eq. (i) whether we find RHL or LHL 


m | mL! | = lm0=0> tim | SL |, 
Ix! | Lie 


x70 x70 


li 


x70 


exists and is 0. 


Example 69 lim E a | wher [-] denotes 


x0} tan x 
greatest integer function is 


Exercise for Session 5 


(a) -1 (b) 4 
(c) 5 (d) None of these 
Sol. We know, when x > 0 
x -x 
=> <1> >-1 
tan x tan x 
—2x 
=> -2 
tan x 
So, im | = |--2 
x0} tan x 


Hence, (d) is the correct answer. 


1. The value of lim, {1— x + [x —1] + [1- x]} (where [-] denotes the greatest integral function) is 
x-> 


(a) -1 
(c) 1 
sin [x] 


2. The value of lim 
x70 


(a) 1 
(c) Doesn't exist 


(b) Doesn't exist 
(d) None of these 


(where [-] denotes the greatest integer function) is 


(b) sin 1 
(d) None of these 


3. The value of ia sin”! {x} (where {-} denotes fractional part of x) is 
x= 


(a) 0 


(c) Doesn't exist 


x >0| sin x tan x 


Os 


(d) None of these 


2 
4. The value of lim aes | (where [-] denotes the greatest integer function) is 


(a) 0 
(c) Doesn't exist 


(b) 1 
(d) None of these 


Session 6 


Use of Standard Theorems/Results, 
Use of Newton-Leibnitz’s Formula in Evaluating 
the Limits, Summation of Series Using Definite 


Integral as the Limit 


Use of Standard 
Theorems/Results 


Theorem 1: 
Sandwich/Squeeze Play Theorem 


General The Squeeze principle is used on limit problems 
where the usual algebraic methods, factorisation or 
algebraic manipulation etc., are not effective. However, it 
requires to “squeeze” our problem in between two other 
simpler function, whose limits can be easily computed and 
equal. Use of Squeeze principle requires accurate analysis, 
indepth algebra skills and careful use of inequalities. 


Statement If f, g andh are three functions such that 


f(x) S$ g(x) < h(x) for all x in some interval containing 
the point x =c and if 


lim f(x) = lim h(x) =L 
xc xc 


Y, : 
A(x) =1 +5 
y=9() (0, 1) 
_4_x? 
f(x) =1 ; 
x ) x 
vi 
Figure 5.10 
Then, lim g(x)=L 
xc 


From the figure, note that lim g(x) =1 
x0 


Remark 
The quantity c may be a finite number, + cor —2 Similarly, L may 
also be finite number, + cor —©, 


Theorem 2: 
Limits of Trigonometric Functions 


If x is small and is measured in radians, then 


. sinx : 
lim =1= lim 
x70 x x>0sinx 
ae 
: 2, SIN Kw x 
= lim xcosec x = lim = lim 
x0 x0 x x0 sin”! x 


Proof Consider a circle with unit radius. 


Area of AOAP < Area of sector OAP < Area of AOAT 


T _ 
Ya 
P x 
4 § 
5 | 
e 
at x 
x’ < > 
A 
vy 
Figure 5.11 
sinx x  tanx x 1 
< => 1<—< [.0<x <7/2] 
2 2 2 sinx cosx 
sin x 
=> cos x <—— <l 
ae 
Now, using Sandwich theorem, 
: . sinx 
lim cos x < lim 
x0 x>0* x 
. . sinx 
Obviously, we have lim =1 
x > 0" x 
. sin 
Put x=—y, lim as 
yoo y 
.  sinx 
Hence, lim —— = 


x->0 X 
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sin x 


Similarly, lim =1= lim = lim xcosec x 
x20 x x>0sinx x70 
. =I 
_ sin x _,. x . 
= lim = lim (i) 
x70 x x0cin | x 


Using Eq. (i), we can deduce 


.  tanx ‘ : 
lim =1= lim = lim xcotx 
x>0 Xx x—>0tanx x—>0 
-1 
2 tan x ‘ x 
= lim ——— = lim 
x30 x x>0tan! x 


Important Results 
The lim SO always approaches 1 from its left hand, 
x> ¥ 


i.e, 0.9999... 


=> lim Ea = 0, where [-] denotes step up function. 


x 
Note that lim sm) | 
x70 x 


Note that the lim 1anx aoproaches 1 from RHS. 
x70 x 
=> lim Ea = 1,where [-] denotes step up function. 
x70 x 


Example 70 Evaluate lim x’ cos a 


x70 x 
: 3 2 
Sol. Here, lim x” cos— 
x0 x 
2 2 
As, -1<cos—<15-x° < x% cos <x? for x >0 
x x 


2 
and x2<xicosi <-—x? for x <0, 


x 


; 2 : senate 
Thus, lim x? cos~ = 0,as in both the cases limit is zero. 
x70 x 


2 Fo 
x*(2+sin* x 
Example 71 Evaluate lim le 
x +100 


x—e00 


PA +2 
2+ 
Sitehen int 2 ™ 

x +100 


2 2 


2 “0 
< X (2+sin x) 3x 


Now, < < 
x + 100 x +100 x +100 


was0<sin’x <1 


2 2 a) 2 
lim ax" lim = (2+ sin* x) or 3x 
xe x + 100 x +100 


x30 ~ x30 x + 100 


2 ae 
. x°(24+sin x) _ 


> lim 
x 00 x + 100 


; 2x? . 3x? 
‘lim = lim = 00 
x20x%+100 x>~-x+100 


Example 72 Evaluate 
n n n n 


lim ae is Pat = 4 
noel n+] nm+2 nots no+n 
Sol. Let f(n) = a + a + a +..4 — 
no+1 n° +2 n°+3 no+n 


Note that f(n) has n terms which are decreasing. 


Suppose 


h(n) = _ ee eee ae 


,n terms 
no+i1 


= [obviously f(n) < h(n)] 


n n n 


_ n 
g(n) ; ti ts +..4+ 
no+n not+n hen 


3 , n terms 
no+n 


=> [obviously g(n) < f(n)] 
no +n 
Hence, lim g(n)< 
n— oo 


lim f(n)< lim A(n) 
n— oo n— oo 


Since, lim g(n) =1= lim h(n) 
n—0o n—oco 


Hence, using Sandwich theorem, lim f(n) = 1. 
noo 


Example 73 The value of the lim ai] (a #0) 
x-0d x | 


(where [- ] denotes the greatest integer function) is 
(a) a (b) b 
(9? (1-2 
ad a 


Sol. Since, 2 -l< =| < 2 
x 


x x 


: x 
Now, we have two cases depending upon the value of —. 
a 


Casel For ~>0 
a 
> tim (2-1) < tim | 2] tim 2-2 
a zn | 


x70 x xia x>0x a 


x04 


Using Squeeze play theorem, we have = lim al af 
a 
x 
Case II For — <0 


a 


> lim (+ - ié > lim Re > lim 
x2 


x70\ x a x>0| x l@ 0 


Z 
x 


x 
a 


Using Squeeze play theorem, we have 


Hence, (c) is the correct answer. 


Example 74 Evaluate 
lim [x]+ [2x]+[3x]+..4 [nx] 


n—-eo n2 m 


where [- ] denotes the greatest integer function. 


Sol. We know that, 
> 2x -1< [2x] <2x 
> 3x -1< [Bx] <3x 


x-1<[x]<x 


> nx -1<[nx]< nx 


“(xe +2x 43x 4+...+nx)-n <[x]+ [2x] +... + [nx] 
<(x+2x4+...4+ nx) 


= ant) 9 Spg]c Zee 
2 a 
Thus, lim [x] + [2x]+...+ [nx] 
n—-oo n 
=> lim (142) 2< lim [x]+[2x]+...+ [nx] 
omc. n no nvoe n2 
< lim *{1+2) 
nro 2 n 
> X tim 21+ 2x] +..+ [nx]. x 
2 ne ne 9 


lim [x]+[2x]+..+[nx]_ x 
n-co n2 2 


Aliter We know that, [x]= x -{x} 


Vir =[x]+ [2x]+...4+ [nx] 


=x -—{x}+ 2x -{2x}+...+nx-{nx} 


=(x + 2x +3x +...4 nx) —({x}+{2x }+...4+{nx }) 


SOD) iit dling ) 


‘ ~ Ylm}=2 [1+ | {x} {2x} +t {ax} 


2 


No yp=1 n n 
Since, O<{rx}<1 
n 
O< Sirxet<n 


> lim = 0) 
n>o 
YS [rx] , Sie} 
lim '=* = lim “(14 lim "OS; 
nao noo nj) n>22 yn 
bse 
=> lim 721 = 
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Use of Newton-Leibnitz's Formula 
in Evaluating the Limits 


Let us consider the definite integral, 
y (x) 


I(x) =| f (t)dt 


(x) 


Newton-Leibnitz’s formula states that, 


d = X)r: a Xe. = xX a X 
4 tC} = F two) ew , Fro ne 0( 1 


Example 75 Evaluate 


_ (tere, 1, 1 
Sol We have, it (Sf, e a-a+5) 


x x 3x 
a dt -3x+x? 0 
; 0 
= lim form 
x30 3x° 0 
d : 
3—[e dt-3+3x° 
= lim —4& [by L’Hospital’s rule] 
x30 15x? 


Applying Newton-Leibnitz’s formula, 


ae “et dt=e* - a (x)-e° (0)=e" 
dx ° 0 dx dx 
d px 2 2 ; 
_ 3 Je ee ae 
. lim = lim 
x0 15x* x0 15x4 
[9 ponmn | 
— form 
lor | 


= lim [again, apply L’Hospital’s rule] 

x0 60x? 

bute * =i es | a le 

= lim ae J 2 lim ie V2 lim | £ 

x30 60x? x>0 10x? = 10x 0 =x 

* | 

=— x1 =— lim | 2 —*|=1 

10 10 x0 x 


Example 76 Evaluate lim ; 
ea OR = BX 


x -f cos t” dt lr 7] 
Sol. Let L= lim ° — form 
o0 x? -6x L | 
Applying L’Hospital’s rule, we get 
1- — cos t” dt 
L= lim dx 
x30 3x? -6 
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Applying Newton-Leibnitz’s rule, 


d (x ¥) 7” 2\.4_n— 2 
ah (cos t“) dt = cos (x“)-1-0= cos(x“) 


; dx 40 _ 1-cos (x”) 
L= lim - 5 = lim . 
x30 3x° -6 x30 3(x - 2) 
_1-cosO_ 1-1 OL] 
300-2) 3(-2) --6 
2 
x 
cos t? dt 


Example 77 Evaluate lim 


x>0 XSsINXx 


[IIT JEE 1997] 


Sol. Applying Newton-Leibnitz’s rule, followed by L' Hospital’s 
rule, we get 


2,2 4 
cos (x *{2x}-0 2cos x 
lim ie) me) = lim - 
x>0 xcosx+sin x x30 sin x 
cos x + 
_ 2cos0 _ 2 =i 
cos0+1 1+1 


Summation of Series Using. 
Definite Integral as the Limit 


The expression of the form, 


1 w (x) e b 
lim — > [=f f (x) dx 
wee Bese SOs o* 


where, (i) X is replaced by I. 
(ii) "is replaced by x, 
n 


(iii) x is replaced by dx, 
n 
i) and b= lim ™ *) 


no 7 


(iv) To obtain, a= lim 
n—-oco n 


The value so obtained is the required sum of the given 


series. 
2n 


1 r 
Example 78 Evaluate lim — S$’ ———. 
n= fl 2 nei 


[IIT JEE 1997] 
2n 


Sol. Let L = lim 


dividing numerator and 


denominator both by n, we get 
2n 


1 r/n 
L= lim 
eae Da eer: 


2n 


1 2 
where, a= lim —=0 and b= lim at 
noo n noo 


2n 


2 
F= Vin r/n x 


1 
fn ome fee 
=Gj1+27), =6-1 


Example 79 Evaluate 


dx 


lim wu uw +o Ll 
noe pe $4? pn? 42? pn? +n? 
n n n 
Sol. Let S= lim + +u.+ 
am [so n? +2? =| 
1 2 
= lim is = lim : 


[dividing numerator and denominator both by n] 


? 1< 1 
= lim ; 
neon ,>,1+(r/n) 


r 1 b 
Replace —=x;—=dkx; lim = 
place = x5- Y=, 


im ane lim" =1 


noon x0 


where, 


n 
1 
we get, S= lim ; 
noon 71+ (r/n) 


eee 


044 x? 


dx =[tan™'x]} =tan71(1) - tan7'(0) = . 


y\t/n 
Example 80 The value of lim (=) is equal to 


noo\n 
! 2 1 
(a)-  — (be (c) e Gb 
. e 
nl 1/n 
Sol. Let A= lim (=) 
noolp 
“. log A= lim Hog (2 222.=9. 2.2.2) 
noon n n n nnn 
n-1 n- ) 
= lim lo 
ee e( n 
= [1-log (1 = x) dx =-1 
n=l b 
[replace ” by n and ~ by dx lim ¥ =f whee Si, 
. fe saci - n 
a= lim,b= lim" —=1] 
n— eo noo 
a log, A=-1 = Az=e™ 


Hence, (a) is the correct answer. 
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Exercise for Session 6 


1. The value of Jim - ([?x + 17] + [22x + 27]+...+[n?x +1n7]) (where [-] denotes the greatest integer 


function) is 
x 1 
a) = b) x+— 
(a) 5 (b) 
(c) ; + : (d) None of these 
D7 x 27a: x 2lei x 
2. The value of lim | lim MSDE 8 al eC x) Peeer 1 isin) | (where [-] denotes the greatest integer 
Xe] No n 
function) is 
(a) a - (b) — + (sin x)* 
1 
(c) E (d) 0 
[> lt-1at 
3. The value of lim “1 is 
xo sin(x -1) 
(a) 0 (b) 1 
(c) Doesn't exist (d) None of these 
n 1/n 
4. The value of lim }\ log (1 rs *) is 
n—> co K=1 n 
A 
(2) loa. ($) (6) loa. (4) 
(c) loge 4 (d) None of these 


na na+1 na+2 nb 


(a) log (2) (b) log (2 


(c) log (ab) (d) None of these 


5. The value of fim {1+ a ee ae =| 
n—-oo 


JEE Type Solved Examples : 


Single Option Correct Type Questions 


x sin(sin x) — sin’ x 


6 
x 


© Ex. 1 The value of lim 
x0 

1 1 

a Ss 

1 1 

ae dy 

©) 18 (¢) 24 


x sin (sin x) — sin” x 


6 
x 


Sol. (c) Here, lim 
x70 


sin” (t)-sint — ¢? 


equals 


x1 


= lim [put sin x = t] 
t>0 (sin”'t)° 
ki sin’ (t)-sint — t? t° 
Loi ; 
t>0 t° (sin t)° 
t? 9f°  5t7 eo ‘ 
t+—+—+—+...) -ft-—4+—-...b-1 
: 6 120 112 3! 5! 
= lim 
t0 t° 
1 1 9 
t°) —- + — |+ higher powers to t 
5! 6-(3!) 120 
= lim 
t0 6 
1 9 1 1 
= 4 2 


Tl 
log, cot (3 - Kx) 


» Ex. 2 If lim =1, then 
x0 tan Kx 
(a) K, =k, (b) 2K, = Ky 
(c) K, = 2K, (d) K, = 4K, 
log, ct (= - Ka 
Sol. (b) Here, lim =1 
x 30 tan Kyx 
log ct (< — Ke] —1+ | 
> lim =1 
x30 tan Kyx 
2 tan K,x ) 
log | 1 + —————_ 
: 1— tan K,x 
=> lim =1 
x30 tan Kyx 
log | 14 2tan K,x 2 tan K,x 
. 1—tanK,x}) 1- tan K,x 
> lim : = 
x0 2 tan Kix tan K»x 


1— tan K,x 


2tan K. 
2t K a * Kix 
=> lim *" 21 5 lim 1x =1 
x>0 tanKyx x30 tanK,x 
"Ka x 
Kx 
2K. 
=> 1=1 => 2K,=K, 
Ky 


Ex. 3 Let f(0)=—!— {(14+ tan0)? +(2 + tanO)? +... 
tan’? 0 


+(10 + tan®@)?} —10 tan 0. 
Then, lim f(0) is equal to 
6h 
(a) 170 


Sol. (c) Here, 
3 
— (1+ tan0) _ 


(b) 166 (c) 165 (d) None of these 


1+3tan@ + 3tan’6 + tan°0 


li 

- 2 : 2 
55% tan 8 om tan“ 0 

2 2 

[(a+b)?= a? + b° +3a7b +3ab" | 
: 3tan0 +1 ; 
= lim 3+ tan®0 + (ene). lim (3+ tan@) 
™ tan°0 1 

rs Or 


; 
as lim = =0 
pote tan* 0 
; ] 
= lim f(0)= lim [(3+ tanO) +(3(2) + tan@)+... 
Tt 


e322 85 — 
2 +(3(10)+ tan®)]—10lim_ tan0 


w 
86> — 
2 


= lim 3(1+2+3+...+10)+10- lim (tan®)-10- lim (tan0) 


gh ese: as. 
2 2 2 
3x 10x11 
= ——— = 165 


» Ex. 4 For positive integers K =1,2,3, ...,n. Let S, denotes 
the area of NOAB, (where ‘O’ is the origin) such that 


ZAOBx = ~ OA =1and OB, =K. The value of the 
n 


1 n 
lim a Y Sk is 
nN K=1 


n— oo 


= ot @w sy 
Tl Tl Tl 21 
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Sol. (a) Here, OB, =K and ZAOBg = a Let M = cos—~- cos ... COS ul 


2n 23 24 gn =i 


SK = 1 ay(K) sin (=) sing A= fab snd | 
2 2n 2 


Ya a? 3 .sin| —% Z-3.sin| 
Bx gr -i gat 
kn 1 A 
2n a 
& S, = lim 2 x [ot in a : 
A (4) net (3) 
aoe cos” | — 
O 3 
si 2 3 
Then, L= lim = sin) = lim ‘| 7 (2) x 1 
nro 2 2n noo Tl 4 (2) 
ad COs" | — 
1 um K 1 F 2 2 
= lim sin x-sin| —x |dx e 
an n>- n 2n}) 270 -{) in 
1 4 1 32 
= ~*. x-cos += ficos™ dx 
2|| 7 2 Tt “9 2 .  VX+t7—-3V2x-3 , 
| eee | Ex. 6 The value of lim is 
u 0 x92 Vx +6 —2N3x —5 
[ 1 
ant eet t V 2 ee iy oem (d) None of these 
pe a) ge 23 23 25 
Sol. (b) We have, L = lim a oa | fot | 
Ex. 5 If x32 x46 -224/3x-—5 Lo | 
5, =[1 tan‘ at tan‘ “--[ tan‘ 7) Let x-2=t,suchthatx ~2 > t—-0 
4 n 
i 2 2 Peer (t +9)? —3(2¢ +1)!” 
The value . Sno fs a Deegan 
T T V2 _ 1/2 
(a) = (b) 7 23 pe (14+t/9)"* —(2t +1) 0. em | 
2 10 ry? ie 0 | 
ep (a) = (+5) oe 
Cc) ee 
32 256 
Sol. (c) Here, [1+2-£)-(142-e@n] 
T T T = Slim a Z : 
Sn -[1 tan* ai tan* =} (3 tan* | 2 t>0 1t 1 ; 
2 2 2 1+—--|-| 1+ —-(3t) 
3 8 3 
2 7 _ 2 1 271 . 2 1 : n 
[cos 3 7 Sin alc 7 Sin | [using (1+ x)" =1+nx, as x > 0] 
2 2 2 2 
T E d 
cos” - sin’ 2 cee 18 
( ; = ee ae 34 
2 +30 t 2/{1 23 
( 4 7 4 1 4 4 —=f —-1 
cos cos” —... cos 24 24 
2 2* a 
[cos %} cos... cos x) f(x+a) flx+2a) f(x +30) 
eu - a 2 = Ex. 7 LetA(x)=| f(a) f (20) f(30) | for 
4 4 4 
[cos 3 cos ne =) f(a) f’ (20) f’ (3) 
1 some real values differential function f and constant &, 
2 . A : 
= z — ...(i) lim Beg is equal to 
Tl Tl Tl : ce x70 x 
ROS Oe gO on (a) 0 (b) 1 (c)2 (d)3 
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f(a) f(a) — f(3a) 
Sol. (a) Here, A(0)=| f(a) f(2a) f(3a) 
f(a) f(20)  f"(30) 
i Ate) [2 om 
Thus, dat ; lo fe | 
= He AO) a0 [applying L’Hospital’s rule] 
Jim af A’(0) ..(i) 
f(x+a) f(x+2a) f(x+3a) 
Given, A(x)=| f(a) f(2a) fGa) 
fa) f"(2a) ——f"(3a) 


Using definition of differentiation of determinant, 
f'(xta) f'(x+20) f'(x+3a) 
f(«) f(20) fe) 
f(a) f'(20) fa) 
f(x+a) f(x+2a) f(x+3a) 
0 0 0 
F(a) fa) f(a) 
f(x+a) f(x+2a) f(x +3a) 


f(«) f(20) f(30) 
0 0 0 


A’(x)= 


+ 


+ 


[as a is constant > Wes =0] 
dx 


fi(x+a) f'(x+20) f’(x +30) 

. A(x)=| f(a) f (20) f(3a) 
f(a) f’ (20) f’(30) 
f(a) f(2a) f’3a) 

or A’(0)=| f(a) f(2a) f(3a) |=0 
f(a) f(2a) f*(3a) 


[. .R, and R; are identical] 
A(x) 


Hence, lim ——= A’(0)=0 

x70 x 
Ex. 8 Let lim aie Saw f(a). The value of f(101) 
x71 (x = 1) 2 
equals 

(a) 5050 

(b) 5151 

(c) 4950 

(d) 101 


Sol. (a) We have, ii ee 
xl (x-1)* 
Put x =1+h, we have 


km Lt) -—al+h)+a-1 
h—-0 h? 


[40n+ Sie. -a—ah tant 


= lim 
h-0 hn? 
a(a— 1) 
*fla)= “Ss f(101) = 5050 
n+l n 
—(n+1)x" +1 
Ex. 9 lim ree , where n =100 is equal to 
x71 


(e“ —e) sin mx 


5050 100 


ees aye 5050 
Tle Tle 


ge a 
Te 


Te 
nx"(x — 1) —(x" - 1) 


Sol. (c) Let 1 = lim 
(e* —e)sin mx 


x1 


Put x =1+h,sothatasx >1,h 50 
he fim en +) — {1 +h)" - 1} 


hoo e(e" —1)sinth 


= [=—lim 
x71 


n-A(lt+"Ch+"Coh? + "Cah? +...)-(1+ "Cyh 
Ch? 4 "Cah? 4...2—1) 


ve sin 
nae =I h a anh 


n= "Cy [area 


ntn 
mle) 


n(n + 1) 
(Te) 


2T1e 


Ifn=100 => l=- (2) 
Te 


2 2 2 2 
Pee NS e eS0) +4 

Ex. 10 lim —” ay 2) 2 is 
ns P4239 +3? +...40° 


equal to 
1 2 
Be b) = 
We Lee 


Sol. (a) We have, 
— nt+2°(n—1)+3°(n—2)+...+n*{n-(n—-1)} 


n— poo yn 


1 1 
(c) 3 (d) 6 


Numerator = n (1° + 2? +...4+.n”) 
— {1-27 42-37 +3-47 +..4(n—-1)n"} 


=n=n? — = (r —1):r? 
r=2 
=n&=n* — & (r?-r’) 
r=1 


= n&n* —[En? — Xn*]=(n +1) =n? - Xn? 


ae 


2_ 5,3 
ae (n+1)=Xn° - in 


ne =n? 
_ 4(n + 1) n(n + 1)(2n + 1) 4 ia! 
n> =6n(n+1)n(n+1) 3 3 
Vn+2?(n-1)t+.477-1 
Aliter |= a Wu z - +1-1 
Po+2 3 heen 
pai (n+l) +2’ (nt1)+..+n° (n+1) 
=n 
pa (nt En* 
=n? 
=e fan vee iites ee) 4 it 
neo ge (n + 1) 3 3 
4 


cot | (x * log, x) 


Ex. 11 The value of lim 


x3 sec”! (a* log, a) 


equal to 


(a) 1 (b) 0 () 


x 00 


T 
2 


cot | [“e *) 
Ke, 


il 
vialela 
il 
a 


[using L’ Hospital’s rule] 


(d) Doesn’t exist 


(a>1) is 


Ex. 12 Suppose that a and b(b # a) are real positive 


numbers, thene the value of lim 


t-0 
to 
alnb — bina 
a 
(c) bInb —alna (d) 


1 

t+1_ t+1\; 

Sol. (d) Here, nl Oe . 
b-a 


t>0 


(b) 


b-a 


bInb-alna 


b-a 


1 


p> \b-a 
a’ 


Obviously, limit is of the form 1°. 


| 


pti_gtti_y, 


t(b— a) 


t+1\"" 
is equal 


= a 


*s) 
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jim | 2 = Y= aa! -1) bInb—alna 
0 i(b— a) ee 
=e =e 
oP 1 
é In — b \eaa 1 
wane ME AFF rye 
=e b-a =epb-4 =e a =| — 
a 
cot! (/x + min 
Ex. 13 lim ( ) is equal to 
x 0 
-1 2x +1 
sec 
x-1 
Tl 
(a) 1 (b) 0 (c) a (d) None of these 


Sol. (a) As, lim .{x +1- Vx =0= cot™! (= 
xX oo 


lim eX) Do > sec" (00) =F 
l=1 


Ex. 14 lim cos(m,/n* +n) (whenn is an integer) is 


anos 
equal to 

(a) 1 (b) - 1 (c) 0 (d) Doesn’t exist 
Sol. (c) Let l= im + cos (nt —1.4/n? +n) 


lim + cos (n(n — yn? +n)) 
noo 


(m (+ n)) 
= lim + cos | ——-——“— 
Mey, o? n+ Jn? +n 
| 
= lim + cos f 
n—oo 1 
n+nJ1+— 
\ n 
‘5 Tl 
= lim + cos = cos >0 
n—oo 1 
1+,/1+— 
n 


Aliter 


We have, ntvn? +n 


lim cos 
no 


G +)=0 
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Ex. 15 The value of lim dani U7 se 1G, where {x} 


x0 {x} {xt -1) 
denotes the fractional part function is 
(a) 1 (b) tan 1 (c) sin 1 (d) Doesn’t exist 


(tan({x}— 1)) sin {x} 


Sol. (d) Let f(x) = au 


{x} ({x} — 1) 
: ee tan(h—1)-sinh _ tan(—1) _ a 
a 
LHL = tim @2(G=h)=1)sin(1—h) _ sint _ 
Ao) (=A) == 1) 


Hence, lim f(x) doesn’t exist. 
x70 
Ex. 16 lim (—In({x}+|[x]|))! is equal to 
x>0- 


(a) 0 


Sol. (d) We have, nae = (—In ({x} + [Lx]? 


1 
(b) 1 (c) In2 (d) In F 


= lim_(—In (0~ A} + |[- AYO" 


x70 


= ‘tie (inne ay? ~~ In2= In (4) 
x07 2 


2+2x+sin2x 


Ex. 17 


lim 
x (2x + sin 2x) e*"* 
(b) 1 (c)=1 


2+2x+sin2x 


(a) 0 


Sol. (d) We have, lim 
x (2x + sin2x)e 


2 sin2x 
+ 4 


(d) Non-existent 


sin x 


1 
=1= lim — = oscillatory between — and 
x30 9. eSinx e 


1 


{> Non-existent 
e 


2 
Ex. 18 The value of lim (cosax)°° ™™ is 
x0 


ot) we 


ee = 


Sol. (c) Let 1 = lim(cos axe 
x0 


(d) | 


lim 
x—- 0 


= Il=e cosec” bx (cos ax — 1) 


in 1 


_ sD 
Now lim 1—cosax _ sin” ax 1 
x0 sin? bx x0 sin? bx 1+ cos ax 
a 
a’ op 
=-—, l=e 2 
2b? 
Ex. 19 lim equals 
noe ray n +tnt+r 
(a) 0 (b) 1/3 (c) 1/2 (d) 1 
Sol. (c) Let f(n)=—— — i 
no+nt+1 no+nt+2 no t+n+n 
Consider g(n) = : + a +...4+ i 
n+ntn n?+ntn nt+ntn 
—1424+3+..4n_ n(n+1) 
n? +2n 2(n? +2n) 
g(n) < f(n) (i) 
Similarly, h(n) = ! ee Z tt - 
no+n+1 n°o+n+t+i1 no +n+1 
_ n(n +1) 
An? +n +1) 
f(n) < h(n) ...(ii) 
From Eqs. (i) and (ii), g(n) < f(n) < h(n) 


1 


But lim g(n)= lim h(n) = 
n— oo n—oo 2 


1 
Hence, using Sandwich theorem, lim f(n)= A 
noo 


Ex. 20 The value of lim (|n? +n+1 ~[a[n? +n+1)), 


where [-] denotes the greatest integer function is 
(a)0 —(b) 1/2 (c) 2/3 (d) 1/4 


Sol. (b) We know that,n< Jn? +n+1<n41L 

[Jn?+nt+1l=n 

. l= lim (Jn? +n+1-—n)= 
noo 


Hence, 


lim 


neo yt tntitn 2 


ee ee 
Ex. 27 lim =" eee) has the value equal to 
x1 1—cos(x* — 4x +3) 


(b) 9/2 ()9 


sin’(x? + x” + x—3) 


(a) 18 (d) None of these 


Sol. (a) We have, lim 
x1 1—cos(x* — 4x +3) 


«27.3 2 3 2 2 
. sin’ (x +x° +x-3 XPM AK HS 
= tm 80” ( )_( ) 


x1 (x3 + x7 4x -3) 1-cos(x* — 4x +3) 


(xi +x? + x3) 


2 2 
=(1) lim (x° — 4x +3) 
(x? — 4x +3)" 


x>11-—cos (x — 4x +3) 


2 
3 2 
+x? +x-3 
=(1)(2) lim | ~~* ~~ = 2)? 
x1 x he. 

3x° +2x +1 a 

where, |= lim ~~ a [using L’ Hospital’s rule] 
#1 2x—4 


eee 1=2(-3) =18 
—2 
» Ex. 22 The graph of function y = f(x) has a unique 
tangent at(e“,0) through which the graph passes, then 
fom 108 (+7£00)) ~ sin (FO) 
3 f(x) 


equals 


a 
xe 
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(b) 2 
(d) None of these 


(a) 1 
(c) 7 


log (1+ 7 f(x)) — sin (f(x)) 
3 f(x) 


Sol. (b) Here, lim 


x—-e 


0 frm 
0 


— tim Lf (4) = teos (F(2))- COE + 7FCO 
3f"(x)- {1+ 7f(x)} 

[using L’Hospital’s rule] 
Ge: 7 — cos (f(x) {1+ 7f(x)}_7-1_, 
3{1 + 7 f(x)} 3 


xe" 


xe" 


More than One Correct Option Type Questions 


3x" +ax+a+1 


> Ex. 23 If f(x) = 5 , which of the following 
x” +X — 


can be correct? 
(a) lim f(x) exists => a=-2 
x1 


(b) lim f(x)exists => a= 13 
X= 2 


(c) Inn f(x) =4/3 
(d) lim | (x)= - 1/3 
: 3x° t+axtat1 


Sol. (a, b, c, d) Given, f(x) = 
oe ) Fx) (x + 2)(x - 1) 


As x > 1, Dr. > 0, hence as x > 1, Nr. > 0 
a 3+2a+1=0 => a=-2 
As x > — 2, Dr. > 0, hence as x 4 — 2, Nr. 30 
12-2a+at+1=0 > a=13 

3x? —2x-1 
lim 
x1(x +2)(x-1) 

3x +1 -1 4 
— im CXAD (= 1) _ 
x>1(x+2)(x-1) 3 


Now, lim f(x)= 
x71 


_. (3x +7)(x+2) 1 


3x? +13x +14 
and lim = 
x—-2 (x+2)(x-1) 3 


x—-2 (x +2)(x-1) 


2 
Fant for x>0 
x? =[x]? 
» Ex. 24 Let f(x) = 1> for x=0, where[x] is 


Ix} cot {x}? for x <0 


the step up function and {x} is the fractional part function 
of x, then 


(a) lim f(x)=1 (b) lim f(x)=1 


(c) cot” lim | 0) = 1 (d) None of these 


tan? 
anh) 
x" —[x] 
Sol. (a, c) We have, f(x)= 1 »x=0 
{x} cot {x}, x <0 
2 2 
Ra. tien fs tg ate, By 
x07 h>0 A? —[hP hoo py? 


LHL = eee f(x)= jim v{— h} cot {- h} 


= i Va —h) cot (1— h) = Vcot1 


cot” lim fos) = cot” (./cot 1)? =1 


» Ex. 25 Given that the derivative f’(a) exists. Indicate 


which of the following statement(s) is/are always true? 


(a) F"(a)= fim FOL 


li 
ha 


(0) F(a) = jim AO= Fen") 


(c) f’(a)= lim flat ae fa) 
(4) f"(a)= lim ae f(a+t) 


278 


Textbook of Differential Calculus 


Sol. (a, b) Here, options (a) and (b) are true by definition. 
Option (c) is false, as 
him £(2* 20) ~ f(a) 
10 t 


Cs en) ee 
an ae) at 


= 2f"(a) 


and lim 
t>0 


Hence, option (d) is false. 


Ex. 26 L ines x Then 
. FDS aes x (rx +1) {(r +1)x +1} “ 
(a) f(0) =0 (b) f(0) = x 
(c) f(0")=1 (d) f(0)=1 
Sol. (a, c, d) Given, f(x)= tim ae PiGsern 


JEE Type Solved Examples : 
Passage Based Questions 


Passage I 
(Q. Nos. 27 to 29) 
elt —1, x>0 
Let f(x)= Sia ee 220, 
2x? +In(2 + x) + tan x 
0, x=0 


where {} represents fractional part function. Suppose lines L, 
and L, represent tangent and normal to curve y = f(x) at 

x =0. Consider the family of circles touching both the lines 
L, andL,. 


» Ex.27 Ratio of radii of two circles belonging to this 
family cutting each other orthogonally is 
(a) 2+ V3 (b) V3 
(c)2+ V2 Chee 


» Ex.28 A circle having radius unity is inscribed in the 
triangle formed by L, and L, and a tangent to it. Then, the 
minimum area of the triangle possible is 

(a)3 +2 (b) 2+ V3 

(c)3 + 2V2 (d)3 — 2/2 


Ex.29 If centres of circles belonging to family having 
equal radii r are joined, the area of figure formed is 
(a) 2r? (b) 4r? 
(c) 8r? (d) r? 


4 [(r + 1)x +1)]-(rx +1) 


no 44) (rx +1) [(r +1)x +1] 


: a 1 1 
= tin reel 
(: 1 ) 1 1 ) 
+ 
1 x+1 x+1 22x+1 
= lim 
Ter 1 1 
Tose 
L ( ate] | 
sme 1 ie, — (n + 1)x 
noo] (n+ ix+1| no>e(nt+1)x+1 
0, x=0 a a ae 
foxy={ ei? f(0) =0, FO") = FO) =1. 


= Sol. (Q. Nos. 27 to 29) 


—sinh + tanh + cosh—-1 
2 a — 
LHD = lim 2h° + In (2-h)- tanh 
h->0 -—h 
sinh tanh 1-cosh 
5 RA 
= lim —2 5 h h =0 
h>0 2h* +In(2—h)- tanh 
A? og ne 
fia neb= tm’ ape tg 
h->0 h h? 
Lj=y=0 and L,=x=0 
27. (a) (x -ry +(y-ry =r’ [family of circle] 
x? + y? —2rx —2ry +r? =0 
¥ 
0 oa 
Anro t+ nr)=rn tre 
or 4nr = re + ry 
2 
y y 
+ 
=> m 4tVi2 04 


28. (c)2[A, +A, +A; 


e 
| 
i) 
x 
a. 
° 
° 
ot 
joy ES 
x2la 
Ne | oO 
NY 
+ 
° 
° 
or 
be | oO 
+ 
an 
NS 
——, 
a. 
B 
oe) 
| 
Ss) 
> 
UW 


Oo r cot (6/2) ve 
4. IU 
2sin — 
=> A=1+ 4 
_(t 8 
2sin —-sin | — — — 
4 2 
2 
A=1+ v2 


A is minimum, if denominators is maximum when 0 = —, 
4 


eee 
fre, 2-1 


2 


29. (b) Area =(2r)* = 4r? 


Y' 


Passage II 
(Q. Nos. 30 to 32) 


Let A ben Xn matrix given by 


ay ay2 13 ++- 


ar a G93 «0 
al re 


an An2 An3 «++ 


=14+2(V2+1)=3+2v2 
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Such that each horizontal row is arithmetic progression and 
each vertical column is a geometrical progression. It is 
known that each column in geometric progression have the 


; . 1 3 
same common ratio. Given that dy, =1, a4, =— anda; =—. 
8 16 


Ex.30 LetS, = > Aaj: lim Ph is equal to 


j=l eae 
1 1 1 1 
(a) — (b) — (c)— id) 
4 8 16 32 
Sol. (d) Here, a43 = dy, + d 
3 1 1 
=-+d => d= 
16 8 16 
[common difference of 4th row] 
1 1 1 
Aq, = Ay, —d = = 
8 16 16 
1 2 3 n 
a4, = 16 = ie = 16°" = 16 


Now, all elements of 4th row are known 


5 a —_n(n+1). lim S, 1 
° “J "2(16) “n3—n? 32 


j=l 
Ex.31 Letd; be the common difference of the elements in 


n 
ith row, then)’ d; is 


i=1 


1 1 1 n+1 
@a > -Sy Ory OF 
2 4 
Sol. (c) Also, dyar” = ayy = — 
16 
» 4 1 : _ 1 
=> r°=— => r=-— | commonratio of all GP is — 
16 2 2 
[ 2 3 n | 
2 2 2 2 
1 2 3 n 
oP oe 9° 2 
A=] 1 2 3 n 
2 2 2 2? 
1.2 3 n 
Ea ae a ee 


1 
Now, d; = common difference in ith row = — 
2 


(2-4) 
ee P43 
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Ex.32 The value of lim Si is equal to 
noe ina 


1 1 
a) — b) — c)1 d) 2 
( a ( UP (c) (d) 
- Te 2 3 n 
Sol. (d) Given, a, =S=—+——+—>+4+...4 ..-(i) 
py 2 2? 23 gn 
1 1 2 3 =A 
> S, = zt+atot.t : ee ...(ii) 
2 2 23 24 gn ont 


1 1 1 il 1 n 
S, =|—+—+—+..4+ 
2 2 22 23 gnti 


1 
=> i 2 a >8, = 1- ) e 
2 iat “wa Pg on 
2 
n 
2 
lim Sa, = lim 2 7 =2-0-0=2 
no n— oo 9h 7 
n 
=> lim aj = 2 
Passage III 


(Q. Nos. 33 to 35) 


To evaluate lim [f(x)], we must analyse the f(x) in right 
hand neighbourhood as well as in left hand neighbourhood 
of x =a. e.g. In case of continuous function, we may come 
across following cases. 


Case I ; 
ofa = 
Yr 
Case Il 
>X 
Case Il 
>X 


Case IV 


>X 


If f(a) is an integer, the limit will exist in Case Il and 
Case |V but not in Case | and Case Il. If f(a) is not an 
integer, the limit exists in all the cases. 


Ex.33 If f’(1) =—-3 and lim | F00 - ;| does not exist, 
x71 


(where[-] denotes the greatest integer function), then 
(a) f(1) may be integer 
(b) {f(x} = > V x € R({} fractional part of x) 


(c) f(1) is not an integer 
(d) None of the above 
Sol. (c) lim Eo - ;| does not exist, when f(1) is not an 
x71 
integer, as f’(1) = — 3, ie. decreasing in the neighbour- 
hood at x =1. 


sin x 


i (where[ - ] denotes the great- 
x 


Ex.34 lim c —e”) 
x70 


est integer function), equals 


(a) 0 (b) 1 (c)-1 (d) Doesn’t exist 
(1- eyes, x>0 
Sol. (c) Let f(x)= : Sau: 
(e* — 1): , x<0 
, fi 
ed= E feeeco 2 ame 


—1/(1-x) 
Ex.35 lim cosec m is equal to (where[-] 


x= 


denotes the greatest integer function). 


(a) 0 (b) 1 (c) <0 
Sol. (b) Let f(x) = cosec (=) 


(d) Doesn’t exist 


> f (1*)= lim cosec [Fa + | >1 
h>0 2 


and f (1-)= lim cosec [Ea - i) >1 
hoo 2 
-1 


é Tl ‘5 Tl = 
lim cosee =1=: lim cosee “= 1 
2 2 


x71 x1 


JEE Type Solved Examples : 
Statements | and II Type Questions 


= Directions (Ex. Nos. 36 to 38) This section is based on © Ex. 37 Statement! lim lim {sin?” n!tn}=0 mneéN, 
Statements I and II. Select the correct answer from the LO oo ee 
codes given below. when x is rational. 
(a) Statement I is true, Statement II is true; Statement II statement I] When n> and x is rational n!x, is integer. 
is correct explanation for Statement I 


(b) Statement I is true, Statement II is true; Statement II Sol. (a) When n > ~ and x is rational x = b 


is not the correct explanation for Statement I q 

Stat t Lis true, Stat t IL is fal ? ga 
() Statemen ss emacs eapaLcie ‘a ie Where p and q are integers and q #0 n!x =n!x P is integer 
(d) Statement I is false, Statement II is true q 


as n! has factor g, when n > co 


© Ex. 36 


Also, when n! x is integer, sin(n!1 x) = 0. 


Seisaicatl: lin sin(cot? x) = Therefore, the given limit is zero. 


1 
x 27/2 (m — 2x)? 2 


sin x 
.sin® .tan@ ® Ex. 38 Statement I /f lim x) + does not exist, 
Statement II lim — =1 and lim =1, where® pie i) x 
65-0 @ 0>0 . : 
is measured in radians. then Mist F(x) does not exist. 
1/x 
‘ e° —-1 4 
: : Statement II im 7 does not exist. 
‘ x> 0 x 
Sol. (d) lim = x) cot x. put x= h et 
x2 cot°x (t—2x) Sine 
2 Sol. (b) If lim f(x) exist, then lim| f(x)+ always exist as 
. tan“h i x30 x30 x 
=> lim 7 = 
h>0 4h 4 . sinx , . 
lim exists finitely. 
.. Statement I is false and Statement II is true. x30 x 


Hence, lim f(x) must not exist. 
x0 


JEE Type Solved Examples : 
Matching Type Questions 


Lege 


© Ex. 39 Match the following. tee - i )’ Le ar ae 
ut x =—, lim =e =e 


Column I Column II y yoollty 
A lim x * - (p) & iia sin y+ cosy-1 
(4) roel l+x oer (B) lim (siny + cosy)” =e”~° 4 =e 
; yo 
oe ee ry (q) a - 
(B) lim | sin— + cos— |} equals lin ook 4 
xX 00 x x #90 tan? x 2 1 
(C) lim, (cosx)° * equals (r) € (C) e x =e 
x 
. I/x (s) e! im tan ((/4) + x) = tan(n/ 4) 
(D) Jim tan ( + x] equals (D) ex? ° - 
lim tan x[1+ tan ((m/4)+ x)-1] 
Sol. (A) > (s); (B) > (®); (C) > (q); (B) > (p) x0 x 2 


=e =e 
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© Ex. 40 Match the following. 


Column | Column II 
(A) lim G xX vx —4/x- Vx) equals (p) =2 
X00 
(B) | The value of the lim S22? n¥ j. oe 
x>0 In(i+x°) 
(C) | lim (In sin? x — In(x* + ex3)) equals (r) 0 
x3 0 
(D) | Let tan (27 | sin 0|) = cot(2z | cos 6), (s) 1 
where 8 € Rand f(x) =(| sin ®|+ |cos 6 |)*. 
The value of lim 7. equals (here, [-] 
r= £0) 
represents greatest integer function) 
Sol. (A) — (s); (B) > (p); (C) > (q); ) > @) 
(x +vVx)-(x - Vx) 
(A) lim 
roe tet lx ta[x— vx 
2x 
= lim =1 
x30 tet lx + fx—vx 
‘ - 3 
(B) lim sin2x 2 tan x in x . 
x20 x x0 log(1+ x”) 
. Oe 3 
= ie 2 sin x (cos” x ie fac = Fs 
x70 cOosSx:x x70 x 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


© Ex. 41 If lim (x sin3x +ax ~~ + b) exists and is equal 
x70 


to zero, the value of a + 2b is......... ; 


sin3x a sin3x + ax + bx? 
Sol. (6) We have, lim + + b= lim 
x0 x3 x? x70 x3 
in3 
gE eine be? 
= lim 3x for 
x0 x? 
existence of limit 3+ a=0>a=-3 
_ sin 3x —3x + bx? 
l= lim 
x70 x3 
int —t 
= 27: +b =0 [3x =f] 
t 
at 
= +b=0 => b= 
6 


9 
Hence, a ae oa 


[using L’ Hospital’s rule] 


(C) lim [In sin® x — In (x* + ex*)]= lim In a 
" meao x” (x +e) 


x70 
-In(2)=-1 
é 


(D) tan(27 | sin8]) = tan (= —|cosO | zn] 
2 
: T 
=> 2m |sin 8 | = nt + — —| cosO | 20 
2 


=> 2m (|sin 0| + |cos0|) = nt re 
2 


1 
=> — |sin@|+|cos@|=—+— i) 
2 4 
; : 1 
Since, 1 < |sin 0 | + |cosO | < V2;1< "+—< V2 
2 4 


4<2n+1< 442 


Thus, n = 2 is only possible value. Putting in Eq. (i), 


|sin@ | +| cos | =~, 
4 


(x)= | (<) Jes 


® Ex. 42 For acertain value of c, 


lim [(x° +7x* +2)° —x]=A, is finite and non-zero. 
xX —-.0 


The value of 3c + A is ......... ‘ 
Sol. (2) We have, lim [(x° +7x* +2) — x] 
x 00 


This will be of the form co x 0 only, if 


1 1 
5c-1=0 => c=-= substituting c =—, A becomes 
5 5 


2 7 2 
X= lim x [(1 + x)° — 1], where x = — + — 
x00 x x 
: 2 1 
= lim [1424 -1]- lim x(24 4) 
Bessie ee xX - 0 x x) 5 
1 
Hence, c=— and A=— >3c+A=2 
5 


Ex. 43 Consider the curve y = tan”! x and a point 


4 
curve fori =1,2,3,...,n(n€N) such that 


A [i ; 4 on it. If the variable point P,(x;, y;.) moves on the 


i 

y,= > tan”! (4) and B(x, y) be the limiting position 
= 2m? 

of variable point P, asn ©, the value of 

reciprocal of the slope of AB will be ............ . 


Sol. (2) Here, y= lim y, = lim Yean( 25] 
n—-oco n—-co i 2m 


ll 
5 
M 
© 
5 


n = 2 
4 1+ (2m + 1) (2m — 1) 
z | (2m + 1) -— (2m - 2 


1+ (2m + 1)(2m — 1) 


| 
5 
uM 
© 


lim DS (tan” ‘(2m + 1) — tan7'(2m — 1)) 
noo 


m=1 


lim (tan'3 — tan”'1) + (tan'5 — tan ”'3) 


noo 


+..+ (tan (2n + 1) — tan™! (2n — 1)) 


lim (tan! (2n + 1) — tan” '(1)) 


noises 
ar 
r 


T 
“Bo kk “| i.e. coordinates of B approaches towards 
4 


4 


those of A. 
Chord AB approaches to the tangent to y = f(x) at A. 


“. Slope of AB= [tan x] 
dx at x =1 


= (Slope of AB) ' =2 
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Ex. 44 If lim | ane av, 
x—>0 2a t 9 
(e* -1-x) ,/— -— +104 
then equals ou... 


Qo ]2 
Sat 4 pd ‘ 
Sol. (1) Here, lim 3 = 
>0 e~-1-x 19 
[using L’Hospital’s rule] 
: 2x 1 
=> lim = a 
>0 #/2 
eee J = = 10ate* S41) 
3 
1 : 1 
=> 2 lim lim = 
x>0 |2a x >0e%-1 19 
eens (17 
3 


= “pie = deo406 S824 
3 


2010 


Ex. 45 Evaluate lim log, , sin 2x. 
x07 


log sin 2x 


Sol. (1) Here, lim log... sin2x = lim 
x 0* x >0* logsin x 


= form 


—co 


1 
- 2COS 2x 
= jig 22 — [using L’Hospital’s rule] 
¢ 
20 - cos x 
sin x 
2 
(2x) cos 2x 
li sin(2x) lim £23 2% 
= fim m 
x 


Subjective Type Questions 


Ex. 46 Evaluate a,b,c and d, if 


lim (/x! +ax? +3x? +bx +2 


x © 


walxt + 2x? - cx? +3x-d)=4, 


Sol. Here, lim (x! + ax? + 3x? +bx+2 


x — 00 


~ [x4 + 2x3 - cx? +3x-d)=4 [co — co form] 


Rationalising 
lim (a-2)x? +(3+c)x? +(b-3)x +(2+d) 7 
xX oo 


xt + ax? + 3x? + bx +2 | 


+ x! + 2x9 - cx? +3x-d | 


Since, limit is finite, the degree of the numerator must be 2. 
So,a-2=0,ie.a=2. 


(3+c)x° +(b-3)x +(2+d) _ 


=> lim 4 


aca xt + ax? + 3x? + bx +2 


+ |x! +2x> - cx? +3x-d 
On dividing numerator and denominator by x’, we get 


2 
ea (3+c)+(b-3)x +(2+d)x 


ace a 3 b 2 , 2 c¢ 3 d 
sre cm ay alr | cual cr a 


x x x x e x 
3+¢ 
=4 =4 
2 
=> c=5 
C= 5: a= 2 


Hence, a = 2, c = 5and Bb, d are any real numbers. 


Ex. 47 If x is areal number in [0, 1]. Find the value of 


lim — lim [1+cos””(n! 2x)]. 
m>o0 noo 


Sol. If x is a real number in [0, 1], then we have two cases 


either. 
CaseI xEQ [rational number] 
111 
As x € Q, we have x =0,-,-,-,...,1 
23 4 
which shows (n ! 1x) is integral multiple of m for large 
values of n. 
cos(n!mx)=+1 
Thus, lim lim [1+ cos?"(n!x)]= lim lim (1+1)=2 


mo noo mo noo 


Case ll x ¢Q [irrational number] 


As x € Q, we have x = 


3 v5 


jee 


a- 


which shows (n ! 1x) is not an integral multiple of 7 and so, 
cos (n ! 1x) will lie between -1 and +1. 


Thus, lim lim [1+ cos?"(n! 1x)] 
moo n—co 


= lim lim [1+ (a value between — 1 and + 1)”""] 
m— oon — oo 


= lim [1+0]=1 [as0<x<1>x” =0] 
n—-oo 
2 xe 

Thus, lim lim [1+ cos*"(n! 2x)]= e 

mo n° I, x€Q 
4+3a 

Ex. 48 Ifa, =1anda, ,,=———*, n=1, show that 

+ 2d, 


An+2 >4n41 and ifa, has a limit lasn— ©, then evaluate 


lim a,. 
n—-oco 
Sol Here, aq=1 
4+3 7 
a) =—— =—>1 
342, 5 
ag > Q 


Assuming a, +1 > Gy 


a e _ 4434n41 4430, 
EE I Ry Bags 
_ (4434, +1) (3 + 2a, ) - (4 + 3a, ) (3 + 2a, 41) 
(3+ 2a, 41) (3 + 2a, ) 
a -a 
= — >0 [Gn 41 > an] 
(3 + 2a, +1) (3 + 2a, ) 
GQ 42—M41>0 
=> On +2 > 4n +1 


whenever 4, 41>. 


. The sequence of values a, is increasing and since a, = 1, 
a, > 0, for all n. 


Now, let l= lim a, = lim a, 4, 
n— oo n— oo 
4+3 
eg ee 
n> 3+ 2a, 
4+3] 
> l= re lim a, =1| 
3+21 noe 


=> 31421? =4+43] 
=> [? =2 


l= 2 [neglecting | = - V2, as 1 > 0] 


Ex. 49 Leta,,a),...,a, be sequence of real numbers 


With dn 41 =@n tx{1+a, anday =0. Prove that 


: 4 
lim Gn eis 
nao gral Tt 


Sol. Here, a, 4, = 4, + 1+ a, let a, = cot (a,) 


=> Gy +1 = cot (,) + cosec (A, ) 
+1 
> On 41 = Oe 
sin (,,) 
2 cos*(o,/2 
—_ cos*(a,,/2) ae On 
2 sin (,/2) cos (,/2) 2 


Putting n = 1, a, = cot (0,) 
anda, =d) tJl+ae =1 


T 
> cot (@,)=1lora, =— 
4 


‘ a Tt 
Again, a, = cot} —+ |= cot 
2 8 
T 


ee) 


a4 = cot 


Q 
J 
ll 
io) 
So 
or 
ss 
a 
Nla 
i 
je 


Hence, 
cot =) ; 
i ( a )- lim 2 = lim 
n—ool gt noo 2 x0 
tan s] 
x 
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Ex. 50 A square is inscribed in a circle of radius R, a 
circle is inscribed in this square then a square in this circle 
and so on, n times. Find the limit of the sum of areas of all 
the squares asn — °°. 


Sol. Let the side of a square, S, be ‘a’ units. 


Then, aV2 =2R => R= is radius of circle Ci: 
V2 
If a, be the side of another square, then 
a 
av2=a > a=— 
1 1 J2 
a,V2=a, => a= “= 
1 
V2 


So, sum of areas of all the squares, 
S, =a +a? +a3 +... upto n terms 


2 a a 
=a’ +—+— +... upton terms 
4 


il 

{j= 

= 7? - 2" 
a’ |1+—+—+-—+... upton terms |= a 1 
{== 

2 


lim S, = lim 2a" [1-)=20%= 48 
vg 


ere 
L - 


Limits Exercise 1: Single Option Correct Type Questions 


7 sin (1 cos” (tan (sin x))) 


li is equal to 
x30 x? 
T 
b) — 
(a) © oe 
Ce (d) None of these 
_ t 
. lim een le equal to 
t>0 In(1+t)-t 
1 1 
. b)— = 
ws ()- 5 
(c)2 (d) -2 


. If I, = lim (tan™' mx — tan”! x) cos x and 
x 00 


I, = lim (tan! mx — tan”! x) cos x, then (I,, I, )is 
x0 


(a) (0, 0) 
(b) (0, 1) 
(c) (1, 0) 
(d) None of the above 


. If f(x) =0is a quadratic equation such that 


T 3n° 
re n)= fn)=oand f{=]=— 2% 
2 aa 
then lim I)" 5, equal to 
x—-1 sin (sin x) 
(a) 0 (b) m 
(c) 20 (d) None of these 
3/1+sin? x — 4/1-2tan x 

. lim is equal to 

¥—>0 sin x + tan® x 

(a)-1 (b)1 

1 1 
ea hea 
or (d) ; 
1+ 
. If Xn41 = <7 *n and| x, |<1n 20, then 
2 

vi-xo |, 

lim | —_-————— | is equal to 

NO) Xi XoX3 «0. Xn 41 

a)-1 

b)1 


c) cos! (xp + 1) 


( 
( 
( 
(d) cos (xy) 


. Forne€N, let f,(x) = tan = (1+ sec x)(1+ sec 2x) 
2 


(1+sec 4x)...(1+ sec 2” x). Then, lim Sux) is 
x70 2x 

(a) 0 (b) on 

(c) 2"! (d)2"*? 


8. 


10. 


11. 


12. 


13. 


14. 


Let f(x) be a real valued function defined for all x = 1, 
1 
satisfying f(1) =1and f’ (x) = —_———_-; then 
x? +(f(x)) 
lim f(x) 
xX oo 


(a) doesn’t exist 


(b) exists and less than - 


T 
(c) exists and less than 1 + a 


(d) exists and equal to 0 


, The quadratic equation whose roots are the minimum 


1 
value of sin? 8 — sin® + —and lim ./(x +1)(x +2) — xis 
2 xX —> 00 
(a) 3x" —-7x+3=0 
(c) x*° -7x + 3=0 


(b) 8x? — 14x + 3 =0 
(d) 2x” -7x+3=0 


x 
z ,VneEN, then 


1+./1+x? 


If x, = v3 and xn41= 


lim 2” x, equal to 


xX 00 
2 2m 3m 
aie by om, oe, 
(a) = i) (c) ; ) 5 
Jx—-b—.Ja—b 
lim * : ,(a> b)is 
xa (x? —a’) 
1 1 
ave ars: 
1 1 
es a 
©) 2a,ja—b ( Ta 
lim (sin" 1+ cos" 1)” is equal to 
n—co 
(a) cot 1 (b) tan 1 (c) cos 1 (d) sin 1 


2/x 
The value of lim [= (sin! x — tan! »)| equals 


x >0\x 


(a)e (b) Ve (c) - (d) 


a -K 
The value of lim x . cos (*) 
1 n2 n 


equals 


er 1 
(a) — sin 4+ — cos 4 
4 16 16 


1 1 1 
(b) — sin 4 - — cos 4+ — 
4 16 16 


GC = Wasted 


(d) e (1 — cos 4) 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


1- {cos 2x -3/cos 3x -4/cos 4x...2/cos nx 
2 


If lim 


x70 x 


has the 


value equal to 10, the value of n is 


(a) 6 (b) 7 (c) 8 (d) 9 
[ [cot | x]dx 
lim “2? _______._ where [:] denotes the greatest 
— [ E + | dx 
1/2 x 


integer function, equals 


(a) 0 (b) 1 
(c) cot 1 (d) not defined 
If and are roots of x* — (,/1—cos20) x +0 =0, where 


0<0 2° Then lim cae is 
2 tla B 


0-0 
1 
Obrs (b) -V2 
(c) V2 (d) None of these 


H fo)=1{ foes Jand for>ow ner 


s) 
f (x+2) 


then lim f(x) is 
x00 


2 5 
(b) JE (c) A 


Let f:(1,2)— R satisfies the inequality 


(a) 0 (djs 


cos (2x + 4) —33 x"|4x—-8| 
—_—__—— < f(x)<———_., V x€ (1, 2). Then, 
2 x-2 
lim f(x)is 
x27 
(a) 16 (b) -16 
(c) 8 (d) doesn’t exist 


Let f(x) be polynomial of degree 4 with roots 1, 2, 3, 4 
and leading coefficient 1 and g(x) be the polynomial of 


: i oe ae ? : 
degree 4 with roots 1, —, — and — with leading coefficient 
23 4 


1. Then, lim f(x) equals 
x—1 g x 
1 1 1 
2 b) -24 Be ja 
Oa (b) a5 (d) 7B 


4V2—- +si 5 
The value of lim v2-(cos x +sin x) és 


peared 1-sin2x 
4 
(a) V2 (b) 3/5 
() 5v2 (d) -5V2 
. n-3” 1 
If lim = —, where n€ N, the 
n° n(x —2)" +n-3"41 3" 3 


number of integer(s) in the range of ‘x’ is 
(a) 3 (b) 4 
(c) 5 (d) infinite 


24. 


25. 


26. 


27. 


28. 


29. 
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If f(x) = lim : ; , then the set of values 
noo eo 
(2 tan! 2] +5 
Tl 
of x for which f(x) =0, is 
(a) |2x|>~3 (b) |2x| < v3 
(c) |2x|>V3 (d) | 2x| < v3 
The integer ‘n’ for which the 


3 


x 
cos’ x -—cosx—e* cosxt+e* ——— 


lim 2 isa finite 


x30 x” 


non-zero number, is 


(a) 2 (b) 3 
(c) 4 (d) None of these 
tan’ x sin x 
If J, = lim 7 
x0 a x 
sin’ x tan! x 
and I, = lim - ; 
x0 x x 


where | x | < 1, which of the following statement is true? 
(a) Neither I, nor I, exist 

(b) I, exists and I, doesn’t exist 

(c) I, doesn’t exist and I, exists 

(d) None of the above 


B 
; 2 
The value of lim —-=—=— 


x—n/2 log (sin x) 
(b) 1 
(d) doesn’t exist 


is equal to 


(a) 0 
(c) -1 


The value of lim [i = 4) [i ~ 4) iis [i = +} where 
oS, ay a2 an 


a, =1anda, =n(1+a,_,),Vn2=2, is 
b)= 

(ae ae 

(c) 2e (d) 3e 


If f(x+y)= f(x)+ f(y) forall x,yeR and f(1)=1, 
of (tan x) — of (sin x) 
x? f (sin x) 


(b) log 4 


then lim 
x20 


equals 


(a) log 2 (c) log V2 (d) log 8 


2 1 1 
Jorn(ne2)(ne 


The value of lim n™” 
no 


(a) e 
(b) e* 
(c) e* 
(d) e* 
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sin [x] (a) x” (b) x? + 2x? 
, for [x]#0 
30. If f(x)=1 [x] , where [x] denotes the (c) —x* + 2x3 (d) None of these 
0 for|x]=0 36. Let [ ] represents the greatest integer function less than 
greatest integer less than or equal to x, then ; nsin x ntanx 
; 1 or equal to x. The value of lim + 
lim f(x) equals x0 x x 
x70 
(a) 1 (b) 0 is 
(c) -1 (d) doesn’t exist (a)n+1 (b) 2n 
3 2 = (c)n-1 (d) 2n -1 
31, Let f(x)= ae ee as el then the number of 1 
x3 ~6x* +11x-6 37. The value of lim [,/2- x + ./1+ x], where ae 0 and 
xa 
luti f‘a, wh i d t exist i 
ays eh os A a a f od mare 7 . pens the greatest pos function is 
a 
32. Let the rth term, t, of a series is given by (c) 3 (d) 4 
—— —— The value of lim t, is 38. The value of 
ee ee ers (tan x -sin x) 
i 1 
(a) 2 (b) (c) 1 (d) a -1+ |(tan x-sin x)+ ie (tan x — sin x) 
iss 89: 
' ro-rt 1 a is 
33. The value of lim ¥' cot’ ——— is - Ain? He ke 
noo 
r=1 1 1 
(a) 2 (b) 4 
T 
(a) n )- G . (d)1 
T 
() 2 (dn 39. The value of 
2 2 2 2 
1 1- Lise 8))...). 
34. Let (tana) x +(sina) y=a and lim “°° 0s (bees ie Bed is 
; : 8-0 _ | a(/0+ 4-2) 
(& coseca) x + (cos &) y = 1 be two variable straight sin | —~Y¥-____* 
lines, & being the parameter. Let P be the point of 0 
intersection of the lines. In the limiting position, when (a) 2 (b) J2 
a — 0, the point of intersection of straight lines is (c) 1 (d) ea 
(a) (2, -1) (b) (2, 1) 2 V2 
Ces) ae 2) 40. The value of lim a, whena, ., =./2+4,,; 
35. The polynomial of least degree, such that oe 
2 hel n =1,2,3,...is 
im [re EL) =e? is (a) 1 (b) 2 
x70 x 2 
(c)3 (d) 4 


Limits Exercise 2 : More than One Option Correct Type Questions 


: 1 - 
44.1 lim 4x|™—tan-? 27+ =y’ +4y+5, then ycan 42. lim Peeeste) is equal to 
xX yoo 4 x+2 x20 x? (4* 
. — to ae (a) : In2 (b) In2 
5 = 


(c)-4 (d)-3 Aye e 
(c) n4 (d) 1 2n( 5) 


43. 


44, 


45. 


46. 


47. 


48. 


49. 


If f(x) =e!*!, where [y] represents the greatest 


integer less than or equal to y, then 


(a) lim f(x)=1 (bh) lim FRj=* 
nt nt e 


() lim f(x) == (d) lim. f(x)= 
Tt e z 
x7 _ x a 
lim [m _ = is equal to (where me I and [-] denotes 
x0 x 


greatest integer function) 
(a) m, ifm <0 

(b) m-1, ifm>0 

(c)m-—1, ifm<0 


(d) m, if m>0 
If lim (1+ ax + bx*)*’* =e?, then 
x0 
3 
(a)a=3,b=0 Wen aha t 
3 
()a=2,b=4 (d)a=2,b=3 


The graph of the function y= f(x) is shown in the 


adjacent figure, then correct statement is 


yy 
2] 1 
(4,1) 4 
1 
S| 4 
< 1 T x 
-1 Oo 1 2 4 
L 
y 
[ x=3 
Y 


(a) lim f(x)=1 (b) lim f(x)=2 
x ot x1 


(c) lim f(x)= does not exist (d) lim f(x)=4 


at 
cot (2) 
For lim ——\** 


x0 wv 
(a) RHL exists (b) LHL does not exist 
(c) limit does not exist as RHL is 1 and LHL is —1 
(d) limit does not exist as RHL and LHL both are non-existent 


If /= lim = , the value of {I} and [1 ] are 
x00 x — 
(a) 7 (b) 7—e? (c) -7 (d) e?-7 
sin [x] [x]#0 
If f(x)=4 [x] ; 
0, [x]=0 


50. 


51. 


52. 


53. 


54. 
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where [-] denotes the greatest integer less than or equal 
to x, then 
(a) lim f(x) =sin1 


x30- 
(b) lim f(x) =0 

x07 
(c) limit does not exist at x=0 
(d) limit exists at x=0 


lim f(x) does not exist when 
xc 


(a) f(x)=[[x]]-[2x-1], c=3 (b) f(x)=[x]-x c=1 
(©) fl) =fx}"-Ea}’, c=0— (@) fx) = BOGE), 
(sgn x) 
(where [-] and {-} denotes greatest integer and fractional 
part of x) 


Identify the correct statement. 


ta) im = <\-1 
noo] r=19" 
(b) If f(x)=(x—-1) {x}, where [-] and {} denotes greatest integer 
function and fractional part of x respectively, the limit of 
f(x) does not exist at x=1 


(th 2/5 
x07 x 


cot x cos x 
=a 


For a>0, let /= lim and 


x 2 cot x— cos x 
2 


m= lim (4[x? tax —)x? —ax), then 
x—-00 
(a) 1>m, for all a>0 (b) 1>m, only when a>1 


(c) l>m, for all a>e™* (d) e' + m=0 


ax+1 
bx +2 


Consider the function f(x) -( , where a, b>0, 


the lim f(x) is 


Xoo 

(a) exists for all values of a and b 
(b) zero for a<b 

(c) non-existent for a >b 
(d)e ore”) ifa=b 


x:2* -—x 


If f(x)= and g(x)=2* -sin (2) then 


1—cos x 3 


(a) lim f(x)=log2 (b) lim g(x)=log 4 


(c) lim f(x)=log 4 (d) lim g(x)=log2 


xo tex? 45x 412 


If lim =1 (finite real number), then 
x93 x? — 7x 412 

(a)l=4 (b)c=-6 

(c)c=4 (d)xER 


Limits Exercise 3 : Passage Based Questions 


Passage I (Q. Nos. 56 to 58) 
If lim f(x)=1and lim g(x) = c%,then 
xa x—-a 
lim (f (x) 1)x g(x) 
lim {f(x)®@ =e7?? 
x—-a 


sin x 


56. lim [= =) ina” equal to 


x0 be 
(a) 1/e (b) — 1/e 
(c)e (d) -e 
1 
57. lim [zee * is equal to 
x0 os 
(ae? ye"? — et (a) 


2 
[= +b* +c* 


58. lim J is equal to 
x30 3 
(a) a7? 4 p73 + ¢23 (b) abc 
(c) (abe)”? (d)1 


Passage II (Q. Nos. 59 to 61) 
Let f(x) = lim [cos =) , g(x) = lim (1-x+x¥Ve)’. 
n 00 n no 


Now, consider the function y = h(x), where 
h(x) = tan”! (g~'f~ "(x)). 
59. tim 2); 


is equal to 

x0 In(g(x)) 

1 1 
(a) 2 (b) - 5 
(c) 0 (d)1 

60. Domain of the function y = h(x) is 

(a) (0, c0) (b) R 
(c) (0, 1) (d) [0, 1] 


61. Range of the function y = h(x) is 


™ ™ 
«(0 *) w[-4, 0| 


(c) R 


Passage III (Q. Nos. 62 to 63) 


Let K, = Total number of ways of selecting of ball from a bag 
which contains n balls of first colour, (n + 1) balls of second colour, 
(n + 2) balls of third colour, ...,(2n — 1) balls of n colour. 

K, = number of n-digit numbers using the digits 1, 2, 3, ...,n and 
K3 = number of ways of arranging (n + 1) objects on a circle. 


K 1/n 
62. The value of lim [E) is 


noo K, 
2 4 1 
(a) e (b) log 4-1 (c) — (d) — 
e e 
. K, : 
63. The value of lim | ——*— lis 
n>o|\ Ko + Kz 
(a) e (b) 1 
(c) 0 (d) does not exist 


Passage IV (Q. Nos. 64 to 65) 
Let f:N > Rand g:N > R be two functions and 
f(1) = 0.8, g(1) = 06; f(n +1) = f(n) cos(g(n))— g(n) sin(g(n)) 
and g(n+1)= f(n) sin(g(n))+g(n)cos(g(n)) forn = 1. 
64. lim f(n) is equal to 


(a)-1 (b) 0 

(c) 1 (d) does not exist 
65. lim g(n) is equal to 

(a) -1 (b) 0 

(c) 1 (d) does not exist 


Passage V (Q. Nos. 66 to 68) 


A circular arc of radius 1 subtends an angle of x radian as shown 
in figure. The centre of the circle is O and the point C is the 
intersection of two tangent lines at A and B. Let T(x) be the area 
of AABC and S(x) be the area of shaded region. 


C 
B 
A 
O 
66. lim fz) is 
x70 x 
1 1 1 1 
(a) 2 (b) 3 (c) 4 (d) 3 
67. lim cated is 
x70 x 
(a) 0 (b) ; (c) 1 (d) None of these 
68. lim Hi) is 
x20 S(x) 
1 3 3 
(a) 4 (b) 4 (c) 2 (d) 0 
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a) Limits Exercise 4 : Matching Type Questions 


69. Match the statements of Column I with values of Column II. 


71. Match the column. 


Column I Column II Column I Column II 

ao; thn en eae) () 0 (A) tim 4288? equals () 1 

x7 = x70 & = & +X 
(B) 1 (q) Doesn’t exist (3/x)+1 - (q) 2 

lim | }) — | ({-] denotes the (B) Ifthe value of lim | —~"—]| can be 

ca i ra12 x30 (3/x)-1 

greatest integer function) expressed in the form of e” ‘4, where pand 

2 (r) tt qare relative prime, then (p + q) is equal to 

(C) lim sec! s 

xo x+1 _ tan?x — tanx? (1) 4 

(C) lim — —— equals 

li cosx (s) Tt x>0 x 
(D) 4M as a ; 

yo = (1- sinx) 2 F x+ 2 sinx (s) 5 

2 (D) lim 
x90 x? + 2sinx+1 — fsin?x—x+ 1 
70. A right angled triangle has legs 1 and x. The hypotenuse equals 
& & & g yp 


is y and the angle opposite to the side x is 8. Shown as 


72. Match the column. 


S 
4 ¥ 
Match the column. 7 
Column I Column IT 
(A) lim (/y- x) (p) 0 
8 3 
(B) lim (y-x) (q) a 
86> = 2 
2 
(C) lim (37 - x’) (r) 1 
a> 5 
(D) lim (y°-x*) (s) oo 
08> a 
2 


Column I Column II 

(A) lim cos? (n/n? + n° + 2n—n)), (p) 1 

n—- oo ; 2 

where n is an integer, equals 
(B) jim nsin (Qn J1+ n°) (nEN) qq) | 

n—- co 4 

equals 
(C) lim (-1)"sin (n fn? + 0.5n + 1) (1) = 

n—- co 

sin wenn is (where n € NV ) 

4n 
(D) Tf lim 2 7 ‘ =e,whereaissome (8) Hon 
XFO\xX-a -existent 


real constant, the value of ais equal to 


x — co a 


73. Let L = lim [+ log x + 2x- log sin (+)}} then the 


value of(- | TS. vsaiceds foes : 
L 


(n+xn) 
74, Forn€ N, let x, be defined as ( + 2) =e, then 


n 


2 lim (x, ) equals ............ ; 
noo 


Limits Exercise 5 : Single Integer Answer Type Questions 


75. Let f(n) = [va + it where [-] denotes greatest integer 


Then, bS 


function, V ne N. 


= ofl) yo -f(n) 
—__——— is equal to......... : 
n=1 a 
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76. 


77. 


78. 


79. 


80. 


81. 


82. 


83. 


84, 
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If the arithmetic mean of the product of all distinct pairs 
2 


re Fi z ‘ ‘ n 
of positive integers whose sum is n, is S,, then lim oa 
nc 
must equal to ............ : i 


Ifk= x 


7 


6” 


, the value of k is ............ ' 
—92" \(3 girl —2tt) 


The value of lim 


x= 


tan x —sin {tan ‘(tan x)}. 
is 
tan x +cos*(tan x) 

The figure shows two regions in the first quadrant. A(?) 


is the area under the curve y = sin x” from 0 to t and 


B(t) is the area of the triangle with vertices 0, P and 


M(t, 0). iF lie At ANT ailep ais ee : 
B(t) on 
Ya Ya 
P(t, sin (2) P(t, sin (2) 


ol t i) 


re ae 7 is x+y =3t and 


x 


If the two lines AB: 


AC :2tx + y =O intersect at a point A, the x-coordinate of 


a point A as t 0, is equal to Pp (p and q are in their 


lowest form), the (p + q) is 


2 
Consider a parabola y = * and the point F(0, 1). Let 
4 


Ay (%1, 1), A2(%25 2), A3 (X35 3), ++» An(Xns Yn) are 
‘v points on the parabola such that x, >0and 


ZOFA; = = tk =1,2,...,n). If the value of 


lim — eyo" = ™ then mis Sesucaeee: : 
Tl 


noe pay 
cos(tan ‘(tan x 
If L= lim ( ( ) then cos(27 L)is ......... 
nt x—-1/2 
xoH 
2 
Number of solutions of the equation cosec0 =k 


-1 
n [0, 2], where k = lim Tl [5 } 15s. eceiees : 
nwo r=2| pr? 4] 
If C satisfies the equation 
c 


x 
. xte 
lim = 4, then |X 
x>e0l x-C 2 


1S) ssyacdess ; 


85. 


86. 


87. 


88. 


89. 


90. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


(3x4 +2x? )-sin( 2 +b +5 
x 


If lim ; : =k, then K is 
cal |x| + |x| +|x|+1 2 
if {()= a . I then f(1)is ....c 
tool t? 

The value of lim : is 
noel in a aa = +2n 

If1= lim 2? * andm= lim eames) (where 

xait xt x-1 


[| denotes greatest integer function). Then, (/+m) is ...... ‘ 


x0 2 


The value of in| 
x 


snes 


(where [-] denotes greatest integer function). 


7 k 
If lim = =1,thenk’? is 
n>er=11X3X5xX...x(2r -1)x(2r +1) 
ae are ll’ 
If f(x)= lim sin* x+—sin* 2x+...+—-sin*(2" x) and 
noo 4 4” 


g(x) is a differentiable function satisfying g(x)+ f(x)= 


then the maximum value of (,./ f(x) + ./g(x))* is... » 


EPS YEE HS EET) = 

f(2)=2and x, y, ze R, the value of lim 5 (4) fr) (4r) ae, 
n-oor=] n> 

If lim ans = : the number of the 


ne n(x —1)" +n-3"*! —3" 
integral values of x is ............ : 
The value of 
Jom (((x — 1)(x — 2)(x + 3)(x +10)(x + 15))”> — x) isu... : 


tan x 


If lim ([f(x)] + x° f(x) and [-] 


, {} denotes greatest integer and fractional part of x 
respectively, the value of [k/e]is ............. . 


The value of lim {(V3 +1)?" Fis ws. (where {:} denotes 
noo 


}=k, where f(x) = 


fractional part of x). 


If f(x) is a polynomial of degree 4, having extremum at 


x =1,2and tin[ 1+ 422) —2, 


x0 x 


Then, f(2) is... ; 


98. Ifo is the number of solutions of | x| = log(x — [x]), 
(where [-] denotes greatest integer function) and 
_ xe” —bsinx 


xa x 


is finite, the value of (a + b)is 


99. 
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Suppose x; = tan’ 2>x, >x3 >...are the real 


numbers satisfying sin(x, 4; — x,)+ 2+) sin Xx, 
‘sinx, +, =Oforalln>1and/= lim x,, the value of 


< n—0oco 
[41]is ........ (where [-] denotes greatest integer function). 


Limits Exercise 6 : Questions Asked in Previous 10 Years’ Exams 


(i) JEE Advanced & IIT-JEE 


2. 
100. Leta, € Rbe such that lim x” sin (Bx) 


x>0 Ox -—sinx 


= 1. Then, 
6(& +B) equals [Integer Answer Type, 2016 Adv] 


101. Let mand n be two positive integers greater than 1. If 
es (o”) = 
lim 
a0 a” 


102. Let f :R— Rbea continuous odd function, which 


/ =- (<) , then the value of ™ is 
2 n 


[Integer Answer Type, 2015 Adv] 


vanishes exactly at one point and f(1)= ; Suppose that 
F(x) = i. f(t)dt for all x € [-1, 2] 


and G(x) = i t| f {f(t} dt for all x € [-1, 2]. 


(ii) JEE Main & AIEEE 
105, The lim St *~ £8 * equals 
xt (n — 2x)? [2017 JEE Main] 
1 1 1 
(a) ri (b) 24 (c) 16 (d) 8 


106. Let p= lim (1+ tan? Vx)"*, then log p is equal to 
x0 


[2016 JEE Main] 


1 1 
(a) 2 (b) 1 (c) - (d) i 
I/n 
107. lim [© ua eat =| is equal to 
ae n [2016 JEE Main] 
(a) 5 (b) 7 (2 (d) 3log 3 - 2 
é€ e e 
. 2 
108. lim sneo 2) is equal to 
ae [2014 JEE Main] 
(a) > (b) 1 (c) -n (a) 


109. lim (1-cos 2x)(3+ cos x) 
‘ x tan 4x 


(b) 3 


is equal to [2013 JEE Main] 


(d) = 


(c) 2 5 


103. 


104. 


110. 


111. 


112. 


If lim F(x) = * then the value of f ) is 
x>1G(x) 14 2 


[Integer Answer Type, 2015 Adv] 


The largest value of the non-negative integer a for 


1x 
which i |S teneah ve _ a is 
x1 | x+sin(x—-1)-1 4 
[Integer Answer Type , 2014 Adv] 
2 
a—Va?® —x? —— 
Let L = lim 4 , a> 0. If Lis finite, then 
x0 x? 
[More than One Correct Option, 2009] 
(a) a=2 (b) a=1 
() La (@) b=> 
64 32 
x? +x41 
If lim | ————— - ax -— b |= 4, then 
bn | x+1 | [2012 AIEEE] 
(a) a=1,b=4 (b) a=1,b=-4 
(c) a=2,b=-3 (d) a=2,b =3 


Let o (a) and f (a) be the roots of the equation 


(3/1+a—1)x? -(,/1+a—-1)x+(91+a—1)=0, where 


a>-1.Then, lim o (a)and lim B (a) are 
a0" a0" [2012 AIEEE] 


5 1 
——and1 b) ——and-1 
(a) 5 (b) 5 


7 9 
c) ——and 2 d) ——and 3 
(c) 5 (d) - n 


1 
If lim [1+ x log(1+b’)]* =2bsin’ 0,b>0 
x20 


and@ € (— 7, 7], then the value of 0 is 
T 

aoe b 

(a) Fi (b) 


[2011 AIEEE] 


T 
aes 


(d) + 


w|[ aw 


ip 
6 
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113. For x >0, lim | x)'* + (=) | is 
a [2006 AIEEE] 
(a) 0 (b) - 1 ()1 (d) 2 
2 
114. lim peer Yai (2) given that f ’ (2) =6 and 


h>0 f(h—-h® +1)- f (1) 
f’ (= 4, 


(a) does not exist 


[2003 AIEEE] 
(b) is equal to —3/2 


cos x —1)(cos x—e*), 
(cos x ~1)( Ise 


116. The integer n for which lim 


n 
x0 x 


finite non-zero number, is [2002 AIEEE] 
(a) 1 (b) 2 (c) 3 (d) 4 


117. Let f : R—Rbe such that f (1)=3 and f’(1) =6. Then, 


I/x 
lim 2 equals 


<5| f@ [2002 AIEEE] 


1 


(c) is equal to 3/2 (d) is equal to 3 (a) 1 (b) 2 (ce? (d) e? 
.. {((a—n) nx — tan x}sin nx : x 
a seas x? ERS Te 118. For xe R, lim a is equal to 
non-zero real number, then ais equal to —_ [2003 AIEEE] es i [2000 AIEEE] 
(a) e (b) e" 
(a) 0 fe ee (a)n+ i ()e~ (d) e° 
n n 
Answers 
Exercise for Session 1 Exercise for Session 4 
1.(c) 2. (c) 3. (a) 4. (c) 5.(d) 6. (a) 1(1) 2.(1) 3. (e) 4. (c) 
7.(a) 8. (d) 9. (a) 
Exercise for Session 5 
Exercise for Session 2 1. (a) 2. (c) 3. (c) 4. (a) 
1.(a) 2. (b) 3. (a) 4. (a) 5. (b) 
Exercise for Session 6 
Exercise for Session 3 1. (c) 2. (c) 3. (a) 4. (b) 5. (b) 
1.(a) 2. (b) 3. (b) 4.(d)  5.(b) 6. (a) 
7.(a)  8.(a) 9.(d) 10. (c) 
Chapter Exercises 
1. (a) 2. (c) 3. (a) 4. (c) 5. (c) 6. (d) 7. (c) 8. (c) 9. (b) 10. (c) 
11. (d) 12. (d) 13. (d) 14. (d) 15. (a) 16. (a) 17. (c) 18. (c) 19. (b) 20. (b) 
21. (c) 22. (c) 23. (a) 24. (c) 25. (c) 26. (a) 27. (a) 28. (c) 29. (b) 30. (d) 
31. (a) 32. (b) 33. (c) 34. (a) 35. (c) 36. (d) 37. (b) 38. (a) 39. (b) 40. (b) 
41.(b,d) 42. (b,d)— 43. (b, d)—s 44. (a,b) 45.(b,c) 46. (a,b,c) 47. (a, b) 48. (a, d) 
49. (a,b) 50. (b, c) 51. (c, d) 52. (b, c,d) 53. (b, c,d) 54. (c,d) 55. (a, b) 56. (a) 
57. (b) 58. (c) 59. (b) 60. (c) 61. (d) 62. (c) 63. (b) 64. (a) 65. (b) 66. (d) 
67. (a) 68. (c) 
69. (A) >(); (B) > (p); (C) > (q); (D) > (@) 
70. (A) > (p); (B) > (p); (C) > @); (D) > (s) 
71. (A) > (7); (B) > (s); (C) > (p); (D) > (q) 
72. (A) > (q); (B) > (1); (C) > (p); (D) > (P) 
73. (6) 74. (1) 75. (3) 76. (6) 77. (2) 78. (1) 79. (5) 80. (5) 81. (4) 82. (1) 
83. (0) 84. (1) 85. (1) 86. (1) 87. (2) 88. (2) 89. (1) 90. (4) 91. (4) 92. (4) 
93. (3) 94. (5) 95. (7) 96. (1) 97. (0) 98. (1) 99. (3) 100. (7) 101. (2) 102. (7) 
103. (2) 104. (c) 105. (c) 106. (b) 107. (d) 108. (c) 109. (b) 110. (d) 111. (b) 112. (d) 
113. (c) 114. (d) 115. (d) 116. (c) 117. (c) 118. (c) 


Solutions 


sin(m — msin” tan (sin x)) 


1. lim 5 
x70 x 
i sin(m sin® tan(sin x)) { 7 sin? tan (sin x) 
= lim 
x30 sin’ tan (sinx) tan” (sin x) 


tan’ (sin x) ) { sin? x 
iD 2 |—% 
sin® x 


1-(1+ 2) 
1-(1+ 2) 2 
2. tim 22 Ot) ~ im 
toolni+t)-t toom(+t)-t 
t? 
1 — eft a+) 
= lim ——,— = 7, 
t>0 t 
-—1/2 
3. I, = lim (tan mx —tan™ x) 
x > 00 
2 T= 1 
= lim tan! to =0 => I, =0andI,=0 
x00 1+ 1x 


4, From given f(x) = x’ — 1”, 
(-n+h) -1? 


L as SS 
x>-asin(sinx) x—>-zsinsin(—1 +h) 


2 2 
x - TT 


—2hn +h? h-2n 
= lim = lim ——— —= 
h— 0 —sin (sinh) ho —sin (sinh) | sinh 
sinh h 
5. Using approximations 
sin’x 2 tanx x? 2 
L= lim —3__4__ = lim 34 


x>0 sinx+tan?x +20 x+x 


x. 1 
“(2 42) ; 
linc 2 #7 = 


x30 x(l1+x) 2 


0 
6. Let x) = cos 0, x, = cos —, x, = cos — 
2 


2 
2 
2 ; 
: y1— Xo . sin® 
= lim | —*————__| = lim 
n> el XyXoX3...Xy41 noo 8 ie) 0 
m COS — COS — ... COS ——> 
2 2 2 
2” «sin — sin — 0 
= lim = lim 
n— oo noo 0 
coe n+1 Dn n+1 
2 2 


= 0= cos! (xp) 


1+ co 
ae (1 + sec 2x) (1 + sec 4x) 


..(1 + sec 2” x) 


x 
7: f(x) = tans ( 


COS x 


10. 


12. 


1+ cos 2x a 
= tan x | —————_| (1 + sec 4x)... (1 + sec 2" x) 
cos 2x 


= tan 2x (1 + sec 27x)... (1 + sec 2”x) 


= tan 2” ' x(1+ sec 2"x) = tan 2"x 


Now, lim ful) = lim 
x30 2x 


tan2"x yn -1 =on-l 


x70 QMx 


. As, f(x) > 0= f(x) is increasing. 


So, for t>1; f(t)>1 
1 1 
Now, ‘(t) = ———- << 
f e+ ft) 1t+t? 
xy x at 
fo)=1+ |p @a<1+ fi 
i lim f(x) <1+f- Os tn Feta” 
x30 144e? x0 4 


2 
1 1 1 
. E=sin’ 0-sinO+ -(sino } + 
2 2 4 


me ena 
=> Minimum value is —. 
4 


K’-x°  3x+2 
Let K =./(x + 1)(x + 2), then K -x= aia! 
K+x K+x 
2 
co 
lim (K — x)= lim xX => lim =1 
x 0 x30 K x0 X 
ei 
x 
3+0 3 
lim (K - x) =—— =- tim 
Rees 1+ 1 v x20 xX 
F Selina, see teat Se 3 
The required equation is x Hee 
ie. 8x? —14x + 3=0. 
Let x, = tan, 
tan0 
Now, tan@,41=%41= ¥n = a 
f+ jie 1+ /1 + tan’ @, 
tan 9, sin 9, 6, 
=>  tan0,.,;= SS a og 
1+sec 0, 1+ cosO, 
0 6, — 
=> O57 = n => 6, = n-1 
Tt 27 
Now, 0, = => 0, = T= vy =tan( | 
382"? 3-2 
2m 
tan a on 
> lim 2” x, = lim oe 
noo noo 3 
on 
—b)-(a-b 1 
b= tim = =P == b) 
xa Jx-b+.Ja-b (x a’) 


; 1 1 
—— (x+a){/x—-b+.Ja—b} 4a.Ja—b 


lim (sin” 1 + cos"1)" =sin1 lim (1 + cot"1)" 
nao noo 


1 
lim ~—H 
n—co tan” 1-In (tan1) =sin1 


=sin 1l-e 
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x? 3x° 
13. As, sin!x=x+— gl 
6 40 112 
Bae al 
and tan! x=x-2-+2—--— +- 
3 > vi 


en Je. = 
lim —, (sin 'x—tan ! x) 
x7>0x 


ll 
5 


ll 
5 


2] (1 (3 1 

z| x +x tee f= 
2 40 5 
2 2/x? 

lim [2 toi tan”™ »| 
x 


{1° form] 


lim Eo x-tan™ of 2 


er 20x? x3 
age he [ —x° +higher powers of tii = A. 
Je 
1 k k 
14. We have, S =—- > ( ) cosa } 
k=1 se n 
sin4x )! 


1 1p 
5 = f~x) 08 4x-de=(-x) } +—| sin 4x dx 
0 9 470 


1 1 


1 1 
=0+— (cos 4x)) = (cos4— cos0)= —(1 —cos4) 

4 (-4) 6 16 

15. Let y =./cos 2x -3/cos 3x: 4/cos 4x ... "/cos nx 
1 1 Hf 
log. y = se cos 2x+ as: cos 3x+ a cos 4x 
+ t= 1 og cos nx 
n 


On differentiating both sides, we get 


2 dphdes 1 (-—2sin2x) rn 1 / —3sin3x i a 1| (—n sin nx 
y 2  cos2x 3 \ cos3x n| cosnx 
dy * lr X : 
a= cos rx)” - —tan (rx sl, 
a II ) a (rx)] (i) 
n 
1- Il [cos(rx)]}!” 
hej r=2 
x0 x? 
—[] (cos rx)? ¥[-tan (rx)] 
= lim —=2 ree [using L’ Hospital’s rule] 
x0 2x 
. 1 | tan2x+ tan3x +---+ tannx 
= hm-—- 
x02 x 
2 
+n-2 
=-[24+34+--+n]=" 7 =10 [given] 
=> (n+7)(n-6)=0 => n=6 


17. 


18. 


19. 


20. 


21. 


22. 


0 1/2 cot Z e 
[cot x] =1, when 1/2 < x <cot1 
and [cos™’ x] = 0, when cot1 <x <z 
cotl 
Jia pe (cot 1-1/2) 


a | a-dx+f tedx 227 2(1-1/2) +(z-1) 
1/2 1 


5 | si 
lim (2 +t). tim 2B. jim V2lsinl _ 5 
e0* LO 6 e0* ap 0 0* 8 
Here, iim {x)= {| pene 
f(x+2) 
~ 1=2(1+2) = 2 =1¢?45) 
3 l 3 
=> av=5 => =f 
2 
2 
- 4x-8 
ite SORES esas @ Oe 4(4) = — 16 
x27 2 x27 
By Sandwich theorem, lim f(x) =—16 
x27 
As, f(x) being polynomial having roots 1, 2, 3, 4 and leading 


coefficient 1. 


F(x) = (x — 1) (x — 2) (x ee 4) 


Similarly, 


im 2 = lim (x —1) (x -—2) (x -3)(x- 4) 

ora ga Ba 2 a AG | 
2 3 4 

_ 1) (2) (3) _ 
Bibles 
2)\3)\4 

4/2 —(cosx+sinx)° 


1-sin2x 


We have, lim 


T 
x2 


[(cosx + sinx)*]”? —(2)°” 2 


(1+ sin2x)-2 ud 
4 


x—> 


(1+ sin 2x)°? —(2)°” 
m 
(1+ sin2x)-2 


= lim 


T 
x= 


Put y =1+sin 2x 


(25/2 gp 54 nt 
= lim = —(2)2 =58| asx Ey 2 
x= y —2 2 4 
4 
+3" 1 
We have, lim 7 ret = 
no>eon(x—2)"+n-3"") —3" 3 
; 1 1 
=> lim = 


(=) 1% 1 3 
3 n 


23 


24 


25 


26 


reas : ; 1 
For, limit to exists and is equal to x 


=72, 
We must have, —1 < —— <1. 


=> -3<x-2<3 => -1<x<5,as x € integer 
; x € {0, 1, 2, 3, 4} 
= Number of integer solutions = 5. 


Given, f(x) = lim ; 


n>0f 3 = 2n 
—tan 2x} +5 
Tl 


2 
Now, f(x) = 0, if and only (> tan” 2x) 1 
T 


2 ™ = Tv 
=> tan! 2x>—ortan 2x<-— 
3 3 


=> 2x>3 or 2x<-v3 = |2x|>V3 
3 
cos? x — cos x—e cos x +e” = 


We have, lim 


x0 x" 
2 
(cos x — 1)(cos x — e*) — a 


lim 
x70 x 


= lim 
x70 x” 

x? x! xo 

2! 4! 6! 

2 x? 2x? ) x? 
x x car 
3! 5! 

= lim 
x70 x" 

3 4 3: 3 

x 4 ip ) x x? x? x 

2 2 12 2 “9 ae Ba. 
= lim = lim -2 12 _24 
x70 x" x0 x" 


a non-zero finit number, if n = 4. 


We know that, 


-1 Pa 
tan x sin x 
<1 and >1VxER 
x 
-1 Pl . = -1 
tan’ x sin’ x sin “x tan ~ x 
- <0 and - >0 
x x x x 


=> I, doesn’t exist and I, exists. 


Here, lim eral 
x52 log (sin x) 
2 


<1 


Tt x TT x TT 
As, x > > > —, where > 
2 2 4 2 


m™* T 
x > —or x3 — 
2 2, 


x ; x ™ 
_ = since 0<(2-52) <1 
2 2 4 


for 
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3] 


x—n/2 log sin x 


aq+1)\{a,+1 a, +1 
s as 2s zs 


lim 0=0 


x 1/2 


27. We have, lim 


n—> 0 


and @,.4 1S" 
n 
a a a a, 1 
. - ( ( : ( s)... es 
nol 2 i} 4 n+1) @Q-a2...a 
l+a 
= lim n+1 mn 
n>e(nt+1)! noe n! 
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[using Eq. (i)] 


a Hie | eg a ge a EE NsiI 
noe\n! nt} noe\n! (n-1)! (n-1)! ee 


1 1 1 1 1a 
+ +..¢——+—4+ 
(2)! 1! 4! 


1 1 il 1 1 1 
+ + +..¢—+—4+ 
n! (n-1)! (n-2)! (2)! 1! 1 


28. Here, f(x + y)= f(x) + fly) 
f(2) = fl) + FQ) =2 
f(3) = fl + 2) = fl) + fl2) =3 
f(4) = f+ 3) = Ff) + fB)=4 


f(x) =x, forallx ER 
=  f(tanx)=tanx, f(sin x) =sin x 


gf (tan x) gf (sin x) gtan x _ gsin x 
lim F : = lim _ 
x70 x f(sin x) x>0 x“ sin x 
ae Vee aa tan x —sin x 
= lim 5 x - 
x>0 sin x-x tan x - sin x 
tan x - sin x : 
: 2 =1 tan x - sin x i 
= lim { - Bog 5 a ead 
x>0 tan x-sinx x°sin x 
tan x - sin x 
eee -1 1-cosx i 
= lim x «x gene 


2 


x>0 tan x-sinx x“ cos x 


- si ey 
oe gn Re = ° 2 sin a sin 1 
x0 tan x-sin x 4(x/2) 


lo Sy wie ots 2 
g 3 , g 


29. We have, lim n = C +1) [n + ;| a [m4] 


(n+ 1) [x + +).[2+ A] 


n 1 n 


1 1 1 
Ge a a a 


[a,=1, given] 
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1)" 1\" 1 \ oo Shows limit exists at all points except at x = 1, 2, 3. 
= lim }1+—-—]| -}1+—]...) 1+ — {1° form] : _ st 
n—> co n 2n gn-1) Graphically, this is shown in given figure. 
2n 2ln Ay 
1 gol 
= tim (1+ +) (+4) {1+ -| 
noe n 2n 2" n 
; fe ‘ Y =f) 
ae 6: 
=eie? et ee 00 sn lim (+4] = ‘| ; 
n— oo n A oa } >X 
; Ol ap Be: 
it 7— ia o—o 
met V/2+1/4+..) 5 2 =e? | 
Here, limit can be calculated only after removing greatest ” 
integral function (i.e. [x]). which shows limit doesn’t exist at x = 1, 2, 3. 
*. LHL at x = 0 
. .  sin[x] |. sin[0-h] 32. Here, f, = : 4 
= lim f(x)= lim = lim — lt+r°+r 
; : > 0 = 
x70 x0 x] [ al 1 2r 1 or 
= fing EY aid 2\142r24r¢-r?) 2] 147°)? -(r?) 
ao (-1) 
[as-1<[0-h] <0 -. [0-h] =-Lie.[x] #0] | ae 
Again, RHL at x = 0 are eT) 


(i) 


...(ii) 


. 2 2 
. oA fj een a =o [2 Or =? tr+1)-(?-r4+0)] 
= lim f(x)= lim 0=0 |as f(x)=4 [x] (+r°+r)\1+r°-r) 
x3 0t x3 0t 0. [x]=0 
: 1 1 ia ft 
lim, f(x) = 0 A ee ee ee eer l4+r(r4+1) |" 
x30 
il 1 1 
Here, 0 <[0+h]<1 Thus, t. = 
2\14+r(r-1) 14+7(r +1) 
[x]=0= f(x)= 
So, lim f(x)# lim, a ). Thus, limit doesn’t exist. c= 1 iil = ( -2) 
1 
x0 x30" 2\1+0 14+2) 2 3 
We write, f(x) = Keene ee) pt 1 1 “(3 “| 
en (asaya) El ke Boog! ake 7 
=I, x= 1 
1/1 1 1/1 1 
io aa teeter 
=1, 2< 4<3 
; etn cnnnnnrnncnncnntenninncnsin 
[leaving x=1, 2,3 as denominator #0] ‘ - ; . 
Using Wavy-curve method, as shown in figure fn = 2 - + n(n-1) ee nie =| 
- + - + 
- co~< } | + > 00 1 
= lim L=— ——_____— 
4 ec 2 lim Dt i(1- a 
When x > 3, then i j i j 
(x — 1) (x - 2) (x — 3)|=+(x- 1) (x - 2) (x -3) Hence, lim Di im f:- )- (1- | 
When 2 < x <3, then ee: tenes 1+n(n+ 1) 2 = 
(x = 1) (x= 2) (x - 3)|== (x - 1) (x - 2) (x3) 
23 lim is 
When 1 < x <2, then no 4 
(x — 1) (x - 2) (x - 3)|=+(x - 1) (x - 2) (x -3) 
When x <1, then Bava” 
(x — 1) (x - 2) (x — 3)|=—(x — 1) (x — 2) (x -3) 33. Here, lim Yeo” ——— |= lim Yitan” a 
-1, «<1 oa 2 ae ee] 1-r? +r 
Th Oe 1i<x<2 
ne la 2ex<3 = in Sin" | 
1, 53 nao ts 1+(r°-r)(r°+r) 


34. 


35. 


u (r°+r)-(r?-r) 
=| 1+ (a +r) (r? -r) 


I 
F 

iM 
aS 


ll 
5 


Y {tan™ (r°+ r)- tan '(r? -r)} 


r=1 


lim [(tan™ 2- tan™’ 0)+(tan™’ 6-tan™'2) +(tan™’12-tan™*6) 


no 


+...+{(tan’ (n’+n)- tan™'(n? - n)}] 


lim {tan (n’+n)-tan”‘(0)} 


noo 


T 
= tan”! (c)-tan /(0) = 5 


Here, two straight lines (tan &) x + (sin a) y = a and 
(& cosec &) x + (cos &) y =1 


have their point of intersection, as 


QO cos — sin a a- xtan o 
= 
sin -O sin O 
When « — 0, we obtain the point P. 


F F . Q@&cosa-sin a 
ie. lim x= lim —— — 


FE form | 
0 


a>0 a>0 sin @- a 
. —-Qsin&+ cos @—cos a . ‘ as 
= lim [applying L’Hospital’s rule] 
a>0 cos a-1 
. a 
a [2s —cos <) ae 
= lim : oi lim = lim —2-=2 
a>0 - 20 a>0 Qa a0 Ol 
2 sin” — tan— tan— 
2 2 2 
a-x tan o 
Again, as Jim ve lim : 
a>0 sind 
: a x 5 A 
= lim - = lim - lim 
a—0\ sin Q@ cos & a—>0sing@ &>0cos O 
=1-2 as lim x=2| 
a->0 
lim y =-1 
a->0 


Hence, in limiting position P (2, — 1). 


2 fx 
lim =f) 
x0 x 


1/x 
=> lim [+22 f2) =L (say) 


x70 


Here, 


exists only when 


lim aes a 


: [it converts to 1” form] 
09:0) x 


So, the least degree in f(x) is of degree 2. 


ie. f(x) = gx” + a3x? +t... 


Dy 1x 
x0: x 


Now, 


36. 


37. 


Chap 05 Limits 299 


li f fel lim = + f(x 
=> x0 x x =? 3 ee? x =e" 
2 2 2 3 
i KO x é xX” + AgX” + A3X +... 
lim F(x) =2 => lim 2 3 =9 
x70 x3 x70 x? 


=> da, =-1,a3 =2 and ay, a, are any arbitrary constants. Since, 
we want polynomial of least degree. 
Hence, f(x) =- x? + 2x3 
We know,n<[x]<n+1 > [x]l=n 
nsin x 
Here, >n, as x — 0 but less than n. 
x 
ntan x 
Also, >n, as x — 0 but more than n. 
x 
nsin x 
Thus, lee <= asx—>0 
nsin [Pee lant 
=> 
: [ n tan x 
Again, ns 2 lens asx —>0 
[ n tan mn 
=> 
nsin x ntan x 
Thus, lim ( aie } =(n - 1) + (n) =(2n - 1) 
X20 


lim [est ]sf22= Tc 1) 
x0 


Here, lim [,/2- x + .{/1 + x]and we know, we could only 
rr 2 


apply limit after defining greatest integral function. 


Thus, finding range of [./2- x + ./1+ x], when x € C =| 
f(x)=V2-x+.1+ x 


Forrange f'(x)= ( : Pyle 
2 j2-x Jjltx 

7 ae | 

f’(x) will be the +ve for 2- x >.J1+ x. 


f(x) will be the +ve for2- x>1+ x. 
f(x) will be the +ve for 2x <1. 


ie. Let 


Y uuu 


il 
x<- 
2 


*. f(x) will be increasing for x < 5 
f(0)=V2+1 
> f(l/2) = V6 
which shows range of f(x) is [1 + 2, V6], when x € 0 A 


[,/2-x+.j1+x]=2 
=> lim [j2-x+ /1+ x] 


= lim 2= 2 


xa 
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(tan x - sin x) 


38. Lety = feo x-sin x) + | 


+,/(tan x — sin x)+..,0° 
=> y =,(tan x-sin x)+ y 


=> y’-y-(tan x - sin x)=0 


1+ ,/1 + (tan x- sin x) 4 


=> y= ; [asy > 0] ...@) 
Again, let Z = fetes lee... co 
= Zax eZ 


=> Z*-Z-x=0 


1+ (1+ 4x? 
ge PAE TED 


> ; [as Z > 0] ...(ii) 
-1+ (tan x-sin x) + af (tan x - sin x) +... 00 
lim | 
om =i tree tee... 
[Hite 
-1+ ; 
= lim [from Eqs. (i) and (ii)] 
x30" a 14+4/1+4x° 
2 


. -1+./1+ 4(tan x-sin x) 
= lim 
-1+4/14+ 4x? 


Rationalising numerator and denominator, we get 


li 4 (tan x - sin x)(1+4/1+4x°) 
m 
xoo* 4x°(1 +,/1+4 4(tan x—sin x)) 


(= x sin = Ja freee) 


x70t 


cos x 1 


m 5 
x>0* x (1+./1+4(tan x-sin x)) 
(1+./1+ 4x°) 


sin x (1 - cos x) 


= lim 7 . - 
x 707 x” cos x (1 +./1+ 4(tan x—sin x)) 
: 2 sin? ~ 3 
= jim 22%. 2 1. (1+ .1+4x") 
xo30t Xx 4x” cos x (1 +4/1+4(tan x-sin x)) 
4 
1 1+1 1 
ae ee 
2 (+1) 2 
(tan x — sin x) 
-1+ |(tan x-sin x)+ (tan x — sin x) 
oe a | 
lim = 


. + 
cana “14 [xt [t+ fee... 2 


cos” (1 -— cos*(1 — cos” (1...cos” 8))...) 


; = vee 
ski) = —_—_—— 
0 


39. Here, dim 


—>0 


40. 


41. 


42. 


43. 


44, 


_ cos” (sin? (sin? ... (sin? @)) ...) 
= lim 


00 ; = o-2) 
Sy | 


0 
D fon 2 pono re 2 
= lim £°S (sin* (sin® ... (sin 9))...) _ cos (0) _ 2 


8-50 0 
sin] 7 lim 


es ee sin (=} 
ines 4 


Here, lim a,= lim a, , 1. 
noo n—- o 
So, let l= lim a,= lim a,4, 
n— co n— co 
l= lim a,4,= lim /2+4, 
n—> co n> 
or l= /2+1 E lim a, = 
n— co 
= =2+l = I’-1-2=0 
> (l-—2)(1+ 1) =0 => P=2,=1 
lim a, =2 or -1 
n> ee 
> lim a, =2 neglecting lim a, =-1, asa, >0 
noc n— oo 
2 1 
tan! 
A 2x+3 1 
lim 4x x = 
x 00 1 2x+3 
2x+3 
=> y+ 4yt+5=2 
> ye-1,-3 


x 4 1 e 

=-In4=In2=1--In| — 
(47-1) x* 2 2 4 
f(x) =e'*] as cot x is negative in the II quadrant and 


T = 1 
cot —=0[cotx]=-1 > lim f(x)=e' =-— 
2 nt e 


x>— 
2 


T 
Asx 5 cot x is positive (being in I quadrant) and hence 
[cot x]=0 > lim f(x)=e°=1 
gests 
2 


If m < 0, then for values of x sufficiently close to 0. 


1 sinx sinx 
1+—< <1 => m+1>m—>m 


m x x 
sinx ‘ sinx 
m =m => lmim =m 
x x70 x 


If m > 0, then for values of x sufficiently close to 0, we can 
have 


1 sinx 
1-— <= 
m x 


<1 


| 


45. 


46. ( 


47. 


48. 


49. 


50. 


2 


lim (1 + ax + bx?)x =e? = e*?>* =¢? 
x70 
> e =e 


Since, limit value does not involve b. 


*. bcan have any value. Thus, a = _ beR 


(a) lim f(x)=1 
x07 
(b) lim f(x) = 2, as RHL = LHL = 2 (at x=1) 
x1 
(c) lim f(x) and lim f(x)>~-< 
x33- x33t 
lim f(x) does not exists. 
x33 
(d) lim f(x)=0 
x4 1 
RHL = | cot (1/x) tan 4 
x30" x x30 =X 
-1 -1 
LHL = lim cot (1/x) iy ™ + tan x_ 
x0 Se x0 x 
*. RHL exists and LHL does not exists. 
x x poy OE. 
As,t= in| 21) =tim{ 1+) =e xl 2 @ 
x00 x—1 x00 x-1 
(I]=7 and {I}=e? -7. 
Gea pepsi i aa 
x30" x30 =6[x] hoo (-1) 
(b) lim f(x)=lim[0+h]=0 
x07 ho 
*, Limit does not exist at x=0. 
(a) lim [[x]]—[2x-1] 
x33 


RHL = lim[[3+ h]]—[6+ 2h-1] = lim3-5=-2 
h>0 h0 
LHL = lim[[3—A]]—[6-—2h-1] = lim2-4=-2 
hoo hoo 
*, Limit exists. 
(b) lim[x]- 
x1 
RHL = lim[1+h]-(1+h)=lim(1-1-h)=0 
h>0 h>0 
LHL = lim[1—h]-(1+ h)=lim0-1+ h=-1 
h>0 h-0 
.. Limit does not exist. 
(c) lim {x}? —{-x}? 
x0 
RHL = lim{h}? —{—h}? = lim h? — (1—h)? =— 
h>0 h>0 


LHL = lim {—h}’—{h}?=lim(1—h)? -h?=1 


*, Limit does not exist. 


t tan(1 
Sa tig EE een ota Sia 
x30 senx hoo 1 
tan(-1 
Te a ee 
hoo 6-1 


*, Limit exists. 


52. 


53. 


54. 


55. 
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=0 


1 1 
= lim| 2.2 =tim) 1-5 | 
gn 


2 
no] 1 n—yoo] 
2 


1- 


(b) lim (x-1){x} 
RHL = lim(1+h-1) {1+ A} = lim h(h)=0 
h->0 hoo 


LHL = lim(1—A-1) {1—h} = lim-h(1—h) =0 
h-0 h>0 
lim(x—1){x}=0 
x1 


it: 
(c) As, oe Si 
tanx + : tanx 
- las x>0° => lim =1 
x x30 x 
(| tim! m fans [1+ h]=1 
x0 x 
T 
Put x=—~—h 
2 
tanh sinh sinh; _tanh-sinh 
in i ica 
ho0tanh—-sinh hos  tanh-sinh 
and m= lim (./x?+ax—./x’-ax) 
x—>-00 
(x? + ax)—(x? —ax) 
ee +ax +.{x?-ax 
2ax 
lim a =-a 
x—00 a a 
+ 14+—+ 1-4) 
x 
ao 
f(x)= lim | 147 = -1 
Xoo xa 
r eal 
—b)x-1 ze Xx 
= lim ye cad al es =e" ane 
x00 bx+2 
lim-—— 1 1 
When a=b, f(x)=e*~” ™**? =e 4 ore ¢. 
When a>b, f(x)=e” =o, does not exist. 
When ax<b, f(x)=e ~=0. 
1 
x 2-x7 = x 
Zo 1 20-1 
lim (x)= lim ua J ihe 4. =2-log,2 


x30 x30... 9X x 
2sin® x/2 sin? 


and lim 2*-sin (log2/2*) = lim sniloeste 


Xoo x30 (log 2/2*) 
3 2 
+ +5x+12 
As, lim => >" =}. 
x33 x" —-7x+12 
27+9c+15+12=0 
=> 9c+54=0=> c=-6 
— xP+ex7+5x4+12 3x? +2cx+5 
lim = 


x33 x*—7x+12 x33 2x=7 
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= log, 4 


log,2= log,2 


[finite] 
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_ 274+6c+5 27-3645 


9-7 -1 
c=—6and 1=4 
sinx 
. sinx : 
56. lim = lim X__ = 
x70 x-sinx eae sin x 
xX 
liga (=-] ae lim sn 1 
Hence, L=e*”° x x—sinx _ 4x0 x =e! == 
e 
2 sin? — 
: x—-1+cosx : 
57. lim ———~ = lim 1- ——2 =1 
x70 x x30 x 
fies [.} 1 
Hence, L=e*~°® * * 
-2sin? ~ 
lim 
x30 x? _ 
-1/2 
=e =e 4=e) 


2 
3 (loga + logb + loge) 5 log abc 


=e e = (abc)? 


Sol. (Q. Nos. 59 to 61) 


f(x) = lim [co ) lim f + [eo tad -1)] 
n— co n Te} o: n 
at x 
F x. ames xe 
sim [sos ap - E | 


=e 


—2 lim iz a 
o 4 1 
=e =e "? in =e 2 


y = f(x) =e *”, x = 0, range = (0, 1] 
> g(x) = lim Q—x+ x¥/ey” 
n> 
1/n 
lim x =) 
=igh = 1/n =e VxeER 


=> = A(x) = tan! (g! (f(x) 


Let y’ = f(x) > y=e*? 
-~*=emny > ees 
2 y 


- 1 
=> f'(x)=2ln-, for0<x<1 
x 


y=ge(x)=e > x=Iny, g' (x)=Inx 


ee g'(2m+)=in(am(4)), for0<x<1 
x x 


A(x) = tan” [i [in *)} ,for 0<x<1 
x 


60. Domain of h (x) is (0, 1). 
61. h(x) = tan! (In (In1/x’)), for 0<x<1 


1 1 
1<><0e = 0<In-< 

x x 
=> -o<In(In(1/x’)) <0 
“. Range of h(x) is (— 1 /2, 1/2). 

Sol. (Q. Nos. 62 to 63) 

Here, K, =(n+1)(n+2)(n+ 3)... (2n) 
K,=nxXnXnx ... Xntimes =n" and K, =(n)! 


(‘ + 1)(n +2)... en)" 


nxXnxX... Xn times 


1/n 
62. L=lim (S| = lim 
nce Ky n—-co 
Taking log on both sides, we get 
tle r 1 
log L= lim —- Poe + *). i} log (1+ x)dx = log(4/e) 


no Nh 


r=1 
L=4/e 
63. Also, M = lim Ky = kim 2 t Dt 2) ... (+n) 
n=790 K,+ Kz n—co nen! 
— n((1+1/n)(1+2/n)...d+n/n)) 
= lim =4 
neo | Eee 
n | 1+ —W— 
HEN ses TM 


Sol. (Q. Nos. 64 to 65) 
Here, f(1) = 0-8 and g(1) = 0-6 = (f(1))” +(g(1))* =1 
“. Let f(1) = cosa and g(1) = sina, then 
fl) = f(1)cos(g(1)) ~ g(t)sin(g(1)) 
= cosa: cos(g(1)) —sina-sin(g(1)) = cos (a+ g(1)) 
Similarly, f(n+1) = cos (a+ g(1) + g(2)+ ... + g(n)) ..-(i) 
Here, for all x € (0, 1) 
sinx<l@—-x => x+sinx<T 


4 


>X 
sin x 
y="-x 
> G+ g(1) + g(2)+ ...4+ g(n) <7 
“ Asn — oo, + g(1)+ g(2)+...4+ g(n) 31 ...(ii) 


64. lim f(n) = lim cos(a+ g(1)+ g(2)+ ... + g(n)) 


=cost =—1 
65. Similarly, g(n) =sin(a+ g(1) + g(2)+ ... + g(n—-1)) 
Again, g(2) =sin(a + g(1)) 


As, lim g(n) = lim sin(a+ g(1) + g(2)+ ... + g(n—-1)) 
=sin(m) = 0 [using Eq. (ii)] 


Sol. (Q. Nos. 66 to 68) 


Here, T(x) = isin *) tan *)-cos * ae 


sin? = ta id 
= tan— 
66. lim) = jim—2 2 =! 
x70 x x0 x 8 
S 1(x-si 
67 tg iy 2g 
x30 x x>02 x 


re x 3 
= lim—- - = 
x04 (x-sinx) 2 


68. lim T(x) afi sin?(x/2)-tan(x/2) 


x30 S(x) x30 


—(x-sin x) 
2 


69. (A) lim tan‘ (tanx)=-~,as lim (tanx)=—© 


nt 2 n* 
x >— x>— 
2 2 
— 1 1 — 1 
(B) }) — =| 1-—] <1, for alln € N.Thus, lim —|=0 
= 2 2 n>0| ““ Q" 
r= r=1 
(C) As x > ©, 31° 
x+1 
and hence lim sec! doesn’t exist. 
x ee x1 
Tl . diana 
(D) Put a x = @, then the given limit is 
sinO . sinO 
0-7 0(1 — 0)" eo 2/3 4/3 9 
cos 92I3 gin t/3 2 
2 
_ 9 0 0 
2 sin— cos— cos— 
= lim —#_2 =2" jim ——2 
9 0 42/3 i 4/3 9 80. 4N3 9 
2 2 


which doesn’t exist as for lim limit is co and for 
+ 
lim limit is — 9, oro 
@—> 0+ 


70. Here, y = sec@ and x = tanO 
(A) lim (Jy - Vx) = lim (,/sec 6 - vtan®) 


a> = 87> = 


[using L’Hospital’s rule] 


B) lim —x)= lim (sec @- tan®) = lim ——— 
(B) lim (y ~ x)= lim (see @~ tan) = lim *—5"8 
03> : ee pes s cos0 
. cos 0 . ‘ ae 
= lim =0 [using L’Hospital’s rule] 


(C) lim (y? — x’) = lim (sec” @— tan? 0) 
aga of 


ll 
a 
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(D) lim (y? — x?) = lim (sec? @— tan? 0) 
Tt Tq 


89> -— a> = 
2 


_ 3 sin?@cos@ sin @ 
= lim — 


622-3 cos’@sin® cos 0 
2 


[using L’ Hospital’s rule] 


= lim tan0=oco 
™ 


a> - 4 
x x 
re eee ee a 
71. (A) l= lim _ 
x70 sin"x 9 
2 “x 
2 
x 
x? x 
. oo SHO 1 
= lim 5 + lim 5 
2\|x70 x x0 x. 


1 1 1 1 
=—-/1--|=->-=4 
2 2 4 l 
1/x li 1 34x 
(B)1= lim + x = ta [2 
x0 —-x 
iin. oe 
= e% 70 x(3— x) = 073 394355 
_ (tan? x — x*) —(tanx* - x?) 
(C) lim - 
x70 x 
li tan? x — x li tanx® — x? 
= lim 
x70 x? x70 x? 
a ee 
zero (by expansion) 
ne (tanx — x) (tan? x + x tanx+ x’) 1 ea4 
x0 x x? 3 


(D) Rationalising gives 


i (x + 2sinx) Lyx? +2sinx+1)+ sin? x —-x+1] 
im 


x0 (x? + 2 sinx + 1) —(sin® x — x + 1) 
x + sin 2x 
=2- lim : 5 
x70 x° —sin°x+2sinx+x 
sin2 x 
1+2 
=2- lim a = ( . )=2 
x70 1 
lade oy | 


x 
72. (A)1 = lim cos’ (a (3/n? +n? + 2n —n)) 


Consider lim [(n? + n* + 2n)3 <i) 
nao 


M i 
= * 
a= a= 
8 8 

= 
—_—“ nae 
a bh 
+ + 
a 
"ke 
Sle 1H 
+ + 
BR] AL] 
an . ee. 
3 3 
os 
= 
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1/1 2 1 1 2 : 1 
= li 1+—|—+[|+..-1 = lim — -1 +—;-lo 0 ut x = — 
tim n} ae =) 030 oe 5} ge ostin®) lpat = al 
1 i 4. Al 1 ._ 2log(sin®) —2log 0 
— + terms containing —,-—,—,... =— = lim ———— oj 
3 nnn 3 9-0 8 
1 = cos” (=\-2 coro) 
q i = lim —— {using L’ Hospital’s rule] 
8-0 
(B)1 = lim nsin (2m ./1 +n? —2n7) 
nee = Jim 2LOcotO-1] _ O- tan 
(f1 + n? —n) 80 20° 6’ tan 
=m nai HE (ji +n? +n) G/1+ n? +n) _ om 07 a8 (a) — im 27 278 
, ~ 00 @ tan0 — 050 @ 
3 
nsin ee L=\l — ye 1/3 
i Jltn? tn on 80 0 
= lim = 
dd on Jjl+tn- +n ee = =6 
Jltn? +n | ie 
ont on 74. We have, (1+ *) =e ...(i) 
= lim = =T1 n 
oer er 7 2 On taking log both sides of Eq. (i), we get 
2 
" (n+) log [1+ +) =1 
n 
(C)1 = lim (-1)" cay ain mn eta 1 1 
aes 2 mh se rs = i — a =% 
= lim (-1)"~' sina log (+2) log (142) 
n> oc n n 


n+1 
n n —— = — 
nares tad ne ee tat ae a a 
2 2 
1 
ae > n=—— 
n+ 1, es aed u-1 


1 1 
“lim x,= lim 
2 2 on n—oo ees log ue = u-1 
_ an-1.: =])— 
= lim (-1)""" sin 2 jim Habe | 2torm| 
nj1+.j1+—+— uot (U—I)logp 0 
ann? 1 
1-—— 
14 = lim ———_# __ [using L’ Hospital’s rule] 
ae IW =1)-— + log u 
= lim (-1)” sina 7 u 


m 
woli/u?+1/u 2 
V2 “2 lim %,=4 
(n+1)% ‘ 


1 
4n V2 75. tet| Vat] =K > Ksvn4hciK ey 


nae 1+.j/1+—+ : 1/u? 1 
ann Stra. = 
Tl 


Also, as n > 9,sin 


. 4 
*. Final answer is —. => (K-1/2)’ <n<(K +1/2)° 


= => K*-K+1/4<n<K’+K+1/4KENnEN 
=> K*-K+1<n<K*°+K 


2 ofl) o-ft) © 9K 4 o-K 
im_ ) 5-5" +2 a5? +2 
_ ox 30 \1-(a/x)} _ 2a a ~ 
=. =e eal 2" n=1 2" 
e“ =e >a=1/2 2495) P49 
= + ri 
73: eve t= Wn eles eae sioasial : 
» Here, L= lim xlogx+2x- logsin| —= |, _ = e = 
oe pen ie 242% 242% 22427 92427 
+ 8 + 3 + 3 + 3 


K=1 5 18n82 
A K=2 > 38nS6 
s, 
K=3 > 78ni12 
co  K*4+K 9K 4 9K a P K°+K 1 
s=y > =yYer+2"*). HN = 
n n 
K=l n=K?-K+1 2 K=l n=K*-K+1 2 
- = 1 1 1 
- Setvey| + ; 
Feet gk*-K+1  gK?-K+2 gk? +K 
. fs 1 
aie ke 
= Sek goo ey 
= 1-1/2 
= 2 72 2 
= yes") -c* +K _o-K “EY 
= Sok 2k _97k? 4 ak® —97K’-2K) 
K=1 
= Sok tk 2 -K?-2Ky pe 2) aK (K+2)y 
K=1 
=(2'-2%)+@° 2) 47 >) 4¢ S24) + 20 
=2+1=3 
1-(n-1)+2-(n—-2)+...4+(n—-1)-1 
76. Arithmetic mean = =) wa) ee) 
(n-1) 
n-1 n-1 n-1 
Yrn-r) pa ee 
S = r=1 = r=1 r=1 
" (n-1) (n-1) 
n(n-1) n(n—1)(2n-1) 
# \ n” n(2n—-1) 
2! 6 = 6 Se —— 
(n-1) PD 6 
2 2 
1 
lim = 2 = = 
n>oeS, n° n(2n—-1) 1/2-2/6 
2 6 
= 6" 
77. Here, k = )) 


_ (3" —2"y3r = ant) 


78. 


79. 
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iu 1 3 
= lim 
aes 3 


: 1 3 1 3 
= lim + + 
tin) inl se sawn 


| | 
+ 
1-(2/3)" 3-2-(2/3)" 


Sie |— J ~|=3-1=2 
ne] 1-2/3 1—(2/3)"* 


tan x - sin {tan ‘(tan x)} 


peels tan x + cos*(tan x) 


We have, lim | 


Now, RHL at x=t 


ll 
cc 


: tan x — sin {tan '(tan x)} 
m 
nt tan x +cos*(tan x) 


ll 
= 
= 


2 
fe x -sin(x- 1) 


tan x +cos*(tan x) 


“ Tl 
E tan! (tan x)=x-7, when x > 4 


tan x _ fl+0 


nt ie cos*(tan x) 1+0 


ll 
5 


tan x 
™ 
Again, LHL at x = - 


; -1 
: tan x-sin jtan (tan x 
2s (tan“'(an x) 
mes | tan x +cos*(tan x) 
2 
tan x — sin (x x Tt 
= lim fie E tan '(tanx) = x, whenx < 4 
nx \ tanx+cos‘(tan x) 2 
x30 
sin x 
1- 
: tan x 1+0 
= lim 2 = = 
1 cos*(tan x) 1+0 
xoo \jp poo 
| tanx 


—~oj “1 
is (22 sin {tan (tan x)} _ 


yan tan x + cos*(tan x) 
2 
tsint” 
We have, A(t) = i sin x’- dx ; B(t) = 
2 : sin x?- dx 2| sin x’dx 
A(t) s 0 _ li 0 
= ear = iad 
t>0B(t) t70 tsint t>0 4 sin’t 
t t° 
af sin x°-dx 9 sit (t?) 
= lim - 5 
t>0 t t>0 8 3t 


[applying Newton-Leibnitz’s rule followed 
by L’ Hospital’s rule] 
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A(t) 2 v1 
m 2) 2 82: tere, E= tin cos(tan '(tan(m /2+h))) 
t>0 Bt) 3 h>0 h 
Then, m+n=2+3=5 abs eh 
2 (sinx afc cos(tan”'(—cot h)) lim 2 _ sinh = 
80. Here, AB : J, ( = +1) x+y =3t ae h = le 7 ce 
ad AC tee y =0 * cos(2mL) = cos(2m) = 1 
On solving, we get $3. Here b= le ne 1? +r+1) 
2t( si n>o r=2(r+1)(r°-rt1 
AB : i) (= + 1)ee—2t x =3t [. y =—2tx] ele ) 
0 x 2 n’t+nt+1 2 
= hm x =- 
3t n>on(n+1) 3 3 
7 2t ( sin x 2 
j, +1) dx—-2t So, cosec ar = Number of solution is zero. 
x 
x (2 laa 
C EE _sin2t 84. Here, im(2*¢] =4 > e ne 
x el x-C 
3 , => e=4> &=2 [only positive value] 
Now, — [using L’Hospital’s rule] 
130 p=)" 2 e€ 
at on 
p_3 
q2 => ptq=s (3x +23") sin| Jna45 
85. lim —- =k 
81. Let A; = (2t, t’) x—>—00 MEX xt 1 
(3) 
> \ Sil — : 
x 
(3+=,} eee 
> lim x 
BP a He ag 
x x x 
= aU eg E 4 
-1 2 
2x alte 
86. f(x) = lim — tan S 
t30 1 t 
yr mA + CaseI When x>0, 
i 4 ek. if x 2x 7 
= li “t — = 
ty f(x) an (3) aa x 
2t Case Il Wh <0: 
tan(0,.) 5 = tan(20), where ¢ = tang on oe . 4 - 
= x x x(- 
= f(x) = lim—-tan™ A { }- x 
Q kt ‘6 t>0 1 t Tv 2 
=i tan =t. 
° 2 = 4n en CaselII Whenx=0 => f(x)= 
Also, FA = y(t’ —1)? + (2t)’ . f(x) =(x) = fQ)= 
22) = 2 1 1 1 1 
=t°+1=1+ tan’ 87. Let f(x)= + + +o+ 
Vn? n?+1 {n?-+2 in? +2n 


i 1 1 
As, < = 
n n 2 7 3 
lim +. FA, = lim ce »y sec) ia _ vn 


noon fT, Pe 4n Zé 2 1 
1 2{ Tx yn? +2n an? +1 Vn? 
=|, sec rs dx 
4 ‘ (%] ‘4 On adding, we get 
= -| tan = 
Tt 4)|, © 2n+1 1 1 conti 


Hence, m = 4. feten ve yn eres ae 


On applying, limit n— 


2<lim a : + : + : 
oar oa vn? Vn? 41 Vn? +2 ae 


1 1 1 
lim + +..+ =2 
noel ln? ain? +1 ain? +2n 
os A. 
88. [= lim 27 * = lima?" =2°=1 
xoit h>0 
1+h)-sinh 
and m= lim nee 2g 
hoo h 
l+m=2 
x 
sinxtanx 4-tan* 
89. As, "= - 
x x°-(1—tan* x/2) 
sin x-tanx sin x:-tanx 
Hence, when x—>0, 5 >1. But 5 
x x 
? sinxtanx 
tim| Stans | 
x0 x 
kn 2r 
90. Let S, =— > 


2r=11X3X5 xX... X(2r—-1) X(2r+1) 


_k3. 1 1 
2r=1] 1X3X5xX...x(2r-1) 1X3x5*xX...x(2r+1) 


k 1 
= 1 ,asn—-oe, 
2 1xX3x5&...x (2n+1) 


lim, ===1 => k’=4 


noo 


. . 1; 
91. Here, sin* x=sin? x——-sin?2x 


1 1 1 
2 Op -{sin’ x4 sin?2x) +( 4 sina, sin? 
4 4 4 


1 
tt Ssintat- = 
4 4 


=sin’ x- -sin’2"*!x => f(x)=sin? x, g(x)=cos’ x 


qntl 


[J fle) + Jeol! =4 
92. Here, f(3)=3 f(1)=1 
f()=f(2+14+1)=f2)+ f+ f(1)=2+14+1=4 and so on. 
In general, f(x)=x, for x EN 
jaa > ei aru 
noo r=1 n 6n 


= 
93. As, 0S <1 3>1<x<4 


1 =| 
Then, lim e =—, when g<> 21 
ne ( x1)" 3 3 
n:-| —— | +n-3-1 
=. 21.2.3 


*. Number of integral values = 3. 
94. As, x°—y> =(x—y)(x4 + x°y + x°y? + xy? + y4) 


and the coefficient of x” in 


sin‘) 
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(x —1)(x — 2)(x + 3)(x + 10)(x + 15)—x° 
=-1-24+3+4+104+15=25 
wo. lim ((x — 1)(x — 2)(x + 3)(x + 10)(x + 15)!3 — x) 


X— co 
oes 
B) 
95. Here,k = lim (1+ [f(x)]+ x’ —1){f(x)} 
xX — co 
[ez] 1 : 
lim 1 * = ___ lim ea eee 
x30 {=} vootans | ane] 
=e x =e x x 
2 
lim * 
xX > 00 2 4 
f 2.2] 
[k/e]=[e?]=7 
96. Here, (V3 +1)" =I+ f 
Let f =(V3 -1)” 
I+ f + F =even integer, 0< f, f <1 
> ft+F=1>0<f+F<2 


> ftF=1 
=> {V3 +1)" =f=1-f 
lim f = lim 1- f =1- lim(V3 -1)"=1-0=1 


nooo n—- co noo 
97. Here, f(x) = agx* + ax? + aax” + a3x + ay. 


F(x) _ 


2 


As, lim1+ 
x70 aC 


So, a; =a, =Oanda,=1 
f(x)= Ayx* + ax? + x? 
=> f(x) = 4ayx* + 3a,x? + 2x 
As, f(x) has extremum at x = 1and x =2. 
fA) = 4ap + 3a, + 2 
and ~—s f"(2) = 32a) + 12a, + 4 


1 
So, a all 


=>  fa)=0 
98. Here, |x| = log({x}) has no solution. 


Hence, @ = 0 2 4 
a 
(1—b)x + ax’ + x3 = 

. xe —bsinx 2 6 
lim = lim 
x70 x3 x70 x3 

> a=0,b=1 

> at+b= 


99. Here, sin(x, 41 —%)) +2" *)sinx,-sinx,,,;=0 


> cot X44, —cotx, =2""» 
= cot x, — cotx,; =2”" 
ee oe 1 
=> cot X, +1 — cot x, = a ae eo 
si) 4 1 
> a ae es 
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=> lim cot x, ,,; =1 
n— co 


™ 
lim Xn +1 = — 
oo 4 


n> 
I=" 3 4l=n 
4 
[41] =3 
2. 
100. Here, lim x’ sin x) =1 


x 0Qx-—sin x 


vps _ 6x)? | Bx) _ 7 


3! 5! 


=> lim =1 
x70 3 x? ] 
ax -—| x-—+—- 
3! 5! 
3.2 5.4 
(0-& he -..| 
3! 5! 
> lim =1 
x70 x? x? 
(a-1)x+—+—-... 
3! 5! 
Limit exists only, when « —1=0 
> a=1 ...(i) 


ma 6B =1 (ii) 
From Eqs. (i) and (ii), we get 
62+ B)=6a+68B=64+1=7 
cos(c") 
101. Given, lim ] en 


a0 


efor _41 cos(e") — 1 _-e 


=> lim 
a0 cos(a”)-1 a” 2 
n 
cos(a” )-1 ~2sin? — 
: e = e 
=> lime - lim = 
a50 cos(c") =] a50 a” 2 
of a" 
sn 2) : 
2 a” -e 
> eX1X(-2) lim . = 
o-0 (hal 4,” 2 
4 
; 2" —m -~e 
> ex1x-2x1~x lim =— 
a>0 «4 2 


For this to be exists, 2n-m=0 > La 2 


n 
102. Here, pat) ais 
x21G(x) 14 
=> lim an aie [using L’Hospital’s rule] ...(i) 
x1G(x) 14 
As, F(x) = I" flt)dt 


= F’(x)=f(x) ii 


and G(x)= foal ff O}lat 
> G(x) = x| fF LF (x)}) 
fo PGia Oa Fee 
x1G(x)  x1G(x) x1 x| f{f(x)}] 
i 
_ fa) _ 3 
1|f{FA)}) #(5) 
2 
Given, ig et 
x1G(x) 14 
u 
aren Hk 
(5) 14 2 
a 
(1+ Vx) (1-Vx) 
i 7 - -Vx 
103. Given, lim co see ee : ae 
x1 | (x -1)+sin(x-1) 4 
sin (x -1) _ He 
lini ae ee a 
x71 (eee 4 
(x —1) 
(1) 1 
=> =— 
2 4 
=> (a-1)° =1 
> a=2or0 
Hence, the maximum value of a is 2. 
2 
104. L= lim 7 ,a>0 
x70 x 
LA ome 
a-a:|1 x" 42 A a x 
2a’ 2 a’ 4 
= li 
at x! 
x? 1 x4 x? 
a hat a —_—___ 
= li 2a 8 a 4 
x30 iy? 
Since, L is finite > 2a=4 > az=2 
L= lim os 
x>08-q> 64 
105. lim cot x (1 — sin x) 


a n° 
amar -8[x-4] 
2 


...(iii) 


1 


106. Given, p= lim (1+ tan? Vx) 2* [1° form] 
x07 
fine EE ae (==) 1 
=err 2x sg et Vx =e2 
: 1 
log p=log e? =- 
2 
1 
. (n+ 1)-(n + 2)... Bn) |n 
107. Let 1 = li 
: sim | n™ 
1 
= ii (n+ 1)-(n+ 2)...(n + 2n) |n 
re n 
1 
=i (4)(2) (“22)/ 
n> 0 n nj n 


Taking log on both sides, we get 


oti 2) (0 


=. log = Jim 2 


noon 


1 2 2n 
og ( + *) + log ( + 2) +... + log [ + ) 
n n n 
‘ie r 
= log!l= lim— ) log}1+— 
e!> lint Dee(1+ 7) 


= don Pe [toe eae 


2 
= log =| log 43) x ~f : vd 
+x 


0 


2 [a 


= log! =[log (1+ x)- x]p - a 


= log! =2- og 3~ (1 - : Je 
0 1 ck 
= log] =2-log3-[x-log|1+ x |]5 
= log] =2- log 3 —[2 — log 3] 
= log!l=3-log3-2 
= log! =log 27-2 
] = 827-2 
=a7-e 2 = 7 
e 
4 2 : eae 
108. tim SCS *) _ lim sin (1 = x) 
x: x x0 x 
= lim SS = Bin” x) 
~ e390 x? 


sin(m sin” x) 


= lim . ['.. sin (1 — 0) =sin 0] 
x0 x 
‘ a) ae) : 
= in sintsin* x (rn) = Z lim sin® _ 7 
x>0 sin’ x x 90 0 
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(1- cos2x)(3 + cos x) 2sin’ x (3 + cosx) 


109. We have, lim = lim Sere 
x30 xtan4x x30 se x4 
4x 
2sin® 3+ 1 
= jim 22 Paik cosx) | 
x0 x? x0 4 .  tan4x 
lim 
x30 4x 
4 sin® tan0 
=2x—x1=2 ra lim =2° = 1 and lim sas =i 
4 @>0 @ 0-0 8 
110. Plan (=) form 
0, ifn<m 
a é 
Ax" +ay,x" | +...4+4, —, ifn=m 


111. 


lim = = jb 
x0 box + bx +... + Dm, 


ifn>m anda,b)> 0 
—o, ifn<mand agh)< 0 


Description of Situation As to make degree of numerator 
equal to degree of denominator. 


x? +x+4+1-ax"-ax—bx—b 
=> lim =4 
X—> 00 x1 


x°(1—a)+ x(1-a—b)+(1 = 
xt+1 ~ 


> lim 
xe 


Here, we make degree of numerator = degree of denominator 


1-a=0 
> a=1 
and ia 2 MEO) _ 
x00 x+1 
=> l-a-b=4 
> b=-4 [. (1-—a) =0] 
Plan To make the quadratic into simple form, we should 


eliminate radical sign. 
Description of Situation As for given equation, when a > 0 
the equation reduces to identity in x. 


ie. ax’ + bx +c=0,Vxe€ Rora=b=c—50 


Thus, first we should make above equation independent from 
coefficients as 0. 


Leta + 1=1t°. Thus, whena > 0,t 31. 
(t? -1) x? + (8 -1)x + (f-1)=0 
=> (t-1){(t4+1)x?4+(? +t4+1)x+1}=0,ast>1 


2x7 +3x+1=0 


=> 2x7 +2x+x+1=0 
> (2x+1)(x+1)=0 
Thus, x=-1,-1/2 
or lim a (a) =-1/2 
aor 
and lim B(a)=-1 
a>0r 
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112. Here, lim {1+ x log (1+ by 
x—0 


113. 


114. 


lim {x log a+b2y-2 
=e*? x 


— log (1+ 6”) =(1 4 b’) 


Given, lim {1+ x log (1 + b*)}"* = 2b sin’ 
x30 


=> (1 + b?) = 2b sin’ 
2 
sin’ = ane 
2b 
b+ 2 1)? 
By AM>GM, be(o.t) 
2 b 
2 
= b° +1 =5 
2b 
From Eqs. (ii) and (iii), we get 
sin’@=1 
Tt 
=> Ta 


1 sin x 
Here, lim (sin x)’* + lim | — 
x30 x30 x 
tog( 2) * tim 2) 
=O0+ lim e x =e*? cosec x 
x70 


Applying L’ Hospital’s rule, we get 


1 
x || 
lim x? : sin x 


lim tan x 
x —0 — cosec x cot x x30 x 


e =e =e =1 


Here. fim LCht 2+’) - f @) 
hoo f(h—h’ +1)-f (Ql) 


lim (sin x) 


[1~ form] 


...(ii) 


...(iii) 


1/x >0 


as, (decimal)” — 0 


[. f’(2)=6 and f’(1) = 4, given] 


Applying L’ Hospital’s rule, 


ihe {f (2h+2+h*)}-(2+2h)-0 


ho {f’(h—h’ + 1)}-(1 —2h) -0 
_ f'@)-2 

f'@)-1 

6-2 


= =3 


“1 


{using f ‘(2)=6 and f ’(1) = 4] 


115. Given, lim 


{(a —n) nx — tan x} sin nx _ é 


x0 


2 
x 


= lim {( n)n 
x70 


tan *} sin nx 


xn=0 


x nx 


> {(a-—n)n-1}n=0 
> (a-—n)n=1 
= a=nt— 
n 
116. lim (cos x — 1) (cos x — e*) 


x>0 x 


2 3 
x x 

- [is a Es.. 
2! 3! 


= lim 
x30 
= lim 
x20 
x 
sin’ —|] 1+ 
2 
ey, x 
oN ie 
2 


Above limit is finite, ifn —3 = 0, ie. n =3. 


1/x 
117. Let y = [fi+2) 


= log y = . [log f(1 + x) — log f()] 


= lim log y= im 
x70 x7 


ee 


1 if 
ey arn) 


{using L’Hospital’s rule] 


=> oe im =2 => limy =e’ 


x0 


118. Forx ER, lim 


x — 00 


x=3 
K+ 2 


x0 


x = x -3 
2 jg 3/ x) ae 3 
x30(1+2/x)* e 
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Session 1 


Continuous Function, 


Continuity of a Function at a Point 


Introduction to Continuity 


A real function is continuous at a fixed point if we can 
draw the graph of the function around that point without 
lifting the pen from the plane of the paper. In case one has 
to lift the pen at a point, the graph of the function is said 
to have a break or discontinuous at that point, say x =a. 


Different types of situations, which may come up at x =a 
along the graph, can be shown as below 
Y Ya 


ra 


I 1 
O x=a x O X=a x 
Continuous atx = a Discontinuous atx =a 


Ya 


Discontinuous atx =a 


A 

1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
l 
1 


>X 


G Y 
x=a 
Discontinuous atx =a 

Figure 6.1 

e There should be heading “‘continuity of a function at 

point” 

e A function f(x) is said to be continuous at x = a; where 

a€ domain of f(x), if lim f(x)= lim f(x)= f(a) 
xa xa" 
i.e. LHL = RHL = Value of a function at x =a 
or lim f(x) = f(a) 
x—-a 
e If f(x) is not continuous at x =a, we say that f(x) is 


discontinuous at x =a, f(x) will be discontinuous at x =a 
in any of the following cases 


Discontinuous atx =a 


(i) lim_ f(x) and lim, f(x) exist but are not equal. 
(ii) ‘la f(x) and “Tai f(x) exist and are equal but not 
ees 
(iii) f(a) is not defined. 


(iv) Atleast one of the limit doesn’t exist. 


Now, we will discuss different conditions for a function to be 
discontinuous in detail 


(i) lim f(x) and lim f(x) exists but are not equal. 
xa” x>at* 


Here, lim f(x) =], 
xa 
and lim f(x)=l, 
x—a* 
lim f(x) and lim f(x) exist but are not equal. 
xa” xa" 


Thus, f(x) is discontinuous at x =a. It does not 
matter whether f(a) exist or not. 


Graphically This conditions can be illustrated as 
AY : 


Figure 6.2 


Example 1 if f(x) =—. Discuss the continuity at x =0. 


Xx 
Sol. Here, f(x)= [| 
i 
“. RHL at x =0 
Let x=O0+h 
: é i? 3 |O+Fh| bh 
Le. pan f(x) = lim f(0 + h) jim, ai? ne 1 
=> lim f(x)=1 
x30" 
Again, LHL at x =0 
Let x=0-h 


ie. lim f(x)= lim f(0-/A) 
x07 h-0 0- hl h 
iia l =-1 
h>00-h h>0-h 
> lim f(x)=-1> Be ee i f(x). 
x07 


Thus, f(x) is discontinuous at x = 0. 
Graphically Here, 
AY 


>X 


~ x>0 
oe ee Lx>0 
f(x) = 21 - 
x x -1, x<0 
-—, x<0 
x 
0 : . 
and f(0)=- [indeterminate form] 


=> It is not defined. 

Which shows, the graph is broken at x = 0. 

Where, lim f(x)=-1and lim f(x)=-1 
x07 x30" 


Thus, lim f(x) doesn’t exist and hence function is 
x70 


discontinuous. 
Remark 
Here, f(x) is not defined at x =0, as f(0) = 7 [indeterminate form] 


So, we could say directly that the function is discontinuous at x =0 


(ii) fae f(x) and —_ f(x) exist and are equal but 


not “equal to $@). 
lim ise oa f(x)=L 


x>a~ 
f (a) is also defined but f(a) #L. 


So, limit of f(x) exists at x =a. But, it is not 
continuous at x = a. 


Here, 


Graphically This conditions can be illustrated as 
Y 
» 


F(x) 


Figure 6.3 
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2x+ 3, when x <O 
Example 2 If f(x)={0, 


x? +3, when x>0 


when x =0. 


Discuss the continuity at x = 0. 


2x +3,when x<0 
Sol. Here, f(x)=}0, 


x? +3,when x>0 


when x=0 


RHL at x =0,letx =O0+h 
ie. no f(x)= be  fO+h) 
= eGo? + 3}=3 
h->0 
=> lim f(x)=3 
x70* 


Again, LHL at x =0, let x =0-h 


Le. Bas f(x)= jim f(0 -h) 

= am {2(0 - h) + 3}=3 
> lim f(x)=3 
But *?" £00) =0 


Therefore, lim f(x)= lim f(x)=34f(0) 
x20" x>0° 


Thus, f(x) is discontinuous at x = 0. 


Graphically 
ay 
3 f(x) =x° +3 
xX’< of >X 
f(x) = 2x+3 | F(0) =0 
y 
Here, Lae f(x) =3 
lim f(x)=3 
x o* 
“* fO)= 
Thus, 


lim f(x)= lim f(x)=3# f(0) 
x>0- x7 0* 
Hence, f(x) is discontinuous at x = 0. 
(iii) f(a) is not defined. 
lim, f(x)= 


ands lim_ f(x)=L 
xa 


Here, 


But, f(a) is not defined. So, f(x) is discontinuous 
at x =a. 
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Graphically This conditions can be illustrated as 
AY 


X’< >X 


yY 
Figure 6.4 
2 
xo =] 
Example 3 If f(x)=-—-. 
xX- 


Discuss the continuity at x =1. 


x? -1 
f(x) == 


Sol. Here, 


x 


2 
x" = 


lim f(x)= lim 
x1 x71x-1 


aie (x -1)(x +1) 
(x -1) 


x =>1 
= lim(x + 1)=2 
eS 


But f= - [indeterminate form] 


“. f(1) is not defined at x = 1. 


Hence, f(x) is discontinuous at x = 1. 


Graphically 
AY 
a 2 
er PF) =P + 1) 
a 
x’ 0 1 x 

Yy 

y’ 


Here, lim f(x)=2 but f(1) is not defined. 
x71 


So, f(x) is discontinuous at x = 1. 
Example 4 Show that the function 
2X+3, -3S5x<-2 
ie -2<x<0 
[x +2, O<x<l 


is discontinuous at x =0 and continuous at every other 
point in interval [- 3,1]. 


2x+3, -35x<-2 
Sol. Graphically f(x) = 4x +1, 
x+2, 


-2<x <0 is plotted as shown 
Osx 


>X 


f(x) =2x+3 13 
v4 


Here, if we observe the graph we could conclude that at 
x=0, lim f(x)=1and lim f(x)=2, which shows that 
x07 x—0t 


the function is discontinuous at x = 0 and continuous at 
every other point in [- 3,1]. 


Example 5 Examine the function, 


COS Xx 
T/ 


fly=tnpa-x ** 
1, x=1/2 


2 
for continuity at x = 1/2. 


COS xX 


Sol. We have, lim f(x)= lim 
x—>1/2 x30/2 T/2-x 


[as x # 1/2 but x > 1/2] 
0 sien 
0 | 


[applying L’Hospital’s rule] 


: cos x 
= lim —— 
x30/2 T/2-x 


= lim 
x>/2 Q-]1 


> lim f(x) =sin = =1 
x 37/2 2 
Also, f(m/2) =1 
lim f(x)= f (1/2) 
x3 7/2 


Thus, f(x) is continuous at x = 1/2. 


Example 6 Discuss the continuity of f(x) =[tan”' x]. 
Sol. We know, y = tan’ x could be plotted as 


Thus, f(x) = [tan™! x] could be plotted as 


Which clearly shows the graph is broken at 
{-tan 1, 0, tan 1}. 


. f(x) is not continuous when x € {-tan 1, 0, tan 1}. 


Example 7 Let y = f(x) be defined parametrically as 
y=t? +t\t|, x =2t-|t|,teR. Then, at x = 0, find f(x) 
and discuss continuity. 
Sol. As, y=t? +tlt| and x =2t-|t| 
Thus, when t >0 
=> x=2%-t=t,y=t? +0? =2¢ 


x=t and y=2t? > y=2x’,V x20 
Again, when t <0 
=> x=2%+t=3t andy=t?-2=0 > y=0Vx<0 


2x", x20 
0, x<0 


Hence, f(x) -| 


which is clearly continuous for all x as shown graphically. 


ay 
28 + 
26 + 
244 
22 + 


fo i 
123 45 67 8 9 101112131415 
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Example 8 Let 


fe e'"* _ e* + log (sec x+ tan x)— x kos 
tan x — x 
continuous function at x =0. The value of f(0) equals 
(a+ (b) * 
2 3 
(3 (a) 2 
2 


Sol. For continuity at x = 0, we have 


f(0) = lim f(x) 


tan x x 
 e -e . log(secx+tanx)-—x 
= lim + lim B( ) 
x>0 tanx-x x0 tanx-x 
ge" *"* 4) secx —1 


+ lim 5 
x0 sec’ x—-1 


[using L’Hospital’s rule] 
ut 1.3 

=1+ lim =1+—= 
x>0secx +1 2 2 


Hence, (c) is the correct answer. 


Example 9 i f= | 


continuous for 


1 
tan”'(x* —4x+3) 


, then f(x) is 


(a) (1, 3) (b) (— ce, 0) 
(c) (-29, 1) UGB, 29) (d) None of these 
Sol. Here, 


1 
Ae) — —4x+3) 


For domain, tan (x? -—4x+3)>0 


= x*-4x+3>0 
> (x -1)(x -3)>0 
+ + 
LLitrtitibleen.) se EPdo cea bee ak 
1 = 
x € (—2°, 1) U(3, ee) 


Since, every general function is continuous in its domain. 
“. f(x) is continuous for x € (—», 1) U(3, -). 


Hence, (c) is correct answer. 
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Exercise for Session 1 


tex -3/1 
1. If function f(x)=4 7 * —V* * 
x 


is continuous function at x =0, then f(0) is equal to 


1 1 1 
a)2 b) — c)— d)_ 
(a) ( : ( i ( 
ae x 40 
2. Iff(x)=4 eV 4.1’ , then 
O:; x =0 
(a) lim f(x)=0 (b) lim f(x)=1 
x30" x>0* 
(c) f(x) is discontinuous at x =0 (d) f(x) is continuous at x=0 
x? -(a+2)x +2a 2s 
3. If f(x)= x-2 ee is continuous at x =2, then a is equal to 
2, X=2 
(a) 0 (b) 1 (c)-1 (d) 2 
log (1+ 2ax )—log(1-bx ) 0 
4. \ff(x)= x : X#% is continuous at x =0, then k is equal to 
k, x =0 
(a) 2a+b (b) 2a—b (c) b-2a (d)a+b 
X]+[-x], x #2 
2 X)= and f is continuous at x =2, where [-] denotes greatest integer function, then A is 
5. ff ee -_ dfi i 2, wh d i f i hen di 


(a) -1 (b) 0 (c) 1 (d) 2 


Session 2 


Continuity in an Interval or Continuity at End Points 


Let a function y = f(x) be defined on [a,b] Then, 
the function f(x) is said to be continuous at the left end 
x=a 


If f(a)= lim | f(x) 


xa 


[need not check LHL] 


The function f(x) is said to be continuous at the 
right end x=b 
If f(b) = lim f(x) 
xd 
Example 10 If f(x) =[x1, where [- ] denotes greatest 
integral function. Then, check the continuity on [1,2]. 


[need not check RHL] 


Sol. Graphically f(x) = [x] could be plotted as 
Y 


+ >X 


—2sin x for -7 axeaS 
1. Letf(x)=Jasinx+b for -3<% <5 
cos X for <x<0 


Here, in the graph f(x) is continuous at all points, where 
1<x<2. 


To check continuity at x = 1 and x = 2 
(i) To check continuity at x = 1 
Here, fQ)=1 and RHLatx=1 


> lim f(x) =1, ie. f(1)= ae 


CSL 


Thus, f(x) is continuous at x = 1. 


(ii) To check continuity at x =2 


Here, f(2)=2 
But LHLat x=2 => lim f(x)=1 
x 2° 


which shows f(2)# lim f(x) 
eS2- 


Thus, f(x) is discontinuous at x = 2. 


From the above information, it becomes clear that f(x) is 
continuous at all points on [1,2] except at x = 2, 


ie. f(x) is continuous for x € [1, 2). 


. Iff is continuous on [—7, 7), then find the values of a and b. 


2. Draw the graph of the function f(x) = x —|x — x*|,- 1< x <1and discuss the continuity or discontinuity off in 


the interval-1< x <1. 


3. Discuss the continuity of f’ in [0,2], where f(x) -| 


greater than x. 
Ax —-B, xX <-1 
4. Letf(x)={2x? + 3Ax +B, x €(-1, 1] 
4, x > 


Statement | f(x) is continuous at all x, if A= : and B = -— 1 


|4x —5|[x] forx> 1 
[cos mx] forx <1’ 


; where [x]is greatest integer not 


4 


Statement II Polynomial function is always continuous. 

A. Both Statement | and Statement II are correct and Statement II is the correct explanation of Statement | 
B. Both Statement | and Statement II are correct but Statement II is not the correct explanation of Statement | 
C. Statement | is correct but Statement II is incorrect 

D. Statement Il is correct but Statement | is incorrect 


(a) A (b) B 


(c)C (d)D 


Session 3 
Discontinuity of a Function 


A function f which is not continuous, said to be Shown as, 
discontinuous functions, i.e. if there is a break in the 


function of any kind, then it is discontinuous functions. 
There are two types of discontinuity 
1. Removable discontinuity 


2. Non-removable discontinuity we 29 0 3 cs 


ry’ 
Figure 6.6 


Removable Discontinuity 


In this type of discontinuity, lim f(x) necessarily eal 
xa 


(iii) f(x) = 


has missing point discontinuity at x =0. 


exists, but is either not equal to f(a) or f(a) is not defined. Shawna 
Such function is said to have a removable discontinuity of , yA 
the first kind. 


In this case, it is possible to redefine the function in such a 
manner that lim f(x) = f(a) and thus making function 
continuous. ~ 


These discontinuities can be further classified as Xe ~X 


holaR----5 


(i) Missing point discontinuity 


(ii) Isolated point discontinuity Figure 6.7 


Examples of Missing Point Discontinuity Examples of Isolated Point Discontinuity 


Here, lim f(x) exists finitely but f(a) is not defined. e.g. Here, lim f(x) exists and f(a) also exists but 
x a x—-a 


() Let for) = 22D O-*) lim f(x) # fla). eg: 
i (Let flx)=[x]+[-x] = fly=} ONE! 
clearly f(1) > form 7 —|-Lif x¢ 


where x = Integer, has isolated point discontinuity, 


“. f(x) has missing point discontinuity. Shown as, éan be shown-as 


AY YA 
9 
coe ee 8), od “ 
ie; ‘O- O- ‘O- = O- ‘O- O- 
ry 
Figure 6.5 Figure 6.8 
é (ii) Let f(x) =sgn(cos 2x —2sin x +3) 


—4 


has missing point discontinuity at 


=>  f(x)=sgn(1-2sin? x —2sin x +3) 


=sen(2(2 + sin x) (1— sin x)) 


0,if x =2n0 += 
2 


Tl 
1,if x #2nt +— 
2 


, < : Benet Tl 
.. f(x) has an isolated point discontinuity at x =2nn + —. 
2 


Shown as, 
Ya 
(© een Cees Geen geen ©) 
He a0) 
2 2 2 2 
y’y 
Figure 6.9 


Non-removable Discontinuity 


In this type of discontinuity lim f(x) doesn’t exist and 
therefore, it is not possible to redefine the function in any 
manner and make it continuous. Such function is said to 
have non-removable discontinuity or discontinuity of 
second kind. 


Such discontinuities can further be classified into three 
types. 


(i) Finite Discontinuity 
Jin. fos 


and L, # L,, then such function is said to have a finite 


If for a function f(x) : =L, and lim f(x)=L, 
xa 


discontinuity or a jump discontinuity. 


In this case, the non-negative difference between the two 
limits is called the Jump of Discontinuity. A function 
having a finite number of jumps in a given interval is called 
a Piecewise Continuous or Sectionally Continuous 
Function. 


Examples of Finite Discontinuity 


(i) f(x) tan [) at x =0 


RHL 


. we: 
ie. f(0 a 
ie. f(0 )=-— 


jump = 70 
LHL 
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|sinx] <0 


(ii) f(x) = 


RHL_ i.e. f(0*)=1 


jump =2 
LHL ie. f(0 )=- | 


(ii) Infinite Discontinuity 
If for a function f(x): tim f(x) =L, and ee f(x)=H=L, 


and either L, or L, is innnity then such fonction’ is said 
to have infinite discontinuity. 


In other words, If x =a is a vertical asymptote for the 
graph of y = f(x), then f is said to have infinite 
discontinuity at a. 


Examples of Infinite Discontinuity 


(i) f(x) = 


,atx =1 


RHL ie. f(1*) =- 
LHL ie. f(1” ) =0 


(ii) f(x) =—, at x =0 
RHL ie. f(0*) =00 
LHL ie. f(0) = 


(iii) Oscillatory Discontinuity 


If for a function f(x): lim f(x) doesn’t exist but oscillate 
x7 


a 
between two finite quantities, then such function is said to 


have oscillatory discontinuity. 


Examples of Oscillatory Discontinuity 
(i) f(x) =sin (=) 
x 
= lim f(x) =a value between — 1 to 1. 
x70 


*, Limit doesn’t exist, as it oscillates between — 1 and 
lasx—->0. 


(ii) f(x) =cos (=) 
ae 
=> lim cos (=) =a value between — 1 to 1. 
x 


x20 


*, Limit doesn’t exist, as it oscillates between — 1 to 1 
atx 50. 
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List of Continuous Functions 


Example 11 Examine the function, f(x)=} 1/4, 


aL a a deo 


Function f (x) 


constant c 

x", nis an integer >0 

x", nis a positive integer 

|x-a| 

P(x) =aox" +x" 1+... 
x 

Bay where p (x) and q (x) are 

q (x) 

polynomial in x 


+ An 


. sin x 


cos x 
tan x 


cot x 


« Sec X 


cosec x 
e* 


log. x 


Interval in which f(x) 
is continuous 


—) 
Ca) 
(29, 00) — { 0} 
(-29, oD) 


(-ee, oo) 


(-29, 09)—{ x :q (x) = O} 


98,62) 
0, ) 
x-1, x<0O 
x=0 
x7 =), x>0 


Discuss the continuity and if discontinuous remove 
the discontinuity. 


Sol. 


Example 12 Show the function, f(x) = 


x0 


lim f(x) = im f (x)=-1 


But f (0) =1/4. Thus, f(x) has removable discontinuity 
and f(x) could be made continuous by taking 


FOS=l => fe)a5e1 


x-1, x<0 
x=0 

2 

x"-1, x>0 


Graphically f(x) could be plotted as showing 


f(x) = xe-1, 
when x > 0 
>X 
1/X 
BS) hen x#0 
X44 
0, when x =0 


has non-removable discontinuity at x = 0. 


, when x #0 


Sol. We have, f(x) =4 e +1 


0, when x =0 
RHL at x=0, letx=O0+h 
= aa 
; : . e -1 . eh-1 
= lim f(x)= lim f(0+h)= lim = lim 
x 20r h>0 h>0 1 hoo i 
e0th 44 eh +1 
1 
j= 
; ; Vh ; 1-0 
= lim f(x)= lim 7 = lim f(x)=——=1 
x2 0* ha 1 all x20" 1+0 
pun 


1 
[ash > 0;— > ell > oo; 1/e¥" — 0] 


lim f(x)=1 


x07 


Again, LHL atx =0, letx=0-h 


> lim f(x)= lim f(0-h) 
x07 h>0 
est G4 
= lim | 
haoe "44° O+1 
[ash >0;e7" +09] 

lim f(x)=-1 
x07 


> lim f(x)# lim f(x). 
x70* x07 
Thus, f (x) has non-removable discontinuity. 
1 ‘ Ss. 
Example 13 Show f(x)= ix] has discontinuity of 
x 


second kind at x =0. 


Sol. Here, f(0) = a which shows function has discontinuity 
of second kind. 
Graphically Here, the graph is broken at x = 0.as 


x70 
=> f(ixyoe 
ay 
eee Sale 
F(X) = Ix] F(x) = x] 
x’ < O 4 
yy 


Therefore, f(x) has discontinuity of second kind. 
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Exercise for Session 3 


1. Which of the following function(s) has/have removable discontinuity at the origin? 


(a) fx) = ay (b) f(x) = cos (Se) 
+ x 
(c) f(x) = x sin™ (d)f (x)= 

x In |x| 


2. Function whose jump (non-negative difference of LHL and RHL) of discontinuity is greater than or equal to one. 


is/are 

e+. . og ED. Yag 
(a) F(x) =} (e"* - 1) (b) g(x) = ite vO 

1- 4 

(1m 608%), x>0 x9: aa 


log3(x + 2); x>2 


it 
sin 2x xe(a7) 

2 
logy> (x2 + 5); x <2 


(c) u(x) = J tan’ 3x 


[sinx]. x<0 
x 
V-xX, if x <0 
3. Consider the piecewise defined function f(x ) = 0, if 0<x <4, choose the answer which best describes 


x-4, if x>4 
the continuity of this function. 
(a) the function is unbounded and therefore cannot be continuous. 
the function is right continuous at x = 0. 
the function has a removable discontinuity at 0 and 4, but is continuous on the rest of the real line. 
the function is continuous on the entire real line. 


(b 
(c 
(d 


& 2, 2. 2 


i f(x) =sgn (cos 2x —2 sin x + 3), where sgn () is the signum function, then f(x ) 


(a) is continuous over its domain. 
(b) has a missing point discontinuity. 
(c) has isolated point discontinuity. 
(d) has irremovable discontinuity 


5 2.cos x —sin 2x @ OSX _ 4 


i a a 


h(x) =f(x) for x < 2/2 = g(x) for x > 2/2, then which of the followings does not hold? 


)his continuous at x = 1/2 
b) A has an irremovable discontinuity at x = 1/2 
c)h has a removable discontinuity at x = 2/2 
yf 


ole) ol) 


(a 
( 
( 
( 


Session 4 


Theorems Based on Continuity; 
Continuity of Composite Function 


Theorem 1 Sum, difference, product and quotient of two 

continuous functions is always a continuous function. 
x), . . 

However, h(x) = iX*) is continuous at x =a only if 

g(x 

g(a) #0. 

Theorem 2 If f(x) is continuous and g(x) is 

discontinuous at x =a, then the product function 


(x) = f(x)-g(x) is not necessarily be discontinuous at 
x=a. 


. 1 
eg. (i) f(x) =xand g(x)={9" 5 **° 


0, x=0 
where f(x) is continuous and g(x) is discontinuous at 


x =0. 


= _ cg, x #0 
But (x)= f(x): g(x) = x 


0, x=0 


is continuous at x =0. 
re Tq. $ 
(ii) f(x) =cos (2x — 1) —is continuous at x = 1and 
2 
g(x) =[x]is discontinuous at x = 1. 


But 0(x) = f(x): g(x) =[x]cos (== ‘ Tt is 


continuous at x =1. 


Theorem 3 If f(x) and g(x) both are discontinuous at 
x =a, then the product function (x) = f(x)- g(x) is not 
necessarily be discontinuous at x =a. 


0 =_ 
e.g. fis) =| i and =| 


d(x) = f(x): g(x)=-1LVxER 
(x) is continuous, where f(x) and g(x) are discontinuous 
at x =0. 


ca) ate 
Example 14 f(x)=4\ °*" Fe x| ‘ae, 
k, x=0 


For what value of k, f (x) is continuous at x = 0? 


1, x20 


1 x2 
-1 1, «<0 


7] 


1/x 
Sol. Here, lim f(x)= lim {ta (z+ =} 
x30 x30 4 


= er 


lim 


x70 


/ 
[14+ tan Pi 
| I=tan x 


1-tan x 


ix 
= lim f(x)= lim poems] 
x30 x70 


(2) 
lim Fea 
A x>0\1-t 
=> lim f(x)=e" an x} x 
x70 
2 li tan x 
: c30 - P 
=> lim f(x)=e ~~ x(1-tan x) _ »? 
x70 


Here, f(x) is continuous at x = 0, when 
lim f(x) = f(0) 
x70 


=> k=e 


Example 15 A function f(x) is defined by, 


Sol. We have, f(x)= 


= f(x)= 


= f(x) = 


RHL at x=1 


; ,for x° #1 
x? - 
0, for x* =1 
: , for 0<x? <1 
x2 
0, for x*’=1 
1-1 
7 for 1<x’ <2 
x2 - 
; , for 0<x? <1 
32 ok 
0, for x’=1 
0, forl<x’* <2 


{1° form] 


> lim f(x)=0 


x71 
Also, LHL at x? =1 
> lim f(x)= lim f(1-/A) 
x31 h-0 
-1 


= lim ——=-2 
h>0(1—h)’ -1 


“. lim f(x) doesn’t exist. [as RHL¥ LHL] 


x71 
Hence, f(x) is not continuous at x = 1. 


Example 16 Discuss the continuity of the function 
log (2+ x)- x" sin x 


f(x)= lim ; at x=1. 
ne 1+ x7" 
Sol. We have, f(1)= lim esa sn = (log atin) cA) 
n— oo 


‘ 2 
fin: 3 0, if x° <1 
no 


We know that, 
oo, if x7 >1 


For x” <1, we have 


log (2+ x)- x?" sin x 


f(x)= len em = log (2+ x) 

neo x 
Again, for x? > 1, we have 

tog (2+ x)-sin x 
f(x)= lim = i = -sin(x) 

n— co 
1+ 7 
x 


Here, asx > 1 
lim f(x) = log (3) 


x1 

and lim f(x) =-sin (1) 
x21" 

So, lim f(x)# lim f(x) 
x1 xo 


Therefore, f(x) is not continuous at x = 1. 


Example 17 Discuss the continuity of f(x), where 


TX 2n 
f(x)= lim [sin =) 
_ 2 
ie 0,|x|<1 
1, |x|=1 


= lim | sin = Pa 
fe) im (=)} 


Thus, f(x) is continuous for all x, except for those values 


Sol. Since, lim x? 


noo 


x 
0, —|<1 


1, 


ee 
re pyaaaa =1 
2 


F _ UX ‘ : , 
of x for which |sin —|= 1, i.e. x is an odd integer. 


> x =(2n + 1), where ne I 
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Check continuity at x = (2n + 1) 
LHL= lim f(x)=0 and f(2n+1)=1 
x > (2n +1)° 
Thus, LHL # f (2n + 1) 


=> f (x) is discontinuous at x = (2n + 1) 
[i.e. at odd integers] 


Hence, f(x) is discontinuous at x = (2n + 1);n € integer. 


Example 18 Let 
{1+|sin x|}7/"*|, -2/6<x<0 
b, x=0 


le 2x /tan ae O<xe 1/6 
Determine a and b such that f(x) is continuous at 


x=0. 


[IIT JEE 1994] 
Sol. Since, f is continuous at x = 0. 
Therefore, RHL=LHL= f(0) 
RHL at x =0 
lim f(x)= lim f(0+ h)= lim e™ 2#/ tm 3h 
x30" h—0 h0 
tan 2h 3h 2 
= lime 2h tan 3h 3 _ 42/3 Ai) 


Again, LHL at x =0 
lim f(x) = lim f(0-h) 
x07 h->0 
= lim {1+]sin (0- h)|}alsia (0 -h)| 
ho 


= lim {1 +|sin Al}!s"" 
hoo 


lim |sin h|- 
hoo |sin h| _ a + 
=e (ii) 


(iii) 


and f(O)=b 
Thus, e =e9=h => a=2/3andb=e*? 


Example 19 Fill in the blanks so that the resulting 
statement is correct. 


Tl 
Let f(x) =[x]sin te 7 


} where [- ] denotes greatest 


integral function. The domain of f is ............. and the 
points of discontinuity of f in the domain are 
[IIT JEE 1996] 


Sol. Let f(x) =[x]sin = 
[x +1] 
Domain of f(x) is x € R excluding the points where 
[x +1]=0 ['. denominator can’t be zero] 
> O<sx+1<1 > -18Sx<0 


ie. for all x € [-1,0), denominator is zero. 
So, domain is x € R - [-1, 0). 


= Domain is x € (-9, -1) U [0, ©) 
and the internal point discontinuity € [-1, 0). 
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Example 20 Let f(x+ y)= f(x)+ f(y) for all x and y. 


If the function f(x) is continuous at x = 0, show that 
f(x) is continuous for all x. 


Sol. As, the function is continuous at x = 0, we have 


Jim f(x)= lim f(x) = f0) 
= Jim f(0-h)= lim f(0+h)= f(0) 


=> Jim (f0)+ fh = lim (£0) + FA FO) 


[using f(x + y)= f(x) + f(y)] 


= Jim f(-h)= lim f(h)=0 i) 


Now, consider some arbitrary point x =a 


LHL = lim f(a-h)= lim f(a) + f(-A) 


[using f(x+y)=f(x)+ f(y)] 
= fla)+ lim f(-h) 
LHL = f(a)+0= f(a) 
[as jin f(-h) = 0, using Eq. (i)] 
RHL = jim f(at h)= lim f(a) + f(h) 
= fla) lim f(A) 
RHL = f(a) +0= f(a) 
[as jim, f(A) =0, using Eq. (i)] 
At any arbitrary point (x = a), 
LHL = RUHL = f(a) 


Therefore, function is continuous for all values of x, if it is 
continuous at 0. 


Example 21 Let f(x) be a continuous function 


defined for 1< x < 3. If f(x) takes rational values for 


all x and f(2)=10, then find the value of f(1.5). 


[IIT JEE 1997] 


Sol. As, f(x) is continuous in [1, 3], f(x) will attain all values 
between f(1) and f(3). As, f(x) takes rational values for 
all x and there are innumerable irrational values between 
f (1) and f(3) which implies that f(x) can take rational 
values for all x, if f(x) has a constant rational value at all 
points between x = 1 and x =3. 


So, f(2) = f(1.5) = 10 
Continuity of composite function 


If the function u = f(x) is continuous at the point x =a 
and the function y = g(u) is continuous at the point 

u = f(a), then the composite function 

y =(gof )(x) = g (f(x)) is continuous at the point x = a. 


Example 22 Discuss the continuity for 
1-u? 


fix a where u= tan x. 
2+U 


eer : Tt 
Sol. Here, u = tan x is discontinuous at nt +—,ne I 
2 


2 


and is continuous at every ue R. 


f(x)= 24 
2+u 


. ; T 
Hence, f(x) is continuous on; x € R- {rm +—,ne i. 
2 


. _  1-u? 
Also, lim f(x)= lim _ 
x ont uro2+u 
2 

1 

. ae 
= lim 4 =-1 

usr 2 

JA 


: T 
Hence, the points nt + —,n€ I have removable 
discontinuity. 


i.e. If f(x) is defined as 


2 
1l-u 
7 


Tt 
x #nm+—andu=tanx 
2 


2+u , then 


Ff (x)= 


Tt 
-1, x=nmt— 


f(x) is continuous for all x € R. 


Example 23 Find the points of discontinuity of 


i) 


y =———_, where u= —_. 
u>+u-2 x= 
Sol. The function u = f(x) = : ; is discontinuous at the point 
x= 
x=1. 
: 1 1 
The function y = g(x) = = 


is 
ue+u-2 (u+2)(u-1) 


discontinuous at u = —2 and u = 1. 


when u=-2, =u=-2 
x= 1 
1 
> x-1l=-- 
2 
=> x =1/2 
1 
when u=1, =u=1 
x= 1 
=> x-1=1 
=> x=2 


Hence, the composite function y = g (f(x)) is 


discontinuous at three points x = —, 1 and 2. 
2 


ii) 


...(iii) 
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Exercise for Session 4 


1. IFF(x) =, + —_, then f : is discontinuous at x = 
x“ —17x + 66 x-2 

a 24 

a)2 Db) c) 

(a) ( eS ( an 


2. Letf be a continuous function on R. 


2 
lf f(1/4) =(sin e")e™ + then f(0) is 


need 


a) not unique 
c) data sufficient to find f (0) 


(b) 1 


Continuity and Differentiability 


(d) 6, 11 


(d) data insufficient to find f (0) 


3. f(x) is continuous at x =0, then which of the following are always true? 


a) lim f(x)=0 
x70 
b) f(x) is non continuous at x = 1 


g(x) = x*F (x) is continuous at x = 0 
, F(x) -F(0)) = 0 


4. If f(x) =Cos B cos (z (x- 0} where [x] is the greatest integer function of x, then f(x) is continuous at 
x 


(b) x = 1 


& ieee! 
. ~ gey= x2, xER-Z’ 
a lim, g(x) exists, but g(x) is not continuous at x = 1 
> 
b 


) 

) 
c) gof is continuous for all x 
d) fog is continuous for all x 


x 
lim, f (x) does not exist and f(x) is not continuous at x = 1 
x7 


( 
( 
( 
( 


for x >OQandn > 0 
, then 


for x <Oandm > 


asin?” x, 
2m 


6. Letfx)=| 
bcos* x -1, 
(a) f(0) #F(0") 


(c) F(0) = F(0) 


(b)#(0") #F(0) 


. _ x™—sinx” 

7. Consider f(x)= lim > for x > 0, x #1,f(1) =0, then 
noe x" + sinx 

a)f is continuous at x = 1 

b)f has a finite discontinuity at x = 1 

c)f has an infinite or oscillatory discontinuity at x = 1 

d)f has a removal type of discontinuity at x = 1 


( 
( 
( 
( 


(d) None of these 


then (where [.] denotes greatest integer function) 


(d)f is continuous at x = 0 
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Session 5 
Intermediate Value Theorem 


If f(x) is continuous in[a, b]and f(a) # f(b), then for any Therefore, using intermediate value theorem, there exists 
value c € (f(a), f(b)), there is atleast one number x in some c € [a, b], such that 
(a, b) for which f(x) =c. flc)= a+b 


2 


Example 25 Suppose that f(x) is continuous in [0, 
1] and f(0)=0, f(1)=0. Prove that f(c)=1-2c? for 
some c & (0,1). 


Sol. Let g(x) = f(x) + 2x? —1 in [0, 1], g(0) = -1, g(1)=1 


‘. By intermediate value theorem, there exists some 
c € (0,1); g(c)=0 > f(c)=1- 2c? 


Continuity for Rational and Irrational Function 


Functions should be continuous only at one point and to 
be defined everywhere. [Single Point Continuity] 


e.g. 


if 
(i) f(x) = ia. , is continuous only at x =0. 
0, if x¢Q 
tenes f(a) ; 
Y fxe 
Figure 6.10 (ii) f(x) = o ESES , is continuous only at x =0 
—x, ifx€ 
Example 24 Show that the function : and defined everywhere. 
a+ , ifxe 
f(x)=(x-a)? (x —b)? + x takes the value —— for (iii) f(x) = eee Sas continuous only gee 
2 1-x, ifx¢€Q 2 
some value of x € [a,b]. and defined everywhere. 
Sol. Here, f(a) =a and f(b)=b 2. 
eee (iv) f(x) = oe ee G , is continuous only at x =1or 
Also, f(x) is continuous in [a, b] and E [a, b}. 1 ifx¢O 
x =—1and defined everywhere. 


Exercise for Session 5 


1. 


Examine the continuity at x =0 of the sum function of the infinite series - + : + . + ..,00 
X+1 (x 4+1)(2x +1) (2x + 1)(3x + 1) 


2. If g :[a,b]onto [a, b]is continuous, then show that there is some c €[a, b] such that g(c) =c. 


3. Show that (a) a polynomial of an odd degree has atleast one real root. 


(b) a polynomial of an even degree has atleast two real roots, if it attains atleast one value opposite in sign 
to the coefficient of its highest-degree term. 


x2 x2 2 


+ ee 
44x? (14x77 (14.x7)" 


Let y, (x)= x? 4 7 and y(x)= lim y, (x). Discuss the continuity of 
n->oo 


YrA(X)(n =1, 2, 3,...n) and y(x) at x =0. 
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Differentiability : Meaning of Derivative 


The instantaneous rate of change of function with respect 
to the independent variable is called derivative. Let f(x) 
be a given function of one variable and Ax denotes a 
number (positive or negative) to be added to the 

number x. 


Let Af denotes the corresponding change of f, then 
Af = f(x +Ax) — f(x). 

Af _ f(x +Ax)— f(x) 

Ax Ax 


Af 


a approaches a limit as Ax approaches to zero, this 
x 


limit is the derivative of f at the point x. The derivative of 


a function f is denoted by symbols such as f’(x), £ 


= flxyor LE) 
Fs AF = yen Fe tAx) = flex) 


dx Ax>0 Ax Ax>0 Ax 


The derivative evaluated at a point a is written, 


f(a), 2) (f'(x)) x<a ete. 


Existence of Derivative at x =a 


The derivative of a function f(x) exists at x =a, if 


f(x)-~f(@ 


lim Ge exists finitely. 
or lim (x)= f(a) _ lim F(x) - f(a) f(a) 
xa” (x = a) x—-at (x = a) 
or lim f(a-h)- f@) i f(at+h)- f(a) 
h0 —h h>0 h 


-K—_——>> 
(h—0) 
Figure 6.11 


(a) Right hand derivative The right hand derivative of 
f(x) at x =a denoted by f(a* 


fla+h)— fla) 
f(a") = lim PORES 


and is finite (h>0). 


(b) Left hand derivative The left hand derivative of 
f(x) at x =a denoted byf(a_) is defined as 


1a) alm Sha F@ 
f(a" )=lim Za 
and is finite (h>0). 


Hence, f(x) is said to be derivable or differentiable at 
x=a. 


) is defined as 


, provided the limit exists 


, provided the limit exists 


If f’(a’)=f’(a_) =finite quantity and it is denoted by 
f’ (a); where f’(a)= f’(a_ ) =f’ (a" ) and it is called 


derivative or differential coefficient of f(x) at x =a. 


Relation between Continuity 
and Differentiability 


If a function is differentiable at a point, then it should be 
continuous at that point as well and a discontinuous 
function cannot be differentiable. This fact is proved in the 
following theorem. 


Theorem Ifa function is differentiable at a point, it is 
necessarily continuous at that point. But the converse is 
not necessarily true. 

Or 
f(x) is differentiable at x =c = f(x) is continuous at 
x=. 


Proof Let a function f (x) be differentiable at x =c. 


Then, lim J) 8) exists finitely. 


Let lim fete ers (i) 


In order to prove that f(x) is continuous at x =c, it is 
sufficient to show that lim f(x) = f(c). 
xc 


Now, lim f(x) = lim (2 )o-o+70) 


xe x7¢ 
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= tim i was Of oo} 0 


xc x 


— tom L)- FO, 


xc 


TOES. lim (xe) + fle) 


= f’(c) x0+ fle) 
= fc) 


Hence, f (x) is continuous at x =c. 

Converse The converse of above theorem is not 
necessarily true, i.e. a function may be continuous at a 
point but may not be differentiable at that point. 

e.g. The function f(x) =|x|is continuous at x =0 but it is 
not differentiable at x =0, as shown by figure. 


aY f(x) =|x| 


X’< >X 


v 
MZ 
Figure 6.12 


Which shows we have sharp edge at x =0, hence not 
differentiable but continuous at x =0. 


1 
Example 26 Show that f(x) = |xsin eae 


lo, when x=0 
is continuous but not differentiable at x = 0. 
Sol. (a) To check continuity at x = 0 
f(0) =0 


1 
Also, lim f(x)= lim x sin — 
x30 x30 x 


Here, 


= 0 x (A finite quantity that lies between —1 to +1) 


x) il . sag soe 
> 0, sin > sin oc, which is a finite 


x 


=0[asn 


quantity between -1 to +1] 
*. lim f(x) = f(0) and hence, f (x) is continuous. 
x0 


Now, 
(b) To check differentiability at x = 0 
(LHD at x = 0) 
— tim f= FO 


x07 


x-0 


— tm fO-W)- FO) 
a> (0-h)- (0) 
-hsin(-1/h) 
(-h) 


i, (=| 
=- lim sin} — 
h->0 h 


{a number which oscillates between -1 and +1] 
(LHD at x = 0) doesn’t exist. 
Similarly, it could be shown that RHD at x = 0 doesn’t exist. 


h->0 


Hence, f(x) is continuous but not differentiable. 


1 1 
“ a 0 
Example 27 Let f (x)= F 09 Liat ee 
0, x=0 


Test whether (a) f(x) is continuous at x =0 
(b) f(x) is differentiable at x = 0. 


[IIT JEE 1997] 
x ex | ie ae 
Sol. Here, f(x)= al |x| x i) 
0, x=0 
[1,2 
xe |x a x>0 
1 
as [ x, x20] 
=> f(x) =4 xe ,x <0 fae 
-x, x <0 
0, =0 
xe ?/* x>0 
=> f(x)=) x, x<0 ali) 
0, x=0 


(a) To check continuity of f(x) atx = 0 
LHL= lim f(x)= lim x 
x07 x07 


= lim (0-h) =0 
h->0 


RHL= lim f(x)= lim xe*/* 
x 20t x2 07 
= tim 2  FOyed 
h>0e2/h : 


“. f(x) is continuous at x = 0. 
(b) To check differentiability at x = 0 


LHD = Lf’(0) = kim i= — FO) 5 >0 


RHD = Rf’(0)= lim flor Oe £(0) 


. heh -0 : 
= lim = lim eh 
h->0 h h->0 
=e =0 
Lf’ (0) # Rf’(0) 


Therefore, f(x) is not differentiable at x = 0. 


Some Standard Re 


sults 


on Differentiability 


Functions f(x) 


1. Polynomial 

2. Exponential (a*, a > 0) 
3. Constant 

4. Logarithmic 

5. Trigonometric 


6. Inverse trigonometric 


Intervals in which 
f(x) is differentiable 
(— 2 to es) 

(2 to ee) 

(- 2 toe) 

Each point in its domain 
Each point in its domain 


Each point in its domain 


Example 28 Let f(x)=|x-1|+|x+1|. Discuss the 
continuity and differentiability of the function. 


Sol. Here, f(x)=|x-1)+|x+1| 


(x -1)+(x +1), when x>1 
= f(x)=1-(x-1)+(x+1), when -1Sx<1 
-(x-1)-(x +1), when x<-1 
2x, when x>1 
= f(x)=4 2, when -1Sx<1 
-—2x, when x<-1 


Graphically The graph of the function is shown below. 


From the graph, it is clear that the function is continuous at 


NX | 7 
a 
TT 0 i - 


all real x, also differentiable at all real x except at x = +1. 
Since, it has sharp edges at x =-1and x =1. 


At x =1we see that the slope from the right, i.e. RHD = 2, 
while slope from the left, ie. LHD = 0. 
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Similarly, at x = -1 it is clear that RHD = 0, while LHD = -2 
Aliter In this method, first of all we differentiate the 
function and from the derivative equality sign should be 
removed from doubtful points. 


-2, x<-l1 
Here, f’(x)=} 0, -1<x <1 [no equality on -1 and +1] 
Di x>1 
Now, atx =1, f’(1*)=2,while f’(1-)=0and 


at x =-1, f’(-1") =0, while f ’(-1") = -2 
Thus, f(x) is not differentiable at x = +1. 


Remark 
This method is not applicable when function is discontinuous. 


Example 29 Discuss the continuity and 
differentiability for f(x) =l[sin x] when x € [0,27]; 
where [- ] denotes the greatest integer function x. 


Sol. In last chapter, we have discussed the plotting of curves, so 
y =[sin x] could be plotted as 


AY 


eee er 


i 
i 
i 
i 
I 
4 
i 
i 
i 
i 
T 
i 
i 
i 
U 
i 
i 
i 


i 
i 
i 
I 
i 
i 
i 
i 
i 
T 
i 
i 
i 
L 
l 
i 
i 
i 


fe ai See 


AY 


0 7 mn Sh On 
1 2 2 
—1-+ o————_ 


which shows f(x) = [sin x] is discontinuous 


T 
for x = —, 7, 2m, when x € [0,27] and f(x) is not 
2 
: F T 
differentiable at x = —, 7, 27. 
2 


As we know, function is neither differentiable nor 
continuous at those points for which graph is broken. 
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Example 30 If f(x) ={| x|-|x-1|}’, draw the graph of (3x), x <0 
f(x) and discuss its continuity and differentiability of f(x). IfGo|= (x? -3x +2), OSx<1 (ii) 


-x+x-1, x <0 
Sol. We know, |x|-|x-1)=} x+x-10Sx<1 
x-(x-1), 1<x 


-1, x<0 
=> |x|-|x-1)=42x-1, 0<x<1 
1, Sx 


Ff (x) = {|x| -|x- 17 


| 1, when x <0 or x21 


(2x -1)*, when 0S x <1 
Graphically f(x) could be shown as 


AY 


t >X 


From above figure, it is clear that f (x) is continuous for 


x € R; but f(x) is not differentiable at x = 0, 1. 
> f(x) is continuous for all x € R. 
> f(x)is differentiable for all x € R- {0, 1}. 


E le 31 (x) x-3, x<0O 
Xampie I xX)= 
P rf x? -3x+2, x>0 


and let g(x) = f(|x|)+| f(x)| . Discuss the 
differentiability of g(x). 
|x|-3, |x| <0 
Sol. f(|x|)= ; 
|x|° -3|x|+2, |x| 20 
Where, |x| < 0 is not possible, thus neglecting, we get 
f(/xl) = {[x/? -3]x]+2, |x] 20 
x? + 3x +2, x<0 
rus=| 
x" —-3x + 2, x20 
|x -3], x <0 


Again, |f(x)I -| 


|x? -3x+2], x20 


-(x? -3x +2), 1<x <2 
(x? -3x +2), 2<x 
Now, from Eqs. (i) and (ii), g(x) = f(|x|) + | f(x)| 
x? + 2x +5, be () 


2x7 -6x+4, O0<x<1 


g(x)= 
, 1<x <2 
2x°-6x+4, x22 
2x+2, x<0 
4x-6, 0<x<1 
and g (x)= 
0, Leen 
4x-6, x>2 


Therefore, g (x) is continuous in R - {0} and g(x) is 
differentiable in R - {0, 1, 2}. 


Example 32 Let f(x)=[n+ psin x], x€(0,m),neZ 
and p is a prime number, where [ - ] denotes the 
greatest integer function. Then, find the number of 
points, where f(x) is not differentiable. 
Sol. Here, f(x) =[n + p sin x] is not differentiable at those 
points where n + p sin x is an integer. 


As, p is a prime number. 


> n+ psin x is an integer if sin x = 1,-1, r/p 
. TM pl eat 
Le. x =—,-—,sin , 7 —sin 

2 2 p p 
where O<rs<p-l 

Tt 
But x#-—,0 

2 


*. Function is not differentiable at 


T . 49 ape 
x =—,sin “—, 7 -sin 
2 p P 
where O0<rsp-1 


So, the required number of points are 
=14+2(p-1)=2p-1. 


(i | Example 33 If f(x) =||x|-1|, then draw the graph of 


f(x) and fof(x) and also discuss their continuity and 


differentiability. Also, find derivative of ( fof)’ at x = > 


Sol. The graph of f(x) is shown as 


AY 
; 
y'< eA >X 
al oO 4 
vy 


It is clear from the graph that, f(x) is continuous for all x, 
but f(x) is not differentiable at x = {- 1, 0,1}. 


Now, fof(x) = || F(9]-11=|f(x)- 1] [as f(x) 2 0 for all x] 


Now, if f(x) > f(x) -1, shift the graph one unit below the 
X-axis, i.e., as shown; 


AY 


X’< >X 


J 
{ Graph for f(x) - 1 
Y’ 

Thus, for graph of fof(x) =| f(x) -1| is taking image of the 
graph of f(x) -1 below X-axis and leaving the portion 
above Y-axis as it is. 

*. Graph for fof(x) is shown as 


4Y 


vy’ 


which is clearly continuous for all x € R, but not 
differentiable at x = {— 2,-1,0,1, 2}. 


Also, fof(x)=2-x,1<Sx<2 
(fof)? =(2- x)’, when1< x <2 
> ~ (fof )* = 2(2-x)(-1),when1< x <2 


«(ef (when x = 3/2) = -2(2-3/2)=-1 


2 ie (of eexase 2-1 
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Example 34 Draw the graph of the function 
g(x) = f(x+1!)+ f(x-1), where 


nn Th for |x| <I 


O, for|x|>1 


Also, discuss the continuity and differentiability of the 
function g (x). 


k jn , |x{<l 
Sol. We have, f(x)= l 
0, |x|>1 


The graph of f(x) is shown as 


AY 
k 
ws 
-l oO 7 
Graph for f(x) 
v y 


Now, to plot g(x) = f(x +1) + f(x -1), we shall first plot 
the graphs of f(x + 1) and f(x - 1) which are given as 


NG RY 
ae Lo Ik 
x UN : ZN wi 
‘ . ff »- <2. 4-0 
Graph for f (x + I) 


yer for f(x — |) ty 


Thus, the graph of g(x) = f(x +1) + f(x - 1) is obtained by 
adding graph of f(x + 1) and f(x - I) as 


ay 


>X 


x’ 
* =| 0 7 2 


Graph for g(x) =|f(x + 1) + f(x-/ 
y’ 
A 


From the above figure, g (x) is continuous for all x € R 
and g (x) is differentiable for all x € R- {+ 21,+1, 0}. 
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Example 35 Let f(x) = JS 11- tht, ifx > 2 
5x+], ifx <2 


Test f(x) for continuity and differentiability for all real x. 
Sol. Here, f(x) for x > 2. 


F(x)= J (5+|1-t}at 
= [G+ 1-t)dt+f"(5+ t-1)dt [since x > 2] 


1 x 
2 2 
t t 
=/|ot-—| +/4t+—]. 
2 2 
0 1 


1 x? 
=6 +4x+ 4 
2 2 


2 
2 
x 
=1+ 4x + — 
2 


14+ 4x4+x7/2,if x>2 
ifx <2 


ro 


5x +1, 
“. RHL (at x = 2) 

2 
m [r+ aaenye GAP) 


= li 
h-0 
=1+8+2=11 
and LHL (at x = 2)= lim {5(2-h) + 1} 
h->0 
=10+1=11 


[as f(2) = 11] 


“. f(x) is continuous at x = 2. 
Also, RHD (at x =2) 


ar) fim 


f(2+ h)~ f(2) 
h 


2 
ieee eG 
= lim 

h>0 h 
h? 

11+ 6h +—-11 

= lim 2 =6 
h—->0 h 


LHD (at x = 2) 
Lf’(2) = lim 
h->0 
oe 5(2-h)+1-11 
h>0 —h 


11-5h-11_ 
ho>0 =f 


f(2—h)~ f(2) 
-h 


5 


“. {(x)is not differentiable at x = 2. 
Thus, f(x) is continuous for all x € R and differentiable for 
all x € R- {2}. 


Example 36 Draw the graph of the function and 
discuss the continuity and differentiability at x = 1 for, 


3%, when -1<x<1 
f (x)= 
4— x, when 1<x<4 


3%, when -1<x<1 


Sol. Here, f (x)= 
4-—x, when 1<x<4 


is shown below graphically. 


AY 


>X 


From the graph, it is clear that it is continuous for all x in 
[-1, 4) and not differentiable at x = 1. 


Because at x = 1, LHD > 0, while RHD < 0 


Mathematically, 
hoo h 
og SAH 
h>0 h 


f(—h)~ fF) 
-h 


307") 3 3" 1 
= lim = lim 3 
h>0 -h ho -h 
=3 log,3 


Since, LHD # RHD, f(x) is not differentiable at x = 1. 


But f(x) is continuous at x = 1, because the derivatives 
from both the sides are finite and definite. 


Aliter 
The given function is continuous. 
- -1< 
Hence, f'(x)= 3* log3, -1S$x<1 
=1, 1<x<4 
Here, f’(")=-1 
and f’(L)= lim 3° log3=3 log3 
x1 


fa )4#f"a) 


Therefore, f(x) is not differentiable at x = 1. 


which shows, 


Example 37 Match the column | with column II. 


Column I Column II 
(i) sin (tt [x]) (A) _ differentiable everywhere 
(ii) sin {(—-[x])a}  (B) | nowhere differentiable 
(C) — not differentiable at —1 and +1 


where [ ] denotes greatest integral function. (17 JEE 1992] 
Sol. (i) We know, [x]eE1,V xER 
sin (t[x])=sin(It)=0,VxER 
By theory, we know that every constant function is 
differentiable in its domain. 
Thus, sin (1[x]) is differentiable everywhere. 
(i) = (A) 
f(x) = sin {(x-[x])1} 
x —[x] = {x}, 
m(x-[x]) =m {x} 
which is not differentiable at integral points. 


*. f(x) =sin {a (x -[x])}is not differentiable at x € I. 
[integers] 


Hence, 
(ii) Again, 
Here, we know 


then 


Hence, (ii) < (C) 


Example 38 Fill in the blank, in the statement given 


below. 
Let f(x)=x|x|. The set of points, where f(x) is twice 
differentiable is ......0...... ; [IIT JEE 1992] 


Sol. The function f (x)= x |x| can be written as, 


wy if x 20 
f(x)= 
x(-x), if x <0 
if 20 
= fey 
eae if x <0 
f(x)is differentiable, V x € R. 
if x >0 
Again, : 
oo P= te 2x, if x<0 
f= 2, if x>0 
2, if x<0 


Here, f” (x) is discontinuous at x =0 
“. f(x) is not differentiable at x = 0. 
Hence, f(x) is twice differentiable, V x € R- {0}. 


Emple . The function 


f(x) = (x? -1)| x? - 3x +2|4- cos (|x|) is not 
differentiable at 
(a) -1 (b) 0 (C1 (d) 2 


[IIT JEE 1992] 
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Sol. The function f(x) =(x? -1)|x? -3x + 2|+ cos (|x|) ...G) 
Here, |x| is not differentiable at x = 0, but 


cos (-x), x <0 
cos (|x|) = 

cos(x), x20 
x20 


x <0 


cos (x), 
> cos (=f is 
cos (|x|) is differentiable at x =0 ..-(ii) 

|x? —3x + 2| =|(x -—1)(x -2)| 
(x - 1) (x -2), if 
={-(x -1)(x-2), if1<x <2 
(x-1)(x-2), if x22 


Again, 
x<i1 

..-(iii) 
(x? -1)(x-1)(x-2)+cosx, if -o<x<1 


So, f(x)=)-(x* -1)(x 
(x? -1)(x -1)(x-2)+cosx, if 


1)(x-2)+cosx, if 1<x<2 


2<5x<0c 


Now, to check differentiability at x = 1,2 
[using shortcut method] 


(x? -1)(2x -3) + (2x) (x* -3x +2)-sin x,-0o <x <1 
(x? 


(x? —1)(2x -3) + (2x) (x* -3x +2)-sin x, 2S x<00 


1)(2x — 3) - (2x) (x* -3x +2)-sin x, 1S x <2 


f'(x)= 


Thus, for f’(1), we have 
Fy -| 


-sinl, x <1 


-sinl, x >1 


Thus, f(x) is differentiable at x = 1 


-3-sin2, x <2 
Also, re-| 


3-sin2, x >2 


Thus, f (x) is not differentiable at x = 2. 


Hence, (d) is the correct answer. 


Example 40 If f(x) = > a, |x|‘, where a;’s are 
rel 


real constants, then f(x) is 


(a) continuous at x = 0, for all a; 
(b) differentiable at x = 0, for alla; € R 
(c) differentiable at x = 0, for all a, 4, =0 
(d) None of the above 

Sol. We know that, |x |’,r =0,1,2,... 


where. 


are all continuous every- 


n 
f(x)= = a, |x|" is everywhere continuous. 
r=1 


Since, |x |,|x |°,|x|°,... are not differentiable at x = 0, 


whereas |x |’, |x |*,... are everywhere differentiable. 
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“. f(x)= & a,|x|" is not differentiable at x = 0, if anyone 
r=1 


of a, 43, ds, ... is non-zero. 

Thus, for f(x) to be differentiable at x = 0, we must have 
a =a; =a5...=0 

ie. Ap 41 = 9 


Hence, (a) and (c) are the correct answers. 


Example 41 Let f and g be differentiable functions 
satisfying g’(a)=2, g(a)=b and fog =! (Identity 
function ). Then, f’(b) is equal to 


(a) 2 (b) : (c) ; (d) None of these 
Sol. We have, fog = 1 
> fig(x)} = x, for allxe R 
f {g(x)}- g@’(x) =1, for allxe R 
1 
=> if = = f'(b)= 
f’(g(a)) @ f(b) ; 


Hence, (c) is the correct answer. 


Xx 
Example 42 If f(x) = 1+ (log x) (log x)... © 


is non-differentiable at x =k. Then, the value of [k7], is 
(where [-] denotes greatest integer function). 
(a) 5 (b) 6 (C) 7 (d) 8 


Sol. Let g(x) = (log x)-(log x)... c¢ 


Vv XE([1, 3] 


1. x =e 
g(x)=40, 15 x<e 


oo, x>e 


x, 1<x<e 


F(x) = 4 x/2, 


0, e<xS3 


x =e 


=> f(x) is neither continuous nor differentiable at x = e = k. 
[k?]=7 
Hence, (c) is the correct answer. 
Example 43 If f(x)=|1-x|, then the points where 
sin“'(f(|x|)) is non-differentiable, are 


(a) {0, 1} (b) {0, —} 
(c) {0, |, - 1} (d) None of these 
Sol. Here, f(x) =(|1-x| 
x-1, x>1 
T= x50 1 
f(xi)=h-lxle} 


1l+x, -1<x<0 
-x-1, x<-1 

Here, for domain of sin '( f (|x|)) 

-1< f(|x|)<1 
[1-|x||< 1 

-1<1-|x|<1 

—2<-|x|<0 

22|x|20 

# x € [-2, 2] 
Then, sin“ '( f(|x|)), for x € [-2, 2] is not differentiable at 
x = (0,1,-1}. 


Hence, (c) is the correct answer. 


bya 
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Exercise for Session 6 


—X, x <0 
1. Ifa function f(x) is defined as f(x) =! x7, O<x <1, then 


x?-x41, x>1 


(a) f(x) is differentiable at x=O and x=1 (b) f (x) is differentiable at x =O but not at x=1 
(c) f(x) is not differentiable at x = 1but not at x=0 (d) f(x) is not differentiable at x=Oand x=1 

2. If f(x)=x3sgn (x), then 
(a) f is differentiable at x =0 (b)f is continuous but not differentiable at x =0 
(c)f’(0 )=1 (d) None of these 


3. Which of the following is continuous everywhere in its domain but has atleast one point where it is not 
differentiable? 


(a) f(x)=x"° (b) f(x) = 2 
x 
(c) f(x)=e™” (d) f (x)= tanx 
x + {x}+ x sin {x}, for x #0 . : 
4. lf f(x) = i vt , where {x} denotes the fractional part function, then 
0, for x =0 
(a) f is continuous and differentiable at x =0 (b)f is continuous but not differentiable at x =0 
(c) f is continuous and differentiable at x =2 (d) None of these 
: 1x ex ang 
5. Iff(x)= e!* e!* | , then at x =0, f(x)is 
0, x =0 
(a) differentiable (b) not differentiable 


(c) f’(0") = -1 (d) f’(O-) = 1 


Session 7 


Differentiability in an Interval 


(i) A function f (x) defined in an open interval (a, b) is 
said to be differentiable or derivable in open interval 
(a, b), if it is differentiable at each point of (a, b). 

(ii) A function f (x) defined in a close interval [a, b]is 
said to be differentiable or derivable at the end points 
aand b, if it is differentiable from the right at a and 


from the left at b. In other words, lim L(x) ~ fla) 


x—at X—- a 


and lim FO) ~ FO) both exist. 


xb x-b 
Example 44 Discuss the differentiability of 
f(x)= sin | | 


16x" | 


Sol. We have, flayesin'| ae ; 
1+x 


spi= 1 . d 2% 
2 dx\14+x° 
i- 2x 
= 
(1+ x’) . (1 + x?) (2) - 2x (2x) 
(1+ x7)? -4x? (1+ x")? 
(1+ x”) ye (2+ 2x" = 4x") 
i+ 2x? +x* -4x’ (1+ x)? 
(1+ x?) , (2-2x") 
ajl—-2x? + x4 (1+ x) 
_ (1+ x?) : (2- 2x”) Basa 2(1- x”) 
(1-x°)? (1+ x)’ j1- x?| (1+ x7)? 
[since 1+ x” ¥ 0] 
= f= x HE) () 
\(1-x?)| (+x?) ~ 
Here, in Eq. (i), f’(x) exists only if, |1-x*|#0 
= 1-x* 40 
=> x? #1 3x ¥Ht1 


Thus, f’(x) exists only, if x € R- {-1,1}. 
“. {(x)is differentiable for all x € R- {1,-1}. 


Remark 
The above example, can also be solved as follows 


y =f(x) =sin! as , let x = tane 
1+ x? 


y = sin" 2tan 0 
1+ tan°0 


y=20 or y=2tan'x 


] > y = sin |(sin 26) 


oe a which states f’(x) exists for all x eR. “Which is 
dx 14x? 


wrong as we have not checked the domain of f (x).” So, students 
are advised to solve these problems carefully, while applying this 
method. 


Example 45 Let [ ] denotes the greatest integer 
function and f(x) =([tan* x], then [MIT JEE 1993] 


(a) lim f(x) doesn’t exist (b) f(x) is continuous at x = 0 


x0 


(c) f(x) is not differentiable at x = 0 
(d) f’(O) =1 
Sol. Here, [ ] denotes the greatest integral function. 
Thus, -45° <x < 45° 
> tan(-45°) < tan x < tan(45°) 
=> -1<tanx<1 => 0<tan’x<1 


f(x) = [tan? x] =0 


Therefore, f(x) is zero for all values of x from (—45° ) to 
(45°). Thus, f(x) exists when x —> 0 and also it is 
continuous at x = 0, f(x) is differentiable at x = 0 and has a 
value 0. (i.e. f(0) = 0). 


Hence, (b) is the correct answer. 


Since, 


Theorems of Differentiability 
Theorem 1 If f(x) and g(x) are both derivable at 


x =a, f(x) + g(x), f(x): g(x) and f(*) will also be 
g(x) 
derivable at x =a [ots if g(a) #0 for fn} 
g(x) 


Theorem 2 If f(x) is derivable at x =a and g(x) is not 
differentiable at x =a, then f(x) + g(x) will not be 
derivable at x =a. 

e.g. f(x) =cos|x|is derivable at x =0 and g(x) =|x|is not 
derivable at x =0. 


Then, cos |x| +|x| is not derivable at x =0. 
However, nothing can be said about the product function, 
as in this case 
f(x) =x is derivable at x =0 
g(x) =|x| is not derivable at x =0 
?) . 
x? if x 20 
But, x): g(x) = : 
F(x) + g(x) fer 
which is derivable at x =0. 
Theorem 3 If both f(x) and g(x) are non-derivable, then 
nothing can be said about the sum/difference/product 
function. 
eg. f(x) =sin|x 
g(x) =|x\|, not derivable at x =0 
Then, the function 
F(x) =sin|x|+ |x|, not derivable at x =0 
G(x) =sin|x|—|x|, derivable at x =0 
Theorem 4 If f(x) is derivable at x =a and f(a) =0 and 
g(x) is continuous at x =a. 
Then, the product function F(x) = f(x)- g(x) will be 
derivable at x =a. 


, not derivable at x =0 


f(at+h)- g(a+h)-0 


Proof F’(a" ) = ima ‘ = f’(a)- g(a) 
F’(a~)= lim fig —Ate a = f’ (a): g(a) 


*. Derivable at x =a. 


Theorem 5 Derivative of a continuous function need not 
be a continuous function. 


odin =| af x 
eg. fta)=l* -in( >} ss 
[ 0, if x =0 
f(0*)=Oand f(0~)=0 


*, Continuous at x =0. 


Here, 


| 
2x -sin—— 


f' (x)= x 


and 


= f’(x) is not continuous at x =0. 


as lim f’(x) doesn’ t exist 
x70 


Remark 
One must remember the formula which we can write as 


max (fla), gix)} = LO 9 e gin) 
min {fla), g(x} = O90 gin) 
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Example 46 Let h(x) =min{x, x’} for every real 
number of x. Then, 
(a) his not continuous for all x 
b) his differentiable for all x 
c) h’ (x) = 1for all x 
d) his not differentiable at two values of x 


[IIT JEE 1998] 

( 

( 

( 

Sol. Here, h (x) = min {x, x?} can be drawn on graph in two 
steps. 


(a) Draw the graph of y = x and y = x’ also find their 


point of intersection. 


2 


Clearly, xa x? S> X= 01 


AY 


y=x? 
P| 


\ 7 


>X 


¥ y’ 
(b) To find h (x) = min {x, x”} neglecting the graph above 
the point of intersection, we get 


AY 


Thus, from the above graph, 
x ,x<0or x21 
h(x)=4*, 
x", 0O<x<l 


which shows h(x) is continuous for all x. But not 
differentiable at x = {0, 1}. 


Thus, h (x) is not differentiable at two values of x. 


Hence, (d) is the correct answer. 


Example 47 Let f :R > R be a function defined by 
f (x)=max{x, x°}. The set of all points where f(x) is 
not differentiable, is 
(a) {-1 , 1 } 
(c) {0, 1} 


[IIT JEE 2001] 
(b) {-1, 0} 
(d) {-1, 0, 1} 
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Sol. f(x) = max {x, x*}. Consider the graph separately of 
y= x° and y = x and find their point of intersection; 


3 
x =X 


Clearly, 


> x=0,1,-1 


Now, to find f(x) = max {x, x*} neglecting the graph below 


the point of intersection, we get the required graph of 
f(x) = max {x, x?}. 


x ,if x € (-o,-1]U [0,1] 
Thus, from above graph, f (x) = 

x*,if xe [-1,0]U[1,~) 
which shows f(x) is not differentiable at 3 points, ie. 
x = {-1,0, 1}. (Due to sharp edges) 


Hence, (d) is the correct answer. 


Example 48 Let f(x) be a continuous function, 
VY xeR, f(0)=1 and f(x)# x for any xER, then 
show f(f(x))>x,V xeER*. 
Sol. Let g(x) = f(x)- x 
So, g(x) is continuous and g(0) = f(0)-0. 
= g(0) =1 


Now, it is given that g(x) #0for any xeER 
[as f(x) # x for any x € R] 


So, g(x)>0,V xe R* 
ie. f(x) >x,V xe Rt 
= f(f(x))> flx)> x, V xER 
or f(f(x))> x,V xe R* 


Example 49 The total number of points of 
non-differentiability of 


; 3|. ; 
f(x) = max sin? x, cos? an in [0, 107], is 


~X 


Since, sin” x and cos” x are periodic with period m 

and in [0, 2], there are four points of non-differentiability of 
f(x). 

.. In [0, 107], there are 40 points of non-differentiability. 


Hence, (a) is the correct answer. 


Example 50 If f(x)=|x+1|{| x|+|x- 1}, then draw 
the graph of f (x) in the interval [-2,2] and discuss the 
continuity and differentiability in [-2, 2]. 
Sol. Here, f(x) =|x +1] {|x| +|x -1|} 
(x +1)(2x-1), -2<x<-1l 
-(x +1)(2x-1), -1< x <0 
il <4 <1 


(x + 1), 
(x + 1) (2x -1), 1<x<2 


Thus, the graph of f (x) is 


> X 


Clearly, continuous for x € Rand has differentiability for 
xe€R-{-1,0,1} 


Example 51 If the function 


3 
{\x= c =2) ps (x — 2)+ acos(x — 2), 


a 


(where [ ] denotes the greatest integer function) is 
continuous and differentiable in (4,6), then 


(a) a€ [8, 64] (b) a € (, 8] 
(c) a € [64, 0) (d) None of these 
Sol. We have, x € (4,6) => 2<x-2<4 
3 
> ae [a> 0] 
a a a 


For f(x) to be continuous and differentiable in (4, 6), 

— 2) 
et ie must attain a constant value for x € (4, 6). 

a 

Clearly, this is possible only when a > 64. 

In that case, we have 

f(x) = acos(x — 2), which is continuous and differentiable 

aé [64, 0) 


Hence, (c) is the correct answer. 


Example 52 If f(x) = x* -2|x| and 
min {f(t):-2stsx, -2<x<0} 
x)= eee x, O<x<3} 
(i) Draw the graph of f(x) and discuss its continuity and 
differentiability. 
(ii) Find and draw the graph of g(x). Also, discuss the 


continuity. 

2 

x" -2x, x20 

Sol. (i) Graph of f(x) = is shown as 

xe + 2x, x <0 

AY 
X’< = >X 
22x =] 1 2 
+-1 
y =x? 2|x| 

yy’ 


which shows f(x) is continuous for all x € Rand 
differentiable for all x € R- {0}. 


(ii) We know that, 
If f(x) is an increasing function on [a, b], then 
max {f(t)a<t<x, a<x<b}= f(x) 
min {f(t),ast<x, a<x<b}= f(a) 
If f(x) is decreasing function on [a, b], then 
max {f(t),a<t<x, a<x<b}= f(a) 
min {f(t),a<t<x, a<x<b}= f(x) 
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From graph of f(x), 

f(x), for -2<x<-1 

_ -1, for -1<x<0 

a(x) = 0, for 0< x <1 
f(x), for x21 

x? +2x, for -2<x«<-1 
-1, for -1<x<0 

= Btn) 0, for 0<x<l 
x? —2x, for x21 


Thus, graph of g(x) is 
AY 


yy’ 
From above figure, it is clear that g(x) is not 
continuous at x = 0,1. 


Example 53 Let f(x) =(x)+ w (x) and ’(a), y ’(a) 
are finite and definite. Then, 

(a) f(x) is continuous at x = a 

(b) f(x) is differentiable at x = a 

(c) f’(x) is continuous at x = a 

(d) f’ (x) is differentiable at x = a 


Sol. We know that the sum of two continuous (differentiable) 
functions is continuous (differentiable). 


“. f(x) is continuous and differentiable at x = a. 


Hence, (a) and (b) are the correct answers. 
Example 54 If is 
of f(x), then g’( 

jt (b) 


=x-+ tanx and g(x) is the inverse 


x) is equal to 
1 


2 + (g(x) + x)” 
2 (d) None of these 
2 + (g(x) — x) 

Sol. We have, f(x) =x + tanx 

aad f(F "(x)= f(x) + tan(f “(x)) 

> x = g(x) + tan(g(x)) (i) 

[- a(x) = f(x)] 
1= g’(x) + sec’(g(x))-g’(x) 

1 


= BAx)= 1+ sec?(g(x)) 
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a 
> g(x) 2+ tan”(g(x)) 


ae 
2+ (x — g(x)? 


Hence, (c) is the correct answer. 


—) g (x)= [from Eq. (i)] 


Example 55 If f(x) is differentiable function and 
(f(x)-g(x)) is differentiable at x =a, then 
(a) g(x) must be differentiable at x = a 
(b) g(x) is discontinuous, then f(a) = 0 
(c) f(a) # 0, then g(x) must be differentiable 
(d) 


d) None of the above 
Sol. [£ (rs)- 99] = f “(a)g(a) 
4, jim HOt B= £0). pq 


If f(a)#0 => g’(a) must exist. 
Also, if g(x) is discontinuous, f(a) must be 0 for f(x)- g(x) 
to be differentiable. 


Hence, (b) and (c) are the correct answers. 


Example 56 If f(x)=[x* [x7], (where [-] denotes 
the greatest integer function) x #0, then incorrect 
statement 

(a) f(x) is continuous everywhere 


(b) f(x) is discontinuous at x = J2 
(c) f(x) is non-differentiable at x = 1 
(d) f(x) is discontinuous at infinitely many points 
Sol. Here, 0<[x*]< x? 
> 0< x °?[x?]<1 => [x ?[x*]]=0o0r1 


f(x) is discontinuous at x? =n,n€ N > x= Jn 

.. f(x) is neither continuous nor differentiable at 

x=~vn,neN. 

Hence, (b), (c) and (d) are the correct answers. 

x?(sen[x])+{x}, OS x <2 
sinx+|x—3|, 2<x<4" 

where [ ] and { } represents greatest integer and 


fractional part function respectively, then 
(a) f(x) is differentiable at x =1 
b) f(x) is continuous but non-differentiable at x = 2 
c) f(x) is non-differentiable at x = 2 
d) f(x) is discontinuous at x = 2 


Example 57 If jo=| 


( 
( 
( 
Sol. For continuity at x =1 


lim f(x) = lim x*sgn[x]+ {x}=1+0=1 
x1" xo1t 


lim f(x)= lim x*sgn[x]+{x}=0+1=1 
IP x1 


x1 


Also, f(1)=1 


.. f(x) is Continuous at x = 1 


fs)=| 


x; 0<x<1l 
, non-differentiable at x = 1 
x°+x-1,15x<2 


lim f(x) = lim x*sgn[x]+ {x} 
x27 x27 
=4xX14+1=5 


lim f(x)= lim sinx +|x-3| =1+sin2 
x22" x32" 


Thus, f(x) is neither continuous nor differentiable at x = 2. 
Hence, (c) and (d) are the correct answers. 


Example 58 A real valued function f(x) is given as 
[px 

I, 2{x}dx, x+{x}e] 
{(x)= eee! o<x< Sand X#1, 


1 F 
x? = x4 B otherwise 


————— 
— 


where [ ] denotes greatest integer less than or equals 
to x and { } denotes fractional part function of x. Then, 


(a) f(x) is continuous and differentiable in x € | ——, 5) 


2 
(b) f(x) is continuous and differentiable in x € ->, 7 


(c) f(x) is continuous and differentiable in x € 7 | 


(d) f(x) is continuous but not differentiable in x € (0, 1) 
Sol. Here, x+{x}eI = x+x-[x]el 


> 2x —[x]e I, possible for x=" ,ne I 


1 1/2 1 3 3/2 5 
(3) = [, 2{x}dx = r (2) = \, 2{x}dx = ri 


and (=| =f apxtax = = f()=1 


1 1 
= a 
4 2 
5 3 
= ae 
4 2 
3 -1 
= x= — 
Then, f(x)= 4 2 
1, x=1 
1 1 3 
x? -xt=, (<x<" andx¥1 
2 
2 1 ‘ 
x°—x+-—, otherwise 
6 


Clearly, continuous for x € (0, 1) but not differentiable. 


Hence, (d) is the correct answer. 
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Exercise for Session 7 


1. If f(x) =sin(m (x —[x])),V x € Hes where [-] denotes the greatest integer function, then 


(a) f(x) is discontinuous at x = {—1 0, 1} (b) f (x) is differentiable for x € e *) — {0} 
(c) f(x) is differentiable for x € (-3. 4 — {-10, 1} (d) None of these 
x-1 -1<x <0 . 
2. Lett(x)=| wt, ges 4 * 9(x)=sinx and h(x) =f(| g(x)|) + |F(g(x)) |. Then, 
(a) h(x) is continuous for x € [-1, 1] (b) h(x) is differentiable for x € [-1, 1] 
(c) h(x) is differentiable for x € [-1, 1] — {0} (d) h(x) is differentiable for x € (-1, 1) — {0} 


_Ay2 
3. If f(x)= i ah. ES ' where [ ] denotes the greatest integer function, then 
[x* -2x], 1<x <2 


(a) f(x) is continuous for all x € [0, 2) (b) f(x) is differentiable for all x €[0, 2) — {1} 
(c) f(x) is differentiable for all x € [0, 2) - y t (d) None of these 


1 
4. Let f(x) =f, |x —t|t dt, then 
(a) f(x) is continuous but not differentiable for allx ER (b) f(x) is continuous and differentiable for all x ER 


(c) f(x) is continuous for x eR - { and f (x) is differentiable for x ER - {F st 


(d) None of these 
5. Let f(x) be a function such that f(x + y) =f(x)+ f(y) for all x and y and f(x) =(2x? + 3x)- g(x) for all x, where 
g(x) is continuous and g(0) = 3. Then, f ’(x) is equal to 
(a) 6 (b) 9 (c) 8 (d) None of these 
6. Ifa function g(x) which has derivatives g ’(x) for every real x and which satisfies the following equation 
g(x + y)=e%g(x)+ e*g(y) for all x and y and g ’(0) =2, then the value of {g ’(x) — g(x)} is equal to 


(a) e* (b) =e" (c) oe (d) 2e* 


2 
and f(1) =f ’(1) #0. Then, f(x) + f(1— x) is (for all non-zero real values of x) 


7. Letf:R—R bea function satisfying f (= = FOOTY) sy xX,yeR 


(a) constant (b) can’t be discussed (c) x (d) 7 
x 


8. Letf(x) be a derivable function at x =0 andf (+ = r) = he) (K ER,K #0, 2). Then, f(x)is 


K K 
(a) even function (b) neither even nor odd function 
(c) either zero or odd function (d) either zero or even function 


9. Letf:R-(-7,7)be a differentiable function such that f(x) + f(y) =f € + +) 


f(x) : 


If F(1) = a and lim, =2. Then, f(x) is equal to 


x 
(a) 2tan”' x (b) 5 tan'x (c) 5 tan’ x (d) 2n tan”'x 
max {f(t),O<t<x}, forO<x<z 
10. Letf(x)=sinx and g(x)= 1=cos x for xo phen g(x)is 
2 
(a) differentiable for all x ER (b) differentiable for all x eR — {m} 


(c) differentiable for all x € (0, -) (d) differentiable for all x € (0, c°) — {n} 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


® Ex. 1 The values of a and b so that the function 
x+tav2 sin x, 0S x <7/4 

F(x) =42xcot xt+b, 1/4 x <1/2 
acos2x—bsinx, 1/2<x<T 


is continuous for 


x €[0, 7], are 


(aja=—,b=- 


(c)a= zi b=- (d) None of these 
Sol. (c) Since, f(x) is continuous for x € [0, 7]. 


= 


“. f(x) is continuous at x = 1/4 and x = 1/2 and hence to 
discuss continuity at x = 1/4 and x = 71/2. 


Now, at x = 17/4 
Left hand limit (at x = 1/4) 


= lim f(x)= lim (x + av2 sin x) 


x= x= 
4 4 


= lim {(n/4-h) + avV2 sin (1/4 - h)} 


LHL= lim f(x)= +a 
Tt 4 


x= 
4 


Right hand limit at x = 1/4 
= lim f (x)= lim (2x cot x +b) 
nt nt 


x= oo 
4 4 


= jim 2(Z +h) cor[ E+ a]-+6 
hoo \4 4 
=>  RHL= lim f(x) =i te 

nt 


Pr oe 


1 Tl 
Also, —|/=—+b 
(5) 2 


For continuity, LHL (at x = 1/4) = RHL (at x = 1/4) = (= 


At x = 7/2 
Left hand limit (at x = 1/2) 
= lim (2x cot x + b)= lim 2 [zn] cot [s-n) +b 
1 h>0 2 
— 
2 


LHL = b 
Right hand limit (at x = 7/2) 


i) 


Ai) 


= lim (acos 2x -bsin x) 
+ 


™ 
x >> 


= lim aco 2 Ga - bsin Gul 
ho 2 2 


RHL=-a-b 
and f(n/2)= 2 cot . +b=b 
For continuity, LHL (at x = 1/2) =RHL (at x = 1/2) = f(1/2) 
> b=-a-b > at+2b=0 ...(ii) 
On solving Eqs. (i) and (ii), we get 
a=/6, b=-T/12 
» Ex. 2 Let f be an even function and f (0) exists, then 
f (0) is 
(a) 1 (b) 0 


(c) -1 (d) —2 
Sol. (b) Since, f is an even function. 
So, f(-x) = f(x), for all x ...(i) 
Also, f (0) exists. 
So, Rf (0) = Lf (0) 
tam FO+M)- FO) _ 5, FO-A)- FOO) 
h>0 h h>0 -h 
im L-FO _ 5 FEM)- FO) 
hoo h h>0 —-h 
tam FON FO) _ 4 FlR)- FO) 
h>0 h h>0 -h 
[using Eq. (i), f(-h) = f(A)] 
im L-FO__ 5, FH) FO) 
ho h ho h 
atm F- FO) _, 
h>0 h 


=> 2f(0)=0 > f(0)=0 


» Ex. 3 The set of points where x° |x| is thrice 
differentiable, is 
(a) R (b) R— {0, 1} 
(c) [0, ~) (d) R— {0} 
Sol. (d) Let f(x)=x’ |x| which could be expressed as 
-x3, x<0 
f(x)=4 0, x=0 
x3, x>O0 


-3x", x <0 
This gives, f (x)={ 0, x=0 
3x7, x>0 


So, f (x) exists for all real x. 


-6x, x <0 
f (x)=10, x=0 
6x, x>0 


So, f (x) exists for all real x. 

-6, x <0 
0, x =0 
6, x>0 


(ae 


However, f (0) doesn’t exist, since f “0-) = —6and 
f 0") = 6 which are not equal. 


Thus, the set of points where f(x) is thrice differentiable is 
R - {0}. 


Ex. 4 The function f(x) = ea a is continuous for 
tan ‘(x +2) 
(a)xER (b) x € R—{0} 
(c)x € R-{-2} (d) None of these 


Sol. (c) Clearly, f is continuous except possibility at x =-2 
RHL (atx =-2)= lim f(x) 
x23 -2+ 
= ie (x +2) 
x—-2* tan "(x + 2) 
LHL (atx =-2) = lim f(x) 


x—>-2 


=1 


~(x +2 
= lim (x ) 
x—>-2 tan “(x +2) 


So, f is not continuous at x = -2. 


«or 2 

Tl 
iL eee +b, forO<x<1 

Ex. 5 If f(x) =} x” -3x-18 
2cos mx +tan |x, forl<x2 


differentiable function in [0, 2], where [ - ] denotes the great- 
est integer function, then 


1 Tt 13 1 Tt 
a Lea oe ar 
iige- beta! (d) None of these 
6 4 6 
Sol. (a) Here, [x?]=0, for allO<S x <1 
and [x*]=1, for x =1 


. sin[x’]n =0,for0< x <1 
3 
+b, O<sx<l1 
Hence, f(x) = al . 


2 cos mx + tan™'x, 1<x<2 
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As, f(x) is differentiable in [0, 2]. 
= f(x) is continuous and differentiable at x = 1 


= lim f(x)= lim, f(x)= £0) 


x71 


T™ 
at+tb=-2 +—=at+b 
4 


=> eebeu2 : i) 


Again, since f (x) is differentiable at x =1 
(LHD at x = 1) =(RHD at x = 1) 
fim LO- LO) — yp FOO= FO) 


=> 
xl x-1 x 1t x-1 
- lim (ax? + b)-(a+b) 
xl cal | 
= Tie (2 cos mx + tan”! x)-(a+t b) 
x21t x-1 
—2msin 1x + ; 
: 1+x 
=> 3a= lim 
xv1t 1 
1 2 
> 3a =—- or a=— ...(ii) 
6 
From Eqs. (i) and (ii), we get 
1 Tm 13 
a=- and b=—-— 
6 4 6 
x™ f(1) + A(x) +1 


is continuous at 


Ex. 6 If g(x) = lim 


m—- oe 


2x” +3x+3 
x =1and g(1) = be {log .(ex)} ae * then the value of 
2g(1) + 2£(1) — h(1) when f (x) and h(x) are continuous at 
X =1, Is 

(a) 0 (b) 1 (c) 2 (d) 3 
Sol. (b) Here, g(1) = lim {loge + logan 


= lim {1 + log, x }°/ 108 * 
x71 
= a5 i oe 
g(l)=e* ..(i) 
Also, lim g(x)= lim lim x" fG)+h(x)+1 
x31 x31 m0 ax” 4+3x43 
= lim / lim ~ 1S ERTS 
melo 2x" 43x43 
m0 ha [asx <1=> lim x” =0] 
34+3 Vi=3'08 
ieee Ail) 


x1 6 


344 ~=Textbook of Differential Calculus 


Again, lim g(x)= lim lim | 
xa1t 


x 31h ma 


= ie | Fee i fuekeiey 


moel}yoit 2x" +3x4+3 


aoe hls 


2x" + 3x43 


f(1) + A(x)” 410" — f(A) 


= lim lim ; 
m—>oy yt 24 3/x™* 4 3/x™ 2 
1 
lim gael ) 
=i" 2 


From Eqs. (i), (ii) and (iii), we get 
oe = PG) +1_ f) 
6 2 
=> h(1)=6e?-1 and f(1)=2e? 
. 2g(1) + 2f (1) — h(1) = 2e? + 4e* -6e7 +1=1 
=> 2g(1)+2f(1)-A(1)=1 


Ex. 7 Let g(x) =log f(x), where f(x) is a twice 
differentiable positive function on (0, °°) such that 


F(x +1) = xf(x). Then, for 
N=1,23047(N 43] -e'(3) is equal to 


[IIT JEE 2008] 


(a) Afi ta tat : | 
9 25 (2.N -1) 


waft tet | 
9 25 (2N -1) 


(c) FD, urea ae ! 5 
9 25 (2N +1) 


(d) 4 jet ae 
9 25 (2N +1) 


Sol. (a) We have, g(x) = log f(x) 


(iii) 


[as g(x) is continuous at x = 1] 


Ai) 


> fixjae®™ 
=> f(x +1) = e8 +9 
=> x f(x)=e®** — [given f(x +1)= x f(x)] 


= logx + log f(x) = loge? *” 
=> logx + g(x) = g(x +1) 
ie. g(x+1)- g (x)= log x 


1 
On replacing x by x — 3 in Eq. (ii), we get 


eee dmle) 


= log (2x — 1) — log 2 


“(x + ; z”(« ) = oe 
2 2) (2x-1)° 


[taking log both sides] 
[from Eq. (i)] 


...(ii) 


...(iii) 


= 


On substituting x = 1, 2,3,..., N in Eq. (iii) and adding 


aA 1 rr({1 1 1 1 
o(wed)-e-(Qefiete dee 
2 2 9 25 (2N-1) 


Ex. 8 Let y = f(x) be a differentiable function, V xéER 


and satisfies; 


f(x) =x+[) xz flz)dz+f' xz? f (z)dz, then 


20x 20x 
(a) f(x) = ana 9x) (b) f(x)= a + 9x) 


10x 
(c) f(x)= qe + 9x) 


5x 
eer 
(b) We have, f(x)=x+ J, x? z f(z) dz+ I. xz? f(z)dz 


or f(x)=xt+x? fiz Flz)dz+xJ 2° f(z)dz 


Let A= [2 f(z)dz andi, = fiz f(z)dz 
f(x)=x4+x°A, + A, ...(i) 
Now, A= fiz f(z)dz 


A= fiz (z+ 27Ay + zy) dz 


[using Eq. (i), as f(z) = z+ 727A, + Ay] 


> A, =(1+A,) Le dz+i, [Pde 
3)" 4\ 
> 1,=029,)) 5) 2h) 
ce 
0 0 
—* Paes AL 
3 4 
= 91,-44,=4 (ii) 


Also, A, = [2 f(z)dz or A, = Le {z+ 2°Ay + ZAg}dz 


- : [using Eq. (i), as 
f(ZH=z4+7, + Az] 


= A» = fizh(14+ Aa)dztA, iz dz 


5 galttt he 
4 5 
or 15A, -4A, =5 ...(iii) 


From Eqs. (ii) and (iii), we get 
9h, = 4), =4 and 15A = 4A, = 5 


80 61 
Xr =—, Xr = —_— .. (iv 
“119 149 tv) 
Thus, Eq. (i) becomes 
f(x)=xt+ le x? + 2 x [from Eq. (iv)] 
119 119 - 


20x 
Hence, x)= —(4+9x 
f(x) aa ) 


Ex. 9 A function f :R— R satisfies the equation 


F(xt+y)= f(x): fly) for all, f(x) #0. Suppose that the 
function is differentiable at x =0 and f’(0) =2. Then, 

(a) f’(x) = 2f(x) (b) f(x) = F(x) 

(c) F(x) = F(x) +2 (d) f’(x) = 2f(x) +x 
Sol. (a) We are given that 


f(x + y) = f(x): f(y) (i) 
snd f= jim i ar FO) _» ec 
+ we F(x +h) f(x) 
Now f (x) pm. ; 
a f (x)= jim, Fathi) 
a F(a) = jim, £O)-F0- 2) FO) 
Ve [using Eq. (i)] 
, ~ f(0 
= f= fx) jim SLO 
= f(x) =2 f(x) [using Eq. (ii)] 


Ex. 10 Let f be a function such that 
f(xt fly) =f) ty, V xy €R, then find f(0). 


If it is given that there exists a positive real 5, such that 
f(h) =h for 0<h<6, then find f(x), 
(a)0,1  (b)-40 (c)2,1 (d) -2, 0 
Sol. (a) Let x =0, y =0in f(x + f(y))= f(x) +y 
F0+ f(0)) = f(0) +0 


= F(F) = (0) 
> f(a)=a orf(0)=0 
Given, f(h)=h 


Then, f (x)= lim Fea LO foro<h <8 


F(x + f(h))- f(x) 
h 


> f (x)= Jim, 
[given f(h) = h] 
f(x) +h- f(x) 


= Fe) fim A 
7 —_ . h 
a oa 
=> fi(x)=1 
Ex. 11 If the function of 
2 
foy=| 9] sin(x —5) + acos(x — 2), where[- ] 


denotes the greatest integer function, is continuous and 
differentiable in(7,9), then 
(a) A€ [8,64] 
(c) AE [16, ©) 


(b) A€ [0,8) 
(d) Ae [8, 16] 
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Sol. (c) As we know, [x] is neither continuous nor differentia- 
ble at integer values. 


So, f(x) is continuous and differentiable in (7, 9). 


Wf 5") =0 
A 


=> A>(x-5) ...(i) 
As, x€(7,9) =>x-5E (2, 4) 
> (x —5)? € (4, 16) ...(ii) 


From Eqs. (i) and (ii), we get 
A216 


Ex. 12 If f(x) =[2+5|n|sin x], where ne / has exactly 
9 points of non-derivability in (0,1), then possible values of 
n are (where[ x] denotes greatest integer function) 
(a) +3 (b) +2 
(c)+1 (d) None of these 
Sol. (c) We have, [2+ 5|n|sin x] = 2+ [5|n|sin x], let 
y =5|n|sinx 
*. Number of points of non-derivability 
= 2(5|n|-1)+1=10|n|-1 
According to the question, 10|n|—1=9 


=> 10 |n| = 10 
=> |n|=1 
Here,n=+1 


Ex. 13 The number of points of discontinuity of 
f(x) =[2x]? — {2x}? (where[-] denotes the greatest integer 


function and {-} denotes the fractional part of x) in the 
interval (—2, 2) are 


(a) 6 (b) 8 
(c)4 (d) 3 
Sol. (a) Here, f(x) = ([2x]+ {2x})([2x]— {2x}) = 2x(2x —2{2x}) 
= 4x7 —4x {2x} (i) 
We know, {2x} is discontinuous at integers. 
Here, —2<x<2 
=> -4<2x<4 


*, Integer values of 2x = {-3, — 2, — 1,0, 1, 2, 3}, but 
f(x) = 4x(x — {2x}) is continuous at x = 0 


*. Total number of points of discontinuity are 6. 


Ex. 14 IfxeR* andn€N, we can uniquely write 
x =mn+r, whereme W and 0 <r <n. We define x mod 
n=r.e.g. 10.3 mod3 =13. The number of points of 
discontinuity of the function, f(x) =(x mod 2)? +(x mod 4) 
in the interval0 < x <9 is 
(a) 0 
(c)4 


(b) 2 
(d) None of these 
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Sol. (c) Here, f(x) =(x mod 2)’ +(x mod 4) 
x? + XO KK! 
(x-2)? +x,2<x<4 
=1(x- 4)? +(x-4),45 x <6 
(x-—6)? +(x-4),6<5 x <8 
(x —8)? +(x-8),8<x<9 
Clearly, f(2-)=6, f(2*)=2 = discontinuous at x = 2. 
f(4-)=8, f(4*)=0 > discontinuous at x = 4. 
f(6 )=6, f(6")=2 > discontinuous at x = 6. 
f(8 )=8 f(8*)=0 = discontinuous x = 8. 


.. Number of points of discontinuity = 4. 


Ex. 15 Let f:R—R bea differentiable function at x =0 
satisfying f(0) =0 and f’(0) =1, then the value of 


ee yey : (2). is 


x0 x ae 
(a) 0 (b) -log2 
(c)1 (d) e 
Sol. (b) Let L = lim CLO lim fami) 


[using f(0) = 0] 


n x0 x/n 


[as f(0) = 1] 


= gp i=- 
n n 


in! Spari(g)-Seor 


L t- 1 1.7 

=-1+ + + 
23 4 5 6 
111141 

=-|1--+ + +... |= —log2 
23 4 5 6 


Ex. 16 Let f(x) is a function continuous for all x € R 
except at x =0 such that f’(x) <0, Vx € (—-9,0) and 
f(x) >0,V x€ (0,0). If lim f(x) =3, lim f(x) =4 and 

x07 x07 


Ff (0) =5, then the image of the point (0,1) about the line, 


y: lim f(cos* x —cos? x) =x- lim f (sin? x — sin? x), is 
x0 x0 


Sol. (d) We have, 


y- lim f(cos* x — cos” x) = x- lim f (sin? x — sin’ x) 
x0 x0 


x’ < ~X 


yy 
Here, cos? x — cos x > 0 from LHS 


lim f(cos’ x — cos x) = 4 
x0 


sin’? x —sin? x > 0 from RHS 


lim f (sin? x - sin’ x) > 3 


x0 
*, Equation of straight line is 4y = 3x ..-(i) 
AY y= 3x 
4 
4 
25 
X’« ~— >X 
24 al 
25 25 


Equation of line perpendicular to y = as and passing 
through (0, 1), is (y—1) = F(x —0) 


ii) 


> -1=—x 
i: 3 
On solving Eqs. (i) and (ii), we get 


12 9 


x=—, =— 
25° 25 


: .,. | 24 — 
Hence, image point is | —, il : 
25 25 
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More than One Correct Option Type Questions 


» Ex. 17 If f(x) be such that f(x) = max (|3 — x|,3— x°), 


then 
(a) f(x) is continuous V xe R 


(b) f(x) is differentiable V xe R 
(c) f(x) is non-differentiable at three points only 
(d) f(x) is non-differentiable at four points only 


Sol. (a,d) From the graph of f(x), f(x) is continuous, V xe R 
and f(x) is not differentiable at x = — 1,0, 1,3. 


y=3-x3 


y = |3-x| 


x’ < >X 


= ‘\o 


> Ex. 18 Let f(x) =| x -1|([x] —[-x]), then which of the 


following statement(s) is/are correct. (where[ - ] denotes 
greatest integer function.) 
(a) f(x) is continuous at x = 1 
(b) f(x) is derivable at x =1 
(c) f(x) is non-derivable at x = 1 
(d) f(x) is discontinuous at x = 1 
Sol. (a, c) We have, f(x) = |x —-1|([x]-[-x]) 
Here, [x]=0, when0<x<1 
[-x]=-1, when0<x<1 
[x]=1, whenl<x<2 
[-x]=-2,when1<x<2 
[x]=1,[-x]=-1, when x =1 
(x-1)(1+2), when 1 <x <2 
f(x)=40, when x =1 
(1-x), when0<x<1 
3(h)-0 _ 
ho 


> f°) = lim 3 
—h))-0_ 
-h 


1 


md fi )= tim O-C 


= f(x) is continuous at x = 1 and non-derivable at x = 1. 


Ex. 19 If y = f(x) defined parametrically by 
x=2t-|t-1landy =2t? +t\t|, then 


(a) f(x) is continuous for all x ER 
(b) f(x) is continuous for all x € R— {2} 


(c) f(x) is differentiable for all x ER 
(d) f(x) is differentiable for all x € R— {2} 


Sol. (a,d) Here, x =2t-|t-1| and y=2t? +t¢\t| 


Now, when t < 0, 
x=2t-{-(t-1}}=3t-1 


2 


at 
and y=2t*?-t?=t? = y=—(x+1) 
9 


When 0 <t <1, 
x =2t-(-(t-1))=3t-1 
il 
and y=2r? +2? =3t? > y=-(x 41) 
3 
When t = 1, 
x=2t-(t-l)=t+1 
and y=2t? +27 =3t? => y=3(x-1) 
1 2 
—(x+1)°, x<-l 
9 
1 
Thus, y = f(x) =4=(x +1)?,-1<% <2 
3 
3(x-1)’, x22 
Now, to check continuity at x = -1 and 2. 
Continuity at x =-1, 


Tat ie FEL WS in ay Sh 
h>0 ho>09 


RHL= lim f(-1+h)= lim $(-1+h +1) =0 
h>0 h>03 


0 
f(-1)=0 
“. f(x)is continuous at x =-1. 
Now, to check continuity at x =2, 
LHU= lim f@-8)= lim [@=h44)' <3 
h->0 ho703 
RHL = lim f(2+h)= lim 3(2+h-1)? =3 
ha h->0 


0 
f(2)=3 

Thus, f(x) is continuous at x = 2. 

Now, to check differentiability at x = -1 and 2. 

Differentiability at x =-1, 


LHD = Lf’(-1) = lim me 7 i) 


RHD = Rf’(-1)= lim ie! “ae EeD 
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11 4h 41) -0 
= lim 3 =0 
h>0 h 


Hence, f(x) is differentiable at x = -1. 
Differentiability at x =2, 


LHD =1f’(2) = lim fe 1 a) 


ta-h+1)-3 
= lim 3 =2 
h->0 -h 


RHD = Rf’(2) = lim mes “ ~ f) 


3 
jy BCE = 
h->0 h 
Hence, f(x) is not differentiable at x = 2. 


.. f(x) is continuous for all x and differentiable for all x, 
except x = 2. 


6 


Ex. 20 f(x)=sin™'[e*]+sin"'[e * ], where[ - ] 
greatest integer function, then 
(a) domain of f(x) =(- In 2, In 2) 
(b) range of f(x) = {7} 
(c) f(x) has removable discontinuity at x = 0 


(d) f(x) = cos”! x has only solution 


Sol. (a, c) 0<e* <2and0<e* <2 


=> —o<x<log,2 and -«<-—x< log, 2 
> (— © < x < log, 2) 
and (- log.2< x < o) 
=> — log.2< x < log,2 
Tt x=0 
ie) > x €(— log, 2,0) U(0, log, 2) 


Ex. 21 f :R—R is one-one, onto and differentiable 
function and graph of y = f (x) is symmetrical about the 
point (4, 0), then 

(a) f-'(2010) + f~'(— 2010) =8 


(b) ee 
(c) if f’ (— 100) > 0, then roots of 
x? — f’(10) x — f’ (10) = 0 may be non-real 
(d) if f’ (10) = 20, then f’(— 2) = 20 
Sol.(a, b, d) Graph is symmetrical about (4, 0). 


2018 


F(x) dx =0 


> f(4+x)=-f(4-x) 

=> f(x)=—- f (8- x) ...(i) 
Now, let f(x) = 2010, then f(8 — x) = — 2010 

=> f71(2010) + f~'(—2010) = 8 


= Option (a) is true. 


and [oo Fle)dx = - ie f (x) dx 


—2010 


= Option (b) is true. 


Also, D=(f’(10))? + 4f’(10) >0 

As, f/(-100)>0 = f’(10)>0 

= x’ — f’(10)x — f’(10) = 0 has real roots. 
=> Option (c) is false. 

As, f'(44+ x)= f'(4- x) 

f’(x)is symmetric about x = 4 

= f’(10) = f’(— 2) =20 


=> Option (d) is true. 


Ex. 22 Let f be a real valued function defined on the 
interval (0, °°), by f(x) =In x + ‘e 1+ sin t dt. Then, which 


of the following statement(s) is/are true? [HIT JEE 2010] 


(a) f’’(x) exists for all x € (, 00) 

(b) f’ (x) exists for all x € (0, -) and f’ is continuous on 
(0, c°) but not differentiable on (0, °°) 

(c) There exists a > 1such that | f’ (x)| <| f (x)| for all 


xXxE (oc, )) 
(d) There exists B > O such that | f(x) | + | f’(x)| < 6 for all 
x € (0, 00) 
Sol. (b, c) Here, f’(x)= 2 + j1+sin x, x >0 but f(x) is not 
x 


differentiable in (0, °°) as sin x may be — 1 and then 


f(x) 1 a cos x fil ant eee 
x)= will not exist. 
x? 2.,/14+sin x 


=> f’(x) is continuous for all x € (0, c) but f’(x) is not 
differentiable on (0, c2). 


*, Option (b) is true. 


Also, f(x) S$3,ifx>1 
and f (x) >3,ifx>e? 
* Let a=e° 


= Option (c) is true. 
(d) is not possible, as f (x) — c when x > ~, 


xt 


Ex. 23 70+ Fu)=F| | orattxyeR 


y 
1- xy 


(xy #1) and lim I) = 2, then 
x70 y 


Ags OG) 


Of M=t (d) f= —1 
Sol. (a, ©) f(x)+ f(y) =f (+2) Ai) 
1- xy 


On putting x = y =0, we get f(0) =0 
On putting y = - x, we get f(x) + f (-x) = f(0) 


= F(-x) =- f(x) (ii) 


Also, m FO). 
Now, f (x)= jim Gs 2 a) (iii) 


= tin, fet B+ FH) 


h-0 


[using Eq. (ii), - f(x) = f(-x)] 
x+h-x 
1-(x + h)(-x) 
h 


f (x)= Jim [using Eq. (i)] 


_t__)| 
1+ x(x+h) | 
h 


7 


r[ 
7 


Ah 
j : 1+ xh+x 
> f (x)= lim 
ho 1+ xh+x? 
1+ xhtx? 
ir 1 
=> f (x)= lim x lim ———W—— 
h—>0 h h>014+ xh+x" 
1+ xh+x* 
ese im. fa | 
, 1 e 
= f(x)=2x— = f(y 
1+x 1+ 


On integrating both sides, we get 
f(x) =2tan (x)+C 


Where f(0)=0 > C=0 
Thus, f(x)=2 tan! x 
1 “4 tT 7 
Hence —— |= 2 tan =2--—=2 
rs) 3 earcee 
, 2 2 
and (1)= =" 
f Idd? 2 


Ex. 24 Let f :R— R is a function which satisfies condi- 
tion f(x +y*) = f(x) +L f(y)P for all x,y € R. If f (0) 20, 
then 

(a) f(x) = 0 only (b) f(x) = x only 
(c) f(x) = 0or x only (d) (10) = 10 
Sol. (c, d) Given, f(x + y*)= f(x) +L f(y)P (i) 
f (0) =0 ...(ii) 
On replacing x, y by 0, 
F(0)= f(0) + FO)’ > Flo) =0 ii) 


and 
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Also, f (0) = im FOOD iM) = tim 22) ...(iv) 
; _ f£(0+(h”?)3)- f(0) 
ES = heat 1 (hn) f 
2 fA a (FED) _ 1s 
a (Av3)3 kh 0\ (hY3) 
=> I=I1° or I1=0,1,-1as f (0)>0 
f'(0)=01 ..v) 
Thus, f (x)= lin m fart f(x) 
i yes) )= fx) 
h>0 (ni?y 
1/3)3 _ 
£3) im LATO $0) sng Bq 
(hv?) 
x)= ae f(a) =(f’(0)) 
= Fe ii eo) (f"(0)) 


=> f(x)=0orl [as f’(0) = 0or 1, using Eq. (v)] 
On integrating both sides, we get 

f(x)=Corx+C as f(0)=0 
> f(x)=0 or x 


Thus, f(10)=0 or 10 
Ex. 25 Let f (x)=x°-x? +x +1 
mid Ose max f(t), O<t<x for 0<x<1 
3- x, 1<x<2 


Then, g(x) in [0, 2] is 
(a) continuous for x € [0,2]— {1} 
(b) continuous for x € [0, 2] 
(c) differentiable for all x € [0, 2] 
(d) differentiable for all x € [0, 2]— {1} 
Sol. (b, d) Here, f (x)= x? -x?+x4+1 
=f ‘(x) =3x? - 2x + 1, which is strictly increasing in (0, 2). 


af 


3-x, 


O0<sx<l1 
1<x<2 


[as f (x) is increasing, so f(x) is 
maximum when 0 <t < x] 


3 2 
- +x+1, OS x1 
So, ene x°-x x +1, x 
3-x, 1<x<2 
-2x4+1, 0<x<1 
Also, g (x)= 3x" — 2x ‘ 
1<x<2 


Which clearly shows g a is continuous for all x € [0, 2] but 
& (x) is not differentiable at x = 1. 


350 = Textbook of Differential Calculus 


JEE Type Solved Examples : 
Passage Based Questions 


Passage I 
(Ex. Nos. 26 to 27) 
In the given figure graph of 
y = P(x) = ax? + bx* + cx? + dx? + ex + f, is given. 
AY 


(-2, 2) 


X'« > X 
1 2 
sf y 
26. If P’’(x) has real roots a, 8, y, then [a] +[B] +[y], is 
(a) -2 (b) -3 (c)-1 (d)0 


27. The minimum number of real roots of equation 
(P’’(x))? + P’(x)- P’”’(x) =0, is 
(a) 5 (b)7 (c) 6 (d) 4 


Sol. (Ex. Nos. 26 to 27) Here, P’(x) =0 at x = {2 —1,0, | 


=> P’’(x) will have real roots € (—2, - 1 ), ( 10) [0, “| 
= [a]+[6]+[y]=-2-1+0=-3 
Also, let f(x) = (P’’(x))? + P’(x)-P’"(x) 
d:.. pie 
Fx) = (P(x) P(x) 


Since, P’(x) has 4 real roots. 
= P’’(x) has 3 real roots. 


=> f(x) has 6 real roots. 


26. (b) 27. (c) 


Passage II 
(Ex. Nos. 28 to 30) 


Ifo,B (where <8) are the points of discontinuity of the 
function g(x) = f( f(f(x))), where f(x) = : and P(a,a”) 


1-x 
is any point on XY-plane. Then, 


28. The points of discontinuity of g(x) is 
(a) x =0,-1 (b) x=1only (c)x=Oonly (d) x =0,1 


Sol. (d) Here, f(x)= owes 
1-x 
> be | 


F(F(x) =— 


1— f(x) 


1- 
I=.x% 


> x#0,1 
i) 


f(x)-1 1-x 
and x)= = 
oe = 


-1 


= x, where x #0, 1. 


cil. 

Here, point of discontinuity are x = 0, 1. 
29. The domain of f(g(x)), is 
(a)xER 
(b) x € R- {1} 
(c) x € R—{0, 1} 
(d) x € R—{0, 1,-1} 
(0) Here, g(x) = f(F(f(x))) = x x R= 10,1} 


F(g(x)) = f(x) = — 


=> 0:01 
*. Domain of f(g(x)) € R— {0, 1} 


Sol. 


= 


30. If point P(a,a’) lies on the same side as that of (cx, ) 
with respect to line x + 2y —3=0, then 


3 
(a)ae [-2 J 

3 
(c)ae [-2 0 


Sol. (a) From graph, a€ (-2, 7 , as (, B) = (0, 1). 


(b)aeR 


(d) a€ (0,1) 


>X 


JEE Type Solved Examples : 
Matching Type Questions 


[x], -2<x<0 

|x|, OSx<2 

(where [-] denotes the greatest integer function) 
(x) = sec x,x € R-(2n+1)t / 2. 

Match the following statements in Column | with their 


values in Column I\ in the interval — 2, za 
2 


© Ex. 317 Let f(x) -| 


2 
Column I Column II 
(A) Limit of fog exists at (p) -1l 
(B) Limit of gof doesn’t exist at (qq) 2 
(C) Points of discontinuity of fog is/are (r) ST 
6 
(D) Points of differentiability of fog is/are (s) -T7 


Sol. (A)— (p, q, 8), (B) > (Pp), (C)—> (@, s), (D) > (p, 1) 
=—2:525 45 1 
[x], -2<x 


<0 
is ee => f(x)=4-1-1<5x<0 
: = x,0<x<2 


f)=| 


g(x)=sec x,xE R-(2n+ 1)" 


—2, -2Ssecx<-1 


=> fog(x)=4) -1, -1<secx <0 
sec x, O<secx <2 
\V/ 
32/2 |-—n -n/2 |! n/2 T 


3n/2 x 


2m 47 
eu (7%, 1} 
3 
fog=; -1, x=—-T,T 
Tu TT 
Sec x, se\22 2 
3 3 
Limit of fog exist at x = — 1, 1, — 1 points of discontinuity of 


fog are — 1, m and points of differentiability of fog are — 1, = 
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sec (-2), x €[-2,- y-{-3| 
gof =4sec(-1), x € [-1,0) 
sec x, x € [0,2] -{3| 
, 2 


Limit of gof doesn’t exist at x = — 1. 


© Ex. 32 Match the functions in Column | with the 
properties Column ll. 


Column I Column II 


(A) g:R—Q (Rational number), f:R—>Q | (p) 1 
(Rational number); f and g are 
continuous functions such that 


V3 f(x) + g (x) =3, then 
(1- f()y + (g(x) - 3) is 


(B)_ If f(x), g(x) and A(x) are continuous and | (q) 0 
positive functions such that 


fx) + g@) + h@= VJ f@g) 


+ Jg(x)h(x) + Sh) fQ), 
then f(x) + g(x) — 2h(x) is 
(C) y= f(x) satisfies the equation (r) 2 


y - 27 (x + 1+ 4xyt+ (x? -1) 

(y- 2)=0,then y (1) + y (1) would be 
equal to 

If y= f(x) satisfies (xf(x))” + @f(x))® | (s) 3 
+... + Qf(x)) + 1= 0, then (1+ f(1)) is 


(D) 


(t) -1 


Sol. (A) > (p), (B)—> (q), (C) > (P, 1,8), (D) > (q) 
(A) On comparing, f(x) =0, g (x) =3 


(1- f(x) +(g(x)-3)° =1 
(B) Here, f(x) + g(x) +h(x) 
= J f(x) g(x) + fg (x): A(x) + Sh (x): f(x) 


= WFR) — a(x)? + (g(x) — fh(x))? 
+ (Jh(x) —  f(x))"} =0 


= F(x) = g(x) = h(x) 
f(x) + g(x) — 2h(x) = 0 
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(C) y? —2y? (x +1) + 4xy +(x? -1)(y—2)=0 

Put y=2=> 8-8(x+1)+8x=0 

*, y =2is solution. 

Put y=(x +1) 

=> (x+1) -2(x 41) + 4x (x +1) +(x? -1)(x-1) 
=-(x +1) +4x(x +1) +(x +1)(x—-1)* 
=-(x+1)> +(x +1) {4x +(x —1)*} 
=—(x +1)? +(x +1)? =0 

“. y =(x + 1)is the solution. 

Similarly, y = (x — 1) is the solution 


> y=a4xt+1x-1 
d 
Y 4 
dx 


y' (1) + y (1) =0+2=2, when y =2 
=> jy (1)+y(1)=1+2=3, wheny=x+1 
y’(1) + y (1) =1+0=1, when y=x-1 


(py PLN 4g = p(xy=-1 


xf(x)-1 
As, xf(x) #1 
é xf(x)=-1 
=> f@)=-1 or 1+ f(1)=0 


© Ex. 33 Suppose a function f(x) satisfies the following 


conditions 


f(xty)= FOF IY) 3 x,y and f’(0) =1. Also, 
1+ f(x) fy) 

-1< f(x)<1,VxeER. 

Match the entries of the following two columns. 


Column | Column II 
(A) f(x) is differentiable over the set (p) R-(-1,0,1) 
(B) f(x) increases in the interval (q) R 
(C) Number of the solutions of f(x)=Ois (r) 0 


(D) The value of the limit lim [f(x)fis (s) 1 
xX 0 


Sol. (A) (q), (B)> (q), (C)> (8), D> (s) 
Put x=y=0> f(0)=0 
f(x + h)- f(x) 
h 
f(x) + f(A), 
“mit fear 7” 
h>0 h 
im A= (FOI 
hoo h{1+ f(x) f(A)] 


— tm | fC) = FO] {1 {FOP 
nol h-0 JL 14 f(x) f(A) 


= f’(0) [1 — (f(x) ]=1-{F*(x)} 


Now, f’(x)= lim 
h->0 


f'(x)=1-{f*(x)} --(i) 
On integrating both sides, we get 

sof PLO wee 

2 "L1- FO), 
or 1+ f(x) _ p,2x 

1— f (x) 
Now. f)=0>k=1 
fxy= 4 = 2 
e +1 e +e 


Clearly, f(x) is differentiable for all x € R and from Eq. (i), 


f'(x)>0 for all x € R. Again, f(x) is an odd function, 
f(x)=0>x=0. 


xl e 


Now, lim [f(x)P = lim [E — 
x 00 
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JEE Type Solved Examples : 
Single Integer Answer Type Questions 


4A 
x \ I AY I / 
4 1 t 
Ex. 34 Let f(x)=| a, eT eae 
/ 


vx \ 


Sol. (8) As, f(x) is continuous at x = 0. 
.. We must have, 


RHL (at x = 0) = LHL (at x = 0) = f(0) 


! i] 
1 1 
ry olor 
- x > 0 \ \ ? 3 if / 
\ 
16 = a _ 4 MI \ 2 / il 
Pe aah Sas Sa 
Then, the value of a if possible, so that the function is if 7 / ft 
: : 1\ ~~ “ a 
continuous at x =0, IS..... ‘ ‘\ pe coe] / 
1 
1 


RHL (atx =0)= lim f(x)= lim vx 
x30t x>0° J16+JSx -4 


=i Jorh lot Vh +4 
h>0 1164+ /0th-4 f16+Vh +4 


[putting x =0+ Ah] 
i Vh{/16+ Vh + 4} 
= hm 
h>0 16+ Vh-16 


= lim {J16+ VA + 4}=8 
>0 


Also, LHL (at x =0)= lim f(x)= lim 1-cos 4x 
x07 


x07 x? 
= lim ee rn [putting x =0-h] 
ho 0= 
( , Thus, from above graph, we can simply say 
1- 4 
= li ee f(x) is not differentiable at x = +3. 
h->0 h 
2 . Not differentiable at 2 points. 
= ti 2 sin” 2h 
2 
a : Ex. 36 Let f(x) =x", n being non-negative integer. Then, 
= lim 8 (= ) =8 the number of value of n for which the equality 
hoo \ 2h f (at+b)= f (a) + f(b) is valid for alla, b >0, is 
aod te Sol. (2) Since, f(x) = x", n being non-negative integer. 
Since, f(x) is continuous at x=0 aris Peet 
a f (0) = RHL = LHL a ee , in’ 
or f(0)=8 or a=8 f @eand”, f (band 7” 


f (a+ b)=n(a+ by! 
a: A 2 2 , , , 
Ex. 35 Let f(x) = maximum { 4,1+ x 5X -1},V XER. Now, the equality f (a+b)=f (a)+ f (b) holds, if 
Then, the total number of points, where f(x) is not n(a+b)" '=na"-!+nb""! 
differentiable, soenae + or (a 4 b)" -1 = q’ = 4. p" -1 (i) 
Sol. (2) We have, discussed in the last chapter for sketching Above statement is true, only if(n-1)=1 => n=2 
maximum {4,1+x°,x*-1} as ve (a+b t=a" +p" [ifn = 2] 
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(a+ by =a +b! 

Also, when n = 1, then LHS < RHS 

and when n = 3, 4, 5,..., then LHS > RHS 
Again, when n = 0, f ‘(x) = 0 for all x. 


or 


So, the equality is true for n = 0 and 2. 


.. Number of values is 2. 


Ex. 37 Find the number of points where 
F(x) =[sin x +cos x] (where [-] denotes greatest integral 
function), x € [0, 21] is not continuous, is/are...... . 


Sol. (5) We know [ -] is not continuous at integral points. 


Thus, f(x) = [sin x + cos x] will be discontinuous at those 


points, where sin x + cos x is an integer, i.e. 


T 3H 3m IT 
24° °2°4 


Thus, the number of points at which f(x) is discontinuous 


is 5. 


Ex. 38 The number of points where | xf(x)| +||x — 2|- 
is non-differentiable in x € (0,3 1%), where 


1+ 200s 2%) 
Ass 
3 


Sesser ; 


foo=T] 
k=1 


Sol. (5) We know, 
sin30 = 3sin0 — 4sin*@ = sin®@(1+2cos20) 
sin30 = sinO (1+2 cos 20) 


1|| 


li) 


| x||sin x| 


|x 


Thus, |x f(x)|+]|x — 2|-1|= + ||x —2|-1| is not 


differentiable at {7, 27, 0, 1, 3}. 


“. Number of points are 5. 


Ex. 39 i (2 )-L nye R, f(l) = f’(1). 


Sol. (3) Here, f’(x)= lim Fosi= fe) 


2x+2h 
f( ; )- fe 


= lim 
h>0 h 
(Beet) (22) 
=a h 
f(2x)-fith/x)  f(2x)-f() 
= lim 2 2 
h>0 h 
_ fx) j.4 f(i+h/x)- f() 
2x  h0 h/x 
- £0) pr) 


Z FE. given f(1) = f’(1) 


2x-1 
2) 
_ 2 ae (2 ”) Sef) 
Fx) _ £0) 
f’(x) f’(3) 


Now, on putting 30 = x, = = ... one by one in Eq. (i), we 
3 3 
get 
x 
=> sin x = sin} — |-| 1+2cos— 
3 3 
_ x sont 0% 2x 
and — = sin} — |-| 1+2cos — 
3) 3° 


sin sn( 3 tows) . and so on 


‘ x 2x 
=> sin x = sin} — 1+2cos— 
3n 3k 

k=1 


...(ii) 


Ex. 40 Let f:R—R be a differentiable function satisfy- 
ing f(x) = fly) fx-y).Vx,y € Rand f’(0) = [° {2x} dx, 


where {-} denotes the fractional part function and 


ft’ (-3) =ae?. Then, | + B| is equal to......... : 


Sol. (4) Given, f(x) = f (y) f(x - y) 
On replacing x by (x + y), 


F(x t+ y)= fy): f(x) 


=> f(x) =e = f’ (x) =ke™ 

But, f'0)= [xia =2 

=> f'(0)=k =2=> f’(x) =2e"* 
=> f’(-3)=2e* > la +Bl=4 


Ex. 41 Let f(x) is a polynomial function and 


2 , 2 . _ Sx) | £9) 
=0, then find lim , where 
(f(0)? + (f(a)? =0, then find lim peal oe) 


[- ] denotes greatest integer function, is ....... 
Sol. (1) Here, (f(«)) +(f’(@))’ =0 = f(a)= f’(a)=0 


a is repeated root of f(x). 


Now im £2) £2). jn £2 Le _[ FC) 
x30 f’(x) fos xa f’(x)\ f(x) f(x) 


= tin 1 £22 FC} 
oa f(x) | f(%) 


as, x = is the repeated root and {£2} is bounded; 
f(x) 


=1-0=1 


Ex. 42 Let f :R— R is a function satisfying 
f(10 — x) = f (x) and f (2-—x) = f (2+ x), VxER If 


Ff (0) =101. Then, the minimum possible number of values of 
x satisfying f(x) =101, x €[0, 25] is......... : 
Sol. (9) Since, f(10 — x) = f(x) = f(4- x) 
> f(10- x)= f (4-x) 
4-x=t = f(6+t)= f(t) 
=> f(x) is periodic function with period 6. 


Say, 


Subjective Type Questions 


Ex. 44 Let f(x) =max {2 sin x,1—cos x}, V x€ (0,71), 
then discuss differentiability of f(x) in (0,1). 


Sol. We know that, f(x) = maximum {2 sin x, 1- cos x} can be 
plotted as 


1-— cos x 


—* 


he 3) 


Thus, f(x) = maximum {2 sin x,1- cos x}is not 
differentiable. 


When, 


0 kid 
2 


2sin x =1-cos x 


or 4 sin? x =(1-cos x) 


Chap 06 Continuity and Differentiability 355 


So, for x € [0, 25] 
f(x) = 101 at x = 0,6, 12, 18, 24 


Total numbers = 5 
f(2-x)= f(2+ x) 


= f(x) is symmetric about x = 2 line. 


Since, 


Due to symmetry in one period length. 

f(x) = 101 has one solution at x = 4 other than 0 and 6. 
f(x) = 101 at x = 4, 10, 16, 22 

Total numbers = 4 


Now, 


Hence, atleast minimum possible number of values of x = 9. 


Ex. 43 If f(x) is a differentiable function for all x € R 


such that f(x) has fundamental period 2. f(x) =0 has 
exactly two solutions in [0, 2], also f(0) #0. [f minimum 
number of zeros of h(x) = f’(x) cos x — f(x) sin x in (0, 99) 
is120 +k, thenk is...... : 


Sol. (7) h(x)= Sfx): cos x) 


First find the minimum number of zeros of 

(f(x): cos x) =0. 

f(x) =0has minimum 98 roots in [0, 99) and cos x = 0 has 
31 roots is [0, 99). 


Maximum common possible root is only 1. 


Hence, minimum number of roots of f(x) cos x = 0 is 128. 
d 

Thus, = (f(x) cos x) = 0 has minimum 127 roots. 
bc 


127 = 120+7 


Hence, value of k is 7. 


or 4(1+ cos x) =(1- cos x) 
or 4+ 4cos x =1-cos x 
or cos x =-3/5 

> x = cos '(-3/5) 


“. f(x) is not differentiable at 
x =m -cos '(3/5). 


Ex. 45 Discuss the continuity of the function 
8(x) =[x] +[-x] at integral values of x. 
Sol. Here, x can assume two values 

(a) integers (b) non-integers 
(a) If x is an integer 
[x]=xand[-x]=-x 
> £(x)=x-x=0 

(b) If x is not an integer 


Let x =n + f, where n is an integer and f € (0, 1) 
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— [x]=[n+fl=n 

> tle be=f] qlee l= 7-1 
[.0<f <1 => (1-f)<1) 

Hence, g(x)=[x]+[-x]=n+(-n-1)=-1 


a)=| 


0, if xis an integer 

—1, if x is not an integer 

Let us discuss the continuity of g(x) at a point x =a 
[where a € integer] 

LHL= lim g(x)=-1 


xa = 7 : 
[as x >a , x is not an integer] 


RHL= lim g(x)=-1 
x at % 
[as x >a’, x is not an integer] 
But g(a) = 0 because a is an integer. 


Hence, g(x) has a removable discontinuity at 
integral values of x. 


_ sin2x+A sin x +Bcos x 


Ex. 46 If f(x) = i 


x 
at x =0. Find the values of A and B. Also, find f(0). 
Sol. As, f(x) is continuous at x = 0. 
f(0)= lim f(x) and both f(0) and lim f(x) are finite. 
x0 x0 


is continuous 


sin 2x + Asin x + Bcos x 


3 
x 


= f(0)= lim 


As, denominator > 0as x > 0, 

Numerator should also > 0 as x > 0 

Which is possible only if ( for f(0) to be finite). 
=> sin 2(0) + A sin (0) + B cos (0) =0 


> B=0 
sin 2x + Asin x 
0)= lim 
FO) x30 x3 
sin x \(2cosx+A 
— 0)= lim 
Fo~ fi, (|) 
= Ties 2cosx+A 
x30 x? 


Again, we can see that denominator > 0 as x > 0. 


Numerator should also approach to 0 as x > 0 


['.. for f (0) to be finite] 


=> 2+A=0 
> A=-2 
2 22 —4sin” x/2 
= Avs tien ( = 2 = x/ 
x70 x x0 x 
ae 
ies = x/2\_ 1 
x70 ee Td 
So, we get A=-2,B=0 


and f(0)=-1 


Ex. 47 Let f :R— R satisfying| f(x)|< x’,V x € R, then 
show that f(x) is differentiable at x =0. 
Sol. Since, |f(x)|< x?,VxeER 
~ Atx =0,| f(0)| <0 
=> f(0)=0 wal) 
f(0)= im aa = lim 1h) (ii) 


ho-o0 hh 
[f (0) = 0, from Eq. (i)] 


Now, ee <|h| 


= [nj s A <4 


= lim S(h) >0 
h-0 
[using Cauchy-Squeeze theorem] ...(iii) 
.“. From Eggs. (ii) and (iii), we get f “(0)=0 


ie. f(x) is differentiable at x =0 


Ex. 48 Show that the function defined by 
ea 
x” sin1/x, x #0 
f(x) = 

0, x=0 
is differentiable for every value of x, but the derivative is not 
continuous for x =0. 
Sol. For x #0, 


f (x) = 2x sin (1/x) + x? (-] cos () 
1 


x 


, | 
f (x) = 2x sin cos 
x 


For x = 0, 


f(s) 


f(0 + h)- FO) 
h 


1 
h? sin —-0 
= lim 
h->0 h 


ay f(x) = Jim h sin = =0 


ae | 1 
, 2x sin ——cos—, x #0 
Thus, f (x)= x x 


0, x=0 
Now, f (x) is continuous at x = 0, if 


(i) Jim, f (x) exists (ii) Jim, f (d= f'O) 


, : 1 1 Ses 
Again, lim f (x)= lim [2x sin — - cos + doesn’t exist 
x30 x30 x x 


: , 1 : 
Since, lim cos — doesn’t exist. 
x30 x: 


Hence, f’(x) is not continuous at x = 0. 


Ex. 49 fy=[ One 


: xel 


where | is an integer and [-] represents the greatest integer 


function and 


{£00} =1 


& (x)= lim -——~—_,, then 
peep ol 
(a) Draw graphs of f(2x), g (x) and g{g(x)}. 
(b) Find the domain and range of these functions. 


(c) Are these functions periodic? If yes, find their 
periods. 


Sol. Here, f (x)= if -[x],x¢I 
1, xel 
(a) Graph of f (2x) 
2x - [2x], 2x ¢ 1 
As, 2x) = 
nee 1, 2xel 
AY 
x’ < = , ¢ <3 
2 2 
y f(2x) 
y’ 
Graph of g(x) 
2n 
Here, g(x) = lim est -1 
nore CCE ek 
0,xEl 


g(x)= -1,x¢I,as lim Che) ae =0 


AY 
+2 
+1 ie 
igh) 
Ye ge +x 
e\ 
A 
eee igh” 
SS ——————— 
y ¥ 
Graph of g{g(x)} 
Weh (x) 0, xEl 
e have, x)= 
8 -1, x¢€I 
0, g(x)Eel 
=> x)}= 
g{g(x)} t ane 
where 2(x)e {0,-1} 
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and thus g(x) ¢ I, should be neglected. 
=> g{g(x)}=0, xe Rand could be plotted as, 


Y 


g{gX)} =0,xeR 
te) > >X 


(b 


wa 


From the above three graphs, we have 
Domain of f(2x)e R 

and Range of f(2x)€ (0,1] 
Domain of g(x)e R 

and Range of g(x)e {0,-1} 
Domain of g (g(x))E R 

and Range of g(g(x))€ {0} 


(c) Here, f(2x) and g (x) are periodic with period 1/2 and 
1. Also, g{g(x)}is constant function. Therefore, 
periodic and its period is undetermined. 


Ex. 50 Prove that f(x) =[tan x] +./tan x —[tan x]. 


(where[ - ] denotes greatest integer function) is 


: . Tl 
continuous in| 0, 4 . 
2 


Sol. Here, f(x) =[tan x]+./tan x - [tan x] 
or 2(x)=[x]+.4/x -[x], where x = tan x 20 


Then, for ae N. We discuss continuity of f(x) as 


LHL (at x = a) 
= lim g(x)= ji. ([a-h]+.Ja-h-[a-h]) 


= lim ((a-1)+ ja-h-a+1)=a-1+1l=a 
h->0 


where, a-1l<a-h<a 
“.[a-h]=a-1 
Now, RHL (at x = a) 


7 lim, g(x)= jim, (lat h]+.Ja+h-[a+h]) 


x—-a 
= lim (a+ .fat+h-a)=a 
h->0 
[sa<ath<at+1 => [ath]=a] 


and g(a) =[a]+.Ja-[a] =a 
as aeN 


So, g(x) is continuous, V a€ N, now g(x) is clearly 
continuous in (a - 1, a), V ae N. 


Hence, g(x) is continuous in [0, °°). 

Now, let (x) = tan x which is continuous in [0, 2/2]. 

So, g{o(x)}is continuous in [0, 2/2). 

Hence, f(x) = [tan x]+.4/tan x - [tan x] is continuous in 
[0, 0/2). 
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Ex. 51 Determine the values of x for which the following 
functions fails to be continuous or differentiable 


(1- x), x <1 
f(x) =4(1- x)(2-x), 15x <2 
(3- x), x>2 


usti our answer. WT JEE 1995, 
yy 


Sol. By the given definition, it is clear that the function f is 
continuous and differentiable at all points except 
possibility at x =1 and x =2. 

Continuity at x =1 
LHL = lim f(x) = lim (1- x) =lim(1-(1-A)) =0 
x17 x1” ho 


RHL= lim f(x)= lim (1-x)(2-x) 
x1" xo 


= lim (1-(1+ A)}{2-(1+ hy} = 0 


Also, f(1) = 0. 

Hence, LHL = RHL = f(1) 

Therefore, f(x) is continuous at x = 1. 
Differentiability at x =1 


Lf‘(1) _ lim ae _ lim a =f 
ie {1-(1+h)}{2-(1+h)}-0 _ i 
h>0 h 
Since, L{f’(1)} = R{f’(1)} so, we get f(x) is differentiable 


atx =1. 
Continuity at x = 2 
LHL = lim f(x)= lim (1- x)(2-x) 


x27 x2 


= lim(1-(2-h)) (2-(2-h)) =0 
h-0 


RHL = lim f(x)= lim (3- x)= lim3-(2+h) =1 


x2 h->0 


Since, RHL # LHL 
Therefore, f(x) is not continuous at x = 2. 
As such f(x) cannot be differentiable at x = 2. 


Hence, f(x) is continuous and differentiable at all points 
except at x = 2. 


x2 


Ex. 52 If g(x) is continuous function in[0, °°) satisfying 
2 
g(1)=1. if. 2x: g°(t) ar=(J° 26 (x- 0) dt) , find g(x). 


Sol. Here, ie g(t) dt = 4 g(x -t) dt, the given equation could 
be written as 
2 
22 2 # ¥ 
| g(t) dt = (J) a(t) at) (i) 
On differentiating both sides w.r.t. ‘x’, we get 


J 5 a2) de + xu°%(x) = 4g(s) {fa atl 


or xf g°(t)dt+ x7g%(x)=4xg(x)[* g(t)dt i 
Using Eq. (i), 


(J s(t) at) + x? ?(x) = 4x8 (x) f° g(t) dt 


= (f g(t) ar) - 4xg(x) J, g(t) dt + x°g*(x)=0 


which is quadratic in J; g(t) dt, 


f* ee) de 2222 w(x) 
On differentiating both sides w.r.t. x, we get 
g(x) x 
> g(x) =kx'* V2 since g(1)=1 
=> k=1 
Cy ne 


which is continuous in [0, c°). 


Ex. 53 Let f(x) = ec Alaa an 
|x-1|, if x20 


x +1, if x <0 

a(x) -| — 

(x-1)° +b, if x20 
where a and b are non-negative real numbers. Determine the 
composite function gof. If(gof ) (x) is continuous for all 
real x. Determine the values of a and b. Further for these 
values of a and b, is gof differentiable at x =0. Justify your 
answer. [IIT JEE 2002] 


xta, ifx<0 


Sol. Here, x)= 
F(x) (ae if x20 


x+1, ifx<0 


and e(x)= 
= + b, ifx 20 
g(x+a), x<0 


eofls)= etflani=| SOE *8 a 


xtatl, xta<0 
=} (x+a-1) +b, x+a2>0 
{Ix-1)-1) +b, x20 
xtati, x<-a 
(x+ta-1)/ +b 0>x2-a 
7 x? +b, O0<x<1 
(x-2) +b, x21 


=> gof(x) is continuous for all real x. 
“. gof(x)is continuous at x = —a,0,1. 


Since, gof(x) is continuous at x =-a. 


> lim gof(x)=_ lim, gof(x) = gof(-a) 


x—7-a 
=> lim (x+at+1)= lim (x+a-1)’ +b 
+ 


x—>-a x—-a 


=(-a+a-1)' +b 


=> -ata+1=(-at+a-1)’°+b=(-ata-1) +b 


=> b=0 
and gof (x) is continuous at x = 0. 


= oe gof (x)= — gof(x) = gof(0) 


=> (a-1) +b=b => a=l 


Now, (HD atx =0) =< (x +a 1)” + Bhat x=0 
x 


=2(a-1)=0 [as a = 1] 


Again, (RHD atx =0) = < {(x? + b)}at x= 9 =O 
nc 
gof (x) is differentiable at x = 0. 


Ex. 54 If a function f :[- 2a, 2a] > R is an odd function 


such that f(x) = f(2a- x) for x € [a, 2a] and the left hand 
derivative at x =a is 0, then find the left hand derivative at 
x=-a [IIT JEE 2003] 


Sol. It is given that, LHD (at x = a) =0 


im 17 Y-fM _, 
h>0 -h 
=> fey MT og ...(i) 
h>0 h 
Now, LHD (at x = -a) 
= tie f(-a-h)- f(-a) 
hoo -h 
= jim —AO* DLO fas fn) =~ f(x), given] 
= fa flat h)- f(a) _ jee f [2a-(a—h)]- f(a) 
h>0 h h—>0 h 


= lim ea [as f(x) = f(2a- x)] 


h-0 
[using Eq. (i)] 
LHD (at x = -a) =0 


Ex. 55 Discuss the continuity of f(x) in [0, 2], where 
[cos x], x<1 


Xj= 
Feo) ee x 
where[- ] denotes the greatest integral function. 


Sol. First we shall find the points where f(x) may be 
discontinuous. 


Consider x € [0, 1] 
f (x) = [cos tx ]is discontinuous where cos tx € I. 


In [0, 1], cos mx is an integer at x = 0, 1/2, 1. 
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=>x=0x= sand x = 1 may be the points at which f(x) 


may be discontinuous (i) 
Now, consider x € (1, 2] 

f(x) = [2-2] [2x -3 
If x € (1, 2), then [x — 2] = —1andif x =2, then[x — 2]=0 


Also, |2x-3|=0 => x =3/2 
= x =3/2and 2 may be the points at which f (x) may be 
discontinuous ...(ii) 


On combining Eqs. (i) and (ii), we have 

x =0, 1/2, 1, 3/2, 2 
On dividing f(x) by about the 5 critical points, we get 
1, x=0 -scos(m0)=1 


1 
sss, *°0< cos tx <1= [cos tx] =0 


1 
-1,-<x<1 ‘*-1<cosmx <0=> [cos tx]=-1 
2 


FO) =4_(3_2x),1 < x $ 3/2 [2x -3|=3-2x 
and [x-2]=-1 

—(2x — 3),3/2< x <2. |2x -3| =2x -3 
and [x-2]=-1 

0,x=2 ‘s[x-2]=0 


Checking continuity at x = 0 
RHL = lim f(x)= lim 0=0 
x07 x07 
And f(0)=1 
As RHL ¢ f (0) 
Thus, f(x) is discontinuous at x = 0 
Checking continuity at x = 1/2 
LHL = lim f(x)= lim 0=0 


ae be 
2 2 
RHL= lim f(x)= lim (-1)=-1 
i 4° 
x= x= 


2 
As RHL 4 LHL 


Therefore, f(x) is discontinuous at x = 1/2 
Checking continuity at x =1 
LHL= lim f(x)= lim (-1)=-1 
x71 x1 
RHL= lim f(x)= lim -(3-2x)=-1 
x—o1t x 1t 
And f(1)=-1 
As RHL=LHL=f(1) 
Therefore, f(x) is continuous at x = 1 
Checking continuity at x = 3/2 
LHL= lim (2x-3)=0 


x 33/27 
RHL= lim (3-2x)=0 
x 3/2t 
And f (3/2) =0 
As RHL = LHL =f (3/2) 


Hence, f(x) is continuous at x = 3/2 
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Checking continuity at x = 2 
LHL= lim (3-2x)=-1 
x27 


And f(2)=0 

As LHL + f (2) 

Hence, f(x) is discontinuous at x = 2 

Thus, f (x) is continuous when x € [0, 2] - {0, 1/2, 2}. 


Ex. 56 Let f is a differentiable function such that 
f(x) =x? + fret fx ~ t) dt. Find f(x). 
Sol. We have, f(x)= x? + te f(x-t)dt 
=> f(x) =x? + Leo f(x-(x -t)) dt 
using f(x)de=[fla—x)a 


=> f(x)=x? +e% Joe f(t) dt (i) 
On differentiating both the sides, we get 
f (x) =2x +e [e* f(x)]-e* ee f(t)dt — ...(ii) 
[using Leibnitz rule] 
=> f(x) + f (x)= x? 42x + f(x) 
= f'(x)= x? +2x ...(iii) 
On integrating both the sides of Eq. (iii), we get 
3 
f(x)= = +x74+C 
But f(0)=0 => C=0 
3 


Hence, f(x)= = +x? 


Ex. 57 Let f :R* —R satisfies the functional equation 
f(xy) =e" ~*~” feY f(x) +e* fly) JV x, ye R”. If 
f' (1) =e, determine f(x). 
Sol. Given that, 


f(xy) =e? * "7 fe” f(x) + e* f(y)hV x,y © RY -(i) 
On putting x = y =1, we get 
fQ)=e™ {ef +e'f()} > f(t) =0 .-(ii) 


Now, f (x)= lim fan i 


Fx ( + “y - f(x) 
= lim 


h->0 h 


= lim 


led} } ‘power (et) -s0 


h->0 h 


h 
et fix)te F (1+ 4)-s00 
= lim 


h->0 h 


h 
FlxMet-1)te [f(1+4}- 700] 


= lim 
hoo h 
[- f@) =0] 
meds [ 4 reo} 
e x + — | 
= lim f(xyer om lim - 
h>0 h h>0 hy 
= f(x)+ ee 
prs #)-sep a 
i = f(1) and a | 


eae cy 


2 f= f+ S - _ “7 ~ Fay [oF W=el 
1 eX f(x) ~ flx)-e* 


x e 


= 


as by quotient rule, we can write 


et Ae) Fee" 
ey 


-E {0} 


1_ ad) f(x) 
x dx| e* 
On integrating both the sides w.r.t. ‘x’, we get 


Ma) 


log|x|+ C = 


f(x) = e* {log |x| + C} 
Since, fa)=0 => C=0 
Thus, f(x) =e* log |x| 


Ex. 58 Let f is a differentiable function such that 
Fx) = fo0 + Fl0 dx, f(0) = 


Sol. It is given that 


A=¢" 


find fx) 


f (x)= fx) + J f(x) de 
= f= flx)+e 


E ee J F(x) ax 


f(x) _ 
f(x) +e 
On integrating both the sides of above expression, 
log. {f(x)+ch=xtc => f(x)+c=ke* ...(i) 


[k being constant of integration] 


4-¢° 
Since, f(0)= 


and f(0)+c=k 


4-¢7 
tc > e=k-| 5 ...(ii) 


From Eggs. (i) and (ii), we get 


Fear i! ete 


4-e? 


k= 


...(iii) 


= f(x) = ke* n+[$*) 


Now, to find constant of integration k. 


On integrating both the sides from 0 to 2, we get 


[ f(x) de =k f(e* -1) de + : as ax 


4- 
3 


=> c=k(e2-2-1)+ e (2) 


= c= = (4-08) + k(e? -3) Ae 
From Eqs. (ii) and (iv), we get 
= : -é? 
3 
On putting k = 1 in Eq. (iii), we get 


we 4-e° 
f(x) =(e* -1)+ 5 


(e* -1) 
3 


Jee uet 5 per 


Hence, f(x)=e* - 
Ex. 59 A function f(x) satisfies the following property 
f(x +y)= fd): fly). 


Show that the function is continuous for all values of x, if it 
is continuous at x =1. 


Sol. As the function is continuous at x = 1, we have 
Lee f(x)= an f(x)= fF) 
= lim f(—h)= lim f+ h)= f() 
[using f(x + y) = f(x): f(y)] 
= lim f() f(h)= jim f()- f(A) = f(1) 
=> jim. f(-h) = lim f(A) =1 a) 


Now, consider some arbitrary points x = a. 
Left hand limit 


=> lim f(a-h)= lim f(a): fl-h)= f(a) fim fh) 


LHL = f(a) [as jim f(-h) = 1, using Eq. (i)] 
Right hand limit 
=> im flath)= lim f(a)-f(h)= fla) lim f{h) 
RHL = f(a) [as Jim, f(h) = 1, using Eq. (i)] 
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Hence, at any arbitrary point (x = a) 
LHL = RHL = f(a) 


Therefore, function is continuous for all values of x, if it is 
continuous at 1. 


Ex. 60 tet f(%22)= LLM foratreal x andy. 


If f (0) exists and equals to -1 and f(0) =1, then find f (x). 
[LIT JEE 1995] 


Sol. Given equation is f (2 = 2) = f(x) + f(y) 


; ; ...(i) 


On putting y = 0 and f(0) = 1 in Eq. (i), we have 


x 1 ee —, 
f(=)=S +0 [-- f(0) = 1] 
=> f(x)=2f GE _Aii) 


F(x + h)- f(x) 


Now, f (x) = jim. 


h 
f (= * **) - f(x) 

= li 

h—>0 h 

LOOP yy 

= jim. ; [using Eq. (i)] 
im LOX) + Fl2h)-2f (x) 

h>0 2h 
= im 2f (2) 71 tf 2h)-2F(x) ‘i 

Jim f [using Eq. (i)] 


_ f(2h)-1_ 
lim a 


h->0 


Therefore, f (x)=-1 


Ex. 61 Let f(x)=1+4x-x°,V xER 
& (x) =max { f (t); x St <(x +1); OS x <3} 
=min {(x +3);3 <x <5} 
Verify continuity of g(x), for all x € [0,5]. 
Sol. Here, f (t)=1+ 4t-2? 
f (t)=4-2t 
When f’(t) =0, then t = 2 
Att = 2, f(t) has a maxima. 
Since, g (x) = max {f(t) for te [x,x +1],0< x <3} 
f (x41), if [x,x+1])<2 
g(x) =4 f (2), ifx<2<x+1 
f (x), if 2<[x,x +1] 
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44+2x-x*, if O<x<1 
if 1<x<2 
g(x)= oa 
1+4x-x‘,if 2<x<3 
6, if 3<x<5 
Which is clearly continuous for all x € [0,5] except x = 3. 
g (x) is continuous for x = [0,3) U(3, 5] 


Ex. 62 Let f(x) =x‘ -— 8x? +.22x? — 24x and 
min f(x); x $t<x+1,-1Sx<1 

ax) -| ‘ 

x-10; 

Discuss the continuity and differentiability of g(x) in[-1, ©). 


x>1 


Sol. Here, f(x) = x* - 8x? + 22x? - 24x 
=> f (x) = 4x? - 24x? + 44x - 24 
or f (x)= 4(x-1)(x -2)(x-3) 


Which shows f(x) is increasing in [1, 2] U[3, o¢) and 
decreasing in (-°9, 1] U[2, 3]. 
Thus, minimum f(x);x<t<x+1-1<x<1 


=> Minimum 50 aL 


fQ), O<x<<1 
f(x+1),-1S5 x <0 
Thus, g(x)=4 f(1), 0<x<1 
x-10, x>1 


(x +1)! -8(x +1)? +22(x+1)?-24(x41),-1Sx<0 
= 1-8+22-24, 0<x<l 
x-10, > 


x’ 4x3 +.4x7-9, -1< x <0 
g(x)= -9, 0<x<1 


x-10, x>1 


4x° -12x" +8x, -1< x <0 
Also, g’(x)= 0, 0<x<1 
1, x>1 


Which clearly shows g(x) is continuous in [-1, °°) but not 
differentiable at x =1. 


Ex. 63 Let g(x) =[- F(t) dt, where f is such that 


1/2 < f(t) <1forte [0,1Jand0 < f(t) <1/2 forte [1,2]. 
Then, find the interval in which g(2) lies. [IIT JEE 2000] 


Sol. Here, g(x)=[" flat = g(2)= J fle)at 
= g(2)= [-fpat+f” poate i) 
Now, 1/2< f(t)<1 for te[0,1] 


11 1 1 

We get, Jott < [feat < fiat 
1 1 Ma 

=> 58 J float <i (ii) 
Again, 0< f(t)< ; for t€ [1,2] 

2 2 21 
=> J odt < | f(t)dt <f att 
a o<|' fdr <* (iii) 

< fi S 7 


On adding Eq. (ii) and (iii), we get 
1 1 2 1 
045s J fae +f F(t}dt $14, 
1 3 13 
or —-<g(2)<s- => 2)E€}-,- 
; g(2) g (2) F 4] 


Ex. 64 Let f be a one-one function such that 


f(x) fly) +2 = f0d + fly) + fay). V x ye R- {0} 
and f(0) =1, f (1) =2. Prove that 
3 (f f9 dx) — x (f(x) + 2) is constant. 


Sol. We have, f(x): f(y)+2= f(x) + fly) + f(xy) ...(i) 
On replacing x, y > 1, we get 


(f (1)? +2=3 f(1) 
=>  f*(1)-3 f(1j+2=0 


> fQ)=2or1 
But f(1) cannot be equal to one as f (0)=1 
=> f(1)=2 ...(ii) 


On replacing y by 1/x in Eq. (i), we get 

F(x): fl) +2= f(x) + f (ix) + FI) 
=> f(x): fUAx)+2= f(x) + flr) +2 
= F(x): fl) = f(x) + fx) 


[using Eq. (ii)] 


__ f(x) 
= F(x)= f(i/x)-1 
f(x) - 
and /x) = (iii 
fits) = ES (ii 
oy ye Se +h) f(x) 
Now, f (x) jim ; 
f(x) 
ln f(x +h)+ 1- flax) 
ho h 
= fim f(x +h)- f(x +h): f(/x)+ fz) 
ho h{1- f(i/x)} 
f(x+h)- f(xt+ ny fousy-#(2 : "+24 fou 
ate h{i- f(i/x)} 


[using Eq. (i)] 


£ +A )-2 
x = lim f(th/x)- f() 


= lim 
aU RCRA RON aay i 


[using Eq. (ii)] 
_ f@) 
x {f(1/x) - 1} 


ny fenr(2) | 


‘: from Eq. (iii), f(x): f () ~ 1 
Feuer 


=> xf (x)=2{f(x)-} 


f'y= Wes 


On integrating both the sides of the above expression, we 
get 
x f(x)- [ f(x) dx = 2 f f(x) dx -2x +2, 
where A is the constant of integral 
= 3 f(x) dx = x {2+ f(x)}-A 
Hence, 3] f(x) dx — x {2+ f(x)} =A (constant) 


Ex. 65 Let f :R— R, such that f’(0) =1 and 
f(x + 2y) = f(x) + flay) +e*°Y (x + By) - x-e* 
—2y-e” +4xy, V xyeR. Find f(x). 
Sol. We have, 
f(x + 2y) = f(x) + f(2y) + e* *9Y(x + 2y)- x-e* 
-2y-e°? + 4xy 
On replacing x, y > 0, we get 
f(0) = f(0) + f(0)+0-0-04+0 => f (0)=0 
On replacing 2y > — x, we get 
f(0) = f(x) + f(-x)-x-e* + xe™* - 2x? 


=> -f(x)= f(-x)-x-e* + xe -2x’ ...(i) 


Now, f (x)= jim, fee ne i 
= lim f(x + h)+ f (-x) - xe* +x-e* ~ 2x? 
h->0 h 


f(h)-e" h+(xthye%* —xe* + 


x 


2(x +h)x-xe* + xe -2x? 
h 
f(h)-e" -h+x-e*-e"+h-e* -e" + 2hx-xe* 


h 


=F) jim 


= lim 
hoo 


=~ tim LO- FO , hle* =I) on , xe" (e" = 1) , 2hx 
h->0 h h h h 
= f (0) +(e* -1) + x-e* + 2x 
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f (x) =14 e* -14+ xe” +2x 
or f (x)= e* (x +1) + 2x ...(ii) 
On integrating Eq. (ii) both sides, we get 

f(x) = fe* (x + 1) dx +2[x dx 


2 
=(x+1)e*-fi-e*dx +2—+C 
2 
=(x+1)e*-e* +x°4+C 
=> f(x) =x? + xe* +C 


But f(0)=0 => C=0 
So, f(x)=x? + x-e* 


Ex. 66 Let f be a function such that 
foxy) = fx): fly), Vy € Rand f(1+ x) =1+ x(1+ g(x), 


where lim g(x) =0. Find the value of f° fo) 1 
a FO) Tex 


Sol. We know, f (x) = lim ee 
ho 


roe 
= lim 7 

h->0 h 
esr ( : *)- Fos 

h 
[given f(xy) = f(x): f(y)] 
flay 41+ 20+ gh) ~} ~ f(x) 

> )=tin 
[given f(1t+x)=1+x(1+ g(x))] 
f(x)41t ~( + g(h/ =| 


> f= jim, 


= f(x)=lim 


h 
f(y- 2) [as lim g(x) = 0] .() 
2 f(x) 1 2 Xx : : 
o fin : dx = X¢ usin (i 
oe Vine Lat [using Eq. (0) 


1 1 
= logit + xP = slos(5/2)I 


Ex. 67 If f(x) =ax? + bx +c is such that| f(0)| <1, 


| f(1)| <1 and| f(-1)| <1, prove that 
| f(x)| $5 /4,V xe[-1,1]. 


Sol. We have, f(x)=ax? + bx +e (i) 
> f(-l)=a-bt+e ...(ii) 
> f(0)=c iii) 


= fj=at+bt+e ...(iv) 
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From Eqs. (ii), (iii) and (iv), we get 
1 
= gla) + f(1)-2 f(0)], 


= sLFa)- FAN and c = f(0) 


On substituting the values of a, b and c in Eq. (i), we get 


= flx)=2Lf(-1) + fla)—2 FOO] x" 
+ S1f0)- F-DIs + FO) 
fle) == =B pay (x Fy (x-1) FO) 
+ EEDE ray 
Since, | f(-1)|.|f(@|and| f(1)| are <1, we have 


2| f(x)| <|x (x — 1) + 2|x?-1) +] x(x +1] ...(vi) 
In the interval, 


0<1+x2, 


xée[-1,1] 
0<1-x<2 and 0<21- 


x*)<2 
=> 2|f(x)|<|x|(l1-x +14 x)+2(1- x’) 


2|f(x)| S$ 2(|x|+1- x’) 


2 
Therefore, | f(x) < (I 2 ;| $5/455/4 
5 
= fois 2.v relay] 


Ex. 68 Leta+B=1,207? +2B* =1and f(x) bea 
continuous function such that f(2 + x) + f(x) =2 for all 


x€[0,2]andp= : x) dx - 4, a. Then, find the least 
P=, q B 


positive integral value of ‘a’ for which the equation 

ax’ — bx +c =0 has both roots lying between p and q, where 
a,b,cEN. 

Sol. Given, a+B=1 ..(i) 
20° +2B* =1 ...(ii) 
On solving Eqs. (i) and (ii), we get 


1 a 
a=Bp= 
2 


=>q=—=1 (iii) 


B 

and given f(2+ x)+ f(x) =2,V x € [0,2] ...(iv) 

Now, p=ff(x)dx-4=[" f(x) de +] f(x) dx -4 
=[" Plx) dx +f f(t+2) dr 4 


[ let x = t + 2 for second integration] 


= ico dx +[2-F(x)} dx -4 
[given, f(2+ x) + f(x) =2] 
= p= flx)de+2f dx-fof(a)dx-4=0 WW) 


Then, from Eggs. (v) and (iii), p =0,q =1 
Let the roots of equation ax” — bx + c = 0 bea andf. 

f(x) = ax? - bx + ¢ = a(x -a)(x -B) ...(vi) 
Since, equation f(x) = 0 has both roots lying between 0 and 1. 
2 f(0): f(a) >0 ...(vii) 
But f(0)- f() =c(a-b+c)=aninteger __...(viii) 
“. Least value of f(0)- f(1) =1 ...(ix) 
Now, from Eq. (vi), 

F(0): f(1) = a a8 a(1 - a) (1-B) 

=a’ oB(1-a)(1-B) (x) 


As we know, 


a (1-0) has greatest value ; ata = ; and B (1-8) has 


1 1 
greatest value — atB = — Buta #B 
4 2 


Thus, from Eq. (x) greatest value of f(0): f(1) = — ...(xi) 


2 
.. From Eqs. (ix) and (xi), we get 1< a 


=> a’ -16>0 
> a<-4 or a>4 [ae N] 


=> Least value of a=5 [as a€ natural number | 


» Ex. 69 Prove that the function 

f(x) =aJx-1 +b./2x —1—./2x? —3x +1, where 

a+2b=2 anda,be Ralways has a root in(1,5),V bE R. 

Sol. Let b>0, then f(1)=b>0 

(5) = 2a + 3b — 6 = Aa + 2b) — 
=4-b-6=-(2+b)<0 

Hence, by IVT, 4 some c € (1, 5) such that 

=> f(c)=0 

If b=0, thena=2 


f(x) =2,/x —1—./2x* -3x+1=0 


and 


=> A(x — 1) =2x* —3x +1=(2x —1)(x -1) 
=> (x-1)(2x-5)=0 

5 
> gS 

2 


Hence, f(x) =0, if x = - which lies in (1, 5). 


If b<0, f(1)=b<0 and f(2)=a+b V3 - V3 

=(a+ 2b) + (v3 — 2)b — V3 

= (2— /3) —(2- V3)b 

=(2- 3)(1- b) >0 [as b <0] 
Hence, f(1) and f(2) have opposite signs 
dsome c € (1,2) C (1,5) for which f(c) =0. 


Ex. 70 Letae R. Prove that a function f :R— R is 


differentiable at a, if and only if there is a function g:R—>R 
which is continuous at x =O. and satisfies 


F(x) - f() = g(x) (x-@) forall xe R. [IIT JEE 2001] 
Sol. If g(x) is continuous at x = a. 
=> lim g(x) = g@) (i) 
and f(x)- f(a) = g(x)(x-a),VxeE R 
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=> PRET) 36 
(x-a) 
= timfO FO) _ im g(x) > f(a) = (a) 
x0 (x-a) x0 
Therefore, f(x) is differentiable at x =o ...(ii) 


Conversely, f is differentiable at x = a, then 
lim IG)- 7) exists finitely. 
xa  (x-O 

ff) 4g 
Let g(x)= x-O 

fe); x =O 
Clearly, lim g(x) = f’(a) 

xO 

Thus, g(x) is continuous at x =. 


Hence, f(x) is differentiable at x =o , iff g(x) is 
continuous at x = . 


= 


NS 


a 


Continuity and Differentiability Exercise 1: 
Single Option Correct Type Questions 


. Wx 1+a* -x-loga—a* 
—, 1 
. If f(x)= 7 2 = , where [x] denotes the greatest ug : for x <0 
[x], x21 8. If g(x) = 
2* -a* —xlog2- x1 -1 

integer function, then a 6 aenee , forx>0 

(a) f(x) is continuous at x=1 x 

(b) f(x) is discontinuous at x=1 where a>0, then a for which g(x) is continuous, is 

(c) fa") =0 (a) o (b) a7 (c)2 (a) -2 

(d) fl )=-1 

T a wr 
g* —4* -27 41 a [asin “a—(a}*)} sin *(1- {x}) 
Consider f(x) = x2 , 9. Let f(x) = ,x#0, 


V2 ({x}—{x}") 


e* sinx+mx+klog4, x<0 


; . a in 
Then, f(0) so that f(x) is continuous at x =0, is Fg =0, where {} is fractional part of x, then 
2 


(a) log 4 (b) log2 
(c) (log 4)(log 2) (d) None of these ot)= tu 
(a) f(0") 5 
ee i ) f= 
x? 4v2 
» Let f(x) = 3, x=0 (c) f(x) is continuous at x=0 
3 \ x (d) None of the above 
cx + dx 
1+ : ; x>0 sgn (x)+x, -o<x<0 
* 10. Let f(x)=}-1+sinx, O<x<m/2 , then the number of 
If f is continuous at x =0, then (at+b+c-+d) is ees mig ues 


5 b) —5 log.3-5 (d)5—log,3 
a " ee oe points, where f(x) is not differentiable, is/are 


-1 
. If f(x)= COS COU ak one then the jump of (a) 0 (b) 1 
t[x]-1, x2m/2 (c) 2 (d) 3 
discontinuity, (where [-] denotes greatest integer and {} aa | ee 
denotes fractional part function) is 11. Let f(x)= |x be continuous and 
(a) 1 (b) /2 ()r- (d)2 ax? +b, |x|<1 
Let f :[0, 1] “2-5 [0,1] be a continuous function, then differentiable for all x. Then, a and b are 
f(x)=x holds for ga) G2 
(a) at least one x€[0,1] (b) at least one x € [1, 2] i . 2 eek 
(c) at least one xE[—-1,0] (d) can’t be discussed (c) 5 (d) None of these 
x+1 1 
. If f(x) = and g(x) =——., then ( fog)(x) is 2 
x1 x-2 12. If f(x)= ate a then A and B, 
discontinuous at 3Ax— B+2,x21 
(a) x=3 only (b) x=2 only so that f(x) is differentiable at x =1, are 
(c) x=2 and 3 (d) x=1 only (a) —2, 3 (b) 2, -3 
2 2 2 (c) 2,3 (d) —2, -3 
. Let y,(x)=x7+ oe i and =4l((x]=%).e41 
(tx?) (4x2)? dex?) 13. uper={P Ie ReE 
y(x)= lim y, (x), then y, (x), n=1, 2, 3, .... 2 and y(x) is 0, x=1 
n—eo 
(a) continuous forxe€R —__(b) continuous for xe R—{0} (a) f(a") =0 bee y=0 


(c) continuous for x€ R—{1} (d) data unsufficient (c) f’-) =-1 (d) f(x) is differentiable at x=1 


14, 


15. 


16. 


17. 


18. 


19. 


<1 
IF fx [cosmx], x , where [-] and {-} denote 
~ | afc} =]. x>1 


greatest integer and fractional part of x, then 


(a) fl) =2 (b) f(a") =2 
() far) =-2 (a) fat) =0 

x-3, 
IC) | a ayy TegtheneG)= sad 
a) g(0") =-3 


( 
(b) (0 )=-3 

(c) g(0")= 80) 

(d) g(x) is not continuous at x = 0 

{x + ssi mx], O<x<1 
If f(x)= , where [- ] and {-} 


4 

oases - “) 1<x<2 
3 

denote greatest integer and fractional part of 


x respectively, then the number of points of 
non-differentiability, is 


(a) 3 (b) 4 (c) 5 (d) 6 
Let f be differentiable function satisfying 
(2] = f(x)- f(y)for all x, y>0.If f’(1)=1, 
y 
then f(x) is 
(a)2log.x  (b)3log.x (c)log.x —(d) 7 leBe ‘ 
Let f(x + y)= f(x) + fly) — 2xy — 1 for all x and y. If 
f’ (0) exists and f’ (0) =—sina, then f{f’(0)} is 
(a) -1 (b) 0 
(c) 1 (d) 2 
A derivable function f : R’ — R satisfies the condition 


fla) ~ fe) =o * + x-y,V x,yeER*. 
y 


If g denotes the derivative of f, then the value of the 


n=1 n 
(a) 5050 (b) 5510 ~—(c) 5150 (d) 1550 
20. If ave =e “ f(x)+e* f(—x), then f(x) is, (given 
x 
f(0)=9) 


21. 


(a) an even function 

(b) an odd function 

(c) neither even nor odd function 
(d) can’t say 


Let f :(0, °°) > Rbe a continuous function such that 


Flx)= [ot feat. 


22: 


23. 


24. 


25. 


26. 
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12 
If f(x”) =x* +x°, then Nr’ equal to 
r=1 
(a) 216 (b) 219 
(c) 222 (d) 225 
Te 
For x > 0, let h(x) = q ce q , where 


0, if xis irrational 


p and q > Oare relatively prime integers, then which one 
of the following does not hold good? 

(a) h(x) is discontinuous for all x in (0, °°) 

(b) A(x) is continuous for each irrational in (0, -) 

(c) h(x) is discontinuous for each rational in (0, °°) 

(d) h(x) is not derivable for all x in (0, ) 


g(x) 


Let f(x)= Ae , where g and hare continuous functions 
x 


on the open interval (a, b). Which of the following 
statements is true fora< x <b? 

(a) f is continuous at all x for which x # 0 

(b) f is continuous at all x for which g (x) = 0 

(c) f is continuous at all x for which g(x) # 0 

(d) f is continuous at all x for which h(x) 4 0 


2cos x — sin 2x e S* 4 


If f(x)= re 2x)? o(x)= aes and 
ma = |) Oe 
g(x), forx>n/2 


then which of the following holds? 

(a) his continuous at x = 11/2 

(b) h has an irremovable discontinuity at x = 7/2 
(c) hhas a removable discontinuity at x = 1/2 


If f(x)= — . ela x #0is continuous at x = 0, 
x 
then 
5 
a) f(0) a (b) [ f(0)] =- 


(c) {f(0)} = — 05 (d) [F()]- {f()} = — 
where, [x] and {x} denote the greatest integer and 
fractional part function. 


if0<x<1 
ifl<x<2’ 


x{x}+ 1, 
2— {x}, 
where {x} denotes the fractional part function. Which 
one of the following statements is not correct? 
(a) lim f(x) exists 

x1 
(b) f(0) # f (2) 
(c) f(x) is continuous in [0, 2] 
(d) Rolle’s theorem is not applicable to f(x) in [0, 2] 


Consider the function f(x) = 
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2% +2°* -6 
Jif x >2 
ae a 
Let f(x) . , then 
x" -4 : 
, ifx<2 
x= ./3x = 2 


(a) f(2) =8 = f is continuous at x =2 
(b) f(2) =16 = f is continuous at x =2 
(c) f@” ) # f(2*) = f is discontinuous 
(d) f has a removable discontinuity at x =2 
Let [x] denotes the integral part of g(x)=x-[x],xER 
Let f(x) be any continuous function with f(0) = f(1), 
then the function h(x) = f(g(x)) 
(a) has finitely many discontinuities 
(b) is discontinuous at some x =c 
(c) is continuous on R 
(d) is a constant function 
Let f be a differentiable function on the open interval 
(a, b). 
I. f is continuous on the closed interval [a, b]. 
Il. f is bounded on the open interval (a, b). 
Ill. Ifa<a, <b, < band f (a,)<0< f (D,), then there 
exists a number c such that a, <c <b, and f(c)=0. 
Which of the above statements must be true? 
(a) I and II 
(b) I and III 
(c) II and III 
(d) Only Il 


Number of points, where the function 
f (x) =(x? -1)| x? —x —2]+ sin (|x|) is not 


differentiable, is 


(a) 0 (b) 1 

(c) 2 (d) 3 

Consider function f: R-{-11} > R f(x)= ; ; 4 
—|x 


Then, which of the statements is incorrect? 
(a) It is continuous at the origin 

(b) It is not derivable at the origin 

(c) The range of the function is R 

(d) f is continuous and derivable in its domain 


If the functions f : R— Rand g: R—- Rare such that 

f(x) is continuous at x =a and f(a) =aand g(x) is 

discontinuous at x = a but g( f(x)) is continuous at x =, 

where f(x) and g(x) are non-constant functions. 

(a) x =Qis a extremum of f(x) and x =a is an extremum of 
a(x) 

(b) x = a may not be an extremum of f(x) and x =a is an 
extremum of g(x) 

(c) x =Qis an extremum of f(x) and x =a may not be an 
extremum of g(x) 

(d) None of the above 


33. 


34, 


35. 


36. 


37. 


38. 


39. 


The total number of points of non-differentiability of 
f(x) = min sn x|,| cos a2 | in (0, 270) is 
4 


(a) 8 (b) 9 (c) 10 (d) 11 


The function f(x) =[x]? - [x], where [y]is the 
greatest integer less than or equal to y, is discontinuous 
at 

(a) all integers 

(b) all integers except 0 and 1 

(c) all integers except 0 

(d) all integers except 1 


The function f(x) =(x? —1)| x? —6x +5|+ cos |x| is 
not differentiable at 
(a) -1 (b) 0 


(c) 1 (d) 5 


-1 
Let f(x)=le*, if x#0 
0, if x=0 


Then, f’ (0) is equal to 


(a) 0 (b) 1 
()-1 (d) doesn’t exist 
Given f(x) = = _ — = for x E R— {0} 
x 
f (xp), fern genes 

f(1— {x}), forn +o Sx<ntinel 

a(x)= 
7 otherwise 


where {x} denotes ; 
then g(x) is 


fractional part function, 


(a) discontinuous at all integral values of x only 
(b) continuous everywhere except for x = 0 


: : 1 
(c) discontinuous at x =n + —,n € I and at some x € I 
2 


(d) continuous everywhere 


: xt+bx<0 
The function g(x) = cannot be made 
cos x,x 20 
differentiable at x = 0, 


(a) if b is equal to zero (b) if b is not equal to zero 


(c) if b takes any real value (d) for no value of b 


The graph of function f contains the point P (1, 2) and 
Q(s,r). The equation of the secant line through P and Q is 


2 _ 
y= —S: x —1-. The value of f’(1) is 
ees 
(a) 2 (b) 3 
(c) 4 (d) non-existent 


40. 


41. 


42. 


43. 


44, 


45. 


Consider 


f(x) = 


Asin x — sin? x)+|sin x — sin? x| T 

; 5 bx # — for 
Asin x — sin” x) — |sin x — sin” x| 2 
x € (0, 1), f(/2)=3, where [ ] denotes the greatest 
integer function, then 


(a) f is continuous and differentiable at x = 1/2 

(b) f is continuous but not differentiable at x = 1/2 

(c) f is neither continuous nor differentiable at x = 1/2 
(d) None of the above 


If f(x+y)= f(x)+ fly)+| xly+ xy’,V x, ye Rand 

f’ (0) =0, then 

(a) f need not be differentiable at every non-zero x 

(b) f is differentiable for all x € R 

(c) f is twice differentiable at x = 0 

(d) None of the above 

Let f(x) = max{ |x? -2 I xl, |x|} and 

g(x) = min{| x? ~2|.x||,|x1}, then 

(a) both f(x) and g(x) are non-differentiable at 5 points 

(b) f(x) is not differentiable at 5 points whether g(x) is 
non-differentiable at 7 points 

(c) number of points of non-differentiability for f(x) and g(x) 
are 7 and 5 points, respectively 


(d) both f(x) and g(x) are non-differentiable at 3 and 5 points, 
respectively 


2 
i acoy= | 4Vx+1, forx<1 


. If g(x) is the 
for x 21 


ax +b, 
continuous and differentiable for all numbers in its 
domain, then 
(aja=b=4 
(c)a=4andb=-4 


(b)a=b=-4 
(d)a=-4andb=4 


Let f(x) be continuous and differentiable function for all 


reals and f(x + y)= f(x)—-3xy+ f(y). 
If lim pe = 7, then the value of f’ (x) is 


h—0 
(a) - 3x (b) 7 
(c)-—3x +7 (d) 2f(x) +7 
Let [x] be the greatest integer function and 
sin - Tx] 
f(x)= a ae Then, which one of the following does 
x 
not hold good? 


46. 


47. 


48. 


49. 


50. 
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(a) Not continuous at any point 
(b) Continuous at 3/2 

(c) Discontinuous at 2 

(d) Differentiable at 4/3 


Hf [T +[x])+1, for x 2-1 


forx<-1 
denotes the integral part of x, then for what values of a, b 
the function is continuous at x = — 1? 
(a)a =2n+ (3/2);bER nel 
(b)a=4n+2;bER nel 
(c)a=4n+(3/2);bE R*;neEl 
(d)a=4n+1;beER*;neEl 


, where [x] 
sin (1x + a)), 


If both f(x) and g(x) are differentiable functions at 


x = Xq, then the function defined as, 

h(x) = max{ f(x), g(x)} 

(a) is always differentiable at x = x9 

(b) is never differentiable at x = x, 

(c) is differentiable at x = x) when f(x9) # g(x) 

(d) cannot be differentiable at x = x9, if f(xo) = g(x) 


Number of points of non-differentiability of the function 
g(x) =[x? {cos” 4x}+{x" }cos” 4x]+x? sin? 4x 

+[x* ][cos* 4x]+{x*} {cos* 4x} in (—50, 50), 

where [-]and {-} are greatest integer function and 
fractional part of x, is equal to 


(a) 98 

(b) 99 

(c) 100 

(d) 0 

If f(x)= ued 7462) is a periodic function with period - : 
{x} g(x) 4 


where g(x) is a differentiable function, then (where {-} 
denotes fractional part of x). 


(a) g’(x) has exactly three roots in (= 5) 


(b) g(x) =Oat x= *, where kel 


(c) g(x) must be non-zero function 
(d) g(x) must be periodic function 


If f =] _ f(x) 
y 

all x, f(2) = 4. Then, f(5) is 

(a) 3 (b) 5 

(c) 25 (d) None of these 


for all x,ye R, y#0and f’ (x) exists for 
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Continuity and Differentiability Exercise 2 : 
More than One Option Correct Type Questions 


51. Indicate the correct alternative, if f(xa= co 1, then on 99. Let [x] be the greatest integer function, then 
2 


_ 1 
the interval [0, 7], a a n(x] ; 
: | f(x)= 4 is 
(a) tan(f(x)) and FO) are both continuous [x] 
4 
1 (a) not continuous at any point (b) continuous at x = 2 
(b) tan(f(x)) and Fo are both discontinuous 2 
a . . : : 4 
(ey tant FG) and f%) ee eer ee (c) discontinuous at x =2 (d) differentiable at x = 5 
(d) tan( f(x)) is continuous but is not continuous Pe eee 1 
F(x) 56. If f(x)= ae) es Ss — then f(x) is 
52. On the interval I = [-2, 2], if the function 0, x=0 
_ (= fe 4 (a) continuous nowhere in-1<x <1 
f(x)=\(x +1e me , x #0 then which of the (b) continuous everywhere in-1< x <1 
0, x=0 (c) differentiable nowhere in-1< x <1 
following hold good? (d) differentiable everywhere in-1< x <1 
(a) f(x) is copuueUs for all values of x € I 57. Let f(x) = cos x and 
(b) f(x) is esnlnuous for x oF — {o} min (f(t):0<t<x), for0<x<m/2 
(c) f(x) assumes all intermediate values from f(—2) to f(2) H(x)= a = hen 
(d) f(x) has a maximum value equal to 3/e r =X; for re <x<3 ° 
3 
se 4 _|3- cor [2 = | fore so ‘ : (a) H(x) is continuous and derivable in [0, 3] 
EF) = x » where {x} an (b) H(x) is continuous but not derivable at x = us 
2 
{x7} cos(e!*), for x <0 
er ; : T 
[x] denote fractional part and the greatest integer (c) H(x) is neither continuous nor derivable at x = 2 
function respectively, then which of the following (d) maximum value of H(x) in [0, 3] is 1 
tat ts d t hold d? 
oe aiid 58. If f(x) =3(2x + 3)"/> + 2x +3, then 
(a) f(0 )=0 ‘ 
b) f(0*) =0 (a) f(x) is continuous but not differentiable at x = — 5 


(b) f(x) is differentiable at x = 0 


( 
(c) f(0) = 0 > Continuous at x = 0 
( (c) f(x) is continuous at x = 0 


d) Irremovable discontinuity at x = 0 


2 — 
54. If f(x) = bi = eel ter ae . where [x] (d) f(x) is differentiable but not continuous at x =— 2 
sin(t(x+a)), forx<-1 2 
denotes the integral part of x, then for what values of a x-In (cos x) ee, 
and b, the function is continuous at x = — 1? 59. If f(x)=4 In (1+ x’) , , then 
0, x=0 


@e-t04 ben ner 
: (a) f is continuous at x = 0 

F (b) f is continuous at x = 0 but not differentiable at x = 0 
(c)a=4n+ - beR*,nel (c) f is differentiable at x = 0 


(b)a=4n+2;bERnel 


: (d) f is not continuous at x = 0 
(d)a=4n+1;bER nel 


60. 


61. 


62. 


63. 


64. 


65. 


Let [x] denotes the greatest integer less than or 
equal to x. If f(x) =[x sin mx], then f(x) is 

(a) continuous at x = 0 

(b) continuous in (- 1, 0) 

(c) differentiable at x =1 

(d) differentiable in (— 1, 1) 

The function f(x) =[|x|]-—|[x]], where [x] denotes 
greatest integer function 

(a) is continuous for all positive integers 

(b) is discontinuous for all non-positive integers 

(c) has finite number of elements in its range 
( 


d) is such that its graph does not lie above the X-axis 


The function f(x) =./1-./1- x’ 


a) has its domain-1<x<1 
b) has finite one sided derivates at the point x = 0 
c) is continuous and differentiable at x = 0 


~~ es ee 


d) is continuous but not differentiable at x = 0 


Consider the function f(x) =|x° +1]. Then, 
(a) domain of f (x) ER 
(b) range of f is R* 
(c) f has no inverse 
(d) f is continuous and differentiable for every x € R 
f is a continuous function in [a, b], g is a continuous 
function in [b,c]. A function h(x) is defined as 
fe € [a,b 

iat EE”) rea) 90) then 

g(x) for x E(B, c] 


a) h(x) has a removable discontinuity at x =b 
b) h(x) may or may not be continuous in [a, c] 
c) h(b-) = g(b*) and h(b*) = f(b") 
d) h(b*) = g(b-) and h(b-) = f(b") 


eo eS 


Which of the following function(s) has/have the same 
range? 


(a) f(x) =— 
1+ 
1 
(0) f(x) = 
(c) f(x)=— x 
(a) f(x) =— 


66. 


67. 


68. 


69. 


70. 


il, 


72. 
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If f(x) =sec 2x + cosec 2x, then f(x) is discontinuous at 


all points in 


(a) {ntt, n € N} 


(o{™,ner} 


no (1 
, x #0 
Let f(x)= . sin( 5) . ,(né I), then 
0, x=0 


(b) {ee + in e i} 


(d) {ee + iy ne i} 


(a) lim f (x) exists for every n > 1 
x0 


(b) f is continuous at x = 0 forn>1 
(c) f is differentiable at x = 0 for everyn>1 
(d) None of the above 


x <0 
A function is defined as f(x) =! ©’ , then f(x) is 
|x-1], x>0 


(b) continuous at x =1 
(d) differentiable at x =1 


(a) continuous at x = 0 
(c) differentiable at x = 0 


Let f(x) = ile |t + 1 dt, then 


(a) f(x) is continuous in [- 1, 1] 

(b) f(x) is differentiable in [- 1, 1] 

(c) f’(x) is continuous in [- 1, 1] 

(d) f’(x) is differentiable in [— 1, 1] 

A function f(x) satisfies the relation 

f(x + y)= f(x) + fly) + xy(x+y),V x ye R. If 
f’(0)=-1, then 

(a) f(x) is a polynomial function 

(b) f(x) is an exponential function 

(c) f(x) is twice differentiable for all x € R 


(d) f’3)=8 
Hpe=| 


3x? +12x-1,-15 x <2 
, then 
37 —x, 2<x<3 
(a) f(x) is increasing on [- 1, 2] 
(b) f(x) is continuous on [— 1, 3] 
(c) f’(2) doesn’t exist 


(d) f(x) has the maximum value at x = 2 


If f(x) =0for x <0and f(x) is differentiable at x =0, 
then for x >0, f(x) may be 


(a) x? (b) x (c)-—x (d) — x*”? 
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Continuity and Differentiability Exercise 3 : 


Statements | and II Type Questions 


= Directions (Q. Nos. 73 to 82) For the following 
questions, choose the correct answer from the codes (a), 
(b), (c) and (d) defined as follows : 


73. 


74, 


75. 


76. 


(a) Statement I is correct, Statement II is also correct; 
Statement II is the correct explanation of Statement I 


(b) Statement I is correct, Statement II is also correct; 
Statement II is not the correct explanation of Statement I 


(c) Statement I is correct, Statement II is incorrect 


(d) Statement I is incorrect, Statement II is correct 
Statement I f(x) =sin x + [x] is discontinuous at x = 0. 


Statement II If g(x) is continuous and f(x) is 
discontinuous, then g(x) + f(x) will necessarily be 
discontinuous at x =a. 


2sin(acos' x), if x €(0,1) 
Consider f(x) = af, if x=0 
ax + b, if x <0 


2 ‘ : 
Statement I If b = V3 and a=“, then f(x) is continuous 
in (°°, 1), 3 
Statement II If a function is defined on an interval J and 
limit exists at every point of interval [, then function is 
continuous in I. 


x?/2 
cosx—e 

Let f(x) = e , 
0, 


x #0 
x =0, then 


Statement I f(x) is continuous at x = 0. 


cos x — ent 2 1 
Statement II lim = 


x0 x3 12 


3 
‘ ' 2 
Statement I The equation ~~ sinnx +“ =Ohas 
4 


atleast one solution in [- 2, 2]. 


Statement II Let f : [a,b] Rbe a function and cbea 
number such that f(a) <c < f(b), then there is at least 
one number n € (a, b) such that f(n) =. 


77. 


78. 


79. 


81. 


82. 


—2x 


2x 
Statement I Range of f(x) = x = 
e +e 


+x? +x" 
. 2x 2x 
is not R. 


Statement II Range of a continuous even function 
cannot be R. 


Let h(x) = fi (x) + fo(x) + f(x) +...+ fn (x), where 
filx), fo(x), 3 (x), ..., fn (x) are real valued functions 
of x. 

Statement I f(x)=|cos|x||+ cos’ (sgn x) +|In x| is 
not differentiable at 3 points in (0, 272). 


Statement II Exactly one function , isf;(x),i=1,2,...,n 
is not differentiable and the rest of the function is 
differentiable at x = a makes h(x) not differentiable at 
x=a. 


Statement I f(x) =|x|sin x is differentiable at x =0. 


Statement II If g(x) is not differentiable at x = aand 
h(x) is differentiable at x = a, then g(x)-h(x) cannot be 
differentiable at x =a. 


: . T 
, Statement I f(x)=|cos x|is not derivable at x = —. 
2 


Statement II If g(x) is differentiable at x =a 

and g(a) = 0, then | g (x)| is non-derivable at x =a. 
Let f(x)=x- x? and e(x)={x}V xER 

where {} denotes fractional part function. 
Statement I f(g(x)) will be continuous, V xe R 
Statement II f (0)= f (1) and g (x) is periodic with 
period 1. 
Let f(x) = | 


2 

—ax* —b|x|-—c,-ASx<0 
. || , Where a, b,c 

ax" +b|x|+c, 0Sxsa 

are positive anda > 0, then 

Statement I The equation f(x) =0 has at least one real 

root for x €[-a, a]. 


Statement II Values of f (—a) and f (a) are opposite 
in sign. 
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Continuity and Differentiability Exercise 4: 


Passage Based Questions 


Passage I (Q. Nos. 83 to 85) 


A man leaves his home early in the morning to have a walk. He 
arrives at a junction of roads A and B as shown in figure. He takes 
the following steps in later journies : 


N 
Road B 
S 
Road A 
A 
[az 
Home 


(i) 1 km in North direction. 
(ii) Changes direction and moves in North-East direction for 


2/2 km. 


(iii) Changes direction and moves Southwards for distance of 
2 km. 
(iv) Finally, he changes the direction and moves in 
South-East direction to reach road A again. 
Visible/invisible path The path traced by the man in the 
direction parallel to road A and road B is called invisible path, the 
remaining path is called visible. 
Visible points The point about which the man changes direction 
are called visible points, except the point from where he changes 
direction last time. 
Now, if roads A and B are taken as X-axis and Y-axis, then visible 
point representing the graph of y = f(x). 


83 The value of x at which the function is discontinuous, is 


(a) 2 (b) 0 (c)1 (d) 3 

84. The value of x for which fofis discontinuous, is 
(a) 0 (b) 1 (c) 2 (d) 3 

85. If f(x) is periodic with period 3, then f(19) is 
(a) 2 (b) 3 
(c) 19 (d) None of these 


Passage II (Q. Nos. 86 to 89) 


Let f be a function that is differentiable everywhere and that has 
the following properties : 


() fix)>0 i) f’=-1 
(iti) f(-x) = = 5 and flx + h)= fx) f(b) 


(x 
eA Me = lo x) +C. 


A standard result is 
x 


86. Range of f(x) is 


(a) R 
(c) R* 


(b) R — {0} 
(d) (0, e) 


87. The range of the function A = f(| x|) is 


(a) [0, 1] (b) [0, 1) 

(c) (0, 1] (d) None of these 
88. The function y = f(x) is 

(a) odd (b) even 


(c) increasing 


89. If h(x) = f’ (x), then h(x) is given by 


1 
a) — f(x b) —— x 
(a) — f(x) ©) (c) f(x) 


(d) decreasing 


(d) ef &) 


Passage III (Q. Nos. 90 to 92) 
Let y = f (x) be defined in [a, b], then 
(i) Test of continuity atx =c,a<c<b 

(ii) Test of continuity at x =a 

(iii) Test of continuity at x = b 
Casel Test of continuity atx =c,a<c<b 
If y = f(x) be defined at x =c and its value f(c) be equal to 
limit of f(x) asx —c, i.e. f(c)= lim f(x) 

x—-c 


or lim f(x)= f(c)= lim. f(x) 
or LHL = f(c) =RHL 


Then, y = f(x) is continuous at x = c. 


CaseIl_ Test of continuity at x =a 

If RHL = f(a) 

Then, f(x) is said to be continuous at the end point x = a. 
Case III Test of continuity at x = b, if LHL = f(b) 

Then, f(x) is continuous at right end x = b. 

x <0 


tanx, 0<x<27 


sin x, 


90. If f(x)= , then f(x) is discontinuous 
cos x,2m< x < 37 
3l , x=30 
at 
2 an (b) 0, =, 2, 3, 3 
2 2 2 2 
(c) > on (d) None of these 


91. Number of points of discontinuity of (2x? —5]in [1, 2) is 


(where [-] denotes the greatest integral function) 


(a) 14 (b) 13 

(c) 10 (d) None of these 
92. Max ([x],| x|) is discontinuous at 

(a) x =0 

(b) > 


(c)x=n, nel 
(d) None of the above 
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Passage IV (Q. Nos. 93 to 95) 
f(x) =cos x and H,(x)=min {f(t),0<t < x}; 
j2ye a a eee 
2 2 2 
f(x) =cosx and H, (x)= max{f(t),0<t< x} 
G2 ee a ag een 
2.2 2 


g(x) =sin x and H; (x)= min{g(t),0<t < x}; 


T 
(<e¢ = "=e Pexyen 
2 2 2 
g(x) =sin x and H, (x)= max {g(t),0<t< x}; 
tl 7 Tt 
O0<xS—=—-x;—<xK<T7 
2 2 2 


Which of the following is true for Hy (x)? 
(a) Continuous and derivable in [0, 7] 


1 
(b) Continuous but not derivable at x = a 


F . : T 
(c) Neither continuous nor derivable at x = 5 


(d) None of the above 
Which of the following is true for H3 (x)? 


(a) Continuous and derivable in [0, 1] 


T 
(b) Continuous but not derivable at x = a 


Tl 
(c) Neither continuous nor derivable at x = . 


(d) None of the above 
Which of the following is true for H4 (x)? 


(a) Continuous and derivable in [0, 7] 


T 
(b) Continuous but not derivable at x = 


F : . Tl 
(c) Neither continuous nor derivable at x = > 


(d) None of the above 


Passage V (Q. Nos. 96 to 99) 
Let f(x) be a real valued function not identically zero, which 
satisfied the following conditions 
L f(xt+y"*!) = f(x) +(f(y))"""|,n EN, x, y are any real 
numbers. 
Il. f’(0) 20 
96. The value of f(1) is 
(a) 0 (b) 1 
(c) 2 (d) Not defined 
97. The value of f(x) is 
(a) 2x (b) x7 +x+1 
(c) x (d) None of these 
98. The value of f’ (10) is 
(a) 10 (b) 0 (c)ant+1 (a) 1 
99. The function f(x) is 
(a) odd 
(b) even 


(c) neither even nor odd 


(d) both even as well as odd 


Passage VI (Q. Nos. 100 to 101) 


If f: R—-(0,) is a differentiable function f(x) satisfying 
F(xty)~ fle-y)= Fx) {fO)- fy V VER 

(f(y) # f(-y) for all y € R) and f’(0) = 2010. Now, answer the 
following questions 


100. Which of the following is true for f(x)? 


(a) f(x) is one-one and into 

(b) {f(x)} is non-periodic, where {-} denotes fractional part of x 
(c) f(x) = 4 has only two solutions 

(d) f(x) = f(x) has only one solution 


101. The value of fx) is 


bes 
(a) 2016 (b) 2014 (c) 2012 (d) 2010 


a Matching Type Questions 


102. Match the column. 
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Column I 


Column II 


in{x}; <1 

(A) If f(x) = BM: | ST eer 

cosx+ a, x21 
denotes the fractional part function, such 
that f(x) is continuous at x = 1. If 

a : 

|K | = —__—__—_, then K is 
V2 sin ao” 


(p) | 


(B) The number of points where the (q) 0 


function 
f(x) = min {1,14 2°, x° -— 3x + 3}is 
non-derivable, is 


(C) The number of points where (r) 4 


f(x) = (x + 4)" is non-differentiable, 
is 


(B) Ifthe function f(x) = i) is 
xX 


continuous at x = 0, then f(0) is 


(qq) 0 


x, 


1-x, 


(C) lf f@= | 


at which f(x) is continuous, is 


(3) 
0 then the values of x 


(r) 1 


(D) Consider (s) 1 
tox =) + x 62552 
f= 2 T 2 2 
sin '(sin x), Zex< 3m 
2 2 


Number of points in (0. =) where 


f (x) is non-differentiable, is 


(D) If f(y) =x+ £4} + [x], where [x] and {} 


represent greatest integer and fractional part 


of x, then the values of x at which f(x) is 
discontinuous, is 


103. Match the column. 


(s) ! 


Column I 


Column IT 


(A) Number of points where the function 
Tx 
1+ cos l<x<2 


1- $}, 


|sin 7x|, 


fQ) = 


-l<x<0 


(p) 0 


O0<x<1 and f()=0 


is continuous but non-differentiable, where [ - ] 


denotes greatest integer function and {} 
denotes fractional part of x, is 


(B) Hsey= fe a then f(0" ) is 


> <= 


(C) The number of points at which 
x) = —__—_____is not differentiable, 
#@) 1+ 2/ f(@) 


where f(x) = : 


, is 
1+1/x 


105. Match the entries of the following two columns. 


Column I Column II 
(A) f= eel, Head at (p) continuous 
cosx, ifx20 
x= Ois 
(B) For every x € R, the function (q)  differentiability 
g(x) = sale =m). where [x] 
1+ [xP 
denotes the greatest integer 
function, is 
(C) h@)= ho’, where {x} (rt) discontinuous 


denotes fractional part 
function for all x € /, is 


1 
(D) k(x)=dx'™*, ifx# lat (s) 
e, ifx=l 


x= lis 


non-derivable 


106. Match the entries of the following two columns. 
Column II 


Column I 


(D) Number of points where tangent does not 
exist for the curve y = sgn(x* — 1), is 


104. Match the column. 


(s) 3 


(A) lim [ef #1 ges hs (p) 7 


x —> oc 


Column I 


Column II 


(A) The number of values of x in (0, 27), 
where the function 
tanx + cotx tan x — cotx' 
SQ) = = 


2 2 


continuous but not differentiable, is 


(p) 


2 


(B) Fora>0, let 
a+a*- 

fQ) = Be , 

3Infa-—x)-2, ifx<0 


If f is continuous at x = 0, then a equals 


if x>0 


= (q) e 


(C) LetL= lim XT and (r) non- 
xa x-a existent 
M = lim *—* (a> 0). 


xa x-@ 


If L = 2M, then the value of a is equal to 
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Continuity and Differentiability Exercise 6 : 
Single Integer Answer Type Questions 


107. Number of points of discontinuity of 
f(x) = tan’ x—sec” x in (0, 2m) is ......... . 


108. Number of point(s) of discontinuity of the function 
f(x)= [x'/* ], x >0,(where [ ] denotes the greatest 


integral function) is ......... . 


109. Let f(x) = x + cos x +2and g(x) be the inverse 


function of f(x), then g’ (3) equals to ......... : 
Let f(x) =x tan | (x?) +x*.Let f* (x) denotes kth 
derivative of f(x) w.r.t.x,keEN. 


110. 


ree (0) #0, mE N, then m equals to ......... . 


111. Let f, (x) and f, (x) be twice differentiable functions, 
where F(x) = f; (x) + f2 (x) and 

G(x) = fi (x) — fo(x),V xER fi 0) =2 

and f,(0)=11f fy (x)= f. (x) and 

fe (x)= f; (x), V xe R, then the number of 


solutions of the equation (F(x))? = ad 


112. Suppose the function f(x) — f(2x) has the derivative 


5 at x =1and derivative 7 at x = 2. The derivative of 
the function f(x) — f(4x) — 10x at x =1is equal to 


113. In a AABC, angles A, B,C are in AP. 


3—-4sin Asin C , 
, then f’(x) 


|A-C| 


If f(x)= pe is equal 


TOvsssssaeds ‘ 


114. 


115. 


116. 


117. 


3 I/x 3 -1/x 
a) -G 
x 
Let f(x) = (2)" 2)" 
es. + _ 
4 4 


If P= f’(0-)— f’(0"), then 


[x+1] 
40 
lim (exp((x +2) log 4)) 16 
x—P- 4* -16 


4 i ere . 


(where [x] denotes greatest integer function.) 
Let f(x)= —x' +x*-—x+1land 
min(f(t)),0<t<xand0<x<1 
g(x)= 
x-1, 1<x<2 


Then, the value of lim g(g(x))is...... : 
x71 


The number of points at which the function 

f(x) =(x-|x|)? (1- x +|x|)? is not differentiable in the 
interval (—3, 4) is ...... : 

F ~ sin “(1 —{x}?) sin "(1 — {x}) 
2 ,x>0 


V2({x}—{x}") 
k, 
Asin 1(1—{x}) cos *(1— {x}) 


2 {x}(1- {x}) 


x=0 


If f(x) = 


x <0 


: : : AT 
is continuous at x = 0, then the value of sin? k + cos'( =} 
2 


(where {-} denotes fractional part of x). 


Continuity and Differentiability Exercise 7 : 


Subjective Type Questions 


118. Discuss the continuity of the function 
f(x) =[[x]]-[x -1] where [ ] denotes the greatest 
integral function. 


119. Examine the continuity or discontinuity of the 
following : 


(i) fle) = Ee] +[- x] 


2 
x" 1 


(ii) g(x) = lim 


n— co x 2n 


120. 


Examine the continuity and differentiability at points x = 1 

and x =2. 

The function f defined by 
x[x], 0<x<2 

f(x)= 

(x-1)[x], 2<x<3 


(where [-] denotes the greatest 


integral function less than or equal to x). 
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121. Let f be twice differentiable function, such that 123. A function f : R— R, where Ris a set of real numbers, 
f(x) =— f(x)and f ’(x) = g(x), satisfying the equation f Z ; ») ca) fo £1) 
A(x) = a+ * Find h(10), if A(5) = 11. 
=O) ESA anderen) for all x, yin R If the function is differentiable at x = 0, 
122. A function f : R— R satisfies the equation then show that it is differentiable for all x in R 
F(x + y)= f(x): FQ) for all x, yin Rand f(x)#0forany — 424, Let f(x + y) = f(x) + f(y) + 2xy -1 for all real x, y and 
xin R. Let the function be differentiable at x = 0 and f(x) be differentiable functions. If f’(0) = cos o, then 
f’ (0) =2. Show that f (x) =2 f (x) for all x in R Hence, prove that f(x)>0, VxeR 


determine f(x). 


Continuity and Differentiability Exercise 8 : 
Questions Asked in Previous 10 Years’ Exams 


(i) JEE Advanced & IIT-JEE 


(d) f(x) is differentiable except at finitely many points 


125. For every pair of continuous function f, g : [0,1] > R (c) a — Py 4y =1 (d) a, -1 — by = 1 

such that max {f(x):x € [0,1]} = max {g(x):x €[0,1]}. The 129. Let f : R— Rbe a function such that 

correct statement(s) is/are f(xt+y)= f(x) + f(y), Vx ye R If f(x) is differentiable 
ae than One Correct Option, 2014] at x =0, then [More than One Correct Option, 2011] 

(a) Lf) +3f() * +3g(c) for some c € [0,1] (a) f(x) is differentiable only in a finite interval containing zero 

(b) [f(c c)/ + + f(c) _ 3g(c) for some c € [0,1] (b) f(x) is continuous for all x € R 

(c) Lf)? +3f(c) he 2+ g(c) for some c € [0,1] (c) f’(x)is constant for all x € R 

(d) [ 


d) [f(c)!’ =[g(c)]’ for some c € [0,1] _ _ 
=XS=—, LS — 


126. Let f:R— Rand g:R— Rbe respectively given by 2 2 
f(x) =|x|+1and g(x) =x’ +1.Define h: R > Rby 130. If f(x)=\-cosx, — = <x <0, then 
( Eres if x <0 x-1 0<x<1 
min{f(x), g(x)}, if x >0 In x, geil 
The number of points at which h(x) is not differentiable [More than One Correct Option, 2011] 
is [Integer Answer Type, 2014] (a) f(x) is continuous at x = af 
x? |cos|,x#0xER (b) f(x) is not differentiable at x = 0 
127. Let f(x) = x () f(x)is differentiable atx =1 
0, x = 0,then f is (a) f@)ioditierentiableat x=2 
[One Correct Option, 2012] - 
a) differentiable both at x = 0 and at x =2 131. For the function f (x)= xcos—, x >1, 
x 


[More than One Correct Option, 2009] 
(a) for at least one x in the interval [1, ), f(x +2)— f(x) <2 


(b) lim f’(x) =1 


(c) for all x in the interval [1, -), f(x+2)— f(x) >2 
(d) f(x) is strictly decreasing in the interval [1, ~) 


c) not differentiable at x = 0 but differentiable at x =2 


( 
(b) differentiable at x = 0 but not differentiable at x =2 
( 
(d) differentiable neither at x = 0 nor at x =2 


128. For every integer n, let a, and b, be real numbers. Let 


function f : R— Rbe given by 


F(x) a, tsintx, for x € [2n,2n +1] (xaiy" 
x — > — . 
bh, Xcosme, for xe (Qn=1,20) 132. Let g(x)= ee cos ED 30<x <2, mandnare 
for all integers n. integers, m #0, n>0 and let p be the left hand 
If f is continuous, then which of the following hold(s) derivative of |x —1] at x=1.If lim g(x)=p,then 
for alln? [More than One Correct Option, 2012] xt 
ree ee ie hat [One Correct Option, 2008] 


(a)n=1,m=1 (b)n=1,m=-1 
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133. 


134. 


135. 
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(c)n=2,m=2 (d)n>2,m=n 


Let f and g be real valued functions defined on interval 
(-1, 1) such that g” (x) is continuous, 2(0) #0, 2’ (0) =0, 
g”(0)#0 and f(x) = g(x)sinx. 
Statement I lim [g(x) cos x— g(0)]cosec x = f’(0) 

x0 


Statement II f ’(0) = g(0). 

For the above question, choose the correct answer from 

the codes (a), (b), (c) and (d) defined as follows. 

[Assertion and Reason, 2008] 

(a) Statement I is true, Statement II is also true; Statement II 
is the correct explanation of Statement I 

(b) Statement I is true, Statement II is also true; Statement II 
is not the correct explanation of Statement I 

(c) Statement I is true; Statement II is false 

(d) Statement I is false; Statement II is true 


In the following, [x] denotes the greatest integer less 
than or equal to x. [Matching type Question, 2007] 


Column | Column Il 
A. x| X| p. — continuous in (- 1, 1) 
B. | x| q. differentiable in (— 1, 1) 
C. X+ [x] lr. strictly increasing in (— 1, 1) 
D. |x-1|+]x+1| s. not differentiable atleast at 
one point in (— 1, 1) 
If f(x) = min {1, x? x3 }, then 


[More than One Correct, 2006 ] 
(a) f(x) is continuous everywhere 
b) f(x) is continuous and differentiable everywhere 
(c) f(x) is not differentiable at two points 


(ii) JEE Main & AIEEE 


141. 


142. 


For x € R, f(x) =|log 2—sin x| and g(x) = f(f(x)), then 


(a) g is not differentiable at x = 0 [2016, JEE Main] 
) 2’(0) = cos (log 2) 


(b 
(c) g’(0) = — cos (log 2) 
( 


d) g is differentiable at x = 0 and g’(0) = — sin (log 2) 
k +1, 0S x3 
If the function g(x) = —S ea 
mx+2, 3<x<5 
differentiable, then the value of k + mis [2015, JEE Main] 
16 
(a) 2 (b) — 
5 
10 
— d) 4 
(c) 7 (d) 


136. 


137. 


138. 


139. 


140. 


143. 


(d) f(x) is not differentiable at one point 

Let f(x) =||x|—1], then points where, f(x) is not 

differentiable is/are [One Correct Option, 2005] 

(a) 0, +1 

(c) 0 

If fis a differentiable function satisfying f (=) =0,V 
n 


n2=1,ne€I,then [One Correct Option, 2005] 


(a) f(x) = 0, x €(0, 1] 
(b) f (0) =0= f(0) 
(c) f(0) = 0 but f ’(0) not necessarily zero 


(d)| fe) | <1, x € (0, 1] 


The domain of the derivative of the functions 


tan x, if|x|S1_ 
PAO Li ey. della 
A [One Correct Option, 2002] 
(a) R — {0} (b) R — {1} 
(c) R-{-]} (d) R- {-1, 1} 


The left hand derivative of f (x)=[x]sin (a x) at 
x =k,k is an integer, is [One Correct Option, 2001] 
(a) (-1) (k - 
(b) (1)? (k 
(c) (-1)* kn 

(d) (-1)5~" kn 


1) 1 


-1)1 


Which of the following functions is differentiable 
atx =0? [One Correct Option, 2001] 

(a) cos (|x|) +| x| (b) cos (| x|) —| x] 

(c) sin (| x]) + | x] (d) sin (| x|) —| x| 


If f and g are differentiable functions in (0, 1) satisfying 


f(0)=2= g(1), g(0) =0and f(1) =6, then for some 
ceE]0,1[ [2014, JEE Main] 
(a) 2 f"(c) = gc) b) 2 fc) =3gc) 

(c) f(c) = ge) TOs gc) 


144. If f :R— Risa function defined by 


rl 


f(x) = [x] cos (2 


integer function, then fis 


1, where [x] denotes the greatest 


[2012 AIEEE] 
(a) continuous for every real x 

(b) discontinuous only at x = 0 

(c) discontinuous only at non-zero integral values of x 

(d) continuous only at x = 0 
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1. (a) 2. (c) 3. (c) 4. (c) 5. (a) 6. (c) 
7. (b) 8. (b) 9. (b) 10. (b) 11.(a) =: 12. (c) 


ol ; 
6. Here, f(x) onal discontinuous at x=1 


S 
x=1 
1 r : 
(x) = ar discontinuous at x=2 
x— 


fle(x) = 824 
(x) 


1 
discontinuous at g(x)=1 


. f(x) is continuous at x=1. 


1 (14x2)" 


sin x<1 
1. f(x)= 2° 1 24 
[x], x21 ~ x2 
fQ)=1, f")=lim[1+hJ=1 => x=3 
e x ahh .. (fog)(x) is discontinuous at x = 2 and 3. 
f(Q-)= lim sin—(1—-h)=lim sin( =—™"} = limcos—=1 1 
hoo 2 ho>0 h>0 2 | | 
2\n 
aah] 


h_ gh _oh hay (oh _ -1 
2. flo" )=lim= —= ta tim@ ; ye ; y 7. Here, y,(x) = 1+-x? 
= (log 4)(log2) when x#0,n € N 
f(0 )= lim(e™ sin(—h) + 1(—h) + klog 4) = klog 4 
ho 0, when x=0,neEN 
Since, f(x) is continuous at x=0 (1+x?), x#0 
=> klog 4 = (log 4) (log 2)= f (0). “ y (*) = limy,(x) = ( ; a 


(0) = (log 4)(log2), when k=log2 


a(1—xsinx)+bcosx+5 .. y (x) is discontinuous at x=0. 


3. f(0)= li 2 f(0) h 
90" _ 8, qo) = lim — 14 
(as b+9y+[-a-2 |x... ee, ol ' 
: h 
= lim =3 ae 2 -1- 
aes Pe: 1+hlogat Th +.| 1—-hloga 
b =lim= 
> a+b+5=0and a h—0 h 
[ 2 3 2 
= @unibe=4 ~ tim| 108)”, , Hosa) | 
1/x h>0 2! 3! 2 
=> @ sia |e = ist mh 
Mi rere x See e(0*)=lim2 —hlog2—hloga-1 
2 
h>0 h 
_ ext+dx? r , 
> lim =0>c=0 h 2 
root lp tilogia)s eee) ...|-hlog2—hloga-1 
Now, lim (1+ dx)"* = lim ((1+dx)")4=e4 = lim= 5 
x30t x0t h>0 h 
So, e@=35 d=log,3 _ (log(2a))* 
a+b+c+d = log.3-5 : = ; 
. Since, g(x) is continuous. 
1 _-: 1 ee fe 2 2 
4. {2 ]=yma| Z| cs => wee) = fete => (log.a)* = (log2+ loga)? 
T T T 1 
—|=limcos ') cot] —-h |} = limcos “{tanh} = — loga = — —log2 = log2” 
i{ 3 ) lim cos {oo (3 } limcos {tanh} " => oga 5 og og 
*, Jump of discontinuity = (n-1)-= = Ag = a — 
25 p y a V2 
5. Consider g(x) = flx)-x (% -sin\a-F?)) sini 
0)= f(0) -—0= f(0) = 0 0S f(x)S1 9. f(0") =lim 
(0)= f(0)- 0= f(0) [1 0S f(x) <1 f(0*) = lim a 
g(l)=f(a)-150 
=> (0): g(1)<0 7 am (25 (1—h*))-sin (l-h)_& 
> g(x) = 0 has at least one root in [0, 1]. a V2(1—h*)-h 2 
> f(x) = x for at least one root in [0, 1]. 


10. 


11. 


12. 


(sina ~(1 -1')| -sin(1-(1-h)) 


foe ft V2((1-h)-(1—h)*) 
F sinh 

= lim 2 =i 

ho J2(1—h)(2—h)h 42 
-1+x, —o<x<0 
f(x) =)-1+sinx, 0Sx<m/2 
COS x, T/2<5x<00 
1, —o<x<0 


f(x) =) cosx, 0<x<m/2 
—sinx, 1/2<x<co 
f'(0)=1, f(O") =1 


= f(x) is differentiable at x=0 


(| =0, f(n/2*)=-1 


= f(x) is not differentiable at x=t 


“. Number of points of non-differentiability is 1. 


1 
Sy x<-1 
x 
f(x) =4 ax? +b, -1<x<1 
1 
F x21 
x 


Since, function is continuous everywhere. 
aa LHL = RHL at x=-1 
= fl-1-) =1, fl-1*)=a+b 


=> a+b=1 

f(x) is differentiable at x =—1 
1 
ZW x<—1 
x 


f(x) =) 2ax ,-1<x<1 


> x>1 
x 


f(-1) =1, f’(-1") = -2a > -2a=1,a =-1/2 
From Eqs. (i) and (ii), we get 


fl’) =A+B, f*)=3A-B+2 
Since, continuous A+ B=3A-—B+2 


=> 2A—2B =-2=> A-B=-1 
7 2Bx, x<1 
Pe) {on x>l 
f'(1") =3A, f'(1)=2B 
=> 3A=2B 
On solving Eqs. (i) and (ii), we get 
A=2,B=3 


¢sa(iL) 16. f(x)= 


...(ii) 
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13. ea) = lim fa +h)- f() 


h-0 h 
~ tim thot I-A +h) _ oe tmi(l-1-® _» 

ad h h>0 h 
fiji OT |-h|({1-h]-(1-A)) 

h>0 —h h->0 = 

= Kim Ot) _ 
h>0 —h 

= f’Q*)=0, f’Q")=1 


.. f(x) is not differentiable at x=1. 


14. fi") = tim SO- =) jim [ost = Ay] + 1 


—h h> 0 —h 
vo Stl 
= lim =0 
hoo —h 
py = tim SOF A= fH 
h>0 h 
= jim 2b Abt +l 
h> 0 h 
. 2h 
= lim — =2 
hooh 
fl) =0, fl") =2 
x= 3 x:=<0 
15. = , 
F(x) ae x20 


(xl) |x| - 3, |x| <0 not possible 
|) = 

xX SH Sx FZ, [XS 

23 2 >0 

x? + 3x42, x <0 

x? -3x +2, x20 


> eo -| 


=> g(x) is continuous at x = 0. 


x) 2x+3, x<0 
x= 

: 2x-3, x20 
g(0")=-3, 90) =3 
0, O<x<1/2 
5/6, KS 2 


0, 1/2<x<i1 
—2,1<x<4/3 


0, x=4/3 
2, 4/3<x<3/2 
3; 3 /225x%:<2 
4, x=2 


Hence, f(x) is neither continuous nor differentiable at 
1 4 3 


(i) a2, 242s 


2 3 2 
“. Number of points is 5. 


17. Put x =y =1in given rule 


= sof) -7=0 


(f=) 
Pesta 2 Oe eS 


)- 
h>0 h h0 h 
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*) 2 
1+—]|- f(1) , > f(x") =2+—x 
= Tin rl x Lt) 2 
h—0 h x x x SS ae es ( 5 ) 5 (12)(13) 
z sce r°)= 2+—-rj=24+—-- = 244+ 195=219 
: Lhe=y ee 
[given, f’(1) = 1] Face 
On integrating both sides, f(x) = log x + C Hence, dS )=219 
On putting x=1, we getC=0 = f(x) =log,x — 
18. f'(x)= lim f(x + h) — f(x) 22. Let x= - which is rational. 
. h>0 h 3 
__ fx) + fh) —2xh -1- f(x) = h (2) at 
= lim 3 3 
h>0 h 
- : 2 : : 
f(x) = lim Qx+ i “| =—2x + f’(0) jim H( + | = 0 => Discontinuous at x € Q 
On integrating both sides, we get Let x= 2 €Q 
=> f(x) =-x" + f"(0)x+¢ h(V/2) = 0, consider V2 = 1.4142135624 
= f(x)=-x’-(sina)x +e — [given f’(0) =—sina] h(2) = p Het - = 0 
=> fO)=c> c=1 10 10 
So, F{f’(0)} = f{-sina} = Senta ain? Oe) Hence, / is continuous for all irrational. 


23. By theorem, if g and h are continuous functions on the open 
interval (a, b), then g/h is also continuous at all x in the open 


loe( *) +x+h—-x interval (a, b), where h(x) # 0. 
19. f(x) = lim Kee i > lim = 2cosx —sin2x Tt 
a ‘ a i (m —2x)? 2 
h 24. x)=) oss 
log] 1+ — e =1 T 
: xj 1 1 ’ —— x> = 
= lim +12>—+1...(i) 8x — 41 2 
h>0 h x x 
e LHL at x = 71/2 
eae LHL = lim 2sinh — sin2h Zien 2sinh (1 — cosh) 4 
f(x —h)- f(x) me a tes Hoe ho 4h? ho 4h? 
f(x) = li <li sinh _ 4 
— ze uae “h RHL = fim ——*2 "* _ 
l f 4 h— 08((1/2) + h) — 40 
8 “Se sinh : 
= lim arc gd i =i 
Boat i x h>o 8h sinh 8 


1 sa disconti = 
“. From Eqs. (i) and (ii), we get f’(x) = — + 1= g(x) = h(x) is discontinuous at x = 1/2. 
x Irremovable discontinuity at x = 1/2. 


Sy Or Ge Caeres {®]=onad®]=2 
nai \7t i 2 100 2 a) 8 
=(1+1)+(22+1)+@G+4+1)+...+(100 + 1) (=) =) 

#§ 


=(1+2+...+ 100) + 100 “2° “9. 
= 5050 + 100 = 5150 


_ x-e +1-(1—cos2x) 1 . 5 
20. Here, ae =e* f(x) + e*f(-x) 25. lim 2 = . 2= : 
bane 5 
Let no = g(x), where g(x) = e* f(x) + e* f(-x) Hence, for continuity, f(0) = — i 
nc 
a(x) =e flax) + efx) = g(x) c. £F(0)] = - 3: {f(0)} = \-3| => 
=> g(x) is even function. . 
Hence, f(x) should be an odd function as f(0) = 0. Hence, [f(0)]-{f(0)} =- 5 =-15 
21. We have, f(x’) = i tf(t)dt=x'+x° ..i) 26. f(l")= fa) = fa) =2 
On differentiating both the sides w.r.t. x, we get f (0) =1, f@)=2 
x" f(x?).2x = 4x? + 5x4 f(2 y= 


= f is not continuous at x = 2. 


27. f(2*) =8, f(2-) =16 


28. 


29. 


30. 


37. 


32. 


g(x) = x — [x] = {x} 
f is continuous with f(0) = f (1) Ys 
h(x) = f (g(x) = f ({x}) 
Let the graph of f is as shown in 
the figure satisfying ) 
f(0) = Ff) 
Now, a) 
h(0) = f ({0}) = f(0) = FG) 
(0.2) = f ({0.2}) = f(02) 
h(1.5) = f ({1.5}) = f (0.5) ete. 
Hence, the graph of h(x) will be a periodic graph as shown 


= his continuous in R. 


Statements I and II are false. The function f(x) =1/x,0<x<1 
is a counter example. 

Statement III is true. Apply the intermediate value theorem to 
f on the closed interval [a,, },]. 


u a c + 
a bi b 
Since, the given function is not differentiable, at x = 0 and 2. 
Hence, the number of points is 2. 
; ,ifx20,x#1 
-x 
f(x) = 
,ifx<0,x#-1 
1+ x 
H 4Y H 
1 1 
I I 
! I 
I I 
ee 4 Wee ee aoe 
I I 
, I I 
Xx’ < 3 ji ; >X 
I I 
a ea 1. i a 
I I 
! I 
1 / 
I I 
I I 
! I 
I I 
7 ifx>0O,x#1 
and fi(x)=} 05%) 
a Ne if x< 0, x#-1 
(1 + x) 
&Lf(x)] is continuous at x = a 


= gl f(@)] = g @) 
Also, lim g(f(x)) = g(a) 


33. 


34. 


35. 


36. 


37. 


38. 
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= alfa] = g Lf") = g (a) 
= g(x) takes same limiting values at 
f(a), f(a") and f(a). 
=> f(a )= f(a*) > x = ais an extremum of f(x) 
and x = a may not be an extremum of g(x). 
From the graph, number of points of non-differentiability = 11 
Ya 


y= |cosx| y=|sinx| 
y=1/4 


>X 


O wT on 


Let n be any integer other than 1. 
im. f(x) = lim ([n — h] *—[(n-h)’)) 
= 30 


xn 
=(n-1)? —(n? —1)=2-2n 


lim f(x) = lim [n + h]’ -[(n+ h)?]=n? -n? =0 
x—n* ho 


“. LHL # RHL unless n = 1. 
Hence, f(x) is discontinuous at all integral values except 1. 


Apes PO= te {(x — 1)? (x + 1)|x —5| + cos|x|}- cos5 
x35 x=5 
96|x-5| . : 
2 igs El 206. Gey stands oe Gees 
x35 x—-5 


Hence, f’(5) doesn’t exist. 
This ambiguity doesn’t occur at other points. 
.. f(x) is not differentiable at x = 5. 


frot)= tim LO=LO pin 9S tim VE 
x2 0t x x30t Xx x30 pl/x 
= yd 
Sie 1/x = 0 


h 
e’ —cos2h—h 
li +h)= li 
aa 
ho _ 
slim © h 1 lim & cos2h) ,_1 gee 
h>0 h? h>0 4h? 2 v3 
1-{n-h} 
ae nae cos2 (1—{n mi) (1 — {n —h}) 
ho (1—{n—h}) 
h 
e" —cos2h—h 5 
= li h}= hi =1 h|= 
Jim SS Un - hh = (-h} = 1h] => 


5 
g(n) = z Hence, g(x) is continuous, V x € I. 


Hence, g(x) is continuous, V x € R. 
cosh —-1 


h 
-h+b-1 


=0 


g’ (0°) = lim 
h>0 

g’ (0 -)= lim for existence of limit b = 1 
h>0 

Thus, g’(0 )=1 


Hence, g cannot be made differentiable for no value of b. 
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40. 


41. 


42. 


43. 


44, 
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By definition f’ (1) is the limit of the slope of the secant line 
whens — 1. 
2 =— 
The Sie 8 
31 $=] Qs, 
. (s —1)(s +3) 
= im ————— 
sol s-1 
= jun {s-<3)=/4 P(i,2) 
>X 
Aliter O 


By substituting x = s into the 
equation of the secant line —_ and cancelling by s — 1. Again, 
we gety =s" + 2s -1. 

This is f(s) and its derivative is f’(s) = 2s + 2,so f’(1) = 
In the immediate neighbourhood of 
x = 7/2, sinx >sin® x >|sinx — sin’ x|=sinx — sin’ x 


Hence, for x # 7 / 2, 


f(x) = 


sin x—sin® x) + sin x—sin® x 
sin x —sin? x) — sin x + sin?x 
3sin x — 3sin? x 
sin x — sin’ x 
Hence, f is continuous and differentiable at x = 7/2. 
+h)- h)+|x|h+ xh? 
f(a) = tim LEAMA LE) _ 5, AUDI al h + x 
h>0 h h>0 h 
f(0) =0 


Hence, f'(x)= Jim | Hef) +|x{+ xh| 


=> f(x) = (0) + |x| =| 
f(x) is non-differentiable at x = a, B, 0, y, 8 
and g(x) is non-differentiable at x = o, —2, B, 0,7, 2, 6. 


3x7 — 4a/x + 1, forx<1 
ax + b, for x21 


We have, g(x) -| 


For differentiability at x =1, g’(1*) = g . 


a=6-—= 

a 

=> a=6-2=4 
For continuity at x =1, g(*) = g(1) 


at+b=3-44+1>5a+bd=0 


> b=-4 
Hence, a=4andb=-4 
fi) = tine f(x + h) ~ f(x) _ kim —3xh+ f(h) 
h>0 h h->0 h 
= im, | 3x + aS 3x+ lim f(r) 
h>0 h ho 


45. f(x) = 


__ Tx] 
sin —— 


[x] 
Obviously, continuity at x = 3/2 


At x =2, 


FR) =sin7 == 
sin— 
1 
f2)= aa 


Hence, f(x) is discontinuous at x = 2. 

46. f(-1)=b(-1)+1 

and lim f(-1+h)=1 
h->0 


=1 


lim f (—1-A)= lim sin((-1-h+ a) 7) =—sin ma 
h>0 h>0 Tt 
For continuity, sintla =—1=sin [an 2 
31 
=> Ta = 2nt + — 
2 
3 
=> a=an+ — 
2 
3 
Hence, oat eee 


47. Consider the graph of h(x) 
Far(d@)shie 
48. Here, g(x 


) 


max (x 


+[x? 


a gy 


= max (x, 


x*)atx=Oandx=1 


=[x"]{cos” 4x} + {x7} [cos? 4x]+ x’sin? 4x 


][cos* 4x] + {x?} {cos” 4x} 


= [x ]({cos” 4x} + [cos” 4x]) + {x’}([cos?4x] 


= ([x? 


2 2 yee) 
=x" cos’ 4x+ x°sin” 4x 


2 
x 


Clearly, g(x) is always differentiable. 


+{cos” 4x}) + x*sin* 4x 


]+ {x*})({cos” 4x} + [cos”4x]) + x* sin” 4x 


*. Number of points of non-differentiability is 0. 
ix}. g(x) 


49. Here, f(x) = 


If f(x) is periodic with period 


1 
period —. 
4 


{x} g(x) 


= 1, when {x} g(x) #0 


=> g(x) = Oat x=", where ke 1 


50. Here, 


f(x) 


an fet h)~ Fla) 
ho>0 h 


° then {x} g(x) # 0 with 


57. 


52. 


53. 


f(ith/x)  f(i) 
— tim f/x) — f/x) 
h>0 h 
= fmf Oth )- fa), 1 1 f(x) 
ho h/x x fl) 


dy _.Yy fA) _ = 
i =k 7. where FG) k, f(x) =y. 


d d. 
=f Baja 


=> logy =klogx + logC 
=> logy = log(x* -C) 
> y=c-xt 
f(x) =C+x* 
po yatin 4 *\-f 
putx=2y=1in f=] = £2 
_ fe) = 
md FQ) =") = f0)=1 
Also, f(x) =C-x*, put x =1 
> fQ@)=C => CH=1 
f(x) = x*, now f(2) =4 
> f(2) =2* 


4=28 = k=2 
f(x)=x? => f(6)=25 


tan(f(x)) = tan = = i} x€[0, 7] 


t2e2n5-1<"-i1e" 14 
2 2 
.. tan(f(x)) is continuous in [0, 7]. 
1 = 
f(x) 
a 
2 


is not defined at x =2 €[0, 7]. 
x-2 
2 


=> f M(x) = 2x + 2is continuous in R. 


y= 
2 


lim (x+1)e *= lim 
x07 x—0* é 


(x+1)_ 
Qix 


0 


lim (x+1)e°=1 


x>0° 


Hence, continuous for x € I — {0}, assumes all intermediate 


values from f(—2) to f(2) and maximum value — at x = 2. 


e 
3 _ 
RHL = lim [s-|aa( 2 ‘)) 
x3 0° x 


=3-—[cot 1(— ©)]=3-3=0 


x>0- 


1 
LHL= lim {x*} cos |. | 


54. 


55. 


56. 


57. 
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1 
= lim h’ cos - =0 
h>0 


and f(0) = 0 


Hence, f(x) is continuous at x = 0. 


lim f(x)= lim (b([x] 24 [x]) +1) 
x2 -1t x23 at 
= lim(b({[-1+ A?’ + [-1+4 A]) +1) 
hao 
= lim (b((-1)* -1) +1) =1 
h>0 
> beER 
lim f(x)= lim sin(m (x + a)) 
x -1 x3 -1” 
= lim sin(m((—1 — h) + a)) 
h>0 
sinta=-1 
3 3 
=> Ta =2nt + — > a=2n+ — 
2 2 
sin— 1 
==, 1Ssx*<2 
-J} 1 v2’ 
fx)=) 3, 
sin — 
= ==, 2<x<3 


3 4 
Hence, f(x) is continuous at r differentiable at - and 


discontinuous at 2. 
Since, sin™' x and cos(1 / x) are continuous and differentiable in 
€ [-1,1] — {0}. 
Now, at x = 0 
F'0)= jim LOD= LO 


=0 


(sin““(—-h))? cos(-1] ~0 


= lim =0 
h>0 —h 
sin” h)* cos a -0 
( ) ; 
“Oe = li =0 
a 


Hence, LHD = RHD. So, f(x) is continuous and differentiable 
everywhere in-1< x <1. 


cOosx, 


ee ee 
H(x) = 2 


Hence, H(x) is continuous and derivable in [0, 3] and has 
maximum value 1 in [0, 3]. 
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62. 


63. 


64. 
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Here, f(x) = 3(2x + 373 4 2x43 


4 
=> f'(x)=—— +2 
(2x + 3)" 
3 
Now, 2x+340 > aa 


Hence, f(x) is continuous but not differential at 
x=-3/2. 
Also, f(x) is differentiable and continuous at x = 0. 
hin (cosh) _ 5. In (cos py 
=) Aln(i+ h?) hoo In(l +h’) 
he 


£0") 


: 1 
= eee -1)= 


oer Wx 1 
7 3 similarly f’(0 ) =— 5 
Hence, f is continuous and derivable at x = 0. 
0, 0<x<i1 
f(x) =)0, x=Oorlor-1 => f(x) 


0. =-1l< x= 0 


= 0 for all in [- 1, 1] 


0, 1<x<2 


= Range is {0, — 1}. The graph is 


71+ ot INAS 

ee a ae 
vx? ES 

flaca dmg 7 his jt ji-x? 


Range is R* U {0} = Option (b) is not correct. 
f is not differentiable at x =—1 


f(x) = 


3 eS 
‘Ag. oe x = ile ifx2>-1 
—(x° +1), if x<-1 
3x", if x>-1 
> (x)= ; 
f ae ifx<-1 
f'(-1"*) =3, f(-1_)=-3= f is not differentiable at x = —1. 


Also, f is not bijective, hence it has no inverse. 


Given, f is continuous in [a, b] 


> g is continuous in [b, c] 
= f(b) = 
A(x) 


=> 


= f(x) for x € [a, b) 
= g(x) for x €(b, "| 


=> h(x) is continuous in [a, b) U(), c] 


..(i) 
..(ii) 
...(iii) 
...(iv) 


[using Eqs. (i) and (ii)] 


65. 


66. 


67. 


68. 


Also, f(b) = f(b), g(b*) = gb) 
[using Eqs. (i) and (ii)] ... 
= g(b) = g(b") = h(b") 


[using Eqs. (iv) and (v)] 


(iv) 
=I )= 70) 


Now, verify each alternative. Of course! g(b) and f(b* ) are 


undefined. 

h(b) = f(b") = f(b) = g(b) = g(b") 
and —h(b*) = He = g(b) = f(b) = fb) 
Hence, h(b~) =h(b*) = f(b) = g(b) 
and h(b) is not defined. 

(a) Domain is R — {— 1}; Range = R — {0} 


me 


(b) Domain is x € R; Range = (0, 1] 

(c) Domain is [0, ce); Range = (0, 1] 

(d) Domain is (— ©, 3); Range = (0, o°) 

2 (sin 2x + cos 2x) 


f(x) =sec 2x + cosec 2x = 
2 cos 2 x sin 2x 


_ 2(sin 2x + cos 2x) 
sin 4x 
a ae 2 nt 
is discontinuous, where 4x = nt, n € I or x = —. 
4 


Options (a) and (b) also satisfy the condition, since they are 
subsets of option (c). 


lim f (x) 


x0 


1 i 
= lim v"-sin{ )=0,ifn>0 
x70 x 


and hence true for n > 1. 


Since, f(0) = 0, f(x) is continuous at x = 0. 
x sin 
0 2 
Now, lim TOA) lim x 
x30 x-0 x20 x 


=f 1 : 
= lim x” ‘sin{ 5) =oitn>1. 
x 


Hence, f(x) is differentiable at x = 0, ifn > 1. 
e, x <0 

1=x,0<x<1 

x-1,x21 


F(x) = 


=> lim FOS h wa f(x) = 
x30 o* 


0, “Tm, f(x) = 


xo1t 


and lim f(x) = 


x71 
Hence, f(x) is continuous at x = 0 and 1. 
f'(0-) =1and f’(0") =~ 1. 


Hence, f(x) is not differentiable at x = 1. 


69. fix) =f, i+ ajde=-[ (+1) de+ [e+ 1) dt 


-1 
-2 

x 
1 ? 2 
S24 8G) ete x+1,forx 2-1 
2 2 2 

1 

f(x) is a quadratic polynomial. 
“. f(x) is continuous as well as differentiable in [— 1, 1]. 
Also, f’(x) is continuous as well as differentiable in [- 1, 1]. 


70. We have, f(x + y) = f(x) + fly) + xy (x+y) 


f(0) = 0 
lim Pil! ee 
hoo fh 
lim Lo += fe) 
h>0 h 


= tim LOD + fh) + xh (x + A) — f(x) 


h>0 h 
= lim i) , lim x(x+h)=-14+ 2° 
hoo hh h>0 


f(x) =-1+ x? 
f= — xe 


f(x) is a polynomial function, 
f(x) is twice differentiable for all x € Rand 
f’8)=3? -1=8. 
71. We have, f’(x) =6x + 12 
For f(x) is increasing, f’(x)20 => x2-2 
Hence, f(x) is increasing in [— 1, 2] 
lim, f(x) =35, lim f(x) =35 and f(2)=35 
x32 


x32 
Hence, f(x) is continuous on [- 1, 3], f’(2”) =24 and 
f'@*)=-1. 
Hence, f’(2) doesn’t exist for maximum, f(2) = 35 
f (1) = - 10, f GB) =34 


Hence, f(x) has maximum value at x = 2. 
72. Since, f(x) = 0, x < 0 and differentiable at x = 0, LHD = 0 
(function is on X-axis for x < 0). If f(x), 
(a) x*,x>0 
RHD at x = 0, 
f'(0) =2 x 0 =0 (possible) 
(d) -—x*", x>0 
RHD at x = 0, 
f'(0) =—3/2 x” = —3/2x 0 =0 (possible) 
73. We know that, sin x is periodic function in [0, 271]. 


.. sin x is continuous at x = 0 


Now, lim [x] 
x2 
RHL= lim [x]= lim [x+ h]=x=0 [ [x + h] = x] 
x30 h>0 
LHL= lim [x]= lim [x —h]=(x -1) [s [x — h] =(x-1)] 
x>0- hao 
=0-1=-1 
“. RHL#LHL 
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So, [x] is discontinuous at x = 0. 


We know that, sum of continuous and discontinuous functions 
is discontinuous. 


74. We have, 
2sin(a cos’ x), if x €(0,1) 
f(x) = V3, if <=0 
ax + b, ifx<0 


Continuity at x =0 
(LHL atx=0)= lim ax+b 


x>0° 


= lim a(0—h) + b= lim —ah+b 
h->0 h>0 


=b 
(RHL atx =0)= lim 2sin(a cos”! x) 


x30 


= lim 2sin(a cos | (0 + h)) 
ho0 


. : -1 
= lim 2sinacos hh 
h>0 


=2sinacos | h=2sinacos ! 0 
am 
= 2 sin — 
2 


f(0) = v3 
For f(x) to be continuous at x = 0, 
LHL = RHL = f(0) 
b=2sin™ = V3 
a 


b= Bandsin ™ = 


= b=, and =~ 


> b= 8 anda == 


So, Statement I is correct. 

Since, for x < 0, f(x) =ax +b 

which is a polynomial function and will be continuous for 
(— ©, 0). 

Again, for x € (0, 1), 
f(x) =2 sin (a cos! 


continuous for x € (0, 1). 


x), which is trigonometric function will be 


f(x) is continuous in (— ©, 1). 


.. Statement II is also correct. 


75. We have, f(x) = 5 , x#0 
x 
0, x=0 
Clearly, f(0) = 0 
F 
: : =. COSI X= e 2 0 
Now consider, lim f(x) = lim r form 
x70 x->0 is? 0 
x? 
<— 


: 0 
= lim arias ee E form 
x70 3x 0 
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2 2 
es oe 
2 
—cosxte * -e 2-x 0 
= form 
x0 6x 0 
2 2 2 
es ee oy 
. sinx-e %2-x-2xe 2 +e ? 
= lim 
x= 0: 6 


Thus, lim f(x) = f(0) 
x70 

= f is continuous at x = 0 

Hence, option (c) is correct. 


3 
2 
Let f(x) = a — sin 1x + ms Then, f(x) will be continuous 


function. (." Sum and difference of two continuous function is 
continuous) 
8 4 
Here, ae eae [ sinnt =0,V ne Z] 
Now, as f(— 2)< 0 < f(2), therefore by intermediate value 
theorem we can say that there exists atleast one point 
n € [— 2, 2]. Such that f(n) = 0 
3 
2 
Hence, f(x) = 0, ie. = — sin 1x + : = 0 has atleast one 


solution in [— 2, 2]. 

Clearly, Statement II is wrong. Because for this to be true, f(x) 
should be a continuous function (by intermediate value 
theorem). 


Hence, option (c) is correct. 


e +e 
e 2% — et 2x , 4 
=-xX Xx EX 
— 2x + 2x 
e +e 


= f(x) 
.. f(x) is even function and even function can’t has range equal 
to R. 


y =|In x| not differentiable at x = 1. 

y =|cos| x|| is not differentiable at x = =. 

y = cos”! (sgn x) = cos”'(1) = 0 differentiable, V x € (0, 2). 
hsinh—-0 

oe 

f'()= tim # sin — -0 _ 


f(x) is differentiable at x = 0. 


e.g. x |x| is derivable at x = 0. 


80. Consider g(x) = x? atx =0, g(0) =0 
| g(x)| is derivable at x = 0. 
Actually nothing definite can be said. Also, for g(x) =x —-1 


with g (1) = 0. 
Then, | g(x)| is not derivable at x = 1. 
81. Y yax-x2 
0 eas 


82. f(x) is discontinuous at x = 0 and f(x) < 0,V x €[- ©, 0) and 
f(x) >0,V x €[0, a]. 
Sol. (Q. Nos. 83 to 85) 


Fle) x+1, OSx<2 
x)= 
=F+3, 22 %<3 
Y 
3 
2 
1 * 
, ' >X 
OG] 4 28 


.. f(x) is discontinuous at x = 2. 
x+2, O<x<1 
(fof) (x)= ;-x+2, 1<x<2 
=x+4, 24x43 
= (fof) (x) is discontinuous at x = 1, 2 
and f(19) = f@ x64+1)= fl) =2 
83. (a) 84. (b,c) 85. (a) 
Sol. (Q. Nos. 86 to 89) 


Since, f(—x) = = 


f(x) 
Atx=0 
= f(0)= ar = f(0)=1 > f(0)=+1, as f(x) >0. 
vox ye, Fort h) = flo) 
> a: ar 
f(x) = tim LOE) = f(x) 
F(a) = fo) -{ im FO=2)- Fa. Fo) 
= [Eo =f-1d = log f(x)=-x+c 


f(x)=e*-Aatx=0, A=1 | f(x)=e* 
= Range of f(x) € R*. = Range of f(|x|) is [0, 1]. 
= f(x) is decreasing function 
and f(x) =-e* =— F(x). 
86. (c) 87.(a) 88.(d) 89. (a) 


x<0 
tan x, 0<x<27 


90. f(x) = 


cos x,2m <x <3 


sin x, 


30; Xx=3% 
TM 31 
f(x) is discontinuous at re 2m. 


91. f(x) =[2x° -5] 
Sincel $< x<251<x° <8 
-3$2x°-5<11 
Now, 2x° —5 is discontinuous at integer points. 
*, —2,-1, 0,1, 2, 3, 4, 5, 6, 7, 8, 9, 10. 
Hence, number of points of discontinuity = 13 


92. Max ([x], |x|), hence discontinuity at x = 9. 


re) Xx 
n/2 
94. From figure, option (b) is correct. 
Ya 
re) xX 
n/2 
95. From figure, option (c) is correct. 
Ya 
‘e) xX 
n/2 


Sol. (Q. Nos. 96 to 99) 
fet y™™) = fl) + (fy) 
On differentiating, we get 

fiery) = fx) 


E x and y are independent, so “e = 0 
Kc 


Here, 


= f(x)is constant, say f(x) =k. 
On integrating, we get f(x) =kx+c 
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Now, f(0)=0 = c=0 and f(i)=1 => k=1 
f(x)=x => f(x) =1, forallxeER 

.. f(x) = xis an odd function. 

96. (b) 97.(c) 98. (d) 99. (a) 

im f+ A)- FX) 


h>0 h 


f(x =h) ~ f(x) 
-h 


We know, f(x) = 
and f(x) = lim 
hoo 


On adding, we get 
2 f(x) = lim flxt h)— f(x) + lim f(x-h) — f(x) ...(i) 
h>0 h h>0 -h 


TTD ee) 
h 


> 2 f(x) = lim 


h->0 
=> 2f(x)=lim fly LOI) 
[using f(x+ y)— f(x—y) = f(x) {f(y) — f(-y)}..-Gi) 


[using Eq. (i)] 


y=) ...(iii) 


= lim —-—=_ 
h>0 h 


From Eqs. (ii) and (iii), we get 


, , FR) _ op 
2f'(x) = f(x) :2f'(0) = = f(0 
F(x) = F(x) -2F(0) Fo) (0) 
F(x) . 
Fle) 2010 ...(iv) 


On integrating both sides, we get 
log(f(x)) =2010x+c, as f(0) =1 
2 c=0 => f(x)=e!* 
Thus, { f(x)} is non-periodic. ..(v) 
100. (b) 107. (d) 
102. (A) jim sin {1 —h}=cosl+a 
> jim sin(1 —h)-cosl=a 


=> a=sin1-—cosl 


inl — cos] 
Now, |K| = a = \H1SK=#1 
sAl sint 45 ~ cost +] 
V2 2 


asin | ; 2 
(B) f(0) = lim 2 (=) _1 


: 2 
£0 4 ( sinx 
x2 | PE 
2 


(C) Function should have same rule for 8 and 0’=> x =1-—x 
1 
> x=- 
2 


(D) f(x) = x + {-x} + [x] 
xis continuous at x € R. 
Check at x = I (where I is integer) 
f(I*)=21 +1 or f(I-)=2I-1 


So, f(x) is discontinuous at every integer, i.e. {1, 0, — 1}. 


1+x, x <0 
O0<xSlorx22 
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1-1, 1<x<2 
0, = f(x)= 1, 

OSx<l1 x? -3x4+3,1<x<2 
Clearly, f(x) is not differentiable at 2 points. 
1 

(C) f(x) =(x + 4)? 

1 


103. (A) fl)} 


2 


—sintx,-1<x<0 
At x = 0, f(x) is not continuous and not differentiable. At 
= "(x)= 


x = 1, f(x) is continuous and non-differentiable. At x =2 


and —1, f(x) is continuous and differentiable. 


1 h 7 
igs 


8) 0°) = fe im y= 
(C) f(x) = , not defined at x = -1. 
x 
f(x) D = 
al nr (D) f(x) 


&(x) is not defined at f(x) =—2 
x 2 
=> =-2>x= 
x+1 


Also, x = 0 is not in domain. 
. f(x) is not differentiable at 3 points. 
1, |x| >1 


1, x°-1>0 
0, x7 -1=0=} 0, |x|=1 


2 
(D) y = sgn(x" —1)= 
-1,x*-1<0 
.. Tangent exists for all x. 
.. Number of points where tangent does not exists is 0. 
tanx+cotx |tanx-—cotx 105. (A 
104. (A) f(x) = 7 (4) 
2 2 
cotx, tanx=cotx 
~ tanx, cotx>tanx 
v 
A 
x’ aA = LV” \ La x 
a2 Fl ala \/2/ |T One, lon 
/ 
i: 
i 
i 
i 
I v y¥" 


There are 4 points where the function is continuous but not 
differentiable in (0, 270). 
(B) f(x) = min {1,1 + x°, x” —3x + 3} can be shown as 


Y 1+x3 
X°-3x+3 


0:1 
0.1) >y=1 
> X 


—1,|x|<1 


3(x + 4)3 


.. Functions non-derivable at x = — 4, ie., at one point. 
Tt 


2 Tt 
(= )+4 0<x<— 
2 2 


2 
Tl 310 
Tl — xX; —<x<— 
2 
™ T™ 
"ae ke 
4 = x 
F(x) = . 
—<x<—_— 
2 


eee 
a) 


0, — 


f(x) is differentiable for all x € ( 


. Number of points of non-differentiable is 0. 
tig OO ea Sia 
h>0 h>0 -h 


Obviously, 
f(0) = f(0") = f 0") =1 
Hence, continuous and not derivable. 


(B) g(x) = 0 for all x, hence continuous and derivable. 
(C) As 0 < {x} <1, hence h(x) = ,/{x}? = {x} which is 


discontinuous, hence non-derivable all x € I. 
— 
(D) lim x™* = lim x!°8x* =e = f(1) 
x1 x1 
e 
x 


O 1 
Hence, k(x) is constant for all x > 0, hence continuous and 


differentiable at x = 1. 
E x? + 1- (x? +1) -| 


106. (A)1 = lim e* *! 
x > co 
Consider, lim [,/x*+ 1-(x?+ 1)] 
xX 0 


xi +1—(x'+1+4 2x’) 


= lim 
xe xt 41 + (x? +1) 
= lim =2x" =-1 
xe x? (17 + (1/4) +14 1/x") 
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On substituting the value of f’(2) =7 + 2f’(4) in Eq. (i), we get 
f'Q) — [7 + 2f(4)] =5 
fM-47 Hq 


Now, as x >, \/x* +1 —(x? +1) 3-1 


1 
oo X (2 - 7 — -— cand hence limit doesn’t exist. 
e 


=> a) - 4 f’(4) -10 =9 
a —2q" +1 a’—a1) 2 — oe 
(B) f(0") = lim —,,— = lim =In‘a 
h>0 h h>0 h 113. A, B, C are in AP. 
f(0-) = lim 3 n(a + h) -2=3 na-2= f (0) i 2B=A+C andA+ B+ C=180° 
bono B=60° 
For continuous sone 1 = at+c—b? 
In? a=3lna-2 In’?’a-3lna+2=0 2 2ac 
24 2 _ 72 
> (In a —2)(Ina—-1)=0; a=e*ora=e mi Se eae 
=> (a—c)? =b? —ac 
(C) L=a* Inae 
- Ve. or |sin A —sin C| = sin? B - sin A sin C 
a® In ae = 2a* > 2eos( 4* ©) sin 4=£) = F sin A sin C 
. Inae=2 > ae=e*® >az=e 
if AE : : 
ae. : T 31 > 2 |sin| =./3- 4sin A sin C 
107. tan” x is discontinuous at x = —, — 
a2 A=C 
2s 4 , _% 30 : : 2 |sin 
sec’ x is discontinuous at x = are [3—4sin Asin C 2 
= Number of discontinuities = 2 as |A-C| aoe |A-C| 
= gl ®. cr _ vx1—Inx + _ sin( A=") 
108. Let g(x) = x", 2’(x)=x a ——— va 5 
=> &max =e” € (1, 2) AC (4-5) 
=> lim x'* =0, lim x =1 y 
x30 xX —> 00 =|1|/=1 => f(x)=1 
0, 0<x<1 Ye 
So, fia)=|) ae fx) 
> SX <0 _ 
x 3 uh (3 wh - 
109. f(x) =x+ cos x +2, f(0)=3 => ¢(3)=0 4 4 
ol f(x)) =x => g’ (f(x))- f(x) =1, putting x = 0 114. RHD = tina h 3\vh oo rg\-wh 7 
g'(3)- (0) =1 (3) P (2) h 
Now, f(x)=1-sinx=> f(0)=1=> g’@)=1 ae ‘oe 
110. Let g(x) =x tan” (x?). It is an odd function. (=) -(2) _~0 
2m 4 4 
So, go (0) =0. LHD = lim(-h) = 
h>0 3 —i/h 3 i/h 
Let h(x) = x* >) + (=) -(-h) 
4 4 
So, f(x) = g(x) + A(x) 
=> f°"(0) = g°" (0) + A™ (0) P= f’(0°)- f(0") =1-(-1) =2 
Se a (exp ((x + 2)1 ca 16 
_ (exp ((x + 2)lo - 
It happens when 2m=4=> m=2 Now, 4+) lim, 7 < : 
x2 4° -16 
111. F(x) =3e* and G(x) =e * 
The equation 9x* =(F(x))” G(x) becomes x* = e* , [x+1] 
Ean 4 _ 
Hence, number of solutions = 2 = 4-| lim a) a =4x—=2 
x27 4* -16 2 
112. y’ = f(x) -2f'(2x) oe 
y@) = Fa) 7 2fF°@) = i 115. Here, f(x) =-x° + x’-x+1 => f(x) =-3x"+2x-1 
and y"(2) = f'2) —2f(4) =7 (ii) 
=> D=4-12=-8<0 
Now, let y = f(x) — f(4x) — 10x 


y’ = f'(x) — 4f'(4x) - 10 
y(t) = fl) — 4f'(4) — 10 


f(x) is decreasing. 


Thus, min f(t) = f(x), as f(x) is decreasing and 0 <t< x. 
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=x 4x7 -—x41, 0<x<l1 
B(x) = 
x-1,1<x<2 


lim g(g(x)) = En gor y= 


x1 


lim g(g(x)) = lim g(0*) =1 
x1 x17 


lim g(g(x)) =1 
116. We have, f(x) =(x—|x|)*?(1—x+|x|)’ 


(2x)? (1-2x), x <0 
= f(x) = 
0, x20 
= 16x* —16x? + 4x’, x<0 
0, x20 


Clearly, f(x) is continuous as well as derivable for all x € R. 


». Number of points of non-differentiable = 0. 


(= -sin (1 — Hy sin ~h) 
117. RHL = lim : 
30 


J2(h—h’) 
ae cos '(1—h*)sin™'(1 —h) 
h—0 V2h(1—h’) 
_ |. sin’! V2h? —h* -sin “(1 —h) 
ho V2h(1 + h)(1—h) 


ji sin '(hV2—h?)sin "(1 —h) 
‘ V2h(1 + h)(1—h) 


h>0 
1 sin(hy2—-h’?) y2—-h? sin” (1h) 


oe 2 h-V2—h? 1+h (1—-h) 
=o sin” '(1) Tt Tt 
~ Af sc ie ea 
anes Asin 1(1-(1—h))- cos” ‘(1 -(1—A)) 
ho 2(1—h)-(1-(1—A)) 
A:sin"(h)-cos \(h)_ A: /2_ An 
2 an re a mene | 
At 1 
=> eG >A=2 
Hence, sin?k + cos = sin‘{ =] + cos*(m)=1+1=2. 
118. f (x) = [Lx] - [x - 1] 
or f (x) =[x]-[x]+1 


or f (x) =1, which is constant function and which is 
continuous for all real numbers. 


119. (i) f (x)=[x]+ [-x] {iy 7 


[x]-1-[x], x¢ integers 


x € integers 


0, x € integers 
=i, 


£0)=| 


x € integers 


which shows the graph of f (x) as shown in figure. 


Y 
X'< a os o & >X 
7 =i, “0 1 2 3 
> € > < > {> € > <> € 
1 
2 


, -1, |x|<1 
= ‘ ‘eee 
(ii) g(x) = lim —} =40, |x|= 
noo x 4] 
1, | x|>1 


y’ 
Thus, g (x) is discontinuous at x = + 1. 
; 0<x<2 
120. f (x) =|"! is 
(x-1) [x], 25x <3 


To check continuity at x =1 
RHL (at x = 1) = Jim (1+ h)[1+A]=1 
30 


LHL (at x =1) = lim (1-h)[1- A] =0 
h->0 


Hence, the function is discontinuous at x = 1. 


(i) To check continuity at x = 2 


RHL (at x= 2) = lim @+h-1)[2+ h]=2 
30 


LHL (at x = 2) = lim (2-h)(2-h]=2 => f (2) =(2-1) [2] =2 
> 0 
Hence, the function is continuous at x = 2. 
To check differentiability at x = 2 
RHD (at x =2) = lim L@+*)-f@) 
hoo h 
(2 + h-1) [2+h]- 2 


= lim 
hoo h 
= jim Ut )2-2_, 
h>0 h 

LHD (at x = 2) = lim (2A) [2-h]-2 
hoo —-h 

= lim on i 

hoo 8 -h 


which shows f (x) is not differentiable at x = 2. 
Also, f (x) is not differentiable at x =1, as f (x) at x =1is not 
continuous. 


121. 


122. 


123. 


ier oa both the sides, we get 


h'(x) =2 f (x)- f(x) + 2g (x)- (x) 
h’(x) =2 f (x): g (x) + 2g (x): f(x) 
[as g(x) = f(x), g(x) = f(x) 
=2 f (x)-g(x)-2g(x)- fle) Ff") =- fo] 
< f - =0 
h(x) must be constant function. 
Given, h(5)=11 
Hence, h(10) =11 
Given that, 
f(xt+y)=f (x): f(y) forallx eR (i) 


On putting x = y = 0 in Eq. (i), we get 
Ff (0) {f (0) -1}=0 
= f(0)=0 or f(0)=1 
If f(0)=0, then 
f(x)=f(x+ =f (x) fF 0 
= f(x)=0forallxeR 
which is not true, so f (0) =1 
f(x) = Jim f(x + ~ = f (x) 
im LOL M- fe) 


h>0 h 


= f (x) (0) 
=2 f (x) 
£0 _, 
f(x) 
On integrating both the sides, we get log, f (x) 
At x=0, f(0)=1 
log f (1) =2(0)+C 
log 1=0+C 
Cc=0 
log, f (x) =2x+0 
f (x) =e* 
Since, f (x) is differentiable at x = 0. 


him £O0+ Mf) 


[from Eq. (i)] 


[given f’(0) = 2] 


=2x+C 


Hence, 
=> 
=> 
=> 


> = p (say) li) 


h>0 h 
f(x) = lim 
h>0 
3x4+ 3h 3x+3-0 
Fy 3 al 3 
= lim 
hoo h 


dim L Gas FH) HO F(3x)- fF (0)- F(0) 
3h 


Then, 


or f(x) 


or f(x)= 


or f(x)= lim, £6) -F0 


sing f (242) -L0* LO) LO) 


or f’(x)= f(0) or f’(x) = p (let) 


[from Eq. (i)] 


124. 


125. 


126. 
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f(x) = px + 
which shows f (x) is differentiable for all x in R. 


We have, 


Fa) = lim Let =F 00 
aia ble ac + 2hx-1-f (x) 
h>0 h 
[using given definition] 
win fore £001 
h>0 h 


Now, substituting x = y = 0 in the given functional relation, 
we get 


f(0)= f (0) + fF (0) + 0-1 


= f(0)=1 
f(x) =2x 4+ lim f(h)- FO 
h->0 h 
=2x+ f'(0) 
= f(x) =2x + cosa 


On integrating, f (x) =x’ + xcosa+C 
Here, at x = 0, f (0) =1 
1=¢ => f(x)=x*° + xcosat] 
It is a quadratic in x with discriminant, 
D=cos’?a-4<0 
and coefficient of x? =1>0 
f(x)>0, VxeER 


Plan If a continuous function has values of opposite sign 
inside an interval, then it has a root in that interval. 
f,g: [01] >R 
We take two cases. 
CaseI Let f and g attain their common maximum value at p. 
=> Tay= 
where p € [0,1] 
Case II Let f and g attain their common maximum value at 
different points. 
= f(a) = Mand g(b) = 
= f(a)-g(a)>0 and — g(b) <0 
= f(c)— g(c) = 0 for some c € [0,1] as f and g are continuous 
functions. 
=> f(c)—g(c) = 0 for some c € [0,1] for all cases. «(i) 
Option (a) > f*(c)- g*(c) + 3[ f(c) — g(c)] = 0 
which is true from Eq. (i). 
Option (d) > f?(c) — g*(c) = 0, which is true from Eq. (i). 
Now, if we take f(x) =1and g(x) =1, Vx € [0,1] 
Options (b) and (c) does not hold. 
Hence, options (a) and (d) are correct. 
Plan 
(i) In these type of questions, we draw the graph of the function. 


(ii) The points at which the curve taken a sharp turn, are the 
points of non-differentiability. Curve of f(x) and g(x) are 
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h(x) is not differentiable at x = + 1 and 0. 
As, h(x) take sharp turns at x = + 1 and 0. 
Hence, number of points of non-differentiability of h (x) is 3. 


Plan To check differentiability at a point we use RHD and 
LHD at a point and if RHD =LHD, then f(x) is differentiable at 
the point. 


Description of Situation 


x)}= jim Aa ie 


As, R 
s {f(x h 
and Lf (x)}= lim ‘ ae 
To check differentiable at x=0, 
REPO = lim fO*M= FO) 
30 h 
h? cost |-0 
= lim =limh cos [eo 
h>0 h h->0 h 
fl0-h)- f0) ifeos{—F)0 
L{f’(0)} = Ii li =0 
Oe a ee 


So, f(x) is differentiable at x=0. 
To check differentiability at x=2, 


m ere fe) 


R{ f’(2)} = i ; 
= (2+h)?- cos] 
hi 2+h 


h 
(24h)? co us 
2+h 


= lim = lim 


h>0 h h>0 h 
(2+ hy sil 2-2 
. 2 2+h 
= lim 
h>0 h 
(2+h)? -sin 
' 2( ah Tt 
= lim 
h>0 Tl 2(2+h) 


"2(2+h) 


and L{f’(2)}= lim fe-n- fe) 


(2—h)* -|cos 


= lim 
h>0 —h 


eon) if - ne 

2(2-h)}  —m 
Se = 

2(2—h) 


x 
2(2—h) 
Thus, f(x) is differentiable at x=0 but not differentiable at x=2. 


128. f(2n)=a,, f(2n*) =a, 


f@n')=b,+1 => a,-b, =1 
f(@n+1)=a, => f{(@n+1)}=a, 
fin + 1)"} = Baya - 
> Qn = bn 414-1 «OF ay — 1 
or Q,-1 —b, =-1 
129. f(x + y) = f(x) + fly), as f(x) is differentiable at x = 0. 
> f' (=k (i) 
Now Poss 1 
h>0 h 
— im £0) + f= fl) _ 5, £0) orm] 
h>0 h h>0 A 0 


given, f(x + y) = f(x) + fly), V xy 
F(0) = f(0) + F(0), 

when x=y=0 => f(0)= 

Using L’Hospital’s rule, 

lim f ” 


h>0 


= f’(0)=k ...(ii) 


=  f'(x)=k, integrating both sides, we get 
f(x) =kx + C,as f(0) =0 => C=0 
f(x) = kx 


.. f(x) is continuous for all x € R and f’ (x) =k, ie. constant 
for all x € R. Hence, (b) and (c) are correct. 


cit es 
2 2 
130. We have, f(x) =, —cosx, -—<xS0 
x-1, 0<x<1 
log x, x>1 
Tt Tt Tt 
Continuity at x = al =| = ( = zl 


*, Continuous at x = (-=} 


Continuity at x=0 = f(0)=-1 
RHL = lim (0+ h)-1=~-1 
h>0 


*. Continuous at x = 0. Continuity at x =1, f(1) =0 
RHL = lim log (1 + h) = 
h>0 


Continuous at x =1 


= Pepe 
2 
f'(x)= sinx, —-—<x<0 
1, 0<x<l1 
1 
nN SL 
x 


1317. 


132. 


Differentiable at x = 0, LHD = 0, RHD = 1 
.. Not differentiable at x = 0 
Differentiable at x = 1, LHD = 1, RHD =1 
.. Differentiable at x = 1. 


3 
Also, for x = 75 = f(x) =-cosx 
*. Differentiable at x =— . 
2 
: 1 
Given, f(x) = xcos—, x 21 
x 


1 1 1 
=> f(x) =—sin —+ cos — 
x x x 


1 1 
= f’(x)=—-— 4 cos (=) 
x x 
Now lim f’(x)=0+1=1 = Option (b) is correct. 
xX co 
1 
Now, x €[1,%°) => —€(0,1] => f’ (x) <0 
x 
Option (d) is correct. 
As, f’(1) =sin1+ cos1>1 
f(x) is strictly decreasing and lim f’(x) =1 


x— 00 


So, graph of f (x) is shown as below 
¥ 


(1, sin1+cos1) 


Now, in[x, x +2], x €[1, ©), f(x) is continuous and 


differentiable so by LMVT, f(x) = fore! 


As, f(x)>1 
For all x € [1, °°) 
f(x+2)— f(x) 
2 
For all x € [1, ©). 


>1 = f(xt+2)— f(x) >2 


(x -1)" 


log cos”(x — 1) 


x-1, x21 
and| x—-1|= 


Given, g(x) = 


1=x, x<1 
The left hand derivative of |x —1|atx=1lisp=—1. 
Also, lim g(x)=p=-1 

et tie hil 


;0<x<2,m# 0, nare integers 


=> lim = 
h—0 log cos™ (1+ h—-1) 
=> lim i =-1 => lim A 7 
h—0 log cosh hom log cosh 
nh"! Bs Gras cadets 
=> lim =-1 [using L’Hospital’s rule] 
h>0 F 
(— sinh) 
cos 


: n n-2 n ; -? 
> lim : =-1> lim 
nso om (=*) m * (aa 


h 
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n 
=> n=2 and —=1 
m 


m=n=2 


133. We have im 26%) 008% — 8(0) 


E form| 
0 


x0 sinx 
iia & (x)cosx— g(x)sinx = 
x0 cos x 
Statement I 
Since, f(x) = g(x)sinx 
f(x) = g(x) sinx + g(x) cosx 

and f(x) =g'’(x) sinx + 2g’(x)cosx— g(x) sinx 
=> f’(0)=0 


Thus, lim[g(x) cos x — g(0)] cosec x= 0 = f’’(0) 
x0 
=> Statement I is true. 
Statement II f’(x) = g’(x) sinx+ g(x) cosx=> f’(0) = g(0) 
Statement II is not a correct explanation of Statement I. 
134, Match the Columns 
A. x|x|is continuous, differentiable and strictly 
increasing in (—1, 1). 
B. ./|x| is continuous in (—1, 1) and not differentiable at x = 0. 
C. x + [x] is strictly increasing in (—1, 1) and discontinuous at 
x=0 
= not differentiable at x = 0. 
D. |x —1|+|x +1] =2 in(-1,1) 
=> The function is continuous and differentiable in (—1, 1). 
135. Here, f(x) = min {1, x’, x°} which could be graphically shown as 
y yar 
| ty=x 
| 
y=1 
> X 


= f(x) is continuous for x € R and not differentiable at x = 1 
due to sharp edge. Hence, (a) and (d) are correct answers. 


136. Using graphical transformation. As, we know that, the 
function is not differentiable at sharp edges. 


Y ¥ 
| y= |x|-14 
< ela >X < O 
Gi 
(i)y=x-1 
¥. 
sige "> 
(iii) y = | |x| -1| 
In function, y = || x | — 1), we have 3 sharp edges at x = — 1, 0, 1. 


Hence, f(x) is not differentiable at {0, + 1}. 
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civen, fay=F(5]= F (4) =...= lim s(2]=0 


2 3 noo 


1 
as f (=) = 0; n € integers andn 2 1. 


de 1 
=> lim f (:) =0 
n> oo n 
=> f(0) =0 
Since, there are infinitely many points in neighbourhood of x = 0. 
f(x) =0 
= fi(x)=0 = f'(0)=0 
Hence, f(0) = f (0) =0 
CHD, ‘eeni 
Given, f (x)= tan”! x, if-1<x<1 
1 
—(x-1), ifx>1 
ao x 


f(x) is discontinuous at x = —1and x =1. 
. Domain of f’(x) € R- {-1, 1} 
Given, f (x) =[x]sin a x 
If xis just less thank, [x] =k-1 
> f (x) =(k-1)sint x. 
(k-1)sinn x-—ksinntk 


LHD of f (x) = lim 
xk 


x—-k 
Sie (k —1) sin 1 
xk x—-k 
= lim & — 1) sin 2 (kK - A) [where x =k —h] 
h>0 —h 
ee ee 
= lim 1) (-1) En i(k -1) 0 
h>0 —h 
. lm sinh—-h 
RAD of eat) 2) =| =a0-——, to 9) 
LHD of sin (| x |) —| x| 
_ sin|-—A|—|-h| 
= lim —— 
h>0 —h 
ee sinh-h _ 
ESO —h 7 


Therefore, (d) is the answer. 
We have, f(x) =| log 2 —sin x| and g(x) = f(f(x)), x ER 
Note that, for x — 0, log 2 > sin x 
f(x) = log 2 -sin x 
(x) = log 2 — sin (f(x) 
= log 2 — sin (log 2 — sin x) 


> 


Clearly, g(x) is differentiable at x = 0 as sin x is diferentiable. 


Now, g’(x) =— cos (log 2 — sin x) (— cos x) 
= cos x- cos (log 2 — sin x) 
=> g(0) =1- cos (log 2) 


Since, g(x) is differentiable => g(x) must be continuous. 


kJx+1, 0<x<3 
Q(x) = 

mx+2, 3<x<5 
At x =3, RHL = 3m + 2 


143. 


144. 


and at x =3, LHL=2k 


2k =3m+2 (i) 
k 
, OS xe<3 
Also, £ (x) =42,/x +1 ? 
m 3<xs5 
7 k , 
L{g"(3)} = Fi and R{g"(3)} =m 
k ; be 
> 7 =mie.k =4m (ii) 
On solving Eqs. (i) and (ii), we get 
k= 2 m= = 
Bs) 3 
=> k+m=2 


Given, f(0) =2 = g(1), g(0)=0 and f(1) =6 
f and g are differentiable in (0, 1). 


Let h(x) = f(x) — 2e(x) i) 
h(0) = f(0) - 2g(0) =2-0=2 

and A(1) = f(1) — 2g(1) = 6 — 2(2) =2 

= h(0) = h(1) = 2 


Hence, using Rolle’s theorem, 

hc) = 0, such that c € (0, 1) 
Differentiating Eq. (i) atc , we get 
> fic) - 2g(c) = 0 
= fc) = 2g) 
Given A function f : R > R defined by 


f(x) = [x] cos t (« - =} where [] denotes the greatest integer 


function. 
To discuss The continuity of function f. 


Now, cos x is continuous, Vx € R. 


1 
=> cost [x - ;| is also continuous, Vx € R. 


Hence, the continuity of f depends upon the continuity of [x]. 
Since, [x] is discontinuous, Vx € I. 


So, we should check the conitnuity of f at x =n, Vn € I. 
LHL at x = nis given by 
fln)= lim f(x) 


x—nR 
il 2n—1)7 
= lim [x] cos m[ » J- ieee ) =0 
xn 2 2 


RHL at x = nis given by 
fin*)= lim, f(x)= lim, [x] cosm (x = ;| 


xn x—nt 


(2n —1) 7 
5 = 


=(n) co =0 


Also, value of the function at x = nis 
f(n) =[n] cos t [n - ;| =(n) cos 
f(n*) = f(n-) = f(n) 


Hence, f is continuous at x =n, Vn € I. 


Qn-1)"_| 
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Session 1 


Derivative as the Rate of Change, 
Velocity and Acceleration in Rectilinear Motion 


Derivative as the Rate of Change 


If a variable quantity y is some function of time tf, ie. 
y = f(t), then small change in time At have a 
corresponding change Ay in y. 
A 
Thus, the average rate of change = ra 
t 

When limit At — 0 is applied, the rate of change becomes 
instantaneous and we get the rate of change of y with 
respect to the instant t. 
: _ Ay_d 
ie. lim 2% =47 

At>0 At dt 
Hence, it is clear that the rate of change of any 
variable with respect to some other variable is the 
derivative of first variable with respect to other 
variable. 

. : ; : . ay. 

The differential coefficient of y with respect to x ie. *Y is 
nothing but the rate of increase of y relative to x. * 


Example 1 If the radius of a circle is increasing at a 
uniform rate of 2 cm/s, then find the rate of increase of 
area of circle, at the instant when the radius is 20 cm. 


d 
Sol. Given, - =2cm/s [where, ris radius and fis time] 
t 


Now, area of circle is given by A = mr? 


Differentiating it with respect to time t, we get 


dA dr dA 2 
= 2mr > = 271-20: 2 cm*“/s 
dt dt dt 
dA 5 
=>. —=807 cm*/s 
dt 


Thus, the rate of change of area of circle with respect to 
time is 802 cm?/s. 


Example 2 On the curve x° = 12y, find the interval at 


which the abscissa changes at a faster rate than the 
ordinate. 


Sol. Given, x? =12y 
Differentiating it with respect to y, we get 
9 ax dx 12 
3% =12 5 


dy dy 3x? 


In the interval, at which the abscissa changes at a faster rate 
than the ordinate, we must have 


dx 
—|>1 or -——~+>1 
dy x? 
4 4-x° 
or 7r1l=> * > 0, when x #0 
x x 
> 4-x°>0:x#0 => x? -4<0;x 40 
> (x -2)(x+2)<0;x #0 
+ ; : + 
-2 > 2 


Using number line rule, we have —2< x <2;x #0 


Thus, x € (— 2,2) — {0} is the required interval at which 
abscissa changes at a faster rate than the ordinate. 


Velocity and Acceleration in 
Rectilinear Motion 


The velocity of a moving particle is defined as the rate of 
change of its displacement with respect to time and the 
acceleration is defined as the rate of change of its velocity 
with respect to time. 


Vv v+Av 
I—s = 
O A(t) B(t+At) 
Figure 7.1 


Let a particle A move rectilinearly as shown in figure. Let s 
be the displacement from a fixed point O along the path at 
time t ; s is considered to be positive on right of the point 
O and negative on the left of it. 


Also, As is positive when s increases, i.e. when the particle 
moves towards right. 


Thus, if As be the increment in s in time At, then average 
velocity in this interval is 


Average velocity = = 
At 


and the instantaneous velocity, i.e. velocity at time t is 


At>0 At dt 
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If the velocity varies, then there is change of velocity Av 
in time At. Hence, the acceleration at time t is 


Acceleration (a) = lim pu ay 
At>0 At at 


Example 3 If the displacement of a particle is given 
by s= [ie + ant | m. Find the velocity and 


acceleration at t=4 seconds. 
Sol. We have, the displacement of particle is given by, 


1 
s=(3e" eave) m 
2 


As, we know velocity v = a = c + =) m/s (i) 
dt Jt 
2 
and acceleration a = ee av 2 1 : m/s ...(ii) 
de. dt 13/2 
Now, velocity when t = 4, is v = [4 + 7 m/s [from Eq. (i)] 
=> v=5m/s 
and acceleration when t = 4, is a= [ m/s” 
43/2 

1 [from Eq. (i)] 

=> a=(1— 2) mis? => a=—m/s 


Example 4 If s = so - 6t, then find the 
acceleration at time when the velocity tends to 
zero. 


1 
Sol. We have the displacement s is given by, s = —t° -6t 


ds 3r? . 
v= a = fe - | -s(i) 


2 
. dv d’s 
and acceleration, a = — = —~ = 


dt dt? 


To find acceleration, when velocity > 0 


Now, velocity 


(3t) ...(ii) 


2 
Now, when velocit y — 0, then 7 -6=0 [from Eq. (i)] 


> rP=4 >t=2 
Thus, acceleration when velocity tends to zero, is 
a=3t =6 [from Eq. (ii)] 


Example 5 if r is the radius, S the surface area 
and V the volume of a spherical bubble, prove that 
WV _ 2a ., dV 


Sol. (i) Since, V = oar 


dV = # igp? dr 


dt 3 dt dt ~() 


(ii) We know, S=4nr* => e 8mr - ...(ii) 
t t 

dV dvV/dt 1 

Thus, i= =—-r from Eqs. (i) and (ii 
Soe 7 ee 
dV 1 dV 

> =-r or or 
dS 2 dS 


Example 6 A man who is 1.6 m tall walks away from 

a lamp which is 4 m above ground at the rate of 

30 m/min. How fast is the man’s shadow lengthening? 
Sol. Let PQ = 4 m be the height of lamp and AB = 1.6 m be 


height of man. Let the end of shadow is R and it is at a 
distance of | from A when the man is at a distance of x 
from PQ, at some instance. 


Since, A POR and A ABR are similar, we have 


PQ PR 4 x4 
= As - 
AB AR 1.6 l 
dx dl on Oe | 
=> 2x =3l => 2—=3 given — = 30 m/min 
dt dt dt | 


- - =°30 m/min = 20 m/min (lengthening) 
Example 7 If x and y are the sides of two squares 
such that y = x- x’, find the rate of change of the 
area of the second square with respect to the first 
square. 

Sol. Given, x and y are sides of two squares, thus the area of two 


2 2 
squares are x“ andy’. 


2y ay 
oY 
We have to obtain OY) die ...(i) 
d(x”) 2x x dx 
The given curve is yHx- x? 
dy 2 
> —=1-2x ...(ii) 
dx 
2 
Thus, ay) = Ya - 2x) [from Eqs. (i) and (ii)] 
d(x”) x 
2 2 
ot d(y®) _ (x= x")(1-2x) 
d(x’) x 
2 
= dy) Lox? 3x41 
d(x’) 
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Exercise for Session 1 


10. 


11. 


12. 


13. 


14. 


15. 


The surface area of a spherical bubble is increasing at the rate of 2 cm/s. Find the rate at which the volume of 
the bubble is increasing at the instant, if its radius is 6 cm. 


A particle moves along the curve y = ; x? +1. Find the point on the curve at which y -coordinate is changing 
twice as fast as x-coordinate. 


The area of an expanding rectangle is increasing at the rate of 48 cm/s. The length of rectangle is always 
equal to square of the breadth. At which rate the length is increasing at the instant when the breadth is 4 cm? 


An edge of a variable cube is increasing at the rate of 10 cm/s. How fast the volume of the cube is increasing 
when the edge is 5 cm long? 


An air-force plane is ascending vertically at the rate of 100 km/h. If the radius of the earth isr km, how fast is 
the area of the earth, visible from the plane, increasing at 3 min after it started ascending? 


2 
Note Visible area A = cal a, where h is the height of the plane above the earth. 
rt 


Sand is pouring from the pipe at the rate of 12 cm*/s. The falling sand forms a cone on the ground in sucha 
way that the height of the cone is always one-sixth of the radius of the base. How fast is the height of the sand 
cone increasing when the height is 4 cm? 


Water is dripping out from a conical funnel, at the uniform rate of 2 cm/s, through a tiny hole at the vertex of 
the bottom. When the slant height of the water is 4 cm, find the rate of decrease of the slant height of the water, 
if the vertical angle of funnel is 120°. 


From a cylindrical drum containing oil and kept vertical, the oil leaking at the rate of 10 cm*/s. If the radius 
of the drum is 10 cm and height is 50 cm, then find the rate at which level of oil is changing when oil level is 
20 cm. 


A kite is 120 m high and 130 m of string is out. If the kite is moving away horizontally at the rate of 52 m/s, find the 
rate at which the string is being paid out. 


A ladder 13 m long leans against a wall. The foot of the ladder is pulled along the ground away from the wall, at 
the rate of 1.5 m/s. How fast is the angle 6 between the ladder and the ground changing when the foot of the 
ladder is 12 m away from the wall? 


Water is running into a conical vessel, 15 cm deep and 5 cm in radius, at the rate of 0.1 cm°/s. When the water 
is 6 cm deep, find at what rate is 

(a) the water level rising? 

(b) the water surface area increasing? 

(c) the wetted surface of the vessel increasing? 


Height of a tank in the form of an inverted cone is 10 m and radius of its circular base is 2 m. The tank contains 
water and it is leaking through a hole at its vertex at the rate of 0.02 m°/s. Find the rate at which the water level 
changes and the rate at which the radius of water surface changes when height of water level is 5 m. 


At what points of the ellipse 16x? + 9y? = 400 does the ordinate decreases at the same rate at which the 
abscissa increases? 


A satellite travels in a circular orbit of radius R. If its x-coordinate decreases at the rate of 2 units/s at the point 
(a,b), how fast is the y -coordinate changing? 


The ends of a rod AB which is 5 m long moves along two grooves OX, OY which are at right angles. If A moves 


at a constant speed of 3 m/s, what is the speed of B, when it is 4 m from O? 


Session 2 


Differential and Approximation, Geometrical 
Meaning of Ax, Ay, dx and dy 


Differential and Approximation 


We are familiar with the symbol dy/dx representing 
derivative of y w.r.t. x. 

Now, we shall give meaning to the symbols dx and dy 
such that the symbol dy/dx represents the quotient of dy 
and dx. 

Let y = f(x) be a function of x. 

Let Ax denotes small change in x and let the 
corresponding change in y be Ay. 


Then, lim py ay => ve (approx) 
Ax>0Ax dx Ax dx 
Ay _ dy 
> —_ =— +€, where € 40 as Ax 50 
Ax dx 
dy . 
=> Ay =—-Ax+e-Ax ..-(i) 
dx 


Now, Ay consists of two parts. The part € - Ax is very 


small and hence negligible. The part o - Ax is called 
bs 


principal part of Ay and is denoted by dy and is called 
differential of y. 


Thus, dy = am Ax (ii) 
dx 
=> dx = ay Ax 
dy 
=(1)Ax = Ax ..- (iii) 


From Eqs. (ii) and (iii), we get 
dy 
dy=—-d 
' dx . 
=> (Differential of y) = (Differential coefficient of 


y w.r.t. x) - (Differential of x) 


Dee e aot. (Differential coefficient of y w.r.t. x) 


Differential of x 
From Eq. (i), Ay= o - Ax (approx) 
Pa 
> Ay = dy (approx) 


Hence, approximately 
dy = Ay=(y + Ay)— y= f(x + Ax)— f(x) 


Dax = f(x + Ax) = f(x) (approx) 


f(x + Ax) ~ f(x) = f(x) Ax (approx) 


Errors 


Definition of Absolute Error 
Ax or dx is called absolute error in x. 


Definition of Relative Error 


Ax dx. . . 
— or — is called relative error in x. 


x x 


Definition of Percentage Error 
Ax 


[) - 100 or [*) -100 is called percentage error in x. 
x x 


Geometrical Meaning of 
Ax, Ay,ax and dy 


Let us take a point A(x, y) on the curve y = f (x), where 
f(x) is differentiable real function. 

Let B(x + Ax, y + Ay) be a neighbouring point on the 
curve, where Ax denotes a small change in x and Ay is the 
corresponding change in y. 

From the figure, it is clear that if Ax and Ay are 
sufficiently small quantities, then 


B(x+Ax, y+Ay) 


fl 
1 
i 
i 
1 
Il 
I 
i 
1 
Se aera 4 
1 
I 
I 
1 
I 


xX + Ax a 


xt-----A 


Figure 7.2 
Ay dy _ 
—=tanyW=—= x 
is ae f'(x) 


Hence, approximate change in the value of y, called its 
differential, is given by Ay = f’(x)-Ax 
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Example 8 Use differential to approximate ./101. 


Sol. Let f(x) =-/x, then f= re 


Now, let x = 100 and Ax = 1, so that x +Ax = 101 
Then, by definition f(x + Ax)- f(x) = f’(x)-Ax, we get 
V101 — ¥100 = f’(v100)-1 


v101 = v¥100+ 


“1 


1 
2V 100 


1 
= 10+ — = 10.05 
20 


Example 9 Use differential to approximate (66). 


Sol. Let f(x) = (xy 
. 1 
Then, f(xy= 5a 


Now, let x = 64, Ax = 2, so that x + Ax = 66 
Then, by definition f(x + Ax) — f(x) = f’(x)-Ax 
= f(66) — (64) = f’(64) - (2) 

: x2 
3(64)2/3 


= (66)"3 — (64)"3 = 


=> (66)? =44 i Agi 
48 24 
Example 10 If the radius of a circle increases from 
5 cm to 5.1 cm, find the increase in area. 
Sol. Let r be the radius of the circle. Then, r = 5 cm and 
r+dr=51cm, so that dr = 0.1 cm. 


Let A denotes the areas of the circle. 


Then, A=qtr’ «. iis =2mr 
dr 
“ At r=5, ae 
dr 
Now, dA = o -dr =10n x (0.1)= mcm? 
r 


3 : 2 
.. Increase in area = 7 cm 


Example 11 Find the approximate value of 
tan~' (0.999) using differential. 


Sol. Let f(x)= tan! x 


f'=— 


1+x 


Then, 


2 


Now, let x = 1 and Ax = —0.001. So that x + Ax = 0.999 
Then, by definition, 
f(x + Ax) - f(x) = f’(x): Ax, we get 
f(0.999) — f(1) = f’(1)-(— 0.001) 


1 
leet 


=> tan (0.999) = tan71(1) — (0.001) - 


2 


Tt 1 22 
= — — 0.0005 = — x — — 0.0005 = 0.7852 
4 4 7 


Example 12 The time T of oscillation of a simple 
pendulum of length | is given by T = 2n- fe 

§ 
Find percentage error in T corresponding to 


(i) an increase of 2% in the value of J. 
(ii) decrease of 2% in the value of I. 


Sol. (i) We have, T = 2n- ft 
§ 


=> logT = log2 + logn + * log! ~ “log g 


Differentiating w.r.t. 1, we get 


1 dT 1 dT 1dl 
=0+0+ 0=> 


T dl 2l 
dT 1/( dl 1 

x 100= x 100 |= =(2)% = 1% 
T 2\ 1 2 


[.. dl | 


aaa jaime 


Percentage error in T = 1%. 
(ii) We have, a =o ol 


=> x 100= 3{ 4 x100]= 24 2)% = —1% 
T 2\ 1 2 


[.. decrease in 1 = 2% | 
Percentage error in T = —1%. 
Example 13 In an acute AABC, if sides a andb 
are constants and the base angles A and B vary, 
show 


that Se ae 


{o =h* sin7A b? =¢° sine 


a 


Sol. = or bsin A=asin B 
sin A sin B 
> bcos AdA=acos BdB 
dA dB 
=> = 
acosB bcosA 
= dA 7 dB 
a,/1— sin? B by —sin? A 
dA dB 
=> 


b’ sin? A a’ sin” B 
a,{1 : b,}1 : 
a b 
dA _ dB 
{a —b’ sin? A \? —a’sin’ B 


Exercise for Session 2 


1. Use differential to approximate V51 . 
Use differential to approximate log (9.01). (Given, log3 = 10986 ) 


If the error committed in measuring the radius of a circle is 0.01%, find the corresponding error in calculating the 
area. 


4. The pressure p and the volume V of a gas are connected by the relation pV"* = a (constant). Find the 
: : : Wess 
percentage increase in pressure corresponding to a decrease of 5 % in volume. 


5. \fin a AABC, the side c and the angle C remain constant, while the remaining elements are changed slightly. 


Using differential, show that ee + ee =0. 
cosA cosB 


6. |faAABC, inscribed in a fixed circle, is slightly varied in such a way as to have its vertices always on the circle, 
da db dc 
show that + + =0. 
cosA cosB_ cosC 
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Slope of Tangent and Normal, Equation 
of Tangent, Equation of Normal 


Slope of Tangent and Normal 
Slope of Tangent 


Let y = f (x) be a continuous curve and let P(x,,y,) bea 
point on it. 


yA 
Tangent 
PSO) 
() 
> 
0 xX 
Normal 
Figure 7.3 


Then, (2) is the slope of tangent to the 
x 
(x1, ¥1) 


curve y = f(x) at a point P(x,,y;). 


=> oe tan 0 = Slope of tangent at P 
dx } p 

where, 0 is the angle which the tangent at P(x,, y, ) forms 

with the positive direction of X-axis as shown in the figure. 


Remarks 
(i) Horizontal tangent If tangent is parallel to X-axis, then 
6=0°=> tand=0 


oe. 
dx (4,41) 


(ii) Vertical tangent If tangent is perpendicular to X-axis or 
parallel to Y-axis, then 
86=90° = tanO=o or cot@=0 


wk’ 
YW oxy.) 


Slope of Normal 


We know that the normal to the curve at P(x,,y,)isa 
line perpendicular to tangent at P (x,, y,) and passes 
through P. 
“. Slope of the normal at 
1 
Slope of the tangent at P 


1 


i] 
dx (x1 591) 


or Slope of normal at P(x,,y,)=- (=) 
dy (x51) 


=> Slope of normal at P(x,,y,) =- 


Remarks 
(i) Horizontal normal |f normal is parallel to X-axis, then 


-(2| =0 or & =0 
dy (41,41) dy Oa. 4) 


(ii) Vertical normal |f normal is perpendicular to X-axis 


or parallel to Y-axis, then (4) 0) 
Xx, v1) 


Example 14 Find the slopes of the tangent and 
normal to the curve x° + 3xy + y° =2 at (1, 1). 
Sol. Given equation of curve is x° + 3xy + y® =2. 


Differentiating it w.r.t. x, we get 
3x? an payee? 
dx dx 
dy _ (3x° + 3y) - dy _ (x? + y) 
dx (3x +3y’) dx = (x +y’) 


(1,1) 2 
dy 


Slope of tangent at (1,1) = () =-1 
dx )q 1) 


=> 


and slope of normal at (1,1) =- eis 1 


Ca 
dx (41) 


Example 15 Find the point on the curve y = x° - 3x 
at which tangent is parallel to X-axis. 
Sol. Let the point at which tangent is parallel to X-axis be 


P(x, 1). 
Then, it must lie on curve. 


Therefore, we have y, = x? - 3x; ...(i) 


Differentiating y = x° —3x w.r.t. x, we get 


mato ok () = 3x7 -3 
(x1, V1) 


Chap 07 
Since, the tangent is parallel to X-axis. 
(2) =0 => 3x7-3=0 
dx (x1, 1) 
> x,=+1 ...(ii) 


From Eqs. (i) and (ii), we get 
When x, = 1, then y, =1-3=-2 
When x, = -1, then y, =-1+3=2 
Points at which tangent is parallel to X-axis are (1, —2) 
and (-1, 2). 
Example 16 Find the point on the curve 
y = x°-2x?- x at which the tangent line is parallel to 
the line y = 3x-2. 
Sol. Let P (x, y;) be the required point. 
Then, we have y, = xp - 2x2 - x, ...(i) 


Differentiating the curve y = x*° - 2x? — x w.r.t. x, we get 


aa ee (2) Se aa 1 
dx AX 5, 4) 
Since, tangent at (x;, y,) is parallel to the line y = 3x - 2. 
Slope of the tangent at P (x,, y;)= Slope of the line 


dy 
y=3x-2 > =3 
dx (x1, yi) 


= 3xj -4x,-1=3 = 3xj -4x,-4=0 
=> (x,-2)(x,+2)=0 => x, =2,-2/3 ...(ii) 
From Eqs. (i) and (ii), we get 
When x, = 2, then 
yy =8-8-25> y=-2 


When x, =—2/3, then y, = x? - 2x? - x, 
= 28,2 _=44 
or 93 ar, 


Thus, the point at which tangent is parallel to y = 3x - 2 are 


(2, - 2) and (-= -3) 
3. 27 


Example 17 In which of the following cases, the 
function f(x) has a vertical tangent at x = 0? 


(i) fixyax'8 (ii) f(x) =sgn x 
(iii) f(x) = x23 (iv) fix) =| 
i Five 0,if x <0 
ue eae 


Sol. Vertical Tangent 
Concept y = f(x) has a vertical tangent at the points 


x= Xo, if 
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co or — co but not both. 


him fO%0 +A) = fo) _ 


h>0 h 
Here, the functions f(x) = x’? and f(x) = sgn x both have 
a vertical tangent at x = 0, but f(x) = x7/°, f(x) = ,/|x| and 


F(x) Dare <0 ‘sty ; 
x)= ave no vertical tangent. 
Lif x>0 S 
Explanation 
(i) f(x)= x"? 
1/3 1 
7int\ — Ts = 
F(0")= Jim = 
oe (- Ay’3 _ 1 _ 1 
f'() je = (-hy!? 72/3 sia 
= f(x)has a vertical tangent at x = 0. 
y, 
X’« o >X 
y 
1ifx>0 
(ii) f(x)=sgnx=4 0, if x =0 
-1ifx<0 


: 1-0 
lim —— —- 00 
hoo fA 


f'(0')= 
7(n-\ — 1s =1 a5 
en 


= f(x) has a vertical tangent at x = 0. 


(iii) (2x) = °°” 


2/3 
f'(0") = lim 1 > 0 
h->0 
pene a (-hy? 1 
f(0-)= fim =~ 


= No vertical tangent at x =0. 


Y 


>X 


XxX'* 
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Vx, if x>0 


> are ee 


|x| = 


Y 


. 
for)= tim VA-9_,., 
h>0 h 
f(0-)= tim Why on 
hoo-—h 


= No vertical tangent at x = 0. 


0, if x <0 
Vv x)= : ¥ 
) ft) ee 
1-1 
‘(0*) = lm —=0 g 
LO =e ; x a 
eos lim 2 
hoo hh y’ 


= No vertical tangent at x = 0. 


Equation of Tangent 


Let y = f (x) be the equation of curve and point (x,, y,) be 
any point on the curve. Let PT be the tangent at point 


(xy Vi ), 
Since, tangent is a line passing through the point P(x,, y,) 
ay 

a (%1.91) 


geometry, the equation of tangent is 


and having slope m = , therefore by coordinate 


d 
y-y1=m(x-x,) Sy-yi=|2 “(x - x,). 
dx (x11) 


Figure 7.4 


Tangent from External Point 


If a point P(a, b) does not lie on the curve y = f(x), then 
the equation of all possible tangents to the curve y = f(x), 


passing through (a, b), can be found by solving for the 
point of contact Q. 


x 
Q(h, f(h)) 
P(a, b) 
y = fix) 

0 

Figure 7.5 

Then, f'(h)= f(h)-6 
h-a 


and equation of tangent is 


_f()-b 
b=. (x-a) 


Example 18 Find value of c such that line joining 


points (0, 3) and (5,— 2) becomes tangent to y = a 
X+ 


Sol. Equation of line joining A(0,3) and B(5,—2) is x + y =3. 


Solving the line and curve, we get 


3= x= 


> x* —2x +(c —3)=0 (i) 
For tangency, roots of this equation must be equal. 
Hence, discriminant of quadratic equation = 0. 

> 4=4(c-3)> c=4 


Hence, required value of c is 4. 


Equation of Normal 


We know that normal to curve at any point is a straight 
line passes through that point and is perpendicular to the 
tangent to the curve at that point. 


Since, the slope of tangent at P(x,,y,)= ae 
dx } 
%1V1) 
Normal T 


X’< 


Figure 7.6 
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Now, as normal is perpendicular to the tangent. 
—1 


(a) 
dx (x11) 


Hence, from coordinate geometry equation of normal is 
1 


“. Slope of normal at P(x,,y,)= 


¥-¥1 =- 7 (* - 51) 
dx (x1, ¥1) 
dx 
or y-n=(S) (x - x;) 
(x1, ¥1) 


Example 19 Find the equation of tangent and normal 
to the curve 2y = 3- x° at (1,1). 
Sol. The equation of given curve is, 
2y =3-x° (i) 


Differentiating Eq. (i) w.r.t. x, we get 


d 
sf y | 2x > dy ==xX 
dx dx 
d 
> (2) =-1 (ii) 
dx 4,1) 
Now, the equation of tangent at (1, 1) is, 
-1 d -1 
x-1 dx 1) x-1 
=> y-1l=-xt+1 
=> ytx=2 [required equation of tangent] 


and the equation of the normal at (1, 1) is, 
a 1 
x-1  (dy/dx)q1 


y-x=0 [required equation of normal] 


Example 20 Find the equation of tangent and normal 
to the parabola y* = 4ax at the point (at’, 2at). 


Sol. The equation of given curve is, 


y? = 4ax (i) 
Differentiating Eq. (i) w.r.t. x, we get ay =4a 
x 
=> (2 ) oe (ii) 
AX Jat? oat) 4at t 


Now, the equation of tangent at (at’, 2at) is 


y -2at -(2) _ 
x -at? dx (at”, 2at) t 


> (y -2at)t = x - at? 


[using Eq. (ii)] 


=> yt -2at? =x-at? > yt=x+at’ 


{required equation of tangent] 


and the equation of normal at (at’, 2at) is, 


y-2at _ 1 = F 7 
en at? (2) t [using Eq. (ii)] 
dx (at®, 2at) 
=> y -2at = - xt + at? 
=> y + xt = 2at + at’ [required equation of normal] 


Example 21 Find the point on the curve 
y-e + x=0 at which we have vertical tangent. 
Sol. The equation of given curve is, 
y-e*%+x=0 (i) 
Differentiating Eq. (i) w.r.t. x, we get 


O48 ree +1=0 
dx dx 


=> Deeg yok 
dx 


dy _-lt+y-e” 


dx 1- xe” 


(ii) 


Let at point (x, y,) on the curve, we have a vertical tangent 
(i.e. a tangent parallel to Y-axis). Then, 


(a) iS) 
pec ee =o or — -—0 
dx (x1, 41) dy (x1, V1) 


1-x,e7™ 

= ———=0 = 1-xe*"" =0 
-1+y,e*™ 

=> Ke? =A, 


which is possible only if x; = 1 and y, = 0. 
Thus, the required point is (1, 0). 


Remarks 
For standard curves students are advised to use direct method of 
finding equation of tangent. 
For the curve of the form 
ax? + 2hxy + by? + 29x + 2fy + c =0, replace 


x? by xx; 2x by x + xX} 
y’by wii 2ybyy + y, 
and xy py 1 a 


Then, equation of tangent is, 

Axx, + A(Xy, + YX,) + byy, +9 (x+x%) +f (y+ y;) + c=0 

e.g. 

(i) Find equation of tangent to the curve 2y =x° + 3at (4, V4). 
Sol. On replacing 2y by y + y,; and x" by Xx, we get 
(y + yy) = xx, + 3 which is the required equation of tangent. 

(ii) Find equation of tangent to the curve y? =4ayx at (at?, 2at) . 
Sol. Clearly, the equation of curve y? = 4ax is a standard 
equation of curve, therefore on replacing y? by yy, and 
2x by x + X, 
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we can get the equation of tangent. Thus, the required 
equation is given by 

Vy, = 2a(x + xX) 
(x4, ys) = (at?, 2at) 


Hence, the required equation of tangent is 


where 


y (Qat) =2a(x + at?) = yt=x + at? 


(iii) Find the equation of tangent, at point P(x,, y;), to the curve 


a2 2 
0 — a 
a b 
. x? y? ; 
Sol. Clearly, the equation of curve = z = 1is a standard 
a 


equation of curve, therefore equation of the tangent can 
be obtained by replacing x* by xx, and y? by yyy. 
; XX Wi 
Le. pe] 
a b? 


Some Important Points Regarding 
Tangent and Normal 


1. If a curve passes through the origin, then the equation 
of the tangent at the origin can be directly written by 
equating the lowest degree terms appearing in the 
equation of the curve to zero. 


Y 
(1,1) 
X’< O >X 
y’ 
Figure 7.7 
Proof Let the equation of the curve be 
ax t+ by +a,x°" + boxy + c,y? =0 ...(i) 

Tangent y-—0= lim eae (x -0) 

x, 0 x4 

ys 0 


Now, Eq. (i) becomes 


a, +b, + +a,x, +b, 22+ x, +e, 21 -y, = (ii) 
xy xy x4 
at x,;—0 and y, 0,22 3m 
x4 


From Eq. (ii), a4, + bym =0 


; a 
Hence, tangent is y=—-—'x 
1 
=> a,x +b,y =0 
e.g. 


(i) Equation of tangent at origin, to the curve 
x? +y? +2gx +2 fy =O0is gx + fy =0. 


(ii) Equation of tangent at origin to the curve 
x” +y° —3x’y +3xy" +x" -y’ =0is 
x? = y? =0. 
(iii) Equation of tangent at origin, to the curve 
ad : = 
x+y —3xy =0is xy =0. 
2. If the curve is x* + y* =x? +’, then the equation of 
the tangent would be x” + y” =0 which would indicate 
that the origin is an isolated point on the graph. 


X 


~X 


y’ 
Figure 7.8 

3. Same line could be the tangent as well as normal to a 
given curve at a given point. 


eg. Inx* +y* —3xy =0 [folium of descartes] 


X<« >X 


Figure 7.9 


The line pair xy =0 is both the tangent as well as 
normal at x =0. 
4. Some common parametric coordinates on a curve 
(i) For x*/3 + y”? =a”?, take parametric coordinate 
x =acos’ @and y =asin° 0. 
(ii) For Vx + Je = Ja, take x =acos‘* 0 
and y =asin‘0. 
x n y n 
(iii) For — + =1, take x =a(cos0)”” 
n n 
a b 


and y = b(sin®)””. 

(iv) For c?(x? + y?)=x’y’, take x =c sec 0 
and y =c cosec 0. 

(v) For y” =x°, take x =t? andy=t?. 


Example 22 Find the sum of the intercepts on the 
axes of coordinates by any tangent to the curve 


Vx+.Jy =2. 


Sol. Here, equation of curve is /x + ay =2.. 


Whose parametric coordinates are given by, 


lx =2cos*0 
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and sy =2sin’0 PN = length of normal 
1 
ie. x = 4 cos‘0 Now, tan ¢ =-——~ and PN = a 
dy sin 
and y=4sin‘0 dx 
8 
dy _ 4x4 = -cos® __ san? It is given OP = PN 
dx 4x4 cos’ @(-sin®) eo dy ; 
j > x“ty =y,/1t+ (2) 
‘ . y-4sin’0 2 dx 
Now, equation of tangent is -—_—___ = - tan"0 
x-4cos’0 Y 
A 
. 4 sin*0 | \ 
x-intercept, | 4 cos*® + “ =4 cos’ Ro 
tan“@ | KO 
; Py) 
. 4sin‘@| | . 
and y-intercept, | 4 sin*® + mn | =4 sin?@ a 
2 : Vy 
tan“ 0 | NV 1 
wo 
Hence, the sum of intercepts made on the axes of y “49 f . 
coordinates is, “Nn O 
4 cos’0 + 4sin’0 = 4 ; 
YY 
Figure 7.10 


Example 23 The tangent, represented by the graph of ; 
the function y = f(x), at the point with abscissa x =1 a h re (2) | 
form an angle of 2/6, at the point x =2 form an angle 

of 2/3 and at the point x = 3 form an angle of 1/4. ‘5 
Then, find the value of, a gay (2) a ee 


f. FOd fade [Fo dx 


or ydy=+xdx 


Sei Cwen, ceed. ae Shane ie Integrating both the sides, we get 


x y? =+x* + C, which is the required family of curves. 
or at x=1, f’(1)= tan 2/6 = 1/v3 Example 25 Find the condition that the line 
Also, at x=2, f’(2)= tan 1/3 = v3 x cos a+ y sina =p may touch the curve 
and at x=3, f’(3)=tan7m/4=1 x \™ y te 

3 , ar 3 a _ Fil a =1 ° 
Then, J, f(x) f(x) dx + \\f (x) dx (*) b 
= Pe) dt + (f’(x))3 Sol. Given equation of curve is () + (2) =1 
f'@) a b 
[putting f"(x) = t= f’’(x) dx = dt] Differentiating the equation of curve w.r.t. x, we get 
— 1 ayf') yp pryay_ er m-1 m-1 
=A OF @)- F/O) n(2) Lam(2) a dy_, 
fi a a b b dx 
== {(F'(3))" - (FM) HF) - fk dy -b™x™-? 
2 On simplifying, we get — = ———_— 
1 ey 1(, 1 = ay 
= 2 = 
2 (e (=) H+ V3}= 2 [1 ++ v3) Now, at any point P (x,, y,) on the curve, 
mm-1 
_4 J3= 4 -3V3 slope of tangent (2) = A 
3 3 dx (x1, 1) ay 
: . : ‘ ; f “ = ee 
Example 24 Find the equation for family of curves i Eauaeion or enpent abs. ayn (x x4) 
for which the length of normal is equal to the radius ae pia ange ; 
vector. => YVi ae 
b™ b™ a” a” 


Sol. Let P(x, y) be the point on the curve. 


m-1 m-1 m m 
ss eX x 
OP = radius vector = \|x? + y” Le. ( ) +2(H) -( ) +(%) =1 
a\a a 
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Since, P lies on the curve, therefore the equation of tangent 
at P(x,, y,) on the curve is, 


x (x, m-1 y(n — 
= (2) +¥(21) 1 ...(i) 
(ii) 


If Eq. (ii) is the equation of tangent, then coefficients of 


Also, we have x cosa + y sina =p 


Eqs. (i) and (ii) must be proportional for point (x,, y;). 


i cos & sin O p 
ie. a = aa 
ey 
a\a b\b 
—— = 
This gives Ki | 4 COS OF ae _ bsin @ )m-1 
a P b p 


Since, point P (x;, y,) lies on the curve. 


Therefore, we have (2) + [) =1 


a b 
gn palion 
. [seer (Peer 
1.e. + =1 
Pp Pp 
mn mom 
ie. (acosa)” '+(bsina)” '=p™"', 


which is the required condition. 
Example 26 If tangent and normal to the curve 


’ Tt 
y =2sinx+sin2x are drawn at P [x = a then area of 


the quadrilateral formed by the tangent, the normal at 
P and the coordinate axes is 


Tl 
a) — b) 31 
( Ve (b) 
(c) ms (d) None of these 
Sol. Here, oe =0 at [+= ty 8 
dx 3 2 


T ; 
= Tangent at x = — is parallel to X-axis. 
3 


3/3 


= Equation of tangent is, y = —— 
2 


: . Tl 
Also, equation of normal is, x = — 
3 


T 3V3 _ v3 
Now, area of quadrilateral = re a 7 a 


sq unit 


Hence, (c) is the correct answer. 


Example 27 The maximum value of the sum of the 
intercepts made by any tangent to the curve 
(asin 0, 2asin@) with the axes is 


(a) 2a (b) a/4 (c) a/2 


Sol. The curve is (asin”@, 2asin®@) => x = asin’ @, y = 2asin0 


(d) a 


Now, the equation of any tangent to the curve is, 


y-2asin0 1 


= ysinO = x +asin’0 
‘2 : 
x —asin°@  sinO 


= re 


—asin’9@ asin® 


= Sum of intercepts = a(sin*® + sin®) 


Gok) 


Which is maximum, when sin® = 1 
i.e. (Sum of intercept) max = 2a 


Hence, (a) is the correct answer. 


Example 28 If g(x) is a curve which is obtained by 


x = 


the reflection of f(x) = aes ae by the line y = x, 
then 2 


(a) g(x) has more than one tangent parallel to X-axis 
(b) g(x) has more than one tangent parallel to Y-axis 
(c) y =— xis a tangent to g(x) at (0, 0) 

(d) g(x) has no extremum 

Sol. As g(x) is a curve, obtained by the reflection of 


f(x) = 


so g(x) is inverse of f(x) 


g(x) = log (x + y1+x")= f(x) 
=> CC ij 
xt1ltx? 24/1+ x? 


_ 1 
afl + x? 


=> g(x) has no tangent parallel to X-axis. Also, g’(x) is 
always defined, V xe R. 


x -x 
e@e —-eé 


on y=x. 


#0,VxeER 


=> g(x) has no tangent parallel to Y-axis. 
Since g’(x) >OVxXE R, 
therefore g(x) doesn’t have any extremum. 


Hence, (d) is the correct answer. 
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Exercise for Session 3 


1. Ifthe line ax + by +c =Ois normal to the xy + 5=0, then a and b have 


(a) same sign (b) opposite sign 
(c) cannot be discussed (d) None of these 


2. The equation of tangent drawn to the curve y? =2x° —4y + 8=0 from the point (1, 2) is given by 


(a) y - 2(14 J2)=+ 2/3 (x - 2) (b) y— 2(14 V3) =+ 2/2 (x - 2) 
(c)y —2(1+ J3)=+ 2V3 (x - 2) (d) None of these 
3. The equation of the tangents to the curve (1+ x? = 1at the points of its intersection with the curve (x + 1)y =1, 
is given by 
(a)x+y=1y=1 (b)x + 2y=2,y=1 
(c)x -y=1y=1 (d) None of these 


4. The tangent lines for the curve y = I, 2|t| dt which are parallel to the bisector of the first coordinate angle, is 


given by 

3 1 1 3 
a)y=x+—,y=x-— b)y=-x+-—,y=-Xx+ 
(a)y rad F (b)y ge 7 
(c)x t+y=2x-y=1 (d) None of these 

5. The equation of normal to x + y = x’, where it intersects X-axis, is given by 

(a)x+ty=1 (b)x -y-1=0 
(c)x -y+ 1=0 (d) None of these 


6. The equation of normal at any point 6 to the curve 
xX =acos 0+ aOsin 0, y = asin 0-—a0cos Gis always at a distance of 


(a) 2a unit from origin (b) a unit from origin 
(c) ; a unit from origin (d) None of these 
7 3 3_ 23 ; MM 
. Ifthe tangent at (Xo, yo) to the curve x~ + y~ =a” meets the curve again at (X,, y;), then — + is equal to 
Xo Yo 
(a)a (b) 2a 
(c) 1 (d) None of these 
8. The area bounded by the axes of reference and the normal to y =log, x at (1,0), is 
(a) 1 sq unit (b) 2 sq units 
()3 sq unit (d) None of these 
n n 
9. If a + a 2 touches the curve am + ca 2 at the point («,8), then 
a Db a” pb" 
(a)a=a",B =b? (b)a=a,B=b 
(C) 0 = — 2a, B = 4b (d) a = 3a,B = - 26 
10. The equation of tangents to the curve y =cos(x + y), -2m < x < 27 that are parallel to the line x + 2y =O, is 
3m Tl 3n 
a)x + 2y= andx+2y=-— b) x + 2y =— andx + 2y = — 
(a) ae ven (b) ve = 


(c)x + 2y=Oandx+ 2y=n (d) None of these 


Session 4 


Angle of Intersection of Two Curves, Length of 
Tangent, Subtangent, Normal and Subnormal 


Angle of Intersection 
of Two Curves 


The angle of intersection of two curves is defined as the 
angle between the tangents to the two curves at their 
point of intersection. 


Y 


Figure 7.11 


Let C, and C, be two curves having equations 

y = f(x) and y = g(x), respectively. 

Let PT, and PT, be tangents to the curves C, and C, at 
their point of intersection. 


Let 8 be the angle between the two tangents PT, and PT, 
and @, and 0, are the angles made by tangents with the 
positive direction of X-axis in anti-clockwise sense. 


Then, m, =tan@, = 2) 
dx }o, 


m, =tan0, -(2) 
dx ) 


From the figure it follows, 8 =6, - 6, 
tan 0, - tan0, 
1+ tan@, tan0, 


dy) _/ 4 

dx CG dx G 

4( 92) (a 
dx Jo, \ dx Jc, 


Angle of intersection of these curves is defined as 
acute angle between the tangents. 


> tan 0 = tan (0, -6,) = 


> tan 0 = 


Orthogonal Curves If the angle of intersection of two 
curves is a right angle, then the two curves are said to be 
orthogonal and the curves are called orthogonal curves. 


If the curves are orthogonal, then 8 = 1/2 


= 14/2) (2) =o 
dx Jo, \dx Jo, 


=> dy dy =-] 
dx Jo, \dx Jo, 


Condition for Two Curves to Touch 


If two curves touch each other, then 
6=0 


Figure 7.12 
=> tan0 =0 


> gel 
dx 0, dx Jo, 
’ (ic), “la 
dx }o, ax }o, 
Example 29 Find the angle of intersection of the 


curves y = x? and y =4- x’. 


Sol. For the intersection points of the given curves, consider 


=> x= tV2 


d 
Now, at x = V2, rs for first curve = 2x| 
Xe 


Ja 2N2 


at x= 


While at x = 2, 


d 
- for second curve = —2x|,, eee —2,/2 
xc 
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Hence, if 0, is the acute angle of intersection of the curves, Example 31 Find the angle of intersection of curves 
then 
sees es y =[|sin x|+|cos x|] and x? + y? =5, where [-] 
tan 0, = = = i i 
175 a2 cavay| fr denotes the greatest integral function. 


B Sol. We know that, 1<|sin x|+|cos x|< V2 
-1{ 4v2 : : 
0, = tan (=| ...(i) BA y=[|sin x|+]|cos x |]=1 
Let P and Q be the points of intersection of given curves. 


Again, at x=—v2, Clearly, the given curves meet at points where y = 1, so we 


2 = 
(2) for first curve = —2/2 getx” +1=5 
dx => eS 2 
and () for second curve = 2V2 Now, we have P (2,1) and Q(-2,1) 
x 
Y 
Hence, if 8, is the acute angle of intersection of the curves, ‘1 
then 
=9,/2-23 
tan0, =|———_____ 
1+(-2/2)(2/2) 
6, =4an (2) (ii) 


From Eqs. (i) and (ii) the two acute angles are equal. ae 


Differentiating x°+y"? =5 w.r.t. x, we get 


Example 30 Find the acute angle between the 


dy 
curves 2x + 2y—— = 0 
dx 
y=|x?-1| and y =| x? -3| at their points of _ dy x 
intersection when x > 0. dx y 
d 
Sol. For the intersection of the given curves, => (2) =-2 
nc 
|x? -1)=| x? -3| = (x? -1)'=(x? -3) is 
d 
=> (x? -1)*-(x? -3)? =0 and () =2 
xX) (_ 
[Cx -1)-(x? -3)][(x? - +(x? -3)] = 0 ae 
5 oF Clearly, the slope of line y = 1 is zero and the slope of the 
= 2[2x" -4]=0 = 2x°=4 = x= tve tangents at P and Q are (- 2) and (2), respectively. 
Neglecting x =-W2,as x >0 Thus, the angle of intersection is tan~'(2). 


Now, we have, point of intersection as x = V2. 


Here, y =| x” -1|=(x? - 1) in the neighbourhood of 


eS V2 and y = -(x? — 3) in the neighbourhood of x = V2. Length of Tangent, Subtangent, 


Now, at x = /2, © fortes curve Normal and Subnormal 
dx Length of Tangent The length of the segment PT, i.e. 
as (2 Seeks the portion of the tangent intercepted between the point 
dx Jo, of contact and X-axis is called the length of tangent. 
dy dy Subtangent and its Length The projection of the 
d — fe d | =-2x=-2v2 
= dx isaac (2). 2 segment PT along X-axis is called the subtangent. 


Hence, if @ is angle between them, then Here, STis the length of subtangent. 


a2 -(-2/2) |_ lava 
1+ 3/2 (202) || | =7 
@ = tan? (2) 


7 


tan 0 = 


4/2 Length of Normal The length of segment PN, i.e. the 
= ) portion of the normal intercepted between the point on 
the curve and X-axis is called the length of normal. 


7 
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Subnormal and its Length 


The projection of the segment PN along X-axis is called 
the subnormal. Here, SN is the length of sub normal. 


ar 


P(X1 V4) 


X'« >X 
O| 77 S N 


vy’ 


Figure 7.13 


From the figure, if PT makes an angle @ with X-axis, then 


tan 0 = (2) 
dx (x1, 1) 


Y 


X« 


| 
Tangent 
¥ ¢ 
Figure 7.14 


Also, we have me =cot® => ST = PScot@ 


¥ (| 
1|— 
dy (x1, 91) 


Similarly, ~ = cot (90° - 8) 


or subtangent = ST = 


=> Subnormal =SN = PS tan @ 


=> Subnormal = SN =| y, () 
dx (%1,y1) 


Now, length of tangent 


(x11) 


Sol. The equation of given curve is y = be 


(x1, 1) 


d 2 
=> PN =\y, (2) 
dx (1,91) 


Example 32 Show that for the curve y =be”/", the 


subtangent is of constant length and the subnormal 
varies as the square of ordinate. 


x/a 


Let us consider a point (x;, y,) on the curve. 


Then, we have yy = be” ...(i) 
Differentiating the curve y = be“ w.r.t. x, we get 
dy _ be*4 2 
dx a 
() =? xia (ii) 
dx (x1, 1) a 
dx 
Thus, the length of subtangent =|y, | — 
| dy (x1, | 


a a 


be x,/a 


[using Eqs. (i) and (ii)] 


be x/a | 


Vi" bex/4 


= a (constant) 


= Subtangent is of constant length a. 


d 
nl (=) 
Se (x1, yi) 


(be*“)? ty 
a 


Again, length of subnormal = 


_i1 


a 


x,/a 
ea ‘ be 


b [using Eq. (i)] 


a 


Therefore, subnormal varies as the square of ordinate. 


Example 33 Find the length of tangent, subtangent, 
normal and subnormal to y* = 4ax at (at*, 2at) . 


Sol. The equation of given curve is 


y? = 4ax ...(i) 
Differentiating Eq. (i) w.r.t. x, we get 
dy 
2y — = 4a 
f dx 
| 2] use (ii) 
Lax Jae oat) fat t 


Now, the length of tangent at (at”, 2at) is 


2 
=y, j1+ ai =2at J1+t? [using Eq. (ii)] 
dy (x1, yi) 


length of normal at (at’, 2at) is 


=> 


2 
d 
= 1+(2) =2atJ1+1/t? =2a ve? +1 
x 
(x,, ¥,) 


length of subtangent is 
yy _ 2at 


dy Vt 
dx 


x V4) 


2 


2at 
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and length of subnormal is 
vf 2 | = tgt = oy 
dx (x9) t 


Example 34 Find the equation of tangent and 
normal, the length of subtangent and subnormal of the 
circle x? + y* =a? at the point (x;, y;). 


Sol. The equation of given curve is, 


Sol. The equation of given curve is by’ =(x + a)’ 


Differentiating both the sides w.r.t. x, we get 
by Saeed 
dx 


dy _3(x+a)’ 
dx 2 by 


Length of subnormal 


etyaa (i) 
Differentiating Eq. (i) w.r.t. x, we get 
dy 


2x + 2y — =0 
if dx 
= (2) =--71 (ii) 
dx (x1, 1) Vi 
Thus, the equation of tangent is, 
[ dy | 
y- n=] Fe | (x - xy) 
(x,, ,) 
> y-y=-"Mx- x) [from Eq. (ii)] 
il 
_ 2 
=> Wi ~ Vy =~ XX, + XY 
=> xx + y= xt 
= xx, + yy, =a? [using Eq. (i) as (xj, y,) lies on 


2 


e+yasa axitypf=a’l 


While the equation of normal is, 
yo VA = 4 (x- x) 
x 


=> XY - XY, = XY, - XY, S| xy, - xXy=0 


ii (=) 

Fe pl 

OY Nie. 

[2] 
xy 


yi 


xy 
d 
»{2) 
Xx, y,) 


The length of subtangent = 


[using Eq. (ii)] 


=> The length of subtangent = 


While the length of subnormal = 


Example 35 If the relation between subnormal SN 
and subtangent ST on the curve, by* =(x+a)° is 


p(SN)= q(ST)’, then find the value of ; 


> SN = . i 
Pie 2 b @) 


and Length of subtangent 


: (ii) 


i= [given] 


p_ (2 by”)? -2b 

q (x +a)}’-3(x +a) 
_ 8b {(x+a)*}’ _ 8b 
27 (x+a)®> 27 

p_ ab 


q 27 


[using Eqs. (i) and (ii)] 


[using, by? = (x + a)*] 


Example 36 If the length of subnormal is equal to 
length of subtangent at any point (3,4) on the 


curve y = f(x) and the tangent at (3, 4) to y = f(x) 
meets the coordinate axes at A and B, then 
maximum area of the A OAB where O is origin, is 


45 49 25 81 
(a) — (b) — (c) — (d) — 
2 2 2 2 
Sol. Length of subnormal = Length of subtangent 
=> ay =1'1 
dx 
dy . . 
If — =1, then equation of tangent is, 
dx 
y-4=x-3> y-x=1 
“. Area of AOAB= =x 1x 1=- (i) 
dy . : 
If — =-— 1, then equation of tangent is, 
dx 
y-4=-x+3 => xt+y=7 
1 49 “i 
= Bie SCARS SS .-(ii) 


. 49 
Clearly, maximum area = — 
2 


Hence, (b) is the correct answer. 
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Exercise for Session 4 


1. The angle of intersection of y = a* and y =b%, is given by 


(a) tan@ = _log (ab) (b) tan6 = _log(a/b) _ 
1- log(ab) 1+ logalogb 
(c) tand = | ae (d) None of these 
— log(a 


2. The angle between the curves x? + 4y? =32 and x? - y? =12,is 


Tl Tl ™ Tl 
a) — b)— c) — d)— 
(a) a (b) ri (c) - (d) ° 
3. Ifax? + by? =1cuts a’ x? + b’ y” =1orthogonally, then 
Goes tes eye ete 
aa b Ob’ aa b b’ 
(c) Ata ty t (d) None of these 
a ba Ob’ 
4. The length of subtangent to the curve, y = e*’?, is 
(a) 2a (b) a (c)a/2 (d)a/4 
5. The length of normal to the curve x = a(@+ sin0), y =a(1—cos 0), at 0= - is 
(a) 2a (b) a (c) 2a (d) 2V2a 
6. The length of tangent to the curve y = x? + 3x? + 4x —1ata point x =0, is 
1 V17 3 15 
a) — b)+=—— c) — d) —— 
(a) , (b) r (c) ; (d) r 


7. The possible values of p such that the equation px? = log x has exactly one solution, are 


(a) R (b) R* (c) (9, )U tx (d) {0,<) 


8. If curve y =1-ax’ and y = x? intersect orthogonally thena is 


(a) = (b) 


1 
: 3 (c) 2 (d) 3 


9. The length of tangent to the curve x =a [cost + log tan Al y =a(sint), is 


(a) ax (b) ay (c) a (d) xy 
10. The lines tangent to the curves y? —x*y + 5y —2x =Oand x* — xy” + 5x + 2y =Oat the origin intersect at an 
angle 8 equal to 


(a) ’ (b) (c) (d) 


Ala 
mla 


Session 5 


Rolle's Theorem, Lagrange’s Mean Value Theorem 


Rolle's Theorem 


The theorem was named after the French Mathematician 
Michel Rolle (1652-1719). Who first gave it in his book 
Methode pour resoudre lesegalites (1691). 
Statement 
Let f be a real-valued function defined on the closed 
interval [a, b] such that 
(i) f(x) is continuous in the closed interval [a,b] 

(ii) f(x) is differentiable in the open interval ]a,b[ and 

(iii) f(a) = f(b) 
Then, there is atleast one value c of x in open interval 


Ja, b[ for which f’(c) =0. 


Analytical Proof 
Now, Rolle’s theorem is valid for a function such that 
(i) f(x) is continuous in the closed interval [a, b] 
(ii) f(x) is differentiable in open interval Ja, b[ and 
(iii) f(a) = f(b) 
So, generally two cases arise in such circumstances. 


CaseI f(x) is constant in the interval [a, b], then 
f(x) =0 for all x € [a, b}. 


Y 
pees 
-———4 
! l 
“ 1 L 
X« i _ 5 >X 
y’ 
Figure 7.15 


Hence, Rolle’s theorem follows and we can say, f’(c) =0, 
where a<c<b 
Case II f(x) is not constant in the interval [a, b] and since 


f(a) = f(®). 


X"< 


YY’ 
Figure 7.16 


The function should either increase or decrease when x 
assumes values slightly greater than a. 


Now, let f(x) increases for x >a. 


Since, f(a) = f(b), hence the function increase at some 
value x =c and decrease upto x = b. 


Clearly, at x =c function has maximum value. 


Now, let h be a small positive quantity, then from 
definition of maximum value of the function, 


f(c+h)- f(c) <0 


and f(c-h)- f(c) <0 
fle+h)- fl 
h 
and JeaWe NS) og 
-h 
So, lim fle +h)- fF) <9 
h>0 h 
and lim Keo h)= Ie) ...(i) 
h->0 -h 
But, if lim fle +h)~ fle) # lim Fle-h)- fle) 
ho h h>0 -~h 


Then, Rolle’s theorem cannot be applied because in such 
case, 


RHD at x =c#LHD at x =c. 


Hence, f(x) is not differentiable at x =c, which 
contradicts the condition of Rolle’s theorem. 


Only one possible solution arises, when 


tin LO#N= Oty SE“ = FO 


h->0 h>0 -h 


which implies that, f’(c) =0 wherea<c<b. 


Hence, Rolle’s theorem is proved. 


Y 
A 
A B 
iS \_ Minimum 
e ! 
. O xX=a x=C x= ie 
vy’ 


Figure 7.17 
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Similarly, the case where f(x) decreases in the interval 
a<x <cand then increases in the interval c < x < b, 
f'(c) =0, but when x =c, the minimum value of f(x) 
exists in the interval [a, b]. 


Geometrical Proof 


Consider the portion AB of the curve y = f(x), lying 
between x =a and x = b, such that 


(i) it goes continuously from A to B 
(ii) it has tangent at every point between A and B 


(iii) ordinate of A= ordinate of B 
From the figure, it is clear Yt 
that f(x) increases in the Cy Co 
interval AC,, which implies 

that f’(x) >0 in this region i | |B OD 
and decreases in the interval X% 
C,B which implies f’(x) <0 

in this region. Now, since YY’ 
there is unique tangent to 
be drawn on the curve 
lying in between A and B and since each of them has 
a unique slope, i.e. unique value of f’ (x). 


Okk=ax=cx=b 


Figure 7.18 


So, due to continuity and differentiability of the function 
f(x) in the region A to B, there is a point x =c, where 
f’(c) should be zero. 

Hence, f’(c) =0, where a<c<b 


Thus, Rolle’s theorem is proved. 


Remarks 
Generally, two types of problems are formulated on Rolle’s 
theorem. 


(i) To check the applicability of Rolle’s theorem to a given 
function on agiven interval 


(ii) To verify Rolle’s theorem for a given function in a given interval. 


In both the types of problems, first we check whether f (x) 
satisfies the conditions of Rolle's theorem or not. 


Some Important Results Regarding 
Rolle's Theorem 


(i) A polynomial function is everywhere continuous and 
differentiable. 


(ii) The exponential function, sine and cosine functions 
are everywhere continuous and differentiable. 

(iii) Logarithmic functions is continuous and 
differentiable in its domain. 

(iv) tan x is not continuous and differentiable at 


SE IT/ 2, 3.1/2, BOT 2 joes iver es 


(v) |x| is not differentiable at x =0. 


(vi) If f’(x) tends to + coas x +k, then f(x) is not 
differentiable at x =k. 
eg. If f(x) =(2x-1)'”, then f’(x) = 
that as 


is such 


1 
y2x-1 
1 a 
x{3) => f(x) 
So, f(x) is not differentiable at x = 1/2. 


Example 37 Verify Rolle’s theorem for the function 
f (x)= x? - 3x? 42x in the interval [0,2] . 
Sol. Here, we observe that 


(a) f(x) is polynomial and since polynomials are always 
continuous, so f(x) is continuous in the interval [0, 2]. 


(b) f (x) =3x? -6x + 2, which exists for all x € (0, 2). So, 
f(x)is differentiable for all x € (0, 2) and 

(c) f(0)=0, f(2)=2° -3-(2)° + 22) =0 
: f(0) = fF (2) 
Thus, all the conditions of Rolle’s theorem are satisfied. 


So, there must exists some c € (0, 2) such that f’(c) =0 


1 
=> f'(c)=3e? -6¢+2=0 > c=1t— 
‘ V3 
Where, c = 1+ —€ (0, 2), thus Rolle’s theorem is 
3 


verified. 


Example 38 If ax? +bx+c=0,a,b,ceR, then find 
the condition that this equation would have at least 
one root in (0, 1). 
Sol. Let f’(x)= ax’ + bx + 
Integrating both sides, we get 


ax? bx® 
ial = ee ee 


= fO)=d and f()=S4+ > +e+d 
Now, for Rolle’s theorem to be applicable, we should have 
F(0) = FQ) 
> d=“4 a tet+d 
3. 2 
=> 2a + 3b+ 6c =0 


Here, the required condition is 2a + 3b + 6c = 0. 


Example 39 If f(x) and g(x) are continuous 


functions in [a,b] and they are differentiable in (a,b), 
then prove that there exists c € (a,b) such that 


f(a) f(b) fla) f'(c) 


=(b- 
ala) gb eta) 2'tc) 
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Sol. Consider a function, (x)= f(a) g(x) - f(x) g(a) for all 


x € [a, b]. 
As, (x) is continuous and differentiable on (a, b). 
o’(c)= Se a DRA) some c € (a, b). (i) 
Now, as C= fla) al) ~ fle) ate 
. 6’ (x)= f(a) g(x) - f(x) g(a) 
= 6’ (c) = f(a) g(c)- f (c) g(a) 
»-.\_|F@) fe) 
7 OFT a) BMC) 
a b 
Also, (6) = fla) g(¥)- f() g(ay= |" 
g(a) g(b) 
and (a) = f(a) g(a) - f(a) g(a) =0 
.. Eq. (i) reduces to; 
f(a) fe))_ 1 | f(a) f() 
g(a) gi(c)| (b-a)/ g(a) g(b) 
Pe f(a) f(b) thea) f(a) f’(c) 
g(a) g(b) g(a) g’(c) 


Example 40 Use Rolle’s theorem to find the 
condition for the polynomial equation f(x) =0 to have 
a repeated real roots. Hence, or otherwise prove that 


the equation; 
n 


x Xx 
1+—+—-+...+— =0, cannot have repeated roots. 
| n! 


Sol. By Rolle’s theorem, we can say that between any two 
roots of a polynomial there is always a root of its deriva- 
tive. Thus, if @ is a repeated root of a polynomial f(x), 
then there must be a root of f’(x) in the interval. 


= f(a)=0 
ie. f(a) = f’(a)=0, fora to be a repeated root. 
2 n 
Let (x)=1+ sl pall eee has a repeated root a. 
1! 2! n!} 
=> o(a)=0 
and o’ (a) =0 
2 n 
Qa Qa 
=> 1+ pe sae TT te =0 
1! 2! n! 
2 n-1 
a a 
and 1+Q@+ Pe cnet =0 
2! (n-1)! 


Solving above equations, we get 


===) 

n! 
or & = 0, thus 0 is the repeated root of 0 (x) =0. 
But, 0 doesn’t satisfy (x). 
.. There is no repeated root of (x) = 0. 


Example 41 Let f(x) and g(x) be sea 


functions such that f’(x)g (x) # f(x)g’ (x) for any real 
x. Show that between any two real eliten of 
f(x)=0, there is atleast one real solution of g(x)=0. 


Sol. Let a, b be the solutions of f(x) =0. 
Suppose g(x) is not equal to zero for any x belonging to [a, b]. 


h(x) = f(x)/ g(x) 


Since, g(x) is not equal to zero, therefore 


Now, consider 


h(x) is differentiable and continuous in [a, b]. 
Also, h(a) = h(b) =0 
[as f(a) =0and f(b) = 0 but g(a) and g(b) # 0] 
Applying Rolle’s theorem for h(x) in [a, b], we get 
h’(c) = 0 for some c belonging to (a, b) 
=> fle)g’(c) = f’(c)g(c), for some c € (a, b). 


This gives the contradiction. Hence proved. 


Example 42 Consider the function 


flys xsin = for x >0 


, then the number of points 
0 ot for x =0 P 


in (0, 1), where the derivative f’(x) tends to zero is 


(a) 0 (b) 1 (c) 2 (d) sche [IIT 2010] 
Sol. f(x) tends to zero at points, where sin =0 
x 
ie. " _ ink = 1, 2,3, 4,... 
x 

1 
Hence, x =—- 

k 
Also, f'(xyssin = — = cos ce if x #0 

x Xx x 


Since, the function has a derivative at any interior point of 
the interval (0, 1), also continuous in [0, 1] and f(0) = f(1), 
therefore Rolle’s theorem is applicable to any one of the 


: 1 14 1 1 
intervals] —,1|,| —,—|,...,) ——,. — |. 
2 32 k+1k 
Hence, there exists some c in each of these intervals, where 


f’(c)=0 = Infinite points. 


Hence, (d) is the correct answer. 


Lagrange’s Mean Value Theorem 


First Form 
If a function f(x), 
(i) is continuous in the closed interval [a, b] and 
(ii) is differentiable in the open interval Ja, b[ 
Then, there is at least one value c € (a, b), such that 
roe f(b) - fla) 
b-a 
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Proof Consider the function, 


0(x) = fly - LLY , 


Since, f(x) is continuous in [a, b]. 
(x) is also continuous in[a, b]. 
Since, f’ (x) exists in (a, b), therefore 6’ (x) also exists in 
(a, b) and 
, , b)- a 7 
o(x)=f')- EL ti 


Also, we have (a) = 0(b). 

Thus, (x) satisfies all the conditions of Rolle’s theorem. 
There is atleast one value of c of x between a and b, 

such that 6’ (c) =0 

On substituting x = c in Eq. (i), we get 


ie) LO=L) 


, which proves the theorem. 


Second Form 
If we write b =a +h, then c =a+0h, where 0 <0 <1. 


[. a<c<b] 
Thus, the mean value theorem can be stated as follows: 
If (i) f(x) is continuous in closed interval [a, a + h] 


(ii) f’ (x) exists in the open interval ]a, a + h[, then there 
exists at least one number 0 (0 <@ <1), such that 


f(at+h) = f(a) +hf’(a+8h) 


Geometrical Interpretation of 
Lagrange’s Theorem 


Let A, B be the points on the curve y = f(x) corresponding 


to x =aand x =}, so that A=[a, f(a)]and B=[b, f(b)] 
Now, slope of chord AB = Mee f(a) 
a 


The slope of the chord AB = f’(c), the slope of the tangent 
to the curve at x =c. 


> < 
@) 
A----AQ 
\ 
%. 
\ 
\ 
*% 
\ 


O:HHeH4 
oS 


Figure 7.19 


Hence, the Lagrange’s mean value theorem asserts that if 
a curve has a tangent at each of its points, then there is a 
point c on this curve in between A and B, the tangent at 
which is parallel to the chord AB. 


Example 43 Find c of the Lagrange’s mean value 
theorem for which f(x) =./25- x? in [1,5]. 


Sol. It is clear that f(x) has a definite and unique value for 
each x € [1,5]. 
Thus, for every point in the interval [1, 5] the value of f(x) 
is equal to the limit of f(x). 
So, f(x) is continuous in the interval [1, 5]. 

-x 
f25— x? 
open interval (1, 5) 
Hence, f(x) is differentiable in (1, 5). 

So, there must be a value ce (1,5) such that, 


which clearly exists for all x in 


Also, f (x)= 


£8) fa) _ 0-24 _ -v6 
f@= a 4 - 
But “(c)= = 
f (ec) a 
7 -V6 2 2 
= 4c” =6(25-c 
25 -c? 2 : 
> c=+tVi5 


Clearly, c = J15 € (1,5). So, for c = V15 Lagrange’s 


theorem is satisfied. 


Example 44 Let f(x) and g(x) be differentiable for 
O< x <2 such that f(0)=2, g(0)=1 and f(2)=8. Let 
there exists a real number c in [0, 2] such that 
f‘(c)=3g'(c), then the value of g(2) must be 
(a) 2 (b) 3 (c) 4 (d) 5 
Sol. As f(x) and g(x) are continuous and differentiable in 
[0, 2], therefore there exists atleast one value ‘c’ such that 
fe) _ f2)— FO) _, 8-2 
g(c) g(2)- g(0) sg (2) -1 
> g(2)-1=2 => g(2)=3 
Hence, (b) is the correct answer. 


Example 45 If f(x) 


4 
€ (4,5), then c ce is equal to 


=log. x, g(x)= x* and 
25 


(b) 2(c* loge 4-8) 
(d) clog. 4-8 


(a) clog, 5-8 
(c) 2(c? log. 5-8) 
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Sol. Let (x) = x* (log, 4) — 16log, x, which is continuous in 
[4, 5] and differentiable in (4, 5). 
Then, by Lagrange’s theorem, we get 


Seo) = ’(c), for some ceé (4, 5) 
5-4 
4% 
Now 0(5)— 0(4)= oe 
Also i1)= 2 e.4= 8) 
c 

+7.) _ 965) — 0(4) 

y (= 28-4 
= ~@Pte.4=8)= oe 5 

Cc 5 

425 , 

or cog =2(c* log4 — 8) 


Hence, (b) is the correct answer. 


Example 46 if O<ac<b<= and 


tanb — 
b)= 
Gas 


tana 
, then 


(a) f (a,b) >=2 (b) f (a,b) >1 
(c) f a,b) <1 (d) None of these 
Sol. Consider the function f(x) = tan x, defined on [a, b] such 


that a, be (o, | 


Applying Lagrange’s mean value theorem, we have 


f ‘c) = fe fe for some ce (a, b) 


2 tan b — tana 
=> sec’ ¢ = ——___ 
b-a 
> f(a, b) = sec’ c 
> f(a, b)>1 [-«sec” ¢ >1asc €(0,1/2)] 


Hence, (b) is the correct answer. 


Example 47 In [0, 1] Lagrange’s mean value theorem 


is not applicable to [IIT JEE 2003] 
x x <5 
(a) f(x) = 5 2 
(3 : x) et 
2 2 
sinx 
(b) flx) = re me 
1 x =0 
(c) f(x) = x |x| 


Sol. For the function f(x) given in option (a), we have (LHD 
at x = 1/2) =—1 and (RHD at x = 1/2) = 0. 
So, it is not differentiable at x = 1/2 € (0, 1). 
.. Lagrange’s mean value theorem is not applicable. 


Hence, (a) is the correct answer. 


Example 48 Let f(x) satisfy the requirements of 
Lagrange’s mean value theorem in [0, 2]. If f(0)= 


and | f’ (x)|<1/2 for all xe [0,2], then 
(a) f(x) <2 (b) | f(x) |< 2x 
c) | f(x)|<1 (d) f(x) =3, 


for atleast one x € [0, 2] 


Sol. Let x € (0,2). Since, f(x) satisfies the requirements of 


Lagrange’s mean value theorem in [0, 2]. So, it also satis- 
fies in [0, x]. Consequently, there exists c € (0, x) such that 


fc )= co a = f= 


= || | Aa. | f(c)| <1/2 [ef (xs 1/2] 


= | fs > 


= |f(*)|s1 


Hence, (c) is the correct answer. 


[xe (0,2), «x <2] 


Example 49 Let f :[2,7]>[0,-¢) be a continuous and 
differentiable function. Then, the value of 


2 2 

(F(7) — fo + se + f(2): f(7) 
(where c € (2,7)) 

a) af Of O (b) 5f2(0-fld 


c) 5f* 0-f’'O (d) None of these 


Sol. Let g(x)= f? (x) => g’ (x) =3f7(x): f(x) 
f :[27]— [0,0¢) .. g:[2,7]— [0, ) 
Using Lagrange’s mean value theorem on g(x), we get 
oe (7) : 82) oe (2,7) 


f= f°) 


= 3f%(c) f’(e)= 

= 5f? (c)-f’(c) 

_ (£2) = fF) F2(7) + f? (2+ F7)- F2)) 
3 


Hence, (c) is the correct answer. 


Example 50 The equation sin x + x cos x = 0 has 
atleast one root in the interval . 
T 30 


(a) [-4.0] (b) (0, 2) (c) [-2.2] (d) None of these 
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Sol. Consider the function given by, Sol. Let f(x) =e * —sinx anda and B be two roots of the 
f(x)= [(sin x + xcosx)dx = xsinx equation e* sin x —1=0 such that a <f. 
we observe that f(0) = f(m) =0 Then, e*sina =1 and eP sinB =1 
“. 0 and 7 are two roots of f(x) =0. > e “—sina =0 and e? — sinB =0 (i) 
Consequently, f'(x) =0, ie. sin x + x cos x = 0 has at least Clearly, f(x) is continuous on [c, § ] and differentiable on 
one root in (0, m). (8). Also, f(a.) = f(B) =0 [using Eq. ()] 
Hence, (b) is the correct answer. .. By Rolle’s theorem there exists c € (, 8) such that 
Example 51 Between any two real roots of the - a0 
equation e* sinx —1=0, the equation e* cos x+1=0 = a a 
has = e° cosc +1=0 
(a) at least one root (b) at most one root > x =c is root of e* cosx +1=0; wherec € (a, fp) 
(c) exactly one root (d) no root Hence, (a) is the correct answer. 


Exercise for Session 5 


1. If f(x) =x" log x and f(0) =0, then the value of ‘o’ for which Rolle’s theorem can be applied in [0, 1], is 


(a) -2 (b) — 1 
1 
c) 0 d) — 
(c) (d) 3 
1 
2. \fa,b,c are non-zero real numbers such that J, + cos® x) (ax? + bx + c) dx 


2 
= {i +cos® x) (ax? + bx +c) dx =0, then the equation ax? + bx + c =0 will have 


a) one root between 0 and 1 and another between 1 and 2 
b) both the roots between 0 and 1 

c) both the roots between 1 and 2 

d) None of the above 


( 
( 
( 
( 


3. Letn Ny, if the value ofc prescribed in Rolle’s theorem for the function f(x) =2x (x -3)" on [0, 3] is * then n is 


equal to 
(a) 1 (b) 3 
(c) 5 (d) 7 
4. If f(x)>x;V x ER. Then, the equation f(f(x)) — x =0, has [IT] 


(a) atleast one real root 
(b) more than one real root 
(c) no real root if f(x) is a polynomial and one real root if f(x) is not a polynomial 
(d) no real root 
5. If f(x) is twice differentiable function such that f(a) = 0, f(b) = 2, f(c) = — 1, f(d) =2, f(e) =0, where 
a <b <c<d <e, then the minimum number of zeroes of g(x) = (f’(x))? + f’’(x)-f(x) in the interval [a, e], iS(T] 


Session 6 


Application of Cubic Functions 


Application of Cubic Functions 


The cubic function y = ax’ + bx? + cx +d will have 
1. One real and two imaginary roots 
(always monotonic), V x € R 
Condition f’(x)=0 or f’(x) <0 together with either 
f(x) =0has no root (ie. D <0) or f’(x) =0hasa 
root x =a, then f(a) =0. 
e.g. y=x?-2x? +5x+4 
y’ =3x" —4x 45 [D <0] 
y=(x-2)? => y’=3(x-2)? =0 
=> x =2,also f(2) =0 gives x =2,y(2)=0 
In this case, if f’(x) =0 has a root x =a and f(a) =0 
this would mean f(x) =0 has repeated roots, which is 
dealt with separately. 


2. Exactly one root and non-monotonic 


x2 
Figure 7.20 


f(x1) + f(x2) >0 
where x, and x, are the roots of f’(x) =0 
3. Two coincident and One different f(x,)- f(x2)=0 


y Y 
x [ fl ss 
“< > 
ia 
i 
x x4 Xo x 
y y’ 

Figure 7.21 


where x, and x, are the roots of f’(x) =0 


4. All three distinct real roots 
Y 


<pena--- 


X2 
T 
i) 
1 
4] 
1 


Figure 7.22 
F004) -F%_) <0 
where x, and x, are the roots of f’(x) =0 
5. All the three roots are coincident 


Y 


Inflection 
point 


>X 


Figure 7.23 
f'(x)20 or f’(x)<0 
f(a) =0 


where © is a root of f’(x) =0 


e.g. y =(x -1)3 


and 


Remarks 
(i) Graph of every cubic polynomial must have exactly one point 


of inflection. 
(ii) In case (4), if f(a), f(b), f(c) and f(d) alternatively change sign. 
Example 52 If the cubic function f(x) = x° + px+q 
has 3 distinct real roots, then prove that 4p° + 27q? <0. 
Sol. f’(x)=3x? + p=3x°+0-x+p 


Now, we have x, + x, =0 and x,x,.= a , where xj, x2 
are roots of f’(x)=0 3 
According to given condition, we have 
3 3 
(xi + px + q)(x2 + px2 + q)<0 


> xp +x} + pxix, + qx? 
+ poxyxy + pxyx2 + qxz + parr +q° + pax, <0 
=> (x4x2)° + pxyxe(xp + x3) + q(xy + x2) + pq (x1 + x2) 
+ pp" xix. + q° <0 
=> (x1xX2)° + pxyxe f(xy + x2)” — 2xyx2} + q (x1 + 22)” 


— 3( 4X2) (x1 + x2 )}+ pq(x, + x2) + p’xyX2 =e q° <0 
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3 2 
a5, Elae “Pla pifEh 4g? <0 


=> 4p? +27q° <0 


Example 53 If f(x) is a polynomial of degree 5 
with real coefficients such that f(| x|)=0 has 8 real 
roots, then f(x)=0 has 
(a) 4 real roots 
b) 5 real roots 
c) 3 real roots 
d) nothing can be said 
Sol. Given that f(| x |) =0 has 8 real roots. 


( 
( 
( 


= f(x) =0has 4 positive roots. 


Since, f(x) is a polynomial of degree 5, f(x) cannot have 
even number of real roots. 


=> f(x) has all the five roots real, in which four positive 
and one root is negative. 


Hence, (b) is the correct answer. 


Example 54 If the function f(x) =x° —9x*+24x+c 
has three real and distinct roots «,6 and y, then the 
value of [a ]+[BJ+Ly] are 

(a) 5,6 


Exercise for Session 6 


Sol. Take y=x° —9x? + 24x 


d 
= Wui3x? — 18% +24 =3(x? —6x +8) 
dx 
= 3(x-2)(x-4) 
+ + 
2 4 


for three real roots of 
f(x) =x? —9x? +24x +, f(2)f(4) <0 
“. (c +20) (c +16) <0 
c € (-20, -16) 
Now, if c € (20, - 18), a (1, 2), B € (23), Y € (4,5) 


y=xt 9x74. 24x 


= = [a)+[8)+[y]=7 

If c € (-18, — 16) 

> a € (1, 2),B € (3, 4), y € (4,5) 
= [a]+[B]+[y]=8 


Hence, (c) is the correct answer. 


1. Find all the possible values of the parameter a, so that x> — 3x + a =Ohas three real and distinct roots. 


2. f(x) is a polynomial of degree 4 with real coefficients such that f(x) =0 is satisfied by x = 1,2,3 only, then 


f’(1)-f/(2)-F’() is equal to 
(a) 0 
(c) -1 


3. If the function f(x) =| x? +a | x |+ b| has exactly three points of non-differentiability, then which of the following 


can be true? 
(a)b =0,a<0 
(c)b>QaeR 


(b) 2 
(d) None of these 


(b)b<0,aER 
(d) All of these 


4. \f the equation e!!*!~2!* © —2 has four solutions, then b lies in 


(a) (log 2, — log2) 
(c) (— 2, log2) 


(b) (log2 — 2, log2) 
(d) (0, log2) 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


» Ex. 1 Number of integral value(s) of k for which the 
equation 4x” —16x +k =0 has one root lie between 1 and 2 
and other root lies between 2 and 3, is 


(a) 1 (b) 2 (c) 3 (d) 4 
Sol. (c) Here, f(1)- f(2) <0 
> (k —12) (k-16) <0 
a + 
12 16 

=> 12<k<16 ...(i) 
Also, f (2): f(3) <0 
> (k-16)(k-12)<0 = 12<k< 16 ...(ii) 
From Eqs. (i) and (ii), we get 

k = {13, 14, 15} 


‘. Number of integral values of k = 3 


> Ex. 2 Leta, b, ce R such that two of them are equal and 
2a b oc 
satisfy| b c  2a|=0, then equation 24ax” + 4bx +c =0 
c 2a b 
has 
(a) at least one root in (0, 1/2) 
(b) at least one root in (—1/2, 1/2) 


(c) at least one root in (—1,0) 
(d) at least two roots in (0, 2) 


Sol. (a) Given determinant is 
2a (be — 4a”) — b (b” — 2ac) + c (2ab—c”) =0 


> babe —8a° — b* -c*? =0 
or (2a+b+c) [(2a—b)? +(b—c) +(c —2a)*]=0 
> 2a+b+c=0 (i) 
[b#c] 
Let f(x) = 8ax* +2bx? +¢ x= f(x) =24ax? + 4bx +e 
2at+b+c 


Here, f(0) =0Oand f(1/2)=a+b/2+c/2= 


f (1/2) =0 [using Eq. (i)] 
So, f(x) satisfy Rolle’s theorem and hence f’(x) = 0 must 
have at least one root in (0, 1/2). 


Ex. 3 The set of values of a’ for which the equation 
log .(alog, x) =log, x has more than one solution is 
(a)(Le) (b)(e, =) ()(e) — (d) (Le) 
Sol. (b) Here, log.(alog, x) = log, x 
= plBe x 


=> alog, x = alog,.x =x 


If we put a = e, then log, x = x/e will have only one 
solution at x =e. 


“ x. 
[. the line y = — is tangent to the curve y = log, x at x =e] 
e 


x ; 
= log, x = — has more than one solution for a € (e, ~). 
a 


® Ex. 4 The tangent to the hyperbola y = pal passing 
through the origin is x45 


(a) x + 25y =0 (b)5x+y =0 

(c)5x -y=0 (d) x — 25y =0 
Sol. (a) Here, y = eae = (dy/dx) at (x, y,) = oe 
x+5 (x, +5) 


Now, equation of tangent, is 


4 4 
. Gee G+ st 


Since, it passes through (0, 0), therefore 
4 4x, 


x,+5  (x,+5) 


= —(x, +5)’ — 4(x, +5) = 4x, 
> (x, +5)? + 4(x,+5)+ 4x, =0 
=> x? +18x,+45=0 
> (x, +15)(x,+3)=0=5 x, =-150r -3 

So, equation of tangents are 

x+25y=0 or x+y=0 

® Ex. 5 The tangent to the curve y =e” drawn at the point 
(c,e°) intersects the line joining the points (c —1,e° |) and 
(c+1,e°*') [IIT JEE 2007] 

(a) on the left of x =c = (b) on the right of x =c 

(c) at no point (d) at all points 
Sol. (a) Slope of the line joining the points (c — 1, e*~') 


e+ c= 1 
: eo =e 
) is equal to ————_——_ > e 
2 


and (c +1, e°*? 
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_ ox saaes - : c _ oc 
= Tangent to ne curve y =e will intersect the given line yeg te e(e-e ) ey i) 
to the left of the line x = c. 2 
Aliter Eliminating y from Eqs. (i) and (ii), we get 
The equation of the tangent to the curve y = e* at (c, e°) is [x —(c -1)][2-(e -e)]=2e7 
c_soe = : mils > 
y-—e =e (x-c) (i) és pee 2 <0 
2-(e-e ) 


Equation of the line joining the given points is 
> x<c 


JEE Type Solved Examples : 
More than One Correct Option Type Questions 


© Ex. 6 The coordinate of the point(s) on the graph of the ® Ex. 8 If f(x) is continuous and derivable, V x € R and 
3 2 ‘ 
: x” 5x Ff (c) =0 for exactly 2 real values of ‘c’, then the number of 
tion, =——="_+7x-—4 where the t td ‘ 5, 
Pane: FX) 3 fs ee een nee wee real and distinct values of d’ for which f(d) =0 can be 
cuts-off intercepts from the coordinate axes which are equal (a) 1 (b) 2 (c) 3 (d) 4 
in magnitude but opposite in sign, is Sol. (a, b,c) If f’(x) =0 has n real roots, then 
(a) [2 *] (b) (s ‘) f(x) =0has atmost (n + 1) real roots. 
3 2 Now, if f’(c) = 0 for exactly 2 real values of c. 
() [3 :) (Nannies Then, following cases may arise 
6 (a) : 
Sol. (a,b) Since, intercepts are equal in magnitude but oppo- 
site in sign, therefore 
lah 
dx |p Xs Ol, 2X 
dy 2 y 
Now, —=x*° -—5x+7=1 
dx => f(x) =0 have 1 real root. 
> x? —5x+6=0 (b) . 
x =2or3 
» Ex. 7 Let f :[0,1] > R be a differentiable function with \ 
non-increasing derivative such that f(0) =0, f’(1) >0, then X56 +X 
(a) D> FC) te \ 
(b) f(c) #0 for any c € (0, 1) Y’ 
(c) f(1/2) > f(1) — f(x) =0has 2 real roots. 
(d) None of the above (c) 
Sol. (a, b) By Lagrange’s mean value theorem, y 
1)- f(0 , 
FOTO) ih ois 
— x x 
: f(x) is non-increasing. ° O : 
fle)> fA) 
=> f'(c)>0[- f’() > 0] y’ 
= - = 4 > qi 
saa FOS ALO I ele 0) > f(x) =0 has 3 real roots. 


f(1)2 f"(). 
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Ex. 9 Which of the following statements are true, where 
(x) is a polynomial? 


(a) Between any two roots of (x) = 0 there exists at least 


one root of 0’(x)+A0(x) = 
(b) Between any two roots of 0(x) = 0 there exists at least 
one root of x o’(x) +A (x) =0 
(c) Between any two roots of (x) = 0 there exists at least 
one root of (x? + 1)o’(x) + 0(x) =0 


Oo 


(d) Between any two roots of (x) = 0 there exists at least 
one root of 0’(x)+ x 0(x) =0 
Sol. (c,d) If and B are the consecutive roots of (x) = 0, then 
o’(a)-6(B) <0 
Let (x) =(x-1)(x -2) 
o’(x) = 2x -3 
e o’(x)+A0(x) =0 
— (2x —3)+A(x-1)(x-2)=0 
Must have at least one root € (a, fs). 
Similarly, (x* + 1)0’(x)+ 0(x) =0 


and o’(x)+ x(x) = 0 has at least one root € (a, B). 


JEE Type Solved Examples : 
Statements | and II Type Questions 


= Directions (Q. Nos. 11 to 13) For the following questions, 
choose the correct answers from the option (a), (b), (c) and 
(d) defined as follows 


(a) Statement I is true, Statement II is also true; 
Statement II is the correct explanation 
of Statement I 


(b) Statement I is true, Statement II is also true; 
Statement II is not the correct explanation 
of Statement I 


(c) Statement I is true, Statement II is false 
(d) Statement I is false, Statement II is true 


Ex. 11 Statement I The tangent at x =1 to the curve 


y=x° -x? — x +2 again meets the curve at x =— 2. 


Statement II When an equation of a tangent solved with 
the curve, repeated roots are obtained at the point of 
tangency. 

Sol. (d) When x = 1,then y = 1. Also, y’ = 3x? —2x -1 


, 


> 226-9 => equation of tangent is y = 1. 
Solving x? — x? -x+2=1 
or x?—x?—x+1=0, weget x=-11 
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Ex. 10 Let f(x) be twice differentiable function such 
that f(x) <0 in [0, 2]. Then, 
(a) f(0) + f(2) = 2f(c),0<¢ <2 
(b) f(0) + f(2) = 2f(1) 
(c) F(0) + f(2) > 21) 
(d) F(0) + F(2) < 2f(1) 
Sol. (a, d) By intermediate mean value theorem, we get 
FO* IO) «0 
By Lagrange’s mean value theorem, we get 
F)— FO) = fer), O<e, <1 
F(2)— FQ) = f(z), 1<e, <2 
On subtracting Eq. (ii) from Eq. (iii), we get 
F(2)+ FO) 2F (1) = fF’(e2)— F'(er) 
Again, by Lagrange’s mean value theorem, we get 
f“(c3) = f mat (c,) 
=> f(e2)— Fer) = (cn - a) Fes) <0 [f""(x) < 0 ...(v) 
From Eqs. (iv) and (v), we get 


F(2)+ fO)-2F(1) <0 => fF (0)+ F(2) < 2F(1) 


0<c<2 ...(i) 
...(ii) 
(iii) 
...(iv) 


, for some €3€ (Cc, Cz) 


.. The tangent meets the curve again at x = — 1. 


.. Statement I is false and Statement II is true. 


Ex. 12 Statement I The ratio of length of tangent to 
length of normal is inversely proportional to the ordinate of 
the point of tengency at the curve y* = 4ax. 


Statement II Length of normal and tangent to a curve 


14m 
y =f (x) is|y1+m? | and —_ 
m 
where ae 
dx 


Sol. (a) Let the slope of the tangent be denoted by tan w and 
the length of tangent = y cosec w. 


Then, length of normal = y sec y 
Length of tangent _ 


cot Wx Z 
Length of normal y 


dy) 
1) 2 
. (a) 


.. Statement I is true. 


Length of normal = 
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Statement I () =-3 
at (0, 1) 


(4) y Ji+m +m *, Equation of the tangent is y — 1 = — 3(x — 0) 
Length of tangent =| y,/1+ (=) ie y=—3x4+1 
Now, —3x4+1=x°-3x4+1>5 x=0 


.. Statement II is true and explain Statement I. .. The tangent meets the curve at one point only. 
*, Statement I is true. 
Ex. 13 Statement | Tangent drawn at the point (0, 1) 


dy 
3 . Statement II | — =0 
to the curve y = x” —3x +1 meets the curve thrice at one at (1, -1) 


point only. s Equation of the tangent is y + 1=0(x — 1) 
Statement II Tangent drawn at the point (1, —1) to the Le. y=-1 
ge 
curve y = x —3x +1 meets the curve at one point only. Now, ae ee 
= x? -3x+2=0 


dy _. 2 
Bee ae a => (x-1)(x?+x-2)=0 


=> The tangent meets the curve at two points. 


. Statement II is false. 


JEE Type Solved Examples : 
Passage Based Questions 


Passage I (Ex. Nos. 14 to 18) © Ex. 17 If D =4(a* — 3b) >0 and f(x,)- f(x.) =0, where 


Let f(x) =x? +ax? +bx +c be the given cubic polynomial 1, Xz are the roots of f(x), then 
(a) f(x) has all real and distinct roots 


(b) f(x) has three real roots but one of the roots would be 
repeated 


(c) f(x) would have just one real root 
(d) f(x) has three real roots but all are same 


and f(x) =0 be the corresponding cubic equation, where 

a,b,c € R. Now, f’ (x) =3x* +2ax+b 

Let D = 4a —12b=4 (a? —3b) be the discriminant of the 

equation f’(x) =0. 

© Ex. 14 IfD =4(a* —3b) <0, then Ex. 18 ifD =4(a? — 3b) =0, then 
(a) f(x) has all real and distinct roots 


(b) f(x) has three real roots but one of the roots would be 
repeated 


(c) f(x) would have just one real root 
(d) None of the above 


(a) f(x) has all real roots 

(b) f(x) has one real and two imaginary roots 
(c) f(x) has repeated roots 

(d) None of the above 


Ex. 15 IfD = 4(a* —3b)>0 and f(x,)- f(x.) >0, where 


X1, Xz are the roots of f(x), then = Sol. (Ex. Nos. 14 to 18) 


(a) f(x) has all real and distinct roots 


(b) f(x) has three real roots but one of the roots would 
be repeated 


(c) f(x) would have just one real root 
(d) None of the above 


Ex. 16 IfD = 4(a* —3b)>0 and f(x;,)- f(x.) <0 
where x,, X> are the roots of f(x), then 


(a) f(x) has all real and distinct roots 


(b) f(x) has three real roots but one of the roots would be 


repeated 
(c) f(x) would have just one real root 
(d) None of the above 


Casel IfD<0 = f’'(x)>0VxER 


That means f(x) would be an increasing function of x. 
Also, lim f(—x)=-— 0 and lim f(x)= 
bi diced x oo 


Y. 


y’ 


The graph of f(x) would look like as shown in this figure. 
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It is clear that the graph of f(x) would intersect the X-axis 
only once. 


That means we would have just one real root (say x9). 


Case II Clearly, x, > 0, ifc <Oand xy <0, ifc >0. 


If D > 0, f’(x) = 0 would have two real roots (say x, and x2, 


let x; < x2). 
= f'(x) = 3 (x — x4) (x — x2) 
Clearly, f(x) <0, x E(x, x2) 


F'(x)> 0, x € (— 2, x4) (x2, &) 
That means f(x) would increase in (— °%, x) and (xp, ©) 
and would decrease in (x,, x2). Hence, x = x; would be a 
point of local maxima and x = x, would be a point of local 
minima. Thus, the graph of y = f(x) could have these five 
possibilities. 
Thus, the following results are obtained from the above 
graphs 
(a) f(x1)- f(x2) > 0, f(x) = 0 would have just one real root. 


(b) f(x): f(x.) <0, f(x) = 0 would have three real and 
distinct roots. 


(c) f(x,): f (x2) =0, f(x) = 0 would have three real roots 
about one of the roots would be repeated. 
Case Ill If D=0, f’(x)=3(x— x)’, where x, is root of 
f'(x)=0 
=> f(x)=(x- x) +k 
f(x) = 0has three real roots, if k = 0 
f(x) =0 have one real root, if k 4 0. 
14. (b) Here, f(x) =Oand D <0 
=> f’(x)>0, VxER 


y’ 


15. (c) Here, f(x) = 0 with one real root x = @ and other two 


imaginary roots. 


Y I(x1) > 0, f(x2) > 0 4 


y 
From both graph, f (x,) f (x2) >0 
“. f (x) would have one real roots. 


X’« >X 


429 


16. (a) Here, f(x) =0 with three distinct root «, B, y. 


From graph, f (x,) f (x2) <0 
“. f(x) has real and distinct roots. 
17. (b) Here, f(x) =0 with three roots x =, x, (x, being 
repeated root). 
i 
fx4) >,0, fz) = 0 


xX « A +> xX 


18. (b) Here, f(x) =0 with three real roots x = x1, (x, 
being repeated root). 


I f(X1) = 0, flxo) < 0 
xX < ea 


0 x4 


Mi 
Passage II (Ex. Nos. 19 to 21) 


= If y=f(x)is a curve and if there exists two points 
A(x,, f(x,)) and B(xo, f(x_)) on it such that 
f' (x1) = a fa) Fe ) then the tangent at x, is 
f(x) 
normal at Xo for that curve. Now, answer the following 
questions. 


XQ — Xy 


Ex. 19 Number of such lines on the curve y = sin x is 


(a) 1 (b) 0 (c) 2 (d) infinite 

Sol. (b) Let f(x)=y=sin x 

Then, pies cos x 
dx 

1 sin x» — sin x; 
cos xX, = = 
COS Xy Xq — Xy 

ie. COS Xx, COS X» =—1 


sin x, =sin x, =0 
.. There is no solution. 
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Ex. 20 Number of such lines on the curve y =|In x| is Gives ree 
(a)1—(b)2 ()0 (d) infinite : 
Sol. (c) f(x) =y =|In x| a(- <)=0 
fila) 2-1 = fle)= fl) ° 
: f'(%2) X_- Xy .. There are two distinct solutions of 
Inx, _ — xX2{Inx,|_ |Inx,|—|Inx,| 6) 729x; — 432x, —128=0. 
x, |Inx,| Inx, X_g—- xy 


Sian 2n Passage III (Ex. Nos. 22 and 23) 


Let 0 < x, <1, then1< x, and x,;-x) =1 = Let f(x) =f (t-11-It +214 ¢-2) dt, such that fa) #1. If 


From Eq. (i), we get vectors ai—b?j and i+3bj are parallel for at least one a, 


1 Inx,+Inx, Inx, x, then 
a = = 0, 

x X_— Xy X_— Xy 7 
whichtenot posible Ex. 22 Number of integral values of ‘b’ can be 
.. There is no solution. (a) 5 (b) 10 

(c) 11 (d) 13 


Ex. 21 Number of such lines on the curve y* = x°, is 
Ex. 23 Maximum value of (1— 8b — b”) is 


(a) 1 (b) 2 
(c) 3 (d) 0 (a) 4 (b) 8 
Sol. (b) We know that, y’ = x° (c) 12 (d) 16 
peal Gecat Sol. (Ex. Nos. 22 and 23) Here, f(x) = fe —1|-|t +2|+t —2) dt 
ay = 3x? => f(x) =|x-Y-|x+2|4+ x-2 
dx x+1, x<-2 
“(x)=4-x- = 25X51 
3x2 yp ae or f(x) x —-3, 2 
2y, 3x2 => — xX, X2 =— Vie x5, x41 
VVo <0 Clearly, f(a) #1 only when ae [-2, 1] ...(i) 
Let ae AP sn Ja Since, vectors are parallel. 
. BP as as (ii) 
3 oe So So — wee 
hus, 38 2-88 _ = Vee! Va! 1 3b 
Ba se 3X2 par a Let g(a) = b? +3ab must have atleast one root in [—2, 1]. 


_ ae + [x3 ae g(—2)-g(1) <0 


2 34) Xo xX, — Xy > (b” —6b)(b” +3b) <0 
> b? (b—6)(b+3) <0 
= jan-4 — 


and 3x, [x — 3x, x = 2x2 +2 x? =a 


be [-3, 6] U {o} 


. : 
> Ay : Te =2- es =+ 2 x? => Number of integral values of ‘b’ can be 11. 
81x 
ie a: Now, let h(b) =1—-8b— 8? 
16 128 TES as = 
=> ax = —_ Xj = Fa; hi(h)=-8-2b=0 
27°° 729 ” Reca 
16 128 . i i = 
= on eee “. h(b) is decreasing, when b > —4 
27 729 => (h(b) max ) at b = —3 
=> 739x) - 432x,-12=0 . (h(—3)), a = 16 
22. (c 
Consider, h(t) = 729x* — 432t — 128 (9 
23. (d) 


h’(t)=3 x 729t? — 432 =0 


JEE Type Solved Examples : 
Matching Type Questions 


© Ex. 24 Match the statements of Column | with values of 
Column II. 


Column | Column II 


(A) _ The sides of a triangle vary slightly insuch _(p) 1 
a way that its circumradius remains 
constant, if 
da ig db de 


cos A 


+1=|m|, then the 


cos B- cosC 


value of m is 


(B) If the length of subtangent to the curve (q) -l 
ry = 16at the point (—2, 2) is | k |, then the 
value of k is 


(C) Ifthe curve y= 2e* intersects the Y-axis at (r) 2 
an angle cot! |(8n—4)/3], then the value of 


nis 


(D) If the area of a triangle formed by normal at (s) 2 
the point (1, 0) on the curve x = e&"” with 
axes is |2t + 1 |/6 sq units, then the value 
of t is 


Sol. (A) — (p, q); (B) > (rs); (C) > (@ 4); (D) > @®, 8) 


(A) We know that in any AABC, 
a _b_e = oR 
sinA sinB sinC 
> a=2Rsin A,b=2 Rsin B,c=2 Rsin C 


=> as = One eae - rn ad = 2RcosC 
dA dB dC 


da db dc 
=> + + 


cosA cosB  cosC 


Also, A+B+C=T7 
dA+dB+dC =0 


da db dc 


Hence, + + =0 
cosA cosB  cosC 


da db dc 
or + + 1-1 


cosA cosB  cosC 


= 2R(dA +dB+dC) 


=> |m|=1>m=+H1 
(B) We have, x”y? = 16 


dy 
=> 2x? 
the 


+2xy* =0 => 


x 
-y— 
J 


Length of subtangent = 


ae _ 
y dy 
=> Length of subtangent = 2 
k=+2 


(C) We have y = 2e**, which intersect Y-axis at (0, 2) 


“= 4e2* 
dx 


ax Jy 9) 


.. Angle of intersection with Y-axis 


Tl = = 
Ge 14=cot 14 


8n—-4 
Hence ke =4,n=2 or-1 
3 
(D) We have, x = e" 7 
d: 3 
=> we cosye” 
dy 


Slope of normal at (1, 0) =—- 1 


Equation of normal is x + y=1 


Area of triangle = — 


=> b=15=—2 


© Ex. 25 Match the statements of Column | with values of 
Column Il. 


Column I Column II 
(A) Rolle’s theorem in [-1, 1] 1 2 1 
does not hold, if (5 = | »X >> 
2 2 
(p) f@)= ; : 
(; = | wx 
2 2 
(B) LMVT in[0, 1]does not (qq) f@=\|x| 
hold, if 
(C) Rolle’s theorem in[0, 1] L022 1 
does not hold, if 2 
@ LO , 
2,—<x<l 
2 


(s)_f &) = log |x| 


(t) f(@)=x?+x41 
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Sol. (A) > (p,q.r,s,t); (B) > (p, r, s); (C) > (p,r,s,t) Yi 
a ee TE 
2 =x > XS 2 ; H 
~) —f(x)= | : 
(; - x} xs Z i+—o 
2 2 
(3 x] x> : | | 
=a -=% les 5 ge 
fixe, A O} 1/2 1 : 
-1 x af 
2 Ma 
apes ee " i 
bi 9 # f 9 = f(x) is discontinuous at x = 5 
1 YR 
= f(x) is not differentiable at x = . 
(q) f(x) =|x|is not differential at x =0. 
X’« > 
\ OVA .9 : 
f(x) = |x| 
x x P 
vY 
f(x) = log|x| is discontinuous at x =0. 
y’ (t) f(x)= x? +x4+1 
1, OSx<+ =  f(-1)=1 
(r) f(x)= { and = f(1)=3 
2, SSx<1 =  f(-1)4 f) 
JEE Type Solved Examples : 
Single Integer Answer Type Questions 
Ex. 26 Suppose that f(0) =—3 and f’ (x) <5 for all 
ie hae Then, the largest value which f(2) can assume is . pies : aie pbatiae! 
Sol. (7) Using LMVT in [0, 2] , " : 
= > T° + Tt — 2t“ =0 
TMS SAO. pies [where c € (0, 2)] 
2-0 > (T —t)(T + 2t)=0 
- F(2)+3 ., > T=t or T=-2t [T = t is not possible] 
2 3 
B(T, T’) 
a f(2)<7 
, (t 8) A 
» Ex. 27 Let C be the curve y = x” (where x assumes all 
real values). The tangent at A meets the curve again at B. If 
the gradient at B is k times the gradient at A, thenk is equal 
10s cosvivsines ; i? P 
Now, mM, = =t°; mp =T 


Sol. (4) a = 3x7 = 3t? at ‘A’ 
x 


mB Te 4t? 
= ae ae 

ma 1s 

k=4 


Ex. 28 Consider the two graphs y = 2x and 


x? —xy +2y? = 28. The absolute value of the tangent of the 


angle between the two curves at the points where they meet, 


IS. sesvevees * 


Sol. (2) y = 2x, x? — xy + 2y = 28 


Solving the point of intersection are (2, 4) and (— 2, — 4). 


d 
For 1st curve, Yug= m, 
dx 
d -—2 
For 2nd curve, ae aaa m, =0 
dx 4y-x 
tan 0 =2 


Ex. 29 At the point P(a,a" ) on the graph of 


y =x" (n€N) in the first quadrant a normal is drawn. The 


normal intersects the Y-axis at the point (0, b). If lim b= an 
a->0 2 


then n equals......... : 


[using T = — 2t] 
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Sol. (3) Let f(x) = tan'x,0<a <B < V3. 


tan 'B - tan ‘oO 1 

Then, by using LMVT, an” B-tan = _ 
B-o 1l+c 

where 0<a<c<f <3 

1 1 1 
So, < <- 

4 1+c? 1 

1. tan 'B—tan a 
> yan: Pa <1 

4 B-a 
or 1< B-o <4 


tan 'B—tan ‘ao 
(i) .. Maximum possible integral value is 3. 

Ex. 31 Let P be a point on the curve c,:y =V2—x° and 
Q be a point on the curve c,: xy = 9, both P and Q be in the 
first quadrant. If d denotes the minimum distance between 
P andQ, thend? is, 


ii) 


Sol. (8) Here, c, is a semi-circle and c, is a rectangular 
hyperbola. PQ will be minimum if the normal at P on 
semi-circle is also a normal at Q on xy = 9. 


Let the normal at P be y = mx(m> 0). 


Solving with xy =9 


d - 2 
Sol. (2)y=x" > Veanx"-!=na"~' at pla, a") Y 
dx Co 
1 y=mx 
Slope of normal = — i 
na"~ Q 
xy=9 
Cy 
i P 
“2 0] v2 - 
y 
mx? =9 = x=3/Vvm 
é >X = y=9Vm/3 
0(3/V'm, 3m) 
: : e il 
Equation of normal is y — a" = zie - a) Differentiating xy=9 = x dy/dx+y=0 
na 
' => dy/dx =—y/x 
Put x = 0 to get y-intercept , then y = a” + —— 
n= 3 
fas |dy/dx|o= _3¥mvm =-m 
n 1 3 
Hence, b=a"t+ 
na? Now, tangent at P and Q must be parallel. 
)0, if n<2 == =the Ss oe AIS 
1 1 F 
Now, lim b= 2 if n=2 => lim b=-,ifn=2 . Normal at P and Q is y = x 
a0 a0 
oo, if n>2 Now, we get P(1, 1) and Q(3, 3). 


Ex. 30 The maximum possible integral value of 
B= 


tan”'B-tan7'o 


, where0 <a <B <3 is 


(PO) =d? =44+4=8 


Subjective Type Questions 


Ex. 32 If the line x cosa + y sina =P is the normal to 
the curve(x +a)y =c’, then show that 
ae [2m tn on] U [2m + om an + 2x} 
2 2 


2 2 


Sol. Here, y= : OTe 
x+a dx (x + a)? 
2 
Slope of normal is ies oY 6 for all x. 


c 
“" x cosa +y sina = P is normal 


cosa 
- >0 => cota <0 


sing 


i.e. & lies in II or IV quadrant. 


T 3m 
So, & € | 2nmt + —, (2n +1) | U| 2nn + —, (2n + 2)m 
2 2 


Ex. 33 Find the total number of parallel tangents of 
f(x) =x? — x 4+1and f(x) =x? — x? - 2x +1. 
Sol. Here, fi(x)= x? -x+1 
and fo(x) = x3 -x? -2x 41 
> fi (x,) =2x,-1 
f(x) = 3x" -2x.-2 


Let the tangents drawn to the curves y = f,(x) and 


y = f2(x) at (x, fi(x,)) and (x2, f2(x2)) respectively are 
parallel. 


and 


2x,-1=3x,° -2x,-2 or 2x, =3x_ -2x,-1 
Which is possible for infinite numbers of ordered pairs. 


.. It will have infinite number of parallel tangents. 


Ex. 34 Find the point on the curve 3x* — 4y? =72, 
which is nearest to the line3x + 2y +1=0. 


Sol. Slope of the given line 3x + 2y + 1=0 is (-3/2). 


Let us locate the point (x,, y,) on the curve at which the 
tangent is parallel to the given line. 


Differentiating the curve both sides with respect to x, we get 


dy 
6x — 8y— =0 
“a 


- (2) _ 3x, _ -3 
dx (x1, y1) 4y1 2 


Also, the point (x,, y,) lies on 3x* — 4y* = 72 


[‘ parallel to 3x + 2y = 1] 


3x? — 4y? =72 


Required points are (—6, 3) and (6, —3). 
Distance of (—6, 3) from the given line 
_[-18+6+1|_ 11 
V13 v13 
and distance of (6, — 3) from the given line 
_|1=6#1): Tae 


vi3 13 


Thus, (-6, 3) is the required point. 


Ex. 35 Tangent at a point P, (other than(0,0)) on the 
curve y = x? meets the curve again at P,. The tangent at P, 


meets the curve at P; and so on, show that the abscissa of 
P,, Py, Ps,...,P,, form a GP. Also, find the ratio of 
ar (A P,P>P) 


ar (A P;P;P,) 
Sol. Let P(x, y,) be a point on the curve. 
y=x° ...(i) 
Then, we have yaar ...(ii) 


dy _, 2 


Now, BG 


dx 
‘. Slope of the tangent at P = m, = 3x; 
*. Equation of the tangent at P(x,, y,) is 
y-x? =3x7 (x-x,) or y=3x7x-2x; ...(iii) 
Solving Eggs. (i) and (iii), we get 
x? -3x7x + 2x? =0 
ie. (x -— x1)-(x* + xx, -2x7)=0 
ie. (x - x,)(x - x;)(x + 2x,) =0 
x=x, (neglecting) or x =-2x, 
Xq =-2X, V2 = x} = -8x; 
P, (x2, Y2) = (-2x1, - 8x?) 


Now, we find P;, the point where the tangent, at P, meets the 
curve. 


Slope of the tangent at P, = (2) 
(x2, y2) 


= 3x3 =3-4x7 = 12x? 
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Equation of tangent at P, is, _~x +.13—3x2 
as As,  P(x)=P|— ~ 
y- x2 =3x9(x- x2) ...(iv) 2 
To get, P; = (x3, y3), solve Eqs. (i) and (iv), we get 
| 2 | 2 
Ps =(x3, y3) = (-2xy, -8x3)=(4x}, 64x7) and so on. => | a a | | adi Eat Jeane 
2 2 
. Abscissa of P, P,, P;,....are given by x1, -2x,, 4x1, -8X),...5 
which forms an GP with common ratio = -2. ~x+./3-3x? 
(x)= RB] = 
{ x yy i 2 
Now, a (ARP,P3)=—= |x, y2 1 5 
2 i a P(x) = P(0) + (8x - 4x”) P(x) [using Eq. (ii)] 
x 
a a8 = P(x) = P(0)+ (3x - 4x*)(B(0)) + (3x - 4x°)P,(x)) 
3 
les. “ 1 = P(0) + (3x - 4x3) P(0) + (3x - 4x7)? P(x) 
= ar (APP,P;) = ; -2x, -8x; 1 Thus, in general, 
4x, 64x32 1 P(x) = ay + a(3x - 4x°) + a, (3x -4x°)? 
. +4 +... +(3x - 423) -k (x) 
xt Where k (x) is a polynomial with rational coefficient. 
> ar (AP,P,P;)=—|-2 -8 1 
lie eke 4 Ex. 37 Let f(x) =(x-a)(x-b)(x-c),a<b<c. Show 
that f (x) =0 has two roots one belonging to (a,b) and other 
1 %2 Yo 1 belonging to(b,c). 
sully at (A igh) = 2 Xs Ys 1 Sol. Here, f(x) being a polynomial, is continuous and 
X4 Ye 1 differentiable for all real values of x. 
20 -8x? 1 We also have, f(a) = f(b) = f(c) 
as ar (A P,P,P,) = 1 4x, 64x32 1 If we apply Rolle’s theorem to f(x) in [a, b] and [b, c] we 
2 observe that f (x) =0 would have atleast one root in (a, b) 


-8x, -512x? 1 


and atleast one root in (0, c). 


1 11 But f (x) = 0is a polynomial of degree two, hence 
=> ar(A P,P;P,;)=8x; +2 -8 1 f (x) = 0 cannot have more than two roots. 
4 64 1 It implies that exactly one root of f’(x) = 0 would lie in 


ar(A BP)Ps) _ 1 (a, b) and exactly one root of f’(x) =0 would lie in (8, c). 


ar (A P,P;P;) 16 Ex. 38 If at each point of the curve y = x° — ax? +x +1, 
the tangents is inclined at an acute angle with the positive 
Ex. 36 Determine all polynomial P (x) with rational direction of the X-axis, then find the interval of a. 
coefficient so that for all x with| x| <1; Sol. As, y = x*° - ax” + x +1 and the tangent is inclined at an 
bj =P ~x+4/3-3x? acute angle with the positive direction of X-axis. 
x) = P| ——__*—____ }. 
Zoo => 3x’ -2ax+1>0,forallxe R 
x 
~x + 4/3-3x? > 
Sol. Here, P(x)=P . * | for |x| <1 ...(i) [pehnow ak bees Dia alles 
2 =>a>0and D<0] 
Let x =0 = P(0) = P(V3/2) => (2a) - 4(3)(1) <0 = 4 (a? -3)<0 
Which shows, P(x) - P(0) is divisible by x [+ - cat = (a-V3)(at+V3)<0 +. -V3<as V3 


Ex. 39 Show that there is no cubic curve for which the 


ate P(x) - P(0) has rational coefficients and a is one of tangent lines at two distinct points coincide. 
the roots. 

3 Sol. Suppose y = ax? + bx? + cx + d=0(a#0) be a cubic curve. 
‘ _— is also a root of P(x)— P(0). We assume that (x,, y,) and (x2, y2), (x, < x2) are two 


3 3 5 3 apt any distinct points on the curve at which tangents coincide. 
Thus, x [+ 3 |: + ; ) =x Z oe 4 AS Then, by mean value theorem, there exists 
factor of P(x) - P(0). x3 (xX; < x3 < x2) such that 
P(x) = P(0) + (3x-4x°) B(x) for|x|<1 _...(ii) 27 V1 = y!(x5) 


X2— XxX) 
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Since, tangent x,, x2, x3 are solutions of equation 


3ax"? + 2bx +c=M 


But, it is a quadratic and thus cannot have more than two 
roots. Therefore, no such cubic is possible. 


Ex. 40 The tangent at a point P to the rectangular 
hyperbola xy =c* meets the lines x-— y =0,x +y =O atQ 
and R, A, is the area of the A OQR, where O is the origin. The 
normal at P meets the X-axis at M and Y-axis at N. If A, is 
the area of the AOMN, show that A, varies inversely as the 
square of A,. 

Sol. Tangent at P(x,, y,) is xy, + yx, = 2c? 
The point of intersection of this line with x — y = 0is given by, 
x (x, + y,) = 2c”, ie. x = 207/( x, + y;) 


; 2c? 2c? 
Q is : 
yty ty 


The point of intersection of the tangent with x + y = 0is 
given by, 


x (y1 - %1) = 2c”, x= 


2 2 
Riel 
M7 X%1 X17 V1 


1 1 
Now, A\= 9 {a,b, - aah} = 9 {-@a2 — a2a,} = — aay 
4c* 
Ai= 2 2 
xX; —~ Vi 


The normal at (x, y,)is y- y, = HA - x,) 
Vi 


Intersection with y = 0 is given by, x — x, = awk 


x? nae erage 
=> xeo 4 v1 . Mis} 2 y2 ,0 
x} 


intersection with x =Ois givenby y-y, =-— 


2 2 2 
> yo TA “. Nis gs 
Vi VM 


eae (xt -yt) (vi - x?) 
2 x V1 
V(xi-yi) 1G -yi) 
2 xy 2 ce? 
6c" 1) (xt = yt)” 
‘g 


Now, 


= —8c° = constant 


2 
c 


or A, varies inversely as the square of A). 


Ex. 41 If the function of f :[0, 4] — R is differentiable, 
then show that 


(i) (f(4))* — (F(0))? =8 f (a) f(b) for some a, b € (0,4). 
(ii) f-f(t) dt = 2 {af(a7) + B f(B)} for some0 <a,B <2. 
[IIT JEE 2003] 


Sol. (i) Here, f is differentiable = f is also continuous. 


Now, by Lagrange’s mean value theorem, there exist 
a€é (0, 4) such that 
fs F(4)- FO) _ f(4)- FO) 


- ; (i) 


Also, by intermediate mean value theorem, there exists 
be (0, 4) such that 


f(b) = SA) + FO) ; F(0) (ii) 
From Eqs. (i) and (ii), we get 


= (f(4))’ -(f(0)’ =8f (a) f(b) for some, a, b € (0, 4) 
(ii) Putting t = z”, we have 
[fat =f 2z f(z") dz 
Consider the function ¢ (t) given by, 
o(t)= f 22 f(z") dz: t € [0,2] 


Clearly, 6(t) being an integral function of a continuous 
function, is continuous and differentiable on [0, 2]. 


*. By Lagrange’s mean value theorem, there exists 


c € (0,2) such that ee) = o’(c) 
7 [2 f(z) dz - [2 flz?) dz ae 
2-0 
[using o’(t) = 2t f(t’)] 
24, [2 f(z?) dz = 4ef(c?) (i) 


Also, by intermediate mean value theorem for c € (0, 2), 
there exist a, B € (0, 2) such that 


O(a) + 6B) 
2 


— 2orf (a) + 2B f(B°) =2 {2c flc?)} 
From Eqs. (i) and (ii), we get 
[2 fe") dz = 20 f(a*) +28 FB"), 
for some0<a,B <2 


= [rq at =2(a f(a*)+B f(B")), 


for some0<a,B <2 


= o’(c), where0<a<c<B <2 


...(ii) 


dy/dx as Rate Measurer and Tangents, Normals Exercise 1: 
Single Option Correct Type Questions 


. Consider the cubic equation f(x) = x* —nx+1=0 where 
n2=3,ne€N, then f(x) =0has 

(a) at least one root in(0,1) — (b) at least one root in (1, 2) 

(c) at least one root in(—1, 0) (d) data insufficient 


. If the normal to y = f(x) at (0,0) is given by y— x =0, 


2 
x 


then lim is 
x0 f(x*)—20f(9x7)+2f(99x") 
(a) 1/19 (b) -—1/19 (c) 1/2 (d) does not exist 


. Tangent to a curve intersects the Y-axis at a point. A line 
perpendicular to this tangent through P passes through 
another point (1, 0). The differential equation of the 
curve is 


2 2 2 
wy 2--(2) =1 wy xSt4(2) =1 
x dx dx 


(d) None of these 


. The number of points in the rectangle 
{(x, y):|x|<9,|y|<3} which lie on the curve 
y* =x+sin x and at which the tangent to the curve is 


parallel to X-axis, is 


(a) 3 (b) 2 (c) 4 (d) None of these 
. If a,b,c, d € Rsuch that are =— = then the equation 
b+3d 3 


ax* +bx? +cx+d=Ohas 

(a) at least one root in (—1, 0) (b) at least one root in (0, 1) 
(c) no root in (1, 1) (d) no root in (0, 2) 

. If 3(a+ 2c) = 4 (b + 3d) #0, then the equation 

ax* + bx® +x +d=O0will have 


(a) no real solution 

(b) at least one real root in (— 1, 0) 
(c) at least one real root in (0, 1) 
(d) None of the above 


. Let f(x) be a differentiable function in the interval (0, 2), 
then the value of ( f(x) dx 

(a) f(c) where c € (0, 2) 
(c) f’(c), where c € (0, 2) 
. Let f(x) be a fourth differentiable function such that 
f (2x? —1)=2xf(x),V x€ R, then f (0) is equal to 
(where f v0) represents fourth derivative of f(x) at 
x =0) 


(a) 0 
(c)-1 


(b) 2 f(c), where c € (0, 2) 
(d) None of these 


(b) 1 
(d) data insufficient 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


. The curve x + y— In(x + y) =2x +5 has a vertical 


tangent at the point (c, 8). Then, @ + 8 is equal to 
(a)-1 (b) 1 (c) 2 (d)-2 

Let y= f(x), f : R— Rbe an odd differentiable function 
such that f”’(x) > 0 and 

g(a,B)=sin® a + cos* B+2—4sin? a cos’ B. 

If f’’(g(a,B)) =0, then sin? a + sin’ B is equal to 

(a) 0 (b) 1 (c) 2 (d) 3 

A polynomial of 6th degree f(x) satisfies 

f(x)= f2-x),V xe R if f(x) =O0has 4 distinct and 

2 equal roots, then sum of the roots of f(x) =0is 

(a) 4 (b) 5 (c) 6 (d) 7 

Let a curve y= f(x), f(x) 20,V xe Rhas property that 


for every point P on the curve length of subnormal is 
equal to abscissa of P. If f(1) =3, then f(4) is equal to 
(a)-2V6 ~— (b) 2V6 (c) 3v5 (d) None of these 


If a variable tangent to the curve x”y =c°* makes 


intercepts, a,b on X and Y-axes respectively, then the 
value of a*bis 


4 
27° b)— ¢? 
(a) 27¢ or 
ae 4% 
af d)— 
or ms 
1 1 1 
Let f(x)=| 3-x 5-3x? 3x? —1).Then, the 


2x? -1 3x°-1 7x*°-1 
equation f(x) =0 has 
(a) no real root 
(b) atmost one real root 
(c) at least two real roots 
(d) exactly one real root in (0, 1) and no other real root 


The graphs y = 2x* — 4x +2andy=x°* +2x-1 
intersect at exactly 3 distinct points. The slope of the 
line passing through two of these points is 

(b) equal to 6 

(d) not unique 


(a) equal to 4 
(c) equal to 8 


In which of the following functions Rolle’s theorem is 
applicable? 


@ fooy=|¢ ead si 
sinX __<x<0 

One ae on[- 1, 0] 
0° x=0 
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17. 


18. 


19. 


20. 


21. 


22. 
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2 — — 
(c) f(x) = = 


on [- 2,3] 


3 2 
eS 2x 5X46 ip yey 


x=1 


(d) f(x) = on [— 2, 3] 


263 if x=1 


The figure shows a right triangle with its hypotenuse OB 
along the Y-axis and its vertex A on the parabola y = x?. 


Y 
B 
h 
A (t, t?) 
XxX’ <« o >X 


Let h represents the length of the hypotenuse which depends 
on the x-coordinate of the point A. The value of lim (h) is 
equal to ae 
(a) 0 


(b) 1/2 (c) 1 


Number of positive integral value(s) of ‘a for which the 


(d) 2 


curve y = a* intersects the line y = x is 


(a) 0 (b) 1 (c) 2 (d) more than 2 
1 2/3 tan [x] » 40 
po)=4-(Z-2) val] 
1, x=0 


h(x) = {x}, k(x) =5'°8 © *9) where [x] and {x} denote 
the greatest integer and fraction part function, then in 
[0, 1], Lagrange’s mean value theorem is not applicable to 


(a) figh  (b)hk fg (d) g.h,k 

If the function f(x) = x4 + bx? +8x + 1has a horizontal 
tangent and a point of inflection for the same value of x, 
then the value of bis equal to 
(a) -1 (b) 1 (c) 6 


Coffee is coming out from a conical filter, with height 
and diameter both are 15 cm into a cylindrical coffee pot 
with a diameter 15 cm. The rate at which coffee comes 
out from the filter into the pot is 100 cu cm/min. 


(d) -6 


The rate (in cm/min) at which the level in the pot is 
rising at the instance when the coffee in the pot is 
10 cm, is 

9 25 D 16 
@) 167 ©) 91 ©) 31 ) 91 
A horse runs along a circle with a speed of 20 km/h. 
A lantern is at the centre of the circle. A fence is there 
along the tangent to the circle at the point at which the 
horse starts. The speed with which the shadow of the 
horse moves along the fence at the moment when it 
covers 1/8 of the circle (in km/h) is 


(a) 20 (b) 40 (c) 30 (d) 60 


23. 


24. 


25. 


26. 


2/. 


28. 


29. 


Water runs into an inverted conical tent at the rate of 
20 cu ft/min and leaks out at the rate of 5 cu ft/min. The 
height of the water is three times the radius of the 
water’s surface. The radius of the water surface is 
increasing when the radius is 5 ft, is 


Gj teint) ean Fania) None of these 
51 107 157 


Let f(x)=x° —3x? +2x. If the equation f(x) =k has 
exactly one positive and one negative solution, then the 
value of k equals 


2/3 2 
(a) - ae (b) — 9 

2 1 
(c) ae (d) af 


The x-intercept of the tangent at any arbitrary point of 


a b : ‘ 
the curve a a proportional to 
x y 
(a) square of the abscissa of the point of tangency 
(b) square root of the abscissa of the point of tangency 
(c) cube of the abscissa of the point of tangency 
(d) cube root of the abscissa of the point of tangency 


If f(x) is continuous and differentiable over [- 2,5] and 
—4< f’(x) <3 for all x in (— 2,5), then the greatest 
possible value of f(5)— f (— 2) is 

(a) 7 (b) 9 

(c) 15 (d) 21 

A curve is represented parametrically by the equations 
x=t+e” andy=—t+e”, where t © Randa>0. If the 


curve touches the axis of x at the point A, then the 
coordinates of the point A are 

(a) (1, 0) (b) (1/e, 0) 

(c) (e, 0) (d) (2e, 0) 

At any two points of the curve represented 
parametrically by x = a(2 cos t — cos 2t), 

y =a(2sin t — sin 2t), the tangents are parallel to the axis 
of x corresponding to the values of the parameter t 
differing from each other by 
(a)2n/3 (b)3n/4 (ce) w/2 (d) 2/3 


cos x 


P| 
Let F(x) = i) e (i+ sin wy dt on 0 = then 
2 


sin x 
(a) F’(c) = 0 for allce (0, *) 
(b) F’’(c) = 0 for some c € C ) 


(c) F’(c) = 0 for some c € (0 =) 


(d) F (c) # Ofor allc€ (0, *) 


30. 


31. 


32. 


35. 


36. 


37. 


38. 
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If (1) = Land {(f(2x)) = f” (2) x >0.If f’(x)is 
x 


differentiable, then there exists a number c € (2, 4) such 
that f’’(c)is equal to 

(a)-1/4 

(b) —1/8 

(c) 1/4 

(d) 1/8 

Let f(x) and g(x) be two functions which are defined 


and differentiable for all x = x9. If f(x9) = g(x) and 
f'(x)> g’ (x) for all x > xo, then 

(a) f(x) < g (x) for some x > xp 

(b) f(x) = g (x) for some x > x9 

(c) f(x) > g (x) only for some x > xo 

(d) f(x) > g (x) for all x > xo 


The range of values of m for which the line y = mx and 


the curve y = enclose a region, is 
x" +1 

(a) (- 1, 1) (b) (0, 1) 

(c) [0,1] (d) (1, ©) 


dy/dx as a Rate Measurer and Tangents, Normals 


33. 


34, 
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Let S be a square with sides of length x. If we 
approximate the change in size of the area of S by 


, when the sides are changed from x9 to 


xX +h, then the absolute value of the error in our 
approximation, is 
(a) h? (b) 2hx, 


(c) xo 


Consider f(x) = i(e + ; dt and g(x) = f’(x) for 


(d) h 


xe Fi 5} If Pis a point on the curve y = g(x) such that 
2 


the tangent to this curve at P is parallel to a chord 


joining the points z (5) and (3, g (3)) of the curve, 
2 2 
then the coordinates of the point P are 


(a) can’t be found out (2 =) 
4 28 


(c) (1, 2) 


dy/dx as Rate Measurer & Tangents, Normals Exercise 2 : 
More than One Option Correct Type Questions 


For the curve represented parametrically by the 
equation, x = 2log(cott)+1and y= tant + cott, then 


(a) tangent att = - is parallel to X-axis 
(b) normal at t = 7 is parallel to Y-axis 
(c) tangent at t = - is parallel to y = x 
(d) normal at t = 7 is parallel to y = x 


Consider the curve f(x) = x"? then 

(a) the equation of tangent at (0, 0) is x = 0 

(b) the equation of normal at (0, 0) is y = 0 

(c) normal to the curve does not exist at (0, 0) 
(d) f(x) and its inverse meet at exactly 3 points 


The angle at which the curve y = ke ‘< intersects Y-axis 
is 

(a) tan71(k?) (b) cot™(k?) 
(c) sin! | ! 


a (d) sec'(./1 + k*) 


Let f(x)= 8x° —6x? — 2x +1, then 
(a) f(x) =0has no root in (0, 1) 

(b) f(x) =0 has at least one root in (0, 1) 
(c) f’(c) vanishes for some c € (0, 1) 

(d) None of the above 


39. 


40. 


41. 


42. 


If f(0) = f(1) = f(2) =0 and function f(x) is twice 
differentiable in (0,2) and continuous in [0, 2], then 
which of the following is/are definitely true? 

(a) f’’ (c) =0;V c €(0,2) 

(b) f’(c) = 0; for at least two c € (0, 2) 

(c) f’(c) = 0; for exactly one c € (0, 2) 

(d) f’’(c) = 0; for at least one c € (0, 2) 


Equation — 3x + sin x =Ohas 


(x +1)° 


(a) no real root 

(b) two real and distinct roots 

(c) exactly one negative root 

(d) exactly one root between — 1 and co 


If f is an odd continuous function in [- 1, 1] and 
differentiable in (— 1, 1), then 

(a) f(A) = f (1) for some A € (— 1, 0) 

(b) f’(B) = f (1) for some B € (0, 1) 

(c)n(f (A))"~! f(A) =(f (1))" for some A €(- 1, 0),n EN 


(d)n(f (B))"~* f’ (B) =(f ())" for some B €(0,1),n EN 


The parabola y = x* + px +q intersects the straight line 
y =2x —3at a point with abscissa 1. If the distance 
between the vertex of the parabola and the X-axis is 
least, then 

(a) p=Oandq=-2 

(b) p=-—2andq=0 
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43. 


44, 


45. 


46. 


= Directions (Q. Nos. 50 to 56) For the following questions, 
choose the correct answer from the options (a), (b), (c) and 
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(c) least distance between the vertex of the parabola and 
X-axis is 2 

(d) least distance between the vertex of the parabola and 
X-axis is 1 

The abscissa of the point on the curve ,/xy =a+ x, the 

tangent at which cuts off equal intersects from the 

coordinate axes, is (a> 0) 


a a 
(a) 5) (b) - a (c) ava 


If the side of a triangle vary slightly in such a way that 
its circumradius remains constant, then 


(d) - av2 


da db dc, 
+ + is equal to 
cosA cosB cosC 
(a) 6R (b) 2R 
(c) 0 (d) 2R (dA + dB + dC) 


Let f(x) satisfy the requirements of Lagrange’s mean 
value theorem in [0, 1], f(0)=0and 

f'(x)S1-x,V x € (0,1), then 

(a) f(x) 2 x (b) | f(x) 21 

(c) f(x) $ x1 — x) (d) f(x) 1/4 


For function f(x) = = which of the following 
x 


statements are true? 

(a) f(x) has horizontal tangent at x =e 
(b) f(x) cuts the X-axis only at one point 
(c) f(x) is many-one function 

(d) f(x) has one vertical tangent 


47. Equation of a line which is tangent to both the curves 


48. 


49. 


y=x’? +1andy=—- x’ is 


@)y =Va x45 


()y=-V x42 ()y=- V2 x- 2 

Let F(x) =(f(x))? +(f(x))’, F(0) = 6 where f(x) is 

thrice differentiable function such that | f(x)|< 1 for all 

x € [-1, 1], then choose the correct statement(s). 

(a) There is at least one point in each of the intervals (—1, 0) 
and (0,1) where | f(x)|<2 

(b) There is at least one point in each of the intervals (—1, 0) 
and (0, 1) where F(x) <5 

(c) There is no point of local maxima of F(x) in (—1, 1) 

(d) For some c € (-1, 1), F(c) 26, F(c) = 0 and Fc) < 0 

If the Rolle’s theorem is applicable to the function f 

defined by 


ax’ +b, |x|<1 


F(x)=; 4 [x|=1 
=... |x#>i 
|x| 


in the interval [—3, 3], then which of the following 
alternative(s) is/are correct? 

(a) at b+c=2 (b) |al+|b|+|cl=3 

(c) 2a+ 4b+3c =8 (d) 4a + 4b? +5c? =15 


dy/dx as Rate Measurer & Tangents, Normals Exercise 3 : 


Statements | and II Type Questions 


(d) defined as follows 


50. 


(a) Statement I is true, Statement II is also true; Statement II 
is the correct explanation of Statement I 

(b) Statement I is true, Statement II is also true; Statement II 
is not the correct explanation of Statement I 

(c) Statement I is true, Statement II is false 


(d) Statement I is false, Statement II is true 
Statement I If g(x) is a differentiable function 


g(1) #0, g(— 1) #0 and Rolle’s theorem is not applicable 


x? =-1 
to f(x)= 
g(x) 
in (- 1,1). 
Statement II If f(a) = f(b), then Rolle’s theorem is 
applicable for x € (a, b). 


in [— 1,1], then g(x) has atleast one root 


51. 


52. 


53. 


Statement I Shortest distance between |x|+|y|=2and 
oa +y? =16is 4-2. 


Statement II Shortest distance between the two smooth 
curves lies along the common normal. 


Statement I If@,,@,,@3,...,0, are then real roots of 


a polynomial equation of nth degree with real 
coefficients such that sum of the roots taken r (1 <r <n) 
at a time is positive, then all the roots are positive. 


Statement II The number of times sign of coefficients 
change while going left to right of a polynomial 
equation is the number of maximum positive roots. 


Statement I Tangents at two distinct points of a cubic 
polynomial cannot coincide. 


Statement II If P(x) is a polynomial of degree 
n(n = 2), then P’ (x) +k cannot hold for n or more 
distinct values of x. 


Chap 07 dy/dx as a Rate Measurer and Tangents, Normals 


1 1 
== x< = 


> 


2 

2 , mean value 
1 1 
roe, S 5 ee 

[ I: 2 


theorem is applicable in the interval [0, 1]. 


54. Statement I For f(x) = 


Statement II For application of mean value theorem, 
f(x) must be continuous in [0, 1] and differentiable in (0, 1). 


2x +2 
x+3 


55. Let f(x) =In(2+ x)- 


Statement I The function f(x) =0 has a unique 
solution in the domain of f(x). 


44] 


Statement II If f(x) is continuous in [a, b] and is strictly 
monotonic in (a, b), then f has a unique root in (a, b). 


56. Consider the polynomial function 


ys x6 x? x4 x3 x2 


x 
x)= -—+—-—+—- +x 
I@) 7 6 5 4 3 2 


Statement I The equation f(x) = 0 cannot have two or 


more roots. 


Statement II Rolle’s theorem is not applicable for 
y = f(x) on any interval [a,b], where a, be R 


dy/dx as Rate Measurer & Tangents, Normals Exercise 4: 


Passage Based Questions 


Passage I (Q. Nos. 57 to 59) 


We say an equation f(x) = g(x) is consistent, if the curves 

y = f(x) and y = g(x) touch or intersect at at least one point. If 
the curves y = f(x) andy = g(x) do not intersect or touch, then 
the equation f(x) = g(x) is said to be inconsistent, i.e. has no 
solution. 


P =| ‘ | 5 
57. The equation cos x + cos” x=sinx+sin~ xis 


(a) consistent and has infinite number of solutions 
(b) consistent and has finite number of solutions 
(c) inconsistent 

(d) None of the above 


58. The equation sin x = x? +x+1is 


(a) consistent and has infinite number of solutions 
(b) consistent and has finite number of solutions 
(c) inconsistent 

(d) consistent and has unique solution 


59. Among the following equations, which is consistent in 


(0, m / 2)? 
(a)sinx + x? =0 (b) cos x = x 
(c) tanx=x (d) All of these 


Passage II (Q. Nos. 60 to 62) 


To find the point of contact P =(x,, y,) of a tangent to the graph 
of y = f(x) passing through origin O, we equate the slope of 
tangent to y = f(x) at P to the slope of OP. Hence, we solve the 
f( 


x 
“<-"" to get x, and yy. 
x 


equation f’(x,)= 


60. The equation |In mx |= px, where mis a positive 
constant, has a single root for 


(a)0<p<— (b) p< — 
e m 


(c)0<p<—= (@) p>™ 
m e 


61. The equation |In mx| = px, where mis a positive 


constant, has exactly two roots for 


(a) p=" (b) p=— 
()0<ps— (d)o<ps™ 
m ce 


62. The equation |In mx|= px, where mis a positive 


constant, has exactly three roots for 


(a) p< (b)0<p<™ 

e e 
(c)0<p<— (d) p<— 
m m 


Passage III (Q. Nos. 63 to 64) 
Consider the family of circles: x? + y” -3x—4y—c; =0,¢; 
(i =1,2,3,..,n). 


EN 


Also, let all circles intersects X-axis at integral points only and 


Cy < Cy <C3 <C4...< Cy. A point (x, y) is said to be integral 
if both coordinates x and y are integers. 
63. If circle x* +y? —3x—-—4y—(c, —c,)=0and circle 
x° +y” =r’ have only one common tangent, then 
(a) r=1/2 
(b) tangent passes through (10, 0) 
(c) (3, 4) lies outside the circle x* + y? =r? 
(d) cp =2r+ cq 
64. The ellipse 4x* +9y* =36 and hyperbola a’ x* —y 


intersect orthogonally, then the equation of circle 
through the points of intersection of two conics is 


C. 
(a) x’ + y” =(65)? Vey ens 
(c) x? + y? =c,-2¢ (d) x+y? =c,/14 


point, 


2_4 
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dy/dx as Rate Measurer & Tangents, Normals Exercise 5 : 


Matching Type Questions 


65. Match the statements of Column I with values of 66. Match the statements of Column I with values of 
Column II. Column II. 
Column I Column IT Column I Column IT 
(A) The equation x log x = 3 — x has (p) (0, 1) (A)  Acircular plate is expanded by heat (pP) 4 
at least one root in from radius 5 cm to 5.06 cm. 
(B) If27a+ 9b+ 3c+ d=0, then the (q) (1,3) Approximate increase in area is 
equation (B) Ifanedgeofacubeincreasesby1%, (q) 0.67 
4ax? + 3bx? + 2cx + d= Ohas at then percentage increase in volume is 
: 2 
easone elie i (C) If the rate of decrease of a —-2x+5 (rn) 3 
= — — 3 
(©) He=v3and f@)=x+ x ee ey Oy) is twice the rate of decrease of x, then 
interval of x in which LMVT is x is equal to (rate of decrease is 
applicable for f(x) is non-zero) 
_i _ 2 (D) Rate of increase in area of equilateral (s) 3/3 
Oh eS 2 and f(x) = 2x — x", then (s) ae, triangle of side 15 cm, when each a 


the interval of x in which LMVT is 
applicable for f(x), is 


side is increasing at the rate of 
0.1 cm/s, is 


67. 


68. 


69. 


70. 


‘1, 


dy/dx as Rate Measurer & Tangents, Normals Exercise 6 : 
Single Integer Answer Type Questions 


A point is moving along the curve y* = 27x. The 
interval in which the abscissa changes at slower rate 
than ordinate, is (a, b). Then, (a+ b)is ......... . 

The slope of the curve 2y” = ax? + bat(1,-1)is-1. 
Then, (a — b)is ......... ; 

Let f(1) =—2, f’(x) = 4.2 for 1< x <6. The smallest 
possible value of f(6)—16is ......... , 

Let f(x) -| 


for x <0 


2 
~s . Then, the absolute 


x? +8, for x>0 
value of x-intercept of the line that is tangent to the 


graph of f(x), is ......... : 
The tangent to the graph of the function y = f(x) at that 
point with abscissa, x = a forms with the X- axis at an 


™ ; : ; 
angle of — and the point with abscissa at x = bat an 
3 


72. 


73. 


74, 


75. 


[PF OF (2) de fis 


angle 7 then the value of 


Two curves C,: y=x? —3andC,:y=kx” keER 
intersect each other at two different points. The tangent 
drawn to C, at one of the points of intersection 

A(a, y;),(a>0) meets C, again at B(1, y2). 


The value of ais ......... : 


Consider the function f(x) = 8x? —7x+5on the 
interval [— 6,6]. The value of c that satisfies the 
conclusion of the mean value theorem, is ......... : 
Suppose that f is differentiable for all x and that 
f(x) <2 for all x. If f(1) =2 and f(4) =8 then f(2) has 
the value equal to ......... ‘ 

Suppose a, b and ¢ are positive integers with a< b<c 


such that 1/a+1/b+1/c = 1. The value of (a+b+c-—5) 
ISisscssuess ‘ 
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Subjective Type Questions 


76. 


77. 


78. 


79. 


80. 


81. 


Show that a tangent to an ellipse whose segment 82. If the equation of two curves are y* = 4ax and x* = 4ay 
intercepted by the axes is the shortest, is divided at the (i) Find the angle of intersection of two curves. 
point of tangency into two parts respectively, is equal to (ii) Find the equation of common tangents to these curves. 
the semi-axes of the ellipse. . a er 
P 83. A straight line intersects the three concentric circles at 
Tangents are drawn from the origin to the curve A, B, C. If the distance of the line from the centre of the 
2 é we ; 
; : . x 1 : that th f the t le f db 
y =sin x. Prove that points of contact lie on y” = 5 SAS Fp Prove MSU atone uae paar tf 
1+ x the tangents to the circle at A, B, C is (5 - AB: BC: ca} 
2 

x 
If f is a continuous function with ) f (t)dt ~~ as : ; ; 

0 84. Find the equation of all possible curves such that length 
| x | > o9, then show that every line y = mx intersects the of intercept made by any tangent on X-axis is equal to 
curve y? + | me f(t) dt =2. the square of x-coordinate of the point of tangency. 

7 Given that the curve passes through (2, 1). 
Find the equation of the straight line which is a tangent 85. The tangent to the curve y= x —x° at a point P meets 
atone 2p and a mal at another point to the curve the curve again at Q. Prove that one point of trisection of 
y=8t -1x=4t" +3. PQ lies on the Y-axis. Find the locus of the other points 
Let a curve y = f(x) passes through (1, 1), at any point P of trisection. 
on the curve tangent and normal are drawn to intersect 86. Determine all the curves for which the ratio of the 
the X-axis at Q and R, respectively. If QR = 2, find the length of the segment intercepted by any tangent on the 
equation of all such possible curves. Y-axis to the length of the radius vector is constant. 


Show that the angle between the tangent at any point P 87. If t be a real number satisfying 2° - 9t° + 30-a=0, 
and the line joining P to the origin ‘O’ is the same at all then the values of the parameter a for which the 

: 2 2\_ -1 1 
points of the curve log(x" +y")=c tan’ (y/x), where equation x + —=t gives six real and distinct values of x. 
c is constant. x 


dy/dx as Rate Measurer & Tangents, Normals Exercise 8 : 
Questions Asked in Previous 10 Years' Exams 


(i) JEE Advanced & IIT-JEE 


88. 
89. 


90. 


91. 


The slope of the tangent to the curve (y—x°)? = x(1+ x7)? at the point (1, 3) is [Integer Type Question 2014] 


Let f(x)=2+cos x, for all real x. 

Statement I For each real ¢, there exists a point c in [t,t +7], such that f’(c) = 0. Because 

Statement II f(t) = f(t +27) for each real t. [Assertion and Reason 2007] 
(a) Statement I is correct, Statement II is also correct; Statement II is the correct explanation of Statement I 

(b) Statement I is correct, Statement II is also correct; Statement II is not the correct explanation of Statement I 

(c) Statement I is correct; Statement II is incorrect 


(d) Statement I is incorrect; Statement II is correct 

If| f(x,)— f(x2)|< (x; — x,)?,Vx,, x2 © R Find the equation of tangent to the curve y = f(x) at the point (1, 2). 
[Analytical Descriptive 2005] 

The point(s) on the curve y° +3x” =12y, where the tangent is vertical, is (are) [One Correct Option 2002] 


4 11 s 
@(+%. -2) wef, | (c) (0, 0) @(242] 
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92. If the normal to the curve y = f(x) at the point (3, 4) makes an angle with the positive X-axis, then f ’(3) is equal to 
[One Correct Option 2000] 


(a) -1 (b) -3/4 (c) 4/3 (d) 1 
(ii) JEE Main & AIEEE 

93. The normal to the curve y (x — 2)(x — 3) = x + 6at the point where the curve intersects the Y-axis passes through the 

point [2017 JEE Main] 
11 1 1 11 1 1 

ae bl eoce oe j= 
(2.2) w(-3,-3] (3.2) (3-2 

94. The normal to the curve x” + 2xy —3y” =0at (1,1) [2015 JEE Main] 
(a) does not meet the curve again (b) meets in the curve again the second quadrant 
(c) meets the curve again in the third quadrant. (d) meets the curve again in the fourth quadrant 


Answers 


Exercise for Session 1 Exercise for Session 6 
1.6 cm/s 2. (1, 5/3) and (-1, 1/3) 1. Real and distinct roots if a € (—2,2). 
: 2. 3. 4. (b 
3. 8 cm/s 4. 750 cm3/s ou wa km2/h " " si 
eo) Chapter Exercises 
6. em/s 7.-— cms s. — cm/s 1.(a) 2.06) 3.(a) 4.6) 5.8) 
48% an 10m 6.(b) _7.(b) 8. (a) 9.(b) 10. (b) 
1l.(c) 12. (b) 13. (c) 14. (c) 15. (c) 
9. 20 m/s 10. = rad/s 11. (a) = cm/s 16.(d) 17. (c) 18. (b) 19. (a) 20. (d) 
10 400 21.(d) 22. (b) 23.(a)  -24.(a) ~—-25. (c) 
0) 2 ote NG 30% 26.(d) 27. (d) 28.(a) 29. (b) 30. (b) 
30 30 31.(d) 32. (b) 33.(a) 34. (d) 
12. 0.004 m/s and 0.02 m/s 13. (3 =} (- 33 =) i : - : : i sear ete 
. . 5 41. (a, b, d) 42. (b,d) 43. (a,b) 44. (c, d) 
14. (=) antes is? wis 45. (c, d) 46. (a, b,c) 47. (a, ¢) 
b 8 48. (a, b, d) 49. (a, b, c, d) 50. (c) 
51.(d) 52. (a) 53.(d)  54.(d) 55. (c) 
Exercise for Session 2 56.(a) 57. (b) 58. (c) 59.(b) 60.(d) 61. (a) 
50 : 62.(b) 63. (b) 64. (d) 
ac oe aenuee 65. (A) >(q); (B) > (8); (C) 9@); D) >) 
1), 66. (A) > (q); (B) > (1); (C) > (p); (D)  (s) 
4.|— |% 67.(0) 68. (2) 69.(3) 70.(1) 71. (1) 


72.(3) 73. (0) 74.(4) 75. (6) 
79. + /2(27x - 105) 
2 
ia ine ier} 
y 


Exercise for Session 3 


I.(a)  2.(¢) 3. (b) 4. (a) 5. (b) 80. log y-x = +] log - 
6.(b) _7.(d) 8.(c)  9.(b) ‘10. (a) 


Exercise for Session 4 82. (i) O= tan(2) (ii)x+ y=a=0 

1. (b) 2. (d) 3. (a) 4. (b) 5. (c) ; } 3x 

6. (b) 7. (c) 8. (b) 9. (c) 10. (d) 84. Possible curve are y= 36-1 or y= 20+ a 
Exercise for Session 5 85. y=x—-5x° 86.(ytyxr+y) xl =e 

1. (d) 2. (a) 3. (b) 4. (d) 5. (c) 87. No real value 88. 8 89. (b) 90. y-2=0 


91. (d) 92.(d)  93.(c) 94. (d) 


Solutions 


1. Here, f(x) = x>—nx+1 


f(0) =1and f(1)=1-n+1=2-n 
n23 
f(1) < Oand also we have, f(0) > 0 


4, Here, y® = x+sinx 


> 2y dy/dx =1+ cosx 
For horizontal tangent, dy/dx = 0 
: cosx=-1 > x=(2n+1)u 


Since, y? =x+sinxand|y|<3 

=> 0O<x<9 

=> 0<(2n+1)m <9 
n=0 > x=T7 

=> y?=nory=tVn 


Thus, points are (7, Vm) and(n, —V7). 


“. f(x) must have at least one real root in (0, 1). .. Number of points is 2. 


2. Given, slope of normal to y = f(x) is 1. 5. Here,“ +2c_ 4 
1 “b+3d = 3 
nn ey = => 3a + 6c = —4b -12d 
f(x) 
(0.9) = 3a+ 4b+6c+12d =0 
> (0) =-1 ve 
F%0) 2 0 or eee a ...(i) 
: x 4 3 2 
a f(x?) -20 f(x") + 2f(09x") ax! bx? cx” 
Consider, f(x) =——+——+-—4dx 
= lim 2x 4 3 2 
x0 f (x")-2x —20 f (9x7)-18x + 2f(99x*)-(198x) Then, f(0)=0= f() [using Eq. (i)] ...(ii) 
using L’ Hospital’s rule .. f(x) satisfy the condition of Rolle’s theorem in [0, 1]. 
[using p J y 
ee 1 Hence, f(x) = 0 has at least one solution in (0, 1). 
~ x90 f(x") — 180 f’(9x") + £99x")-(198 3 ee 
Sl i lo pies see ag 
7 1 4° 3 2 
f(0)—180- f(0) + 198- f(0) which is continuous and differentiable. 
5 Also, foieafenet=2e2og 
—1+ 180-198 4 3 2 
1 1 
1 =—(a+ 2c)-—(b + 3d) =0 
=i) ‘i ( ) 5 ( ) 


19 
So, according to Rolle’s theorem, there exists at least one root 


of f’(x) = 0in(—1, 0). 
7. Let us consider g(t) = f. f(x) dx 


3. The equation of the tangent at the point R(x, f(x)) is 
¥ — f(x) = f(x)(X — x) li) 
The point of intersection on Y-axis, is P(0, f(x)— x f(x)). 


The slope of line perpendicular to tangent at R, is Applying LMVT in (0, 2), we get 


Mpg = Site a ...(ii) se) ~ 8(0) — 8(0) = g’(c), where c € (0, 2) 
0-1 2-0 
y & = [. f(x) dx =2f(0), where c € (0,2) 
A ot 
8. Replace x by — x 
P = x[f(x) + f(- x)]=0= f(x) is an odd function. 
=> f(x) isalsoodd= f'” (0)=0 
Y~ ~e 0) xX 9. Given, x + y —In(x+ y)=2x+5 
© dy 1 ( °.| 
yy’ => 1+ is =2 
dx x+y dx 
f(x): mpg = -1 3s dy _xtyt1 
= fig SO cg dx xty-1 


es dy a+B+1 
= f(x) f(%)-x(f()’ =1 = ( Jew =o, whena+P=1 
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10. 


11. 


12. 


13. 


14. 


15. 
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Since, f”(x) is odd function. 
g (0B) =0 
= (sin’ a—1)? + (cos* B — 1)? + 2(sin® a — cos”)? = 0 
=> sin’ + sin? B =1 
Let o be the root of f(x) = 0. 


=  f(a)=fl-a)=0 
f(x) has 4 distinct and 2 equal roots. 
“. Sum of the roots = 6 


dy 


Given, y— =x 
[ dx 


=> ydy=xdx> y’=x*t+e 


FQ) =3 


9=1lt+e BS c=8 > y’=x'+8 


= f(x)=Jx° +8 
> f(4) = 16 + 8 =2V6 


Given, x’y =c? 


> GD woe ain 
dx 
= ay. 4y 
dx x 


2 
Equation of tangent at (x, y), is Y —y =—- ais (X — x) 
x 


3 
Y = O,gives X =" =a 


and X = 0, gives Y =3y =b 
9x” 27 27 
Now, a’b= Bye x’%y=5 3 
4 7 4 >. 4 


Clearly, f(0) = f (1) = 0 and f(x) is a polynomial of degree 10. 
Therefore, by LMVT, we must have at least one root in (0, 1). 
Since, the degree of f(x) is even. 

.. It has at least two real roots. 


Let (x;, y,) and (x3, y2) be two intersect points. 


Given, y=x?+2x—-1andy =2x?-4x +2 

yi =2x7 — 4x, +2 ...(i) 
and 2y, = 2x7 + 4x, -2 (ii) 

Ya 
R 
Q 
P 
xX’ >X 
a 


Subtracting Eq. (i) from Eq. (ii), we get 


y, =8x,-4 (iii) 


Similarly, V2 =8x,-4 

Now, from Eqs. (iii) and (iv), we get yp — y, =8(x2 — x) 
Ya7Vi _g 
Hy 


16. (a) Discontinuous at x = 1, therefore not applicable. 
(b) Discontinuous at x = 0, therefore not applicable. 
(c) Discontinuity atx =1 = not applicable. 
(d) Note that x? — 2x? —5x + 6 =(x —1)(x”— x -6). 
Hence, f(x) = x’ — x —6, if x #1 and f(1) =—6 
= f is continuous at x = 1. 
So, f(x) = x* — x — 6 is continuous throughout the interval 
[-2, 3]. 
Also, note that f(— 2) = f(3) = 0. Hence, Rolle’s theorem is 
applicable. 


1 
17. Let A =(t, t”). Then, mo4 = t, map =— - 


AY 
B 
A 
A (t, ) 
x 5 Xx 
vy’ 
1 
Equation of AB, y —t? =——(x—t) 
t 
Putting x=0 
=> h=t?+1 
Now, lim (A) = lim (1+ t’?)=1 
to 0 t-30 


18. For 0 <a <1, the line always intersects y = a* 
Y 


y=a%ae(0, 1) 


X’< >X 


y’ 
For a > 1, say a =e. Consider f(x) =e* — x, f(x) =e* -1 


f(x) > 0 for x > Oand f’(x) < 0 for x <0 


...(iv) 


19. 


20. 


21. 
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.. f(x)is increasing (1) for x > 0 22. tanO=x/r > x=rtan®O 
and decreasing (\) for x < 0 Y, 

if 

1 

y y 
ia 
if 
, A9 
x’ 4 x o O1 r me 
y’ YY’ 
y =e° always lies above y = x, ie.e* —x21fora>1 = dx/dt=rsec’ 6(d0/dt)=r msec’ 0 = v sec” 6 
2 
Hence, the line y = x intersect when a € (0, 1]. when, 0 =2m/8, dx/dt = v sec" (1 / 4) =2 v = 40 km/h. 
ie pa : i =e 23. WY ods he3n Vso ee eer 
. f is not differentiable at x = 5° dt , > 3 y: rie 
g is not continuous in [0, 1] at x = 0 and 1, ee ae => V = -nr'3x =1x° «—___15om__, 
and his not continuous in [0, 1] at x =1 y h 3 
k (x) =(x + 3)"2° =(x + 3)?, where 2 < p <3 DY au Ae 
. None of these, f, g,h follows Lagrange’s mean value at at 
theorem. => 15 =3n 95 A 
f(x) = Oand f(x) = 0 for the same x = x, [say] q ; y 
Xe 
’ = 3 => — ici 
Now, f(x) = 4° + 2bx + 8 Ap Sen 
‘(x,) =2 [2x) + bx, + 4] =0 li 
P= Pa) w 24, Given, f(x) = x(x" —3x + 2) 
f” (4) =2 [6x7 + b] = 0 ...(ii) 


=> f(x) = x(x —2)(x -1) 


From Eq. (ii), b=-6x; Graph of y = f (x) is shown as 


Substituting this value of b in Eq. (i), we get 
2x) + (-6x7) + 4=0 


=> 4xp =4 
=> x, =1 ; 1+ 1/3 
Hence, =-6 ere) | ~x 


For a cylindrical pot, V = 2r7h 


dV ,dah dr dr 
> =T/r + h-2r r = constant, — = 0 YY 
dt dt dt dt 
450m Now, for exactly one positive and one negative solution of the 
— equation f(x) = K 
We should have, k=f ( + =] 
15cm v3 
1 1 
** — = and1 + —are the roots of f’(x) = 0 
spares 
1 1 1 
a k=|1+— —-1 a 
Geslcamles 
x x-2 x1 
“Ges 
100 = nr? a . v3) 3V3 
=> Tr => Saree “ r=—cm __ a3 
dh_ 400 _ 16 3 


—_—= = — cm/min 
dt 225m 9m 
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25. 


26. 


27. 


28. 


29. 
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Wehave, +? =1 
x y 
3 
=> see 25 oe Ai) 
x y dx dx bx 


Equation of tangent is Y — y =— ae (X — x) 
x 


For x-intercept, put Y = 0 
3 


b. 
X= o+x 
ay 
2 2 2,2 3 
Ey Xex bx + ay oP xy _x 
ay ay a 


[using Eq. (i)] 
= x-intercept is proportional to cube of abscissa. 
Using LMVT in [- 2, 5], we get 
¢@ TOA ICO eg 


7 
=> — 28 < f(5) — f(—2) $21 
Given, x =t+e% y=-t+e” 
d d dy -1+ae" 
aitact Y= 14 act i ena 
dt dt dx 1+ae* 
: dy 
At the point A, y = 0 and ie = 0 for some t = t, 
ix 
ae“ =1 ..-(i) 
Also, 0=-#t, +e 
ec =t ...(ii) 


Putting this value in Eq. (i), we get 


1 
aj=1 > h=- 


a 
Now from Eq. (i), ae = 1 

1 
=> a=-— 

e 
Hence, x, =t, +e =e + e=2e 
> A = (2e, 0) 


Given, x = a(2 cost — cos2t), y = a(2sint —sin2t) 
dy _ cost —cos2t = 
dx sin 2t—sint 


=> cos 2t = cost 

> cos 2t = cos (2m — t) 

=> t=27/3 

F(x) =e"* sin! (cos x))” -(-sin x)-e"+* *)” «cos x 
F’(0)=0-e=-e 

and #(E)--e-0--¢ 


Hence, Rolle’s theorem is applicable for the function F’(x). 


T 
So, there exists c in (0 =) for which F”(c) = 0 as 


Rolle’s theorem is applicable for F’(x) in C | 


30. 


37. 


32. 


Also,  F(0)= a f(t) dtand F (=) - MAO) dt 


Hence, F(0) and F (=} have opposite signs. 


> F(c) = 0 for some € [0 ) 
Given, f’(1) =1,2- f’(2x) = f(x) 
Put x =1, f’(2) = me =; 


ijet Feyst 
and fa =5 f'@=— 
Applying LMVT for y = f’(x) in [2, 4], we get 
Tod 
f'@-fOQ@_4 2__1 


fe) = ; ; 


Consider $ (x) = f(x) — a(x) 3.0’ (x) = f(x) — g(x) > 0 
Clearly, (x) is also continuous and derivable in [ xo, x]. 
Using LMVT for 6 (x) in[xo, x], we get 


9 (= 829 G5) 
xX — Xo 
Since, 0’ (x) = f(x) — g’(x)> 0 for all x > x9 
; o’(c) >0 
Hence, (x) — 0 (x9) > 0 
> (x) > 0 (xo) 
> (x) >0 [- (x0) = f (0) — g(Xo) = 0] 
= f(x) — g(x) >0 


2 1 
=> x°+1=— or x=0 


Solving, mx = 


Remark 
For m=0 or 1, the line does not enclose a region. 


33. -» Side = x 


wAreaA=x? > ah 5 So, (4) x hp =2xoh 
dx dx ),.- % 
The exact change in the area of S when x is changed from x, to 
Xo + h, is 

(x9 + A)? — xp = x2 + 2xoh +h? — xf =2xoh + h? 
The difference between the exact change and the approximate 
change is 2x9h + h? — 2xoh =h? 
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34. f(x) = nG ‘t *) ae ee 1 Equation of tangent at (0, 0) is x = 0. 
1 t x Equation of normal is y = 0. 
g(x)axt— Now, fix) = fx) = x8 =x" 
1 + => =x > x=01,-1 
For xeE . 3 4 
7 37. Here, oY = 52 gk 
1 1 10 dx 
s(3)=2+5-2.e@)-342-2 i 
a => (2) =k’ = tan0, where @is angle made by X- axis. 
ee 
Let P=(c, g(c)),ce E 3] oe 
2 Let ¢ be the angle made by Y-axis. 
a 30 
tan0 = tan( 22 = °| =coto 
> coto =k? > o=cot'k’ 
1 
> o =sin™ 
P 5 +k! | 
X'« 5 >X y 
A 
yy’ 
o 
8G) — 8 (;) 
By LMVT,  g’(c)= i 
3 oe 
2 
10 5 
ane x x 
1 : = 3 2 ~= O > 
c 31 yy 
2 
> 3 38. As, f(x) is continuous in [0, 1] and differentiable in (0, 1) and 
= or’ f(0) = faa) =1. 
3 .. By Rolle’s theorem, there must exist at least one x = c € (0, 1) 
=> c= : such that f’(c) = 0 
- i g .. f(c) vanishes for some c € (0, 1). 
= _ —_ = —-———_ 1 
ea le Now, f(0) =1, f(t/2) =—= and fa) =1 
7 .. By intermediate value theorem, f(x) must have one root 
Thus, P= Ss | belongs to [0 -| and other in the interval (2 i} 
2 v6 2 2 
dx  2(- cosec’t) 39. Here, f(0) = f(1) and f is continuous in [0, 1] and derivable in 
35. Here, — = —~——— 
cot t (0, 1). 
dx “. f(c,) = 0 for at least one c, € (0, 1) 
2 rape ie Similarly, as f(1) = f(2) 
j © “. f(cz) = 0 for at least one cz € (1,2). => f’(q) = f’(c2) 
and . =sec’t — cosec’ t = f’(c) =0 for at least one c € (c;, cz). 
1 
40. Let f(x) =. -3x + sinx 
=> “ =0 a (x +1) 
Tt 
coat Domain of f is (-c2, —1) U(-1, ©). 
dy , 1 , 
—=0 f(x) =-3| ——{ +1] + cosx = f(x) <0 
dx (x + 1) 
Hence, tangent is parallel to X-axis and its normal is parallel — f is decreasin 
to Y-axis. B 
1 Also, lim f(x)7~ 2%, lim f(x)7>-2 
36. Here, f’(x) = 38 xt" xo 


= f'(0) > and tangent is vertical at x = 0. aad a. A aan Pais i ads 


450 


41. 


42. 


43. 


44, 


Textbook of Differential Calculus 


= f(x) = 0has exactly two roots. 
Y 


> X 


! 
1) 
i! 
i 
| 
xX’ ‘ 
1 
! 
! 
! 
! 
1 
! 


y’ 
Clearly, f(— 1) = — f (1) and f(0) = 0. For (a) and (b) apply 
LMVT for the function f(x) in (— 1, 0) and (0, 1), respectively. 
For (d) apply LMVT for (f (x))" in (0, 1). 
When x =1,y =-1 [from the line] 
Thus, it must lie on the parabola y = x’ + px + q 

=> -1l=l+pt+q => ptq=-2 

*. Now, distance of the vertex of the parabola from the X-axis 


is 
2 2 2 
a=s( a Lae 


Substituting g =—2-— p, we get 
2 


p 

d=-2-p-— 

- 4 

p 

Now, take g(p) = —2 oe 
& #@ei-2s _ 
ar ee 

Hence, q=0 


Note that least distance of the vertex from X-axis is 1. 


Given, /xy =at+x => xy=a’+ x’ + 2ax 
a 
=> y=—+x+2a 
x 
d 2 
=> = =— = -l[=—1 
dx x? 
> 2x" =a’ 
a 
= x= —= 
2 
. a b c 
Given, = 7 =2R [say] 
sin A sinB- sinC 
da =2R cos A dA, db =2R cos B dB, 
dc =2R cos C dC 
d db d 
=o © = 9R(dA + dB+dC) Ai) 


cosA cosB- cosC 


45. 


46. 


47. 


48. 


Also, A+B+C=mT7 
So, dA+dB+dC=0 ...(ii) 
From Eggs. (i) and (ii), we get 
da db dc 
+ + 
cos A 


cosB cosC 


LOA LO) - pe) 1 — xfor some c € (0, 1). 
i 

= f(x)<x(l-x)<1/4 

oe 


x 


Here, f(x) = .-(i) 


a Ie + 
Domain is R”. 


1 
xe 


f(x) =—*— = 3 


(a) For horizontal tangent, f’(x) = 0 
> Inx=1 > x=e 
(b) If f(x) intersects the X-axis. 
Inx 


—=0 > x=1 
x 


[true] 


[true] 


(c) f’(x) is positive, if x €(0, e) and f’(x) is negative, if 
x E(e, ) 
*. f(x) is not monotonic. 
*. f(x) is many-one. 
(d) For vertical tangent, f’(x) = 
1-Inx x? 
=e => 
x? 1-Inx 


[true] 


=0 


= x= 0 which is not in the domain of f(x). [false] 

Let the tangent line be y = ax + b 

The equation for its intersection with the upper parabola is 
x°+1=axt+b 

=> x’ —ax+(1-b)=0 


This has a double root when a” — 4(1— b) =0 


or a’ + 4b=4 
For the lower parabola, ax + b =— x? 
=> x’ +axt+b=0 


This has a double root when a’ — 4b = 0 
1 
On subtracting these two equations, we get 8b = 4orb = a 


On adding these equations, we get 2a” = 4ora=+ V2 


1 1 
The tangent lines are y = V2 x + 5 andy =—2 x+ ; 


For some (0,1) f@)}=|LP— LOI pays 0 


=> | f(a)|<$1+1=2 

Similarly, for some B € (-1, 0), | f’(6)| <2 
Also, F(x) = (f(x))’ + (fx)? 

> F(a) =(f(a))? + (f(a)? <14+4<5 
Similarly, F(6) <5 for some B € (1, 0) 


49. 


50. 


57. 


52. 
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As, F(0) = 6, so there must be a point of local maxima for F(x) 
in (-1, 1) and at the point of maxima, say x = c, 
F(c) 2 6= F’(c) = 0Oand F” (c) <0 


As, Rolle’s theorem is applicable, the function should be 
continuous and differentiable in [—3, 3]. 


So, at x = 1 it is continuous 
> lim f(x) = lim f(x) = f(1) 
x>1- xoit 


> a+b=c=1 ...(i) 
Since, differentiable at x = 1, therefore 


FU )=f0) 


=1 
=> lim1+h _ = 4 
h>0 h 
=> 2a = lim“ exists only whenc =1 
h>0 h(h+ 1) 
> 2a = lim =- 
ho(1+ h) 
ce a=-1/2andc=1 ...(ii) 
From Eqs. (i) and (ii), we get 
b =3/2 (iii) 
a+b+c=2 .. (iv) 
a|+|b|+|c|=3 ..(V) 
2a+ 4b+ 3c =8 (vi) 
4a’ + 4b" +.5c? =15 ...(vii) 


Statement I As, f (— 1) = f (1) and Rolle’s theorem is not 


applicable, then it implies that f(x) is either discontinuous or 
f (x) does not exist at at least one point in (— 1, 1). 


= g(x) =0 for at at least one value of x in (—1, 1). 
Statement II is false. Consider the example in Statement I. 
Common normal is y = x 

Solving, y = x with x+y =2,weget A(1, 1) 
andwith x°+y*=16, weget B(2V2,2V2) 


The shortest distance between the given curves is AB = 4 — V2. 


But as the curves are not smooth, check at slope points. The 
coordinates in 1st quadrant are (2, 0) and (4, 0) and here 
distance = 2. 


4 — 2 is not the shortest. 


If P(x) = 0 is a polynomial equation, then P(— x) = 0 has no 
positive root. 
= P(x) =0 cannot have negative roots. 
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53. Let A(a, P(a)), B(b, P(b)), then slope of AB = P’(a) = P’(b) from 


LMVT there exists c € (a, b), where P’(c) = slope of AB. 


1 
==%. <= 


54. f(x) = 
| 


= f= 


Left hand derivative at x = 1/2 is (— 1) and right hand 


derivative at x = 1/2 is 0, so the function is not differentiable 


atx =1/2. 


f(x) =In(2 + x) - 


Di. : ‘ 
is continuous in [- 2, ©). 
x+3 


55. 


ae: 4 
ia Ge eae ease 
_ x? + 2x41 (x + 1)? 


"(xt 2)(e43)) (x +2) (x+3)° 


(x + 3)? —4(x + 2) 


[f’(x) =0atx=-1] 


= f is increasing in (— 2, ©). 
Also, lim 7 f(x) > - © 


x>-2 
and lim f(x) co = unique root. 
xX — 00 


56. 


Let f(x) = 0 has two roots say x = 7 and x =~, where 

i, % € [a, db]. 

> fi) = fm) 

Hence, there must exist some c € (%, 2), where f’(c) = 0 
But f(x) =x°—x° + x* =x +x°—x+1 

for x =1, f’(x) =(x° — x°) + (x* — x°) 4 (x? - x) +1>0 
for x <1, f(x) =(1— x) + (x? — x*) + (x* — x°) + x° 30 
Hence, f’(x) > 0 for all x. 

.. Rolle’s theorem fails. 


= f(x) =0cannot have two or more roots. 


57. 


Let f(x) = cos x —sin x + cos x —sin™! x,x €[-1,1] 


fC 1) fa) <0 


.. There exists at least one c € (— 1, 1) such that f(c) = 0. 


4 : | 
Hence, the curves y = cos x + cos” xandy =sin x + sin 


intersect each other at at least one point. 


2 
1 3 
58. Given,sinx= a+ x41=(x+2) oe 


Y 
_ 2 
el 3) Y=xXo+xt+ | 
4/0, 1) Inconsistent 
X’~ fe 
(0, 0) 
y =sinx 


x 
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59. y 


y =sinx 


They must be confocal > a =2 


x Let point P(c, B) lies on both the curves, then 
nconsistent 


Na X Consistent 40.” + 9B” = 36 
m2 2 2 
and 40°-B"° =4 
On adding Eqs. (i) and (ii), we get 
(b) 8a" + 8B" = 40 
= a? +B? =5 
2 HOF 
or x + =—, asc, =70. 
y 14 7 


65. (A) f’(x) =log x - 2 +1 
x 


64. An ellipse and hyperbola intersect orthogonally. 


> f(x) =(x-3) log x +c 
Sol. (Q. Nos. 60 to 62) => f(1) = f@) 
Slope of tangent at P = Slope of OP (B) f’(x) = 4ax? + 3bx? + 2ex + d 
1 Inmt 
= ra. : > f(x) =ax' + bx? + ex? +dxt+e 
Pe =>  f(0)=f@) [' 27a + 9b + 3c+d=0] 
> =— 
b)- f(a ; 2 
Y, b-a 3 
yo _ ab-1_2 
ab 3 
P(t, In mt b)- f(a ,{1 
(In wy £0 fla (2) a1 
b- 2 
=> at+b=i1 
66. (A) Here, r =5cm, Ar = 0.06 
< a >X . A=atr’, 
O 1/m 
Y «. dA=2mr dr=2mr-Ar =10n X 0.06= 06 1 
=> pa(S] (B) v=x°,dv =3x? dx 
- dv dx 
m — xX 100 =3 — x 100 =3 x1 =3 
> tan a= p=— v x 
e 
dx dx 
60. p>m/e 61. p=m/e Nee) at 
62. 0<p<m/ 
—— 2 wa-Be 
63. Putting y = 0, we get x" —3x—c; = 0 
As roots are integers and D = 9 + 4c; must be perfect square, dA - v3 | Pe dx 
therefore 9+ 4c, =(2A+1)?,A € I. dt 2 dt 
> c= +2 8 ye ES ys 
= cq =Kk+3), k=1,2,3.... 2 10 
are Cc, = 4, c. = 10... 
dx| _|d d 
=> x? + y*-3x—-4y —(c,-c) =0 67. Fara Pace 
2,2 
0 +y’-3x-4y-6=0 
7 eugene oe and zy? Y =97 6 ee 
and x ty? =r’ will touch each other, if dx dx y 
9/44 4 =|r —./974+ 10| 54-5 YP ZS 
2 
=> |r—7/2|=5/2 
= r=6 > —3<y<3 > -27<y?<27 
“. Common tangent is 3x + 4y —30 = 0 and passes through => —27<27x<27 => -1<x<1 
(10, 0). xé€(-11) > a+b=0 
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68. Here, ny 8Y. = 2ax 
dx 


O) = 2.4 
dx (, -1) 2 
> a=2 
Also, 2y” = ax’ + b at (1,-1)is 
2=at+b 
=> b= 
i: a-b=2 
69. Using LMVT, for some c € (1, 6), we get 
po =fO=f0 
5 
5 
> f(6) 219 
=> f6)-16 >3 


.. Least value of f(6)—16 =3 
70. Let y =mx +c bea tangent to f(x). 


YR 
wa 


7 
7 
7 


Xs x45 eX 
Pai 


For, x 2 0, intersection point is given by 


mxt+c=x'?+8 ie 


y=x'+8, for x>0] 
> x? — mx + (8-—c) =0 
For line to be tangent, D=0 

m® = 4(8 —c) ...(i) 


Again, for x <0 


mx+c=—x° [sy =x’, for x < 0] 
=> x? +mx+c=0 
Now, D=0 
=> m” = 4c ..-(ii) 


From Eqs. (i) and (ii), we get 


c=4m=4 
“. Tangent is y = 4x + 4 
Putting y = 0, we get 
x=-1 


.. Absolute value of x-intercept is 1. 


71. Here, f’(a) = V3 and f(b) =1 


4 b 
» |flroo-Ft09 ax|= (Cen) == |(r'@y - Foy" 


1 
=-|1-3|=1 
2 


72. 


73. 


74. 
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Point A(a, y,) lies on C, and C). 
y, =a” —3and y, = ka’. 


=> a’ -3=ka’® (i) 


yy’ 
Now, y =kx’? 
d 
> &Y — ob 
dx 
d 
(=) oka = 22M 
AX } (a, y) l-a 
But, y2=1-3 =-2 
2 
oo 2—-(a° —3) 
La 
2 
> 2ka = =l+a 
-a 
=> 2ak=1+a4 (ii) 
2 
ae a’ —3 ne - 
Substituting k = a from Eq. (i) in Eq. (ii), we get 
2a(a” —3 
saa 2) Nii aed 
a 
> 2a” -6=ata’ 
= a’ -a-6=0 
=> a=3,-—2 
a=3 ['.. —2 is rejected as a > 0] 
6) — f(-6 
rijeikp SLOSICO 
12 
_ 8-36 —7:6 + 5) — (8-36 + 7-6 + 5) 
12 
2°7°6 


12 
=> 16c=0 > c=0 
Using LMVT for f in [1, 2], we get, for some c € (1, 2) 


O)- $0) pe) <0 
f(2) — fl) $2 
=> f2)<4 (i) 
Again, using LMVT in [2, 4], we get, for some d € (2, 4) 
> ou = f'(dys2 
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fl4)- fl) <4, 8-fl2)<4, 4< fl) 
> f(2)24 
From Eqs. (i) and (ii), we get f(2) =4 


As, a, b and c are positive integers. 


...(ii) 


1 1 1 
We must have — <1, soa >1. simitany, ; ca eer 1 
a c 


1.1 


1 
Since, = 
a bc 
1 1 
—->- >a<3 >a=2 
a 3 


1 11 1 1 
+—-+-=15-—+ 
b b 


1 
=~, where 2 <b <c. 
a c G2 


Similarly, ; > a sob<4>5 b=3 


Now, 


(a+b+c—-5)=24+3+6-5=6 
2 2 


Equation of ellipse is = + 3 =1 
a 


Equation of tangent at (a cos 9, b sin 8) is 
* cos 0+ sin O=1 
a b 
Intercept on the X-axis = (a sec 0) 
Intercept on the Y-axis = (b cosec 0) 
Length of intercept of the tangent by the axes 


= 2 sec’ + b? cosec’0 


Let 1 =a’ sec’0+ b” cosec*0 

dl 
> r = 2a’ sec*Otan 0 - 2b” cosec*@Ocot 0 
Now, a =0 

do 
> a’ sin‘ @=b’ cos'0 => a cot?0 
> sin? @= , cos’ 0 = zs 

at+b at+b 


Distance between (a sec 0, 0) and point of tangency 
(a cos 8, b sin 8) is 


=a” (sec 6- cos 0)” + b? sin” 6 


=,[a® cos” 6 (sec? @- 1)’ + b sin’@ 


2 
= fe cos” (ct? - 7 +b? sin’ 0 


a 


2 


b? 
=,la” cos?@— + b* sin’?0=b 
a 


Similarly, distance between (0, b cosec 0)=a 


77. 


78. 


79. 


Let (x;, y,) be a point of contact of tangents from the origin (0, 0) 
to the curve y = sin x. 


Here, y =sin x 
dy 
— =cos x 
dx 
d 
=> (2) =COS X; 
dx, ) 


Now, equation of tangent at (x,, y,) is 


d 
y-n=(2] (x- x) 
XT (34,91) 


= y— V1 =(cos x1) (x - x) 

*" It passes through (0, 0). 

ge —y, =(cos x, ) (-x,) asl) 
Also, (x;, y, ) lies on the curve. 

So, y, =sin x% ...(ii) 


Squaring and adding Eqs. (i) and (ii), we get 


2 
[2] +y, = cos” x + sin’ x, =1 


xy 
2 2.2. 2 
OF Voit Mr = 
ie. (xf + Iy? = x7 
2 
. ; : 2. x 
.. The point of contact (x, y,) lies on the curve y“ = sey 


We must show that for a given me R these exists xe R such 
that, 


mx? + fifo dt =2 
Let f (x)= | ‘fam’ + f (t)]dt-2, xeER 
Since, f (x) is continuous and 2 m’t” is continuous, therefore 


fe m’t + f (t)] dt continuous on R, 


f is continuous on R, also 


0 
f (0)= [2m’t + f (t)] dt-2=0-2=-2 


and f (x)= J; [2mt + f (t)] dt-2 
where, f (x) =m?x? + {.. f(t)dt-2 30 

E Jiro dt > ~| 
As, |x| ec 


Thus, these exists some a ER such that; 

f (x) >1, for| x|>a 
Note that f is a continuous on [0, a + 1] and f (0) f (a+ 1) <0. 
By the intermediate value theorem of continuous functions, we 


have that there exists some b €(0,a + 1) such that f (b) = 0, ie. 
there exists a real B which satisfies the equation 


mx? + J, fo dt =2 


Tangent at any point P(t), ie.(4 ty + 3, 8t; — 1) be normal to 
the curve at Q(t,), ie. (4t? + 3, 8t} — 1). 


80. 
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The equation of the tangent at t, is 


y-@4--(2) -{x- (447 + 3)} 


x 


dy/dt 5 
— (tp -1)=| ~— | -{x- (442 +3 
or y - (8 -1) a. {x-(4t + 3)} 
2 
™ y 6-1) = 4 ty (42? +3) 
8t, 
or y — (8t? - 1) =3t, {x - (4t; + 3)} (i) 


Clearly, slope of tangent at t, =slope of tangent at ty. 


(ii) 


= Equation of normal at t, is y —(8t,’ —1) = 3t,{x—(4t,° + 3)} 
iii) 
On subtracting Eq. (iii) from Eq. (i), we get 
(8t3 - 1) - (84 - 1) =3t, {(4t3 + 3) - (4? + 3)} 


=> 2 =tt, +t 
2 
= a) beak ge fusing Eq, Gi] 
2 | —— =-— usin «AL 
on, ao & Eq 
=> 2=-9t7 + 814; 


81t, -9t7 -2=0 
2 
=> =t v2 
3 
Putting in Eq. (i), the equation is 
27 (y +1) = 16V2 = + V2 (27x - 105) 


Equation of tangent at (x, y) is 


gee ew 
dy 
dy 
R=|x+y—,0 
[> * dx 
Given, QR =2 
dy dx 
=> —+y—=2 
dx dy 
2) 2 
=> =" | al = |4y=0 
(2 dx 7 
eile aye 4a fay? 
= dy 2+ 4 4y iti y 
dx 2y y 
1¥j1-y’ 
1 __a or VY ay =dx 


1+ jl-y y 
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On integrating both the sides, we get 

1-V1-y° 

ie eat +4/1- 7 Jax 
y 


The curve passes through (1,1), soc =—1 


+ ae 


Let the point P (x, y) be on the curve, 


log (x? + y?)=c tan! (2) 


x 


=> a 


Hence, the possible curves 


1- 1-y’ 


logy-x= iE 


Differentiating both the sides w.r.t. ‘x’, we get 


2x + 2yy’ _ c(xy’-y) 
(x? +y°) (x? +y’) 
ay iE eg Gael 
cx — 2y 


Slope of OP = a Mz, (say) 
x 


Let the angle between the tangent at P and OP be 0. 


axtey y 
m, - My, cx-2y x | 2 
Then, tan 0= E sl 
1+mm, Fe ka ao c 


x (cx - 2y) 
@=tan! (2) =constant. 
Cc 


Hence, the angle between the tangent at any point P and the 
line joining P to the origin O is the same. 
(i) The given curves are 

y? = 4ax (i) 
and x7 = 4ay ...(ii) 


Point of intersection of Eqs. (i) and (ii) are (0, 0) and (4a, 4a). 


dy 2 
From Eq. (i), ay OK m, (say) 
dx 
i dy x 
From Eq. (ii), — =— =m, (say) 
dx 2a 
Let the angle of intersection of two curves is 0, then 
oe ee 
ee m —m |_|y 2a i] 4a’ - xy 
1+ mm| | ,,* 2a(x+y) 
y 
(tan9)(o9) =e or O0=90° 
: 2 
2. 3| 3 
and (tan 0 =|2_]=|. =|== 
( (4a, 4a) 141 | ; 4 


Hence, 


0= tan”'(2] 
4 
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(ii) The given curves are y * = 4ax 


and x? = 4ay 
Tangents of Eq. (i) in terms of slope mis 
a 
y=mx+ — 
m 


Now, Eq. (iii) is also tangent of Eq. (ii). 
Eliminating y from Eqs. (ii) and (iii), we have 


x" = 4a} mx + — 
m 


4a’ 


=> x? - damx - —- =0 
m 
=> B’-4AC =0 
4a2 
= 16a’m? - 4| -—" _|=0 
m 
=> m=-1 or m=-1 


From Eq. (iii) common tangent is 
y=-x-a or y+xt+a=0 
Hence, the common tangent is x + y+ a=0. 


Let the coordinate system be chosen such that the given 

straight line is x = p and the equations of the circles are 
DP oP oR 2 B88 iD 

x+y =a x ty =d' 7, x+y =e. 

The line x = p cuts these circles at A, B and C, respectively. 

The coordinates of these points are A(p, \/a’ — p”), 


B(p, yb* - p*) and C(p, yc’ - p’). 


Equations of the tangents at these points are 
px+ la? — p*y =a, px + fh? — p? y =B? 
and px + Jc’ - p? y=c’. 


These tangents intersect at 


gee oe EF oF | 


ee ae ord 


ae ce EEF 


Area of A formed by the tangents at A, B, C is 


ENE aoe nie a 
ive Rene RCT (foe + feo 
pee EP e?-p? +a?-p? 1 
(ya? - p? - Je? - p?)(Je? - p? - |b? - p’) 


(0 - p? - Ja? - p?) 


2p 


i 


iw) 


_ CA: BC: AB 
2p 


i) 
(ii) 


(iii) 


(iv) 
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Let the curve be y = f (x) and tangent drawn at P (x, y) meets 
the X-axis at T. 
We have, OT = x” 
Equation of tangent at P (x, y); 
Y—y=f'(x)(X- x) 


=> T | x- yY > | 
f(x) 

=> ~¥ l=? 

f(x) 
= eo f (x) = fy? 

acon 
= PSO As poy 
= eter 

f (x) 


On integrating both the sides, we get —— = + f (x) + ¢ 
x 


Since, the curve passes through (2, 1). 


1 
—-=+t1+ec 
2 
1 3 
=> c=--,- 
22 
= f (x)= f= 
x)= or f (x) =———— 
2(x-1) 2(1 + x) 
3 
Hence, possible curves are y = —_* and y= = 
2(x-1) 2(1+ x) 


d 
For y =x- x3, =1-3x" 
dx 


Therefore, the equation of the tangent at the point P (x,, y, ) is 
y~VN = (1- 3x7) (x- —) 

It meets the curve again at Q (xy, y,). 

Hence, Xq — x3 — (x, - xP) =(1 — 3x7) (x2 - 1) 


=> (x,- 4) [1 - (x3 +X X_ + a eG ia x) (1- 3x7) 


> 1— x3 — 4x2 - xf =1-3x7 
> Xo + %X_ - 2x7 =0 
2 2 
Xx, 9x. Xx, 3X 
=> m+ 4) = > w+ 2=4+- 
2 4 2 2 
Since, x; # X2, we have x» =-2x 


=> Qis(-2x,,-2x + 8x). 
If L, (o, B) is the point of trisection of PQ, then 
2x,-2 
g = 9, Hence, L, lies on the Y-axis. If L, (h, k) is the 


x, — 4x, 
other point of trisection, then h = = =- x, and 
k= y, — 4x, + 16x; 
3 
3 3 

xX, -— xX} — 4x, + 16x, 
ie. k-3— t= x, + 5x; 
= k=h-5h° 


.. Locus of (A, k) is y = x —5x°, 


86. 
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Let the curve be y = f (x) 
The equation of the tangent at any point (x, y) is 


Y-y= a (X - x) 
dx 
Its intercept on the y-axis is given by (X = 0) 
Yay-x 2a ey? 
Xe 
So, x 7 -yt+k,/x’ + y? =0is the differential equation 
Xe 


governing the curve. This can be written as 


dy _ynky x? + y? 


dx x 

d d 
Let y = vx, so that =v+x— 
Ix dx 


The differential equation becomes 


dv 
v+x—=v—-k/1+v? 


ea 
=> a xe 26 
Jl tv" x 
=> log|v+.1+v’|+klog|x|=c (on integrating) 
2 
=> log Z+,|1 +) + k log| x| =e 
x x 
=> logl|y + x? + y?|+(k-1) log|x|=c 


> 


Qt yx ty?) xt =q 
We have, 2t° - 9t? + 30-a=0 
Any real root ty of this equation gives two real and distinct 


values of x if |to|>2. 


Thus, we need to find the condition for the equation in t to 
have three real and distinct roots none of which lies in [-2,2]. 


Let 


f (t) =20-9t? +30-a 
ft) =6t -8t=0 > t=0,3 


> 


So, the equation f (¢) = 0 has three real and distinct roots, if 


f (0): f B) <0 


= (30-a) (54-81+30-a)<0 
> (30 - a)(-a)<0 
=> (a — 3) (a - 30) < 0, using number line rule ie., 
=> aé (3, 30) ...(i) 
+ a= a: 
3 30 


Also, none of the roots lie in [-2,2] 
if f(-2)>0 and f(2)>0 


=> (-16-36+30-a)>0 and (16-36+30-a)>0 

> a+22<0 and a-10<0 

> a <- 22 and a<10 

> a<-22 ...(ii) 


From Eqs. (i) and (ii) no real value of a exists. 


dy/dx as a Rate Measurer and Tangents, Normals 


88. 


89. 


90. 


91. 


92. 
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Slope of tangent at the point (x;,, y,) is given by (4) : 
(x11) 


Given curve, (y — x°)? =x(1+ x’) 


=> 2(y “(2 sat) <4 xt) 4 ax (1 + 3°) 2x 
bs 


Put x =1and y =3, then 
dy /dx =8 
Given, f(x) =2+cosx,Vx ER 
Statement I There exists a point € [t,t + 7], where f’(c) =0 


Hence, Statement I is true. 


Statement II f(t) = f(t+ 27.) is true. But Statement II is not 
correct explanation for Statement I. 


As, | f(x) — f(x2)| Sq - ts) Vx, x, ER 


=> | fla) — fl%)| S| - x)’ [as x” =|x|"] 
x) - Xx. 
A )- fle) | ei, x 
Hy 7 Xo 
=> li Fa) ~ flea) < lim |x, - x) 
xX > x2 X, — Xe x1 > x2 
> | f’(%)|S0,Vx, ER 


| f “(x)| < 0, which shows | f ’(x)| = 0 
[as modulus is non-negative or| f ‘(x)| = 0] 
f (x) = 0 or f(x) is constant function. 
= Equation of tangent at (1, 2) is 


-2 3 
7 = f(x) 
x—1 
or y-2=0 [- f(x) = 0] 
*. y —2=0is required equation of tangent. 
Given, yi +3x? =12y ...(i) 


On differentiating w.r.t. x, we get 


d d 
ay? + 6x = 125% 
dx dx 
d 6 
=> a —— 
dx 12-3y 
d a 
4 aed 
dy 6x 
For vertical tangent, 
dx 
—=9 
dy 
> 12 -3y? = 
= y=t2 
4 
On putting, y = 2 in Eq. (i), we get x =+ ae and again putting 
y =—2in Eq. (i), we get 3x” = — 16, no real solution. 
4 
So, the required point is | +—=, 2]. 
is [ 3 
Slope of tangent to the curve, y = f(x) is 
d 7 
= =f (x)(3, 4) 
aX |(5, 4) 
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1 = 1 
f (x) 3,4) f®) 


But = : = tan (=) 
f‘B) 4 
Tm TT 


= == tat ( + =-1 
f’B) 2 4 
fB)=1 
x+6 
(x — 2) (x —3) 
Point of intersection with Y-axis (0, 1) 
, _ (x° —5x + 6) (1) —(x + 6) (2x —5) 
(x? —5x + 6)? 


Therefore, slope of normal = 


[given] 


We have, y = 


= y’=1at point (0, 1). 
.. Slope of normal is — 1. 
Hence, equation of normal is x + y =1. 


11 ; F 
: (. ;| satisfy it. 
22 


Given equation of curve is 
x’ + 2xy -3y’=0 (i) 


On differentiating w.r.t. x, we get 
, , / x tr y 
2x + 2xy + 2y —byy =0> y =— 
3y-x 
dy 


At x=ly=1l1y’=1 ie. (2) =1 
*/(1,1) 


Equation of normal at (1, 1) is 


1) => y-1=-(x-1) 


1 
1= x 

y rk 
> x+y=2 ...(ii) 


On solving Eggs. (i) and (ii) simultaneously, we get 
=> x? + 2x(2—x)-3(2-—x)? =0 


=> x’ + 4x —2x*-3(44 x? — 4x) =0 


=> x? + 4x —12-3x7 4+ 12x =0 
> —4x? + 16x -12=0 
=> 4x” —16x+12=0 
=> x? -4x+3=0 
> (x -1)(x -3)=0 


* x<=1,3 
Now, when x = 1, then y = 1 
and when x = 3, then y = —1. 

P =(1, 1) and Q = (3, -1) 


Hence, normal meets the curve again at (3, -1) in fourth 


quadrant. 

Aliter 

Given, x’ + 2xy -3y’ =0 
=> (x -—y)(x + 3y)=0 
=> x-y=0orx+3y=0 


Equation of normal at (1, 1) is 
y-1=-1(x -1) 
=> x+y-2=0 
It intersects x + 3y = 0 at (3, -1) and hence normal meets the 
curve again in fourth quadrant. 


AY 


x+y=2 
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Monotonicity 


Monotonicity 


A function is said to be monotonic if it is either 
increasing or decreasing in its domain. 


Strictly Increasing 


Consider a function represented by the following 
graph. 


y=t) 
Ya 
x Xs as 
Figure 8.1 
i.e. X14 <X2q 


implies F(x1) < f (x2) 
Such a function is called a strictly increasing 
function or a monotonically increasing 


function. 

For two different input arguments x, and x2, 
where x; <X2, y, = f(x,) will always be less 
than yy = f(x»). 

The word ‘monotonically’ apparently has its origin 
in the word monotonous. 


e.g. A monotonous routine is one in which one 
follows the same routine repeatedly or 
continuously. 


Similarly, a monotonically increasing function is 
one that increases continuously. 

e.g. consider f(x) =[x]. 

For this function x, < x, does not always imply 
f (x1) < f(%2). 

However, x; < x, does imply f(x,) < f(x2). 

In other words, f(x) =[x]is not strictly (or 


monotonically) increases. It will nevertheless be 
termed increasing. 


Strictly Decreasing 
Now, we consider a function represented by the following graph. 
y=1(x) Y 


>X 


Figure 8.2 


For two different input arguments x, and x,, where 

x1 <X2,y, = f(x,) will always be greater than y, = f(x,.). 

ie. Xy< Xp = f(x,)> f(x2) 

Such a function is called a strictly decreasing function or a 
monotonically decreasing function. e.g. consider f(x) =—[x]. 


For this function x, < x, does not imply f(x,)> f(x2). 


= f(x1) 2 f(x2) 

In other words, f(x) =—[x]is not strictly decreasing. It would 
only be termed decreasing. The following table list down a few 
Examples of functions and their behaviour in different intervals. 


However, X1<Xy 


Function Behaviour 
f(x)=x Strictly increasing on R 
f(x) = x’? Strictly decreasing on (— °, 0] 

Strictly increasing on [0, °°) 
f(x)=<x Strictly increasing on [0,-°) 
f(x)=x? Strictly increasing on R 
f(x) =|x| Strictly decreasing on (— =, 0] 

Strictly increasing on [0, °°) 
f= 1 Neither decreasing nor increasing on R. 

x Strictly decreasing on (—,0), Strictly decreasing on (0,°) 

f(x) =[x] Increasing on R 
f(x) = {x} Neither increasing nor decreasing on R. 

However, strictly increasing on [n,n+ 1), where ne Z 
f(x) =sinx Neither increasing nor decreasing on R. 


1 a 
Strictly increasing on {2 - =n (2n + 1 \n| nEeZ 


1 3 
Strictly decreasing on iG + +n [2n + Ad, neZ 


Function Behaviour 
f(x) =cosx Neither increasing nor decreasing on R. 
Strictly increasing on [(2n — 1) 1, 2nt];ne€Z 
Strictly decreasing on [2nm, (2n + 1)t];n€ Z 
f(x) =tanx Neither increasing nor decreasing on R. 
: : : 1 1 
Strictly increasing on (» = ;| TL, (x + Ad, neZ 
f(x) =e* Strictly increasing on R 
f(x)=e~ — Strictly decreasing on R 
f(x)=Inx — Strictly increasing on (0, ©) 


Monotonicity with 
the Help of Derivative 


Let us now deduce the condition(s) on the derivative of a 
function f(x) which determines whether f(x) is 
increasing/decreasing on a given interval. We are 
assuming that f(x) is everywhere differentiable. 


Y Y y=g(x) 


Strictly increasing function Increasing function 


Figure 8.3 Figure 8.4 


In figure 8.3, the function y = f(x) is a strictly increasing 
function. Notice that the slope of the tangent drawn at any 
point on this curve is always positive. 


Hence, a sufficient condition for f(x) to be strictly 
increasing on a given domain Dis f’(x)>0VxeED 
(Later on, we will see that this is not a necessary condition 
for a function to be strictly increasing). 

In figure 8.4, the function y = g(x) is not strictly 
increasing though it is increasing. Notice that g’(x) >0 or 
g(x) =0, Vx. g’(x) is never negative. 

Hence, a sufficient condition for g(x) to be increasing on 
a given domain D is g’ (x) 20, V xe D. Now, consider 
f(x) and g(x) in given figure. 


Decreasing function 


Strictly decreasing function 


Figure 8.5 
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Extending as above, we get the conditions for a strictly 
decreasing and decreasing functions 


Strictly decreasing: f’(x)<0 VxeED 


Decreasing :g’(x)<0 VxeED 


Note 

(i) Above conditions on the derivatives to be applied, the 
function must be differentiable in the given domain. 
However, these conditions will hold good even if the 
function is non differentiable, at a finite number (or 
infinitely countable number) of points. e.g. 

f(x) =[x] + JO} is strictly increasing on R. However, f(x) 
is non-differentiable at all integers (a countable set). 

(ii) A function must be continuous for above conditions to be 
applied. Consider y={x}. This is non-differentiable (due to 
discontinuities) at all integers. At all other points, y’=1>0. 
However, we know that y = { x} is not strictly increasing. 


Similarly, y = a is non-differentiable (and non-continuous) 
x 


at x =0. At all other points, y’ = <0, so y should be 
x 


rictly decreasing on R\ {0} . However, it is not strictly 
ecreasing on A \ {0} although it is strictly decreasing in 
the separate intervals (—e,0) and (0, ©). 

Therefore, we see that discontinuous functions cannot be 
subjected to the derivative condition. Even though they may 
be discontinuous only at finite (on infinitely countable) 
number of points. 


an 


Properties 
(i) If f(x) is strictly increasing, then f ~'(x) is also 
strictly increasing. Similarly, if f(x) is strictly 
decreasing, then f '(x) is also strictly decreasing. 
(ii) If f(x) and g(x) have the same monotonicity (both 
increasing or decreasing) on[a,b], then f(g (x)) and 
g( f(x)) are monotonically increasing on [a,b]. 
(iii) If f(x) and g(x) have opposite monotonicity on [a,b], 
then f(g(x)) and g( f(x)) are strictly decreasing on [a, b]. 
(iv) The inverse of a continuous function is continuous 
(v) If f’(x) >0, V x€(a,b) except for a finite (or an 
infinitely countable) number of points, where 
f(x) =0, f(x) is still strictly increasing on (a,b). That 
is why, we said earlier that f’(x) >0, V x € D is not 
necessary condition for strict increase. e.g. In a later 
Example, we will consider the graph of the function 
f(x) =x +cos x. We will see that f’(x) =1-sin x is 


not always positing at x =2nT + = né Z, f’(x) =0]; 
2 


even then, f(x) increases strictly because the points 
at which f’ (x) =0 are countable. 

(vi) Similarly if f’ (x) <0,V x €(a,b) except for a finite 
(or an infinitely countable) number of points, where 
f(x) =0, f(x) is still strictly decreasing on (a,b). 


462 ~— Textbook of Differential Calculus 


Classification of Strictly fo) 
Increasing Functions 


: F ‘ f(x) <0 
Increasing functions can be classified as ” 
(x)>0 
(i) Concave up When f (x) >0 and f” (x) >0, 
Vx € domain. >X 


Figure 8.9 
From the figure 8.9, it is clear that the graph of the 
function f(x) is concave up and decreasing as x increases. 


(ii) Concave down When f’(x) <0 and f(x) <0, 
Vx € domain. 


Yr 
Figure 8.6 
I(x) 
From the figure 8.6, it is clear that the graph of f(x) is F(x) <0 
concave up and increasing as x increases. f” (x) <0 
(ii) Concave down When f(x) >0 and f” (x) <0, 
Vx € domain. O ae 
a Figure 8.10 
f(x) From the figure 8.10, it is clear that the graph of f(x) is 
: ee : concave down and f(x) is decreasing as x increases. 
iX) << 
(iii) When f’(x) <0 and f”(x) =0, Vx € domain. 
YA 
O - 
f’ (x)<0 
Figure 8.7 f” (x)=0 
From the figure 8.7 it is clear that the graph of f(x) is F (%) 
concave down and increasing as x increases. <i 
(iii) When f’(x) >0 and f” (x) =0, Vx € domain. e 
Figure 8.11 
my F(X) From the figure 8.11, it is clear that the graph of f(x) 
f’(x) > 0 is neither concave up nor concave down but f(x) is 
7X) =0 decreasing as x increases. 
Example 1 Find the interval in which 
4 »X f(x) =2x? + 3x? - 12x + 1is increasing. 


. Sol. Given, f(x) =2x° + 3x? -12x +1 
Figure 8.8 


Differentiating both the sides, we have 


From the figure 8.8, it is clear that the graph of f(x) is Fhe! ent 


neither concave up nor concave down but still 

: . : Le 2 

increasing as x increases. => f (x) =6(x* + x-2) 
=> f (x) = 6(x +2) (x-1) 


Classification of Strictly Using number line rule, we have 
Decreasing Functions eg a Se, 


-2 


Hence, f (x) 20 
when x & (-9, -2] U[1, ©) 


= 


Decreasing functions can be classified as follows : 


(i) Concave up When f(x) <0 and f’’(x)>0,VxeE 
domain. Aas ; 
= f(x) is increasing when x € (-°, - 2] U [1,°¢) 


Example 2 Find the interval in which 
f(x)=x°-3x?-9x-+20 is strictly increasing or strictly 


decreasing. 
Sol. Given, f(x) =x? -3x?-9x+20 


f (x) = 3x? -6x-9 
= f (x) = 3(x? -2x -3) 
= f (x) =3(x-3) (x +1) 
Using number line method as shown in figure, 


~ 7 ~ 


-co< t t > 00 
-1 3 
f'(x)>0 
For x € (-00, -1) U (3,00) and f’(x) <0, 
For x € (-1,3) 


Thus, f(x) is strictly increasing for x € (-9, -1) U (3,0°) and 
strictly decreasing for x € (-1, 3). 
Example 3 Show that the function f(x) = x? is-a 
strictly increasing function on (0, ©). 
Sol. Given, f(x)=x* => f (x)=2x 
=> f (x) > 0 for x € (0,0) [ss 
Thus, f(x) is strictly increasing for x € (0,°°). 


x €(0,cc) => 2x >0] 


Example 4 Find the interval of increasing or 
decreasing of thef(x) = [c (t7 +2t) (t* -1) dt. 
Sol. Given, f(x) = Le +2t)(t? -1) dt 
On differentiating both the sides, we have 


’ 2 2 d d 
f (x) =(x" 42x) (x »} 2c} (1-2)(1 4 v| 


[using Leibnitz rule] 


> f (x) = (x? +2x) (x? -1) 
=> f (x) = x(x +2) (x +1) (x-1) 


Using number line rule as shown in figure, 


Clearly, f (x) =0 when x € (-c, -2] U [-10] VU [1,) 

f (x)<0 when xe [-2,-1]U [0,1] 

Hence, f(x) is increasing, when 

x € (-ce, -2] U[-1, 0] U [1, --) and f(x) is decreasing, when 
x € [-2,-1] U [0, 1]. 


and 


Remark 
In above example, Leibnitz rule is used which is stated as 


d | pyc o d 
oF fy M0. at] = Foon) {2 woo} ooo {£900} 
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Example 5 The function f(x)=sin* x+cos* x 

increasing, if 
(alO<x<2/8 
(c)3m/8< x < 52/8 


(b) t/4<x<3n/8 


(d) 51/8 <x <3n/4 
[IIT JEE 1999] 


f(x) =sin‘* x + cos* x 


Sol. Here, 
> f (x) = 4sin? x-cos x + 4cos® x (-sin x) 
f (x) = 4sin x cos x (sin? x - cos” x) 
f (x) = 2(sin2x) (-cos2x)=> f (x) =-sin4x 
Now, f (x)20, ifsinadx<0 => m<4x<2n 
=> /4Sx<m/2 
T 31 T™ 1 
Here, | —,— | is only subset of} —, — |. 
4° 8 4° 2 | 


Hence, (b) is the correct answer. 


Example 6 Let f(x) =| se (t=) (t-2) dt. Then, f 


decreases in the interval [IIT JEE 2000] 
(a) (29, - 2) (b) (-2,-1) 
(c) [1, 2] (d) (2, e2) 


Sol. Here, f(x) = fo e'(t-1 (t-2) dt 
f (x)= e*(x-1)(x-2), 


[using Leibnitz rule] 


Using number line rule for f’(x), we get 
f (x) <0 when 1 < x < 2,as e” is always positive. 
“. fdecreases when 1< x <2 


Hence, (c) is the correct answer. 


Example 7 If f(x)= x-e*"-*) then f(x) is 
[IIT JEE 2000] 


(a) increasing on -3, J (b) decreasing on R 


(c) increasing on R (d) decreasing on -t, ] 


Sol. Here, f(x) = x-e*°"*).(1-2x) + 1-e"0") 

f (x) = e748" [x -2x? +1] 

f (x) =-e* 9" (x -1) (2x +1) 

Using number line rule for f (x) we get, f (x) = 0, when 


1 
xe - =, | as shown in figure. 
2 


_ + a 
-1/2 1 


-— cx 


> 0O 


Hence, (a) is the correct answer. 
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Example 8 Find the interval for which f(x) = x-sin x 
is increasing or decreasing. 
Sol. Given, f(x) = x-sin x, 
Differentiating both the sides w.r.t. x, we have 
f (x) =1-cos x 


We know, -1<cosx <1 
or cosx <1 
> 1-cosx 20 
Therefore, f’(x)20,VxER 


Which shows f(x) is increasing for the entire number 
scale. 


ie. all real numbers. 


Example 9 Discuss the nature of following 
functions graphically. 


(i) f(X)=x? 


(iii) f(x) =e* (iv) f(x) =x] 
Sol. (i) f(x) = x°* can be graphically plotted as shown in the 
following figure, which shows f(x) = x’? is strictly 


increasing in R. 
Y 


y=x8 


X’« >X 


Ma 
(ii) f(x)= | can be graphically plotted as shown in the 
x 


following figure, which shows f(x) = = is strictly 


x | 


increasing in ]- ©», 0[ and strictly decreasing in ] 0, © [. 


>X 


(iii) f(x) = e* can be graphically plotted as shown in the 
following figure, which shows f(x) = e™ is strictly 


increasing in R. 


X’< >X 


ie) 
<a 


(iv) f(x) = [x] can be graphically plotted as shown in the 
following figure, which shows f(x) = [x] is increasing 
but not strictly increasing i.e. non-decreasing in R. 


Ya 

o+ e—o 

1+ @—o 

X<—_+—_—_#-—-—_+—_ >X 
2 1 [9 4 2 3 
eo -1 

e—o +-2 

1 y=) 

Y’ 


Example 10 If H (x,.)=0 for some x= xX and 


= H (xX) >2cx H(x) for all x => x9, where c > 0, then 
x 
prove that H (x) cannot be zero for any x > Xo. 


Sol. Given that, - H (x)>2cx H (x) 
ie 


> 2 hija iss 
dx 


> Fe toe AG 
dx 


> {2 (xh eer 4 Hs) 2 a >0 
d 


=> [o H(xye"*|>0 


H (x) e™ isan strictly increasing function. 
But H (x ))=0and eis always positive. 
=> H (xo)> 0 for all x > x 


> H (x) cannot be zero for any x > Xo. 


Example 11 If f(x) is a decreasing function and attain 


positive values, then the set of value of ‘k’, for which 
2 2 


+_y =] 
f(k+1)) 


the major axis of the ellipse 


) 


f(k? +2k+5) 
is the X-axis, is (—a, b), then (a+b) is 
Sol. Here, f(x) is decreasing function and major axis is X-axis 
> f(k? +2k +5) > f(k +11) 

ae ees : ae 
[.. for the ellipse 2 + a = 1 major axis lies 
along X-axis, then a” > b”] 

As, f(x) is decreasing, therefore 
k? 4+2k+5<k4+11 


kk? +k-6<0 


=> 
> (k+3)(k —2) <0 
> k € (-3, 2) = (a, b) 


at+b=5 


Example 12 Let f(x) = 3x+5, then show that f(x) is 
strictly increasing and f~'(x) exists and is strictly 


increasing for x ER. 
Sol. Here, f(x) =3x+5 


f (x) =3> 0, which is strictly increasing for x € R. 
Now, finding f~'(x),let f(x)=y, y=3x+5 


or pee ae 
3 

or f= [as f(x)=y>x= fy) 
poy 08 
p= 
x-5 


exists for all x € Rand is 


Which shows f 1(x) = 


strictly increasing as “(f ) = ; > 0 for all xE R. 
x 


Example 13 Let o (x)=sin (cos x), then check whether 
it is increasing or decreasing in [0, 2/2]. 
Sol. |. Given, (x) =sin (cos x) 
> (x) = cos (cos x): (-sin x) 
> (x) =-cos (cos x)- sin x 


T 
f cos(cos x) > 0 and sin x >0,Vx € cl 
2 


Therefore, it is clearly decreasing for x € [0, 1/2] as 
o’(x) <0. 
Aliter 


Here, f(x) = sin x and g(x) = cos x are increasing and 
decreasing in [0, 1/2]. 


=> (fog) (x) = 0 (x) = sin (cos x) is decreasing. 


Example 14 Let (x) =cos (cos x), then check 
whether it is increasing or decreasing in [0, 1/21]. 
Sol. Given, 0 (x) = cos (cos x) 
= (x) =-sin (cos x)-(-sin x) 
=> (x) =sinx sin (cos x) 


T 
E sin(cos x) > 0 and sinx >0,Vxe€ (0) 


Therefore, it is clearly increasing for x € [0, 2/2] as 6 (x)20. 
Aliter 

Here, f(x) = cos x and g(x) = cos x are decreasing in [0, 1/2]. 
=> (fog) (x) = cos (cos x) = (x) is increasing. 


sab <0 

Example 15 Let f(x) = | xe _ s where a 
X+ax*-x°; x>0 

is positive constant. Find the interval in which f(x) 


is increasing. [IIT JEE 1996] 
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ax, < 
Sol. Given, f(x)= ee cae 


x+tax?-x?; x>0 


Differentiating both the sides, we have 


, x <0 
f (x)= : 
1+2ax-3x"; x>0 


axe +e”; 


Again, differentiating both sides, we have 


Paes = 2ae™ +a’ xe; x <0 
2a-6x; x>0 
Now, f ’’(x) = 0, then in the interval x < 0 the root is 
2 ee . a 
x =-— and in interval x > 0 root is x = — 
a 3 


Using sign scheme or number line rule as shown in figure, 
we get 


— co~€ + + > co 


com. 


, 2 a . 
f (x) decreases on [-—. = :] U < -| and increases on 


a 


Example 16 If a<0and f(x)=e%+e™ is 


monotonically decreasing. Find the interval to which 
x belongs. 


Sol. Given, a<0 and f(x)=e +e™ is monotonically 


decreasing. ...(i) 
=> f (x) <0 
> ae™~ -ae ““ <0 

2ax 

= H, 
> a i: <0 ...(ii) 
ax 

e 
As from Eq. (i), a< 0 
> (e°** -1)>0 
> CsA 
> 2ax >0 
=> ax >0 
> x<0 [asa <0] 


Thus, f(x) is monotonically decreasing, if x € (—°,0). 


Example 17 If 0<a < = then the value of 
(a cosec a) is 


(a) less than . (b) more than . 


(c) less than . (d) more than z 
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Sol. From the figure, we can say 
Slope of OA > Slope of OB 


where A =(Q,sina) and B (z. sin =) : 


T T 
=> > or ; < => Qa cosecad < — 
a 1 sind 3 3 


Hence, (a) is the correct answer. 


ax* + bx? + cx+d, where 
is an 


Example 18 If f(x) = 
a,b,c andd are real numbers and 3b? <c?, 


Fee cubic function and 
= af (x) +bf’’(x)+c?, then 


a) . g(t) dt is a decreasing function 
b) . g(t) dt is an increasing function 


c) . g(t) dt is a neither increasing nor a decreasing function 


(d) None of the above 
Sol. f (x) =3ax? + 2bx +c¢>0 


= a>0Oandb? —3ac <0 = a>Oandb? <3ac 


Also, g(x) = af (x) + bf ’(x)+c? 


[since, f(x) is increasing] 


g(x)= 3a"x" + 2abx + ac + 6abx + 2b? +c? 


g(x) =3a’x? + 8abx + (2b? + c? + ac) 
where D = 64a’b’ — 4-3a”-(2b? +c” +.ac) 
= 4a’(16b” — 6b” — 3c? — 3ac) 


= 4a"(10b” — 3c* — 3ac) < 4a7(10b” — 3c” — b*) 


[as 3ac > b* = —3ac < —b’] 


= 4a°(9b” — 3c*)= 12a°(3b’— c”) [given 3b” < c”] 


D<0 => g(x)>0VxeER 


x 
* [ g(t) dt is an increasing function. 
a 


E (fF ten} = g(x)> | 


Hence, (b) is the correct answer. 


Example 19 If f :R >R, f(x) is a differentiable 
bijective function, then which of the following is true? 


(a) (f(x) — x) f"(x)<0,V xER 
(b) (f(x) — x) f(x) >0,V xER 
(c) IF (f(x) — x) f(x )>0, then f(x) = fT (x) has no solution 
(d) If (f(x) — x) f’’(x) > 0, then f(x) = f~' (x) 
has at least one real solution 
Sol. As, (f(x) - x) f (x) <0,V xER 
> (f(x) - x)>0and f”(x) <0) 
or (f(x) - x)<0Oand f”(x)>0) 


Can’t be true as f(x)—x>0 and f’(x) are decreasing. 
Then, f(x) has to intersect the line y = x. 


Similarly, f(x) — x <0and f (x) is increasing, is not 


possible. 
Also, f(x)-x #0 
> f(x) = f '(x) has no solution. 


Hence, (c) is the correct answer. 


Example 20 If f(x) and g(x) are two positive 


and increasing functions, then 
(a) (f(x)? is always increasing 


(b) if see 
(c) iF (F(x) 
d) if f(x) > 1, then (f(x) 8 noe 
Sol. Let h(x) = (f(x))8 


is decreasing, then f(x) <1 


) js increasing, then f(x) 


=> log (A(x)) = g(x) {log f(x)} 
1), g(x) 
th x) + {lo x x 
a) (x)= Fay 1 ot Meg fi g(x) 


and h(x) is increasing, if log (f(x))>0 = f(x)>1 


Hence, (d) is the correct answer. 


Example 21 If the function y = sin (f(x)) is monotonic 
for all values of x [where f(x) is continuous], then the 
maximum value of the difference between the 
maximum and the minimum value of f(x), i 


(b) 21 (c) 5 (d) None of these 


(a) x 
Sol. As, y = sin ( f(x)) is monotonic for 


T T 
f(x) [Pb Sam 3 | 


31 
or 2nt re —, 2nt + — 
2° 2 


.. The maximum value of difference is 7. 


Hence, (a) is the correct answer. 
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Example 22 If f”(x)>0 and f’(1)=0 such that for g(x) to be decreasing, g’(x) <0 

g(x) = f(cot? x+2cotx +2), where 0< x <7, then the => f {(cotx +1)? + 1}-(-2 cosec? x) (cot x +1) <0 

interval in which g(x) is ae is - ene aaavien at 
ae (b) (E. x) f (x) ‘i 0=> f (x)is ee ay 
ois) mle) fees lee) 


Thus, Eq. (i) holds, if cotx + 1>0 


Sol. Here, g(x) = f(cot® x + 2cot x + 2) 3n 

, ; 5 5 = cotx >-1,V x€]| 0, — 

= g’(x)=f (cot” x + 2cotx + 2)-{-2cot x cosec*x 4 
~2cosec” x} Hence, (d) is the correct answer. 


Exercise for Session 1 


1. The curve y =f(x) which satisfies the condition f(x) > 0 and f’”’(x) <0 for all real x, is 


Y y Y 


(b) XG Xx (d) x’ a x 
Y y’ 
2. The interval in which f(x)=cot™' x + x increases, is 
(a)R (b) (0, c) (c) R — {na} (d) None of these 


3. The interval in which f(x) =3cos* x + 10cos® x + 6cos* x —3 increase or decrease in (0, 7) 


(a) decreases on (5 = and increases on (a 5) U (=. n| (b) decreases on (5 n| and increases on [0 5) 
2 3 2 3 2 2 
c) decreases on| 0, a U an mt | and increases on ie on d) decreases on| 0, T | and increases on De Tt 
2 3 2 3 2 2 


4. The interval in which f(x)= RG +1)(e' —1)(t-—2)(t + 4)} dt increases and decreases 


a) increases on (—<», — 4) U (-1 0) U (2, «-) and decreases on (-4, — 1) U (0, 2) 
b) increases on (—cs, — 4) U (—1 2) and decreases on (—4, — 1) U (2, ~) 
) e 
(- 


c) increases on (-<9, — 4) U (2, «) and decreases on (-4, 2) 
d) increases on (-4, — 1) U (0, 2) and decreases on (<9, — 4) U (—1 0) U (2, ~) 


( 
( 
( 
( 


5. The interval of monotonicity of the function f(x) = z ,is 
log. X 

a) increases when x € (é, <) and decreases when x € (0, e) 

b) increases when x € (@, -) and decreases when x € (0, e) — {1} 

c) increases when x e€ (0, e) and decreases when x € (e, --) 

d) increases when x € (0,e 


J 


a pm Ga 
Swe 


— {1} and decreases when x € (@, ~) 
6. Letf(x)=x°+ ax? + bx +5 sin? x be an increasing function on the set R. Then, 

(a)a* -3b+15>0 (b)a? -3b+5<0 (c)a* -3b+15<0 (d)a* -3b+5>0 
7. Let g(x)=f(x)+f(1- x) andf”(x)>0,V x €(0,1). Then, g(x)is 

(a) increasing on (a 3 and decreasing on (5: d (b) increasing on (5 d and decreasing on (0 3) 


(c) increasing on (0, 1) (d) decreasing on (0, 1) 
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Critical Points 


It is a collection of points for which, 
(i) f(x) does not exist (ii) f (x) does not exist 
(iii) f (x) =0. 
All the values of x obtained from above conditions are said 
to be the critical points. 


It should be noted that critical points are the interior 
points of an interval. 


Example 23 Find the critical points for 
f(x) = (x- 2)? (2x41), 


Sol. Given, f(x) = (x-2)?/3(2x +1) 
= f(x) = (x-2) Ox + 1) 4 (x-2)-2 
» ,_,| (2x41) , (x-2)°? 
or f (x) >| ea ; | 


Clearly, f (x) is not defined at x = 2, so x = 2is a critical point. 


Another critical point is given by 


f(x)=0 
a 2] eens?) 20 
(x2) 
=> 5x-5=0 > x=1 


Hence, x = 1 and x = 2 are two critical points of f(x). 


Example 24 Find all the values of a for which the 
function 


{x= (a? - 3a+2)cos Gi (a-1) x, possess critical 


points. 


Sol. Given, f(x) =(a’ -3a+2) cos 2) +(a-1) x 


= fia v(a (a 2)sin =) (a 1) 


, 1 . x 
> f (x)=(a oft ae 2yin( =) 


If f(x) possess critical points, then 


f (x)=0 


2 
=> a=1 and 1-(2)sin% =o 
ys 
but at a=1 => f(x)=0 
2 
Thus, sin cll pala 
2 a-2 
2 
=> —|<1 
a-2 
=> ja-2| >2 => a-222 
or a-2<5-2 


a=4 or a<0 


Therefore, a€ (-09, 0] U[4, 2) 


Example 25 The set of all values of ‘b’ for which the 
function 
f(x) = (b? — 3b +2)(cos? x -sin? x)+(b-1)x+sin2 
does not possess stationary points is 

(a) [1, ©) (b) (0, 1) U (1, 4) 


(d) None of these 


Sol. Here, f(x) = (b® — 3b + 2)(cos? x —sin? x)+(b—1)x + sin2 
= (b? —3b+2)cos2x +(b—1)x +sin2 
=> f'(x)=(b? —3b + 2)-(—2sin2x) + (b— 1). 


As, f(x) does not possess stationary points. 


= f (x) #0 
=> (b — 1) (b — 2) (—2sin2x) + (b — 1) #0, 
for any xER 
> (b-1) {1-2(b—- 2) sin2x}#0 
=> =a eres 
|2(b — 2) | 
1 1 
=> —~<b-—2<- and b#1 
2 2 
=> Saye? => be(3.5) 
2 2 22 


Hence, (c) is the correct answer. 
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Example 26 Find the set of critical points of the or = Sea tO", ee Tatedet 
function ° 
x (1 => x= “= + = nel 
f(x) =x-log x+ J —-2-2cos 4z |dz. 2 6 
2 But log x is defined for x >0 
Sol. Here, f(x) = x-log x +[* [5-2-2 42 ds Forn =0x=4+" 
2\z 6 
, 1 1 
=> f(x)=1-4+(4-2-2008 4x) (0)-0 > xs [neglecting x = - 11/6 | 
=-1-2cos 4x [using Leibnitz rule] ae Te 
Put f (x) =0, .. Set of critical points = ea = + z where ne N. 


1 Tl 
=> al or cos sx= 0os(n- 2 


Exercise for Session 2 


Determine all the critical points for the function f(x) =6x° + 33x* — 30x? + 100. 
Find the critical points of f(x) = x2/9(2x — 1). 


Determine all the critical points for the function f(x) = xe”. 


AO ND ZS 


The number of critical points of f(x ) =max {sin x, cos x}, V x € (—27, 27) is 


(a)5 (b) 6 
(c)7 (d) 8 


Session 3 


Comparison of Functions Using Calculus 


Comparison of Functions 
Using Calculus 


If we want to compare 0(x) and g(x) then we consider a 
function f (x)=0(x)- g(x) or f(x) = g(x) - O(x) and 
check whether f (x) is increasing or decreasing in given 
domain of (x) and g(x). The procedure is illustrated by 
following examples : 


Example 27 Using calculus, find the order relation 
between x and tan’! x when x€ [0,). 


Sol. Let f(x) = x- tan '(x) 
1 


= f(x)=1-— 
1+ 
, x? 
> f (x)= 7 20, Vx € [0, c) 
1+x 


Thus, f(x) is an increasing function. 
As, we know x, <x» = f(x,)S f (x2) for increasing function 
a x 20, Vx € [0, <) 
= f(x) 2 f(0), Vx € [0, -) 
> x-tan™'x >0-tan™'(0), Vx € [0, ©) 
=> x>tan |x, Vx € [0, 0) 
Thus, the above relation is the order relation between x and 
tan’ x. 
Example 28 Using calculus, find the order relation 
between x and tan”' x when xé (--, 0]. 
Sol. Let f(x) =(x)-tan '(x) 
1 
1+x 


=> f (x)=1- 


2 


2 
=> f (x)= 20, Vxe (-, 0] 
1+x 


Thus, f(x) is increasing function. 


As, we know x, Sx) = f(x,) S$ f(x.) for increasing 


function. 

a x <0, Vx € (-°9, 0] 

= f(x) S (0), Vx € (-2, 0] 
> x-tan x <0, Vx € (-©, 0] 

> x S$ tan! x, Vx € (-c, 0] 


Thus, the above relation is the order relation between x and 
-1 
tan x. 


Example 29 For all x € (0,1) [IIT JEE 2000] 


(a)e* <1+x (b) log (1 +x) <x 
(c) sinx > x (d) log. x >x 
Sol. (a) Let f(x) =e*-1-x 
=> f (x)=e*-1>0,Vx€ (0,1) 
So, f(x) is increasing, when 0 < x <1 
> f(x)> f(0) or e*-1-x>0 
> e~>1+x 
Hence, (a) is false. 


(b) Let g(x) = log (1+ x)-x 


“* <0, Vx € (0,1) 


1 
=F Ba) sae ea 


1+x 


So, g(x) is decreasing, when0< x <1 
> £(0)> g(x) = log(it+x)<x 
Hence, (b) is true. 

(c) Let h(x)=sinx-x = h(x) =cosx-1<0, Vx € (0,1) 
So, h(x) is decreasing, when 0< x <1 = h(x)< h(0) 
=> sinx<x 
Hence, (c) is false. 


= g'(x)=—-1 
x 


og’ (x) >0,Vx € (0,1) or g(x) < g(1) 
=> logx-x<-1 
= x-1>logxor x>log x 

Hence, (d) is false. 

Thus, (b) is the correct answer. 


(d) Let g(x) =logx-x 


Example 30 Prove that 


2 
1 2e = 2 
ta 2) + «(tan e)? + . 
e€ ena] ea 


Sol. Let us consider a function f (x), 


Le. f (x)= (tan x)? + : forallxe R 


x? +41 

i 2tan 2 
i= a 
1+x (x* +1) 


2 -1 x 
= 7 tan “x - 
1+x x7 +1 
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= oe 2 ~ g(x), => g(x)is increasing for xe R 
1+x => g(x)>g(0)forallxe R 
ees x ; 
where g(x)=tan x ; ...(i) =e i. ae, 
5 eas ep 2 
x" +1 
gees 1 —" x? - 
tax? jx? +1 (xe? +1)? .. From Eggs. (i) and (ii), f’(x) > 0 for all x > 0 
1 1 “. f (x) is increasing for all x > 0 
+x? (x? 41)? = fle) < fle) 
2 
ae male : >OforallxeE R => (tan) + ue <(tan~'e)? + = 
1+x (x? +1) e ev +1 e +1 


Exercise for Session 3 


Show that sin x < x <tanx for0<x <7/2. 


2. Show that —~— <log(1+ x) <x for x >0. 
(1+ x) 


3 
3. Show that x - 7 <sinx for0 <x <5. 


4 ay?” Steril positive x, where a, b > 0, then 
x 


(a) 27ab? > 4c? (b) 27ab? < 4c? 
(c) 4ab? > 27° (d) None of these 


5. Ifax + ad >c for all positive x, where a,b >0, then 
x 


2 2 
c 
a)ab < —_ b)ab > —— 
(a) dj (b) - 


(c) ab = (d) None of these 
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Introduction to Maxima and Minima, Methods of Finding 
Extrema of Continuous Functions, Convexity/Concavity 
& Point of Inflection, Concept of Global Maximum/Minimum 


Introduction to — 
Maxima and Minima 


By the maximum/minimum value of function f(x) we 
mean local or regional maximum/minimum value and not 
the greatest/least value attainable by the function. It is 
also possible in a function that local maximum at one 
point is smaller than local minimum at another point. 
Sometimes, we use the word extrema for maxima and 
minima. 

Definition A function f(x) is said to have a maximum at 
x =a, if f(a) is greatest of all values in the suitably small 
neighbourhood of a, where x =a is an interior point in the 
domain of f(x). 


Analytically, this means f(a) = f(a +h) and 
f(a) = f(a -h), where h=0 (very small quantity). 


Figure 8.12 


Similarly, a function y = f(x) is said to have a minimum at 


x =b, if f(b) is smallest of all values in the suitably small 
neighbourhood of b, where x = b is an interior point in the 
domain of f(x). 

Analytically, f(b) < f(b +h) and f(b) < f(b - h), where 
h=0 (very small quantity). 


YA 


+h b-h b b+h 


Figure 8.13 


Methods of Finding Extrema 
of Continuous Functions 


The following tests apply to a continuous function in order 
to get the extrema 


First Derivative Test 


As we know the function attains maximum, when it has 
assumed its maximum value and attains minimum, when it 
has assumed its minimum value which could be shown as 


(i) At a critical point x= a 
(a) When f(x) attains maximum at (x =a) 
Consider the following graph 


Ymax atx = a 


Tangent at any point when x<a Tangent at any 


point when x>a 
Figure 8.14 
From above graph, we see that 


for x <a,0, <90° => tan 6, >0or increasing for x <a 
for x =a, tan0 =0=> neither increasing nor 
decreasing for x =a 


for x >a,0, >90° = tan 8, <0 or decreasing for x >a 


Thus, we can say, 


f(x) is maximum at some point (x =a). 


= ee is increasing for x < a 


f(x) is decreasing for x >a 


(b) When f(x) attains minimum at (x = a) 
Consider the following graph 


Ya 
Tangent at any 
Tangent at point when x>a 
any point Yin atx = 8 
when x<a . 
O5 < 90° 
O : *X 


Figure 8.15 


From the above graph, we see that 
for x <a,0, >90° => tan®, <0 or decreasing when x <a 


for x =a, tan® =0 = neither increasing nor 
decreasing for x =a 
for x >a,0, <90° => tan8, >0 or increasing when x >a 
Thus, we can say, 
f(x) is minimum at some points ‘x =a’, 
ee is decreasing for x <a 


f(x) is increasing for x >a 


Here, some of the examples are given to make it more 
clear. 


Remark (Ex. Nos. 31-33) 


Statement of example Number 31, 32, 33 can be used directly 
as result. 


Example 31 If f’(x) changes from positive to 


negative at x. while moving from left to right, 
i.e. fi()>0, x< xo 

f'(x)<0, xX>Xo, then f(x) has local 
maximum value at x = Xo. 


Sol. Consider the following graph 


Y Y 
a» A» 
: Local maxima Local maxima 
GO eo Fx)>0 A F(%) <0 
| x 
O Xo >X O Xo > 


f’(Xo) =0 {f(Xo) exists} f’(Xo) doesn’t exist 

In both the graph we see that f’ (x) changes its sign from 
positive to negative when we move through xy and the 
function has local maxima at x = x9. 
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Example 32 If f’(x) changes from negative to 
positive at Xg while moving from left to right, 
i.e. f (<0 xe x 

{ SONS ss, 
then f(x) has local minimum value at x = xo 


Sol. Consider the following graph 


{ A 
n0 FX) > 0 
increasing 
f(x)<0O F(x) >0 
Local minima 
Local minima 
t xX 
O Xo O Xo >X 
f’ %) = 0 f’ (Xo) doesn't exist 


In both the graph we see that f’(x) changes its sign from 
negative to positive when we move through x, and the 
curve has local minima at x = x9. 


Example 33 If sign of f’(x) doesn’t change at xo, 
while moving from left to right, then f(x) has neither a 
maximum nor a minimum at Xo. 
Sol. Consider the following graph 
ya ¥ A» 
f(x) <0 


i f’(x)>0 
f(x) <0 
O Xo O Xo 

f’(X)=0 f’(X9) doesn’t exist 
In both the graph we see that f’(x) has same sign when 
we move through x, therefore f(x) has neither maxima 
nor minima at x =Xy. 


>X 


Example 34 Let f(x)=x° -3x* +6 find the point at 
which f(x) assumes local maximum and local minimum. 
Sol. Given, f(x) =x? -3x? +6 
> f (x) = 3x? - 6x = 3x (x -2) 
Using number line rule, 


f (x) changes sign from +ve to -ve at x = 0 and f (x) 
changes sign from -ve to +ve at x = 2. 


Therefore, at x = 0, we have local maxima and at x = 2, we 
have local minima. 
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Example 35 Let f(x)=x° find the point at which 
f(x) assumes local maximum and local minimum. 
Sol. Given, f(x)=x? 
= f (x) = 3x? 


Here, f’(x)20 for all x, it does not change sign from 
negative to positive or positive to negative. 


Thus, f(x), we has neither maximum nor minimum. 


1 

Example 36 Let f(x)=x+-—, x #0. Discuss the 
x 

maximum and minimum value of f(x). 


Sol. Here, f(x)=x+ bs 
x 


, 1 
=> f (x)=1--—, 
x 
+ = + 
— cont + + > co 
-1 1 
2 
, x°-1  (x-1)(x +1) 
f (x)= ot = 
x x 
Using number line rule, we have maximum at x = - 1 and 
minimum at x =1 
“. At x =-1, we have local maximum => f(x)max =-2 


and at x = 1, we have local minimum > f(x)min = 2 


Example 37 The function 
foxy = fi t(ef -1) ((-1) (t-2)5(¢- 3) dt has a local 


[IIT JEE 1999] 


maximum at x equals 
(a) O 
(c) 2 


Sol. Given, F(x) = fie 1) (t-1)(t-2)'(t-3) dt 


f (x)= x (e* -1)(x-1)(x-2)'(x-3) 


[using Leibnitz rule] 


Using number line rule for f (x), we get the following 
figure which shows local maxima at x = 2 as f (x) changes 
from (+ve) to (-ve) and local minima at x = 1 and x =3 as 
f (x) changes from (ve) to (+ve). 


- = - - + 
—co~ t t t t > 00 


0) 1 2 3 


.. Local minima at x =1,3 and local maxima at x =2. 


Hence, (c) is the correct answer. 


(ii) At left end point a and right end 

point 6 in [a, b] 
Let f(x) be defined on [a, b] and if f(x) <0 for x >a, then 
f(x) has local maximum at x =a and local minimum at 
x=b. 


YA 
local maxima 
f(x)<0, Vx € [a, b] 
local minima 
r) a 5 >X 
Figure 8.16 


Again, if f (x) > 0 for x > a, then f(x) has local minimum 
at x = aand local maximum at x=b. 


Ya 
local maxima 
local minima 
f(x) >0,!Vx € [a, b] 
Oo] a Be 


Figure 8.17 
We can summarise above result as 


(a) If a function is strictly increasing in[a, b], then 
f(a) is local minimum 


f(b) is local maximum 


(b) If a function is strictly decreasing in[a, b], then 
f(a) is local maximum 


f(b) is local minimum 


Example 38 Find the local maximum and local minimum 
of f(x) = x°+ 3x in[-2,4]. 
Sol. Given, f(x) = x° +3x 
= f(x) =3x? +3 which is strictly increasing for all x € R 
and thus, increasing for [-2, 4]. 
Hence, local minimum is f(-2) = (-2)* +3 (-2) = -14 
and local maximum is f(4) =(4)° +3(4) = 76 


3x°412x-1. =1< x <2 
Example 39 If f(x)= ; ; 
P rf 37- xX, 2EXS 5: 


[IIT JEE 1993] 


f 
f (x) does not exist at x = 2 
f(x) has the maximum value at x = 2 


3x°+12x-1, -1<x<2 
Sol. Given, f(x) = is pais 
37 =X; 2<x83 
, 6x +12, -1<sx<2 
=> x)= 
cS | -1, 2<x<3 


(a) Which shows f (x) > 0 for x € [-1, 2] 


So, f(x) is increasing on [-1, 2]. Hence, (a) is correct. 
(b) For continuity of f(x). [check at x = 2] 
f(x) = 3x? +12x-1-1< x <2 
It is a polynomial, therefore continuous in [- 1, 2]. 


Also, for (2,3], f(x) = 37 — x which is again a 
polynomial, therefore continuous in (2,3]. 


Now, we have to check continuity of f(x) at x =2 
LHL = lim f(2—A) = lim3(2—h)? +12(2—h)-1=35 
h>0 h0 


RHL = lim f(2+h) = lim37 — (2+ h) = 35 
h0 h-0 


RHL =35,LHL=35 and f(2)=35 
So, (b) is correct. 
(c) As discussed in previous chapter, 


Rf (2) him OH —38 = 


— 2 me: — — 
3(2—h) se hyAU89 _ 


and 


Lf (2) = li 
f (2)= lim 
So, not differentiable at x = 2 


Hence, (c) is correct. 


(d) We know f(x) is increasing on [-1, 2] and decreasing 
on (2, 3]. Thus, maximum at x = 2 


Hence, (d) is correct. 

. Hence, (a), (b), (c) and (d) all are correct answers. 
Example AO Let f(x)=sinx- x on[0,2/2], find local 
maximum and local minimum. 

Sol. Given, f(x) =sinx-x 
f (x)= cosx-1, Vx € [0, 1/2] 
(cosx-1) <0, Vx € [0, 1/2], as cosx $1 
f (x) <0, Vx € [0, 2/2] 
“. f(x)is decreasing for x € [0, 1/2]. 


Hence, maximum value of f(x) is at x =0 


Le. fmax(0) = sin0-0 =0 
and minimum value of f(x)is at x = 1/2 
: T Tt 1 T 
1.€, i = sin =1 

Frxin ( 2 ) 2 2 2 


“n™ Derivative Test” 


First we find the root of f (x) =0. Suppose x =a is one of 
the roots of f(x) =0. 


Now, find f’’(x) at x =a 

(i) If f “(a) =negative, then f(x) is maximum at x =a 
(ii) If f “(a) = positive, then f(x) is minimum at x =a 
(iii) If f “(a) = zero 
Then, we find f(x) at x =a 
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If f (a) #0, then f(x) has neither maximum nor 
minimum (inflexion point), at x =a. 


But, if f(a) =0, then find f'”(a) 

If f'’(a) = positive, then f(x) is minimum at x =a. 
If f'”(a) =negative, then f(x) is maximum at x =a. 
and so on, process is repeated till point is discussed. 


Convexity/Concavity and 
Point of Inflection 


Observe the two graphs sketched in the figure below. 
What is the difference between them? Although they are 
both increasing, the first graph’s rate of increase in itself 
increasing whereas the rate of increase is decreasing in 
case of the second graph. 


Figure 8.18 
On graph (i), if you draw a tangent any where, the entire 
curve will lie above this tangent. Such a curve is called a 
concave upwards curve. 
For graph (ii), the entire curve will lie below any tangent 
drawn to itself. Such a curve is called a concave 
downwards curve. 
The concavity’s nature can of course be restricted to 
particular intervals. e.g. A graph might be concave 
upwards in some interval while concave downwards in 
another shown in fig. 8.19. 


yA 
Da! 
ae! 
OS ! / Concave 
58 | 
68 downwards 
1 
>X 
O 
Figure 8.19 


Relation of Concavity 
with the Derivative 


Let us again consider a graph in figure. 

This is a concave upwards curve. We see 

that the rate of increase of the graph O 
itself increases with increasing x, i.e. rate 


of increase of slope is positive. Figure 8.20 
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Example 41 Let f(x) =x (x-1)’, find the point at 
dx? which f(x) assumes maximum and minimum. 

d’y 25 Sol. Given, f(x)= x (x-1)* 

dx? f (x) = 2x (x-1)+(x-1)* 
f (x) = (x-1) [2x + x-1] 


Similarly, for a concave downwards curve, 


The nature of concavity is simply related to the sign 


of the second derivative. 


We now finally come to what we mean by point of 
inflection. 


Consider f(x) = x° again f’(0) = f”(0) =0 

f(x) <0 for x <0 
and >0 for x >0 
=> f’’(x) changes sign as x crosses 0. 
= f(x) changes the nature of its concavity as x crosses 0. 
Such a point is called a point of inflection, a point at 
which the concavity of the graph changes. 
Notice that f(a) =0 alone is not sufficient to guarantee a 
point of inflection at x =a. f”(x) must also change sign as 
x crosses a. 


e.g. In f(x) =x", f (0) =0, but x =0 is not a point of 


inflection since f”(x) does not change its sign as x 


crosses 0. From the higher order derivative test, we know 


that x =0 is a local minimum for f(x) =x’. 


A summary of results for maxima, 
minima and point of Inflection 


Sol. Given, 


First order Second order 
derivative test derivative test 


Higher order 
derivative test 


Max f(a) = 0 fi(a)=0 f'(a)=0 
: f(x) changes f'(@<0o0 f'@=0 
sign from +ve to : 
—ve as x crosses a ei 
fr (a) =0 
f'(a) <0 


where n is even 

(If nis odd, x =a is not 
an extremum point; it is 
a point of inflextion) 


Min. f(a) = 0 f(a) =0 f(a) =0 
f(x) changes f’(a)>0 f'@=0 
sign from —ve to : 
+ve as x crosses a f"-1 (a) =0 

f"(a) > 0 


where n is even 

(If nis odd, x = ais not 
an extremum point; it is 
a point of inflextion) 


Point of inflection f(x) change sign 


atx =a 


f (x)= (x-1)(3x-1) 


Using number line rule for f (x), we have the following 


figure which shows f (x) changes sign from + ve to — ve at 


x=1/3. Hence, at x=1/3, we have maximum and f (x) 
changes sign from - ve to + ve at x=1. 
+ + 


-co~< t t > CO 
Jt - 1 
3 
Hence, f(x) is minimum at x=1. 
Aliter 
We have, f (x)=(x-1)(3x-1) and f”(x)=6x-4 
Let f (x)=0 = x=1,1/3 [critical points] 


f “(Q)=2>0, ie. minimum at x=1 
and f (1/3) =-2 <0, ie. maximum at x=1/3 


Example 42 Let f(x)=(x-1)" discuss the point at 
which f(x) assumes maximum or minimum value. 


f(x) =(x-1)4 
f (x)= 4(x-1) 
Using number line rule. 


-oco< 


; > co 
= x=1 
Shows f (x) changes sign from —ve to + ve. 
Therefore, f(x) assumes minimum at x = 1. 


Aliter 


Given, f(x)=(x-1) => f (x)= 4(x-1) 
Let f (x)=0 >x=1 

Now, f “(x)= 12(x-1)? which is zero at x =1 
ie. f G=0 


Thus, finding f (x) = 24 (x-1) which is again zero at 
x=1 


ie. f“()=0 
Again, finding f'’(x) = 24 which is positive at x = 1, 
ie. FiO) 


Therefore, minimum at x = 1. 


Example 43 Discuss the function 
f(x)=x°® — 3x" + 3x? —5, and plot the graph. 


Sol. The domain is obviously R. 


f(x) is an even function. 


Since f(x) is a polynomial function, it is continuous and 
differentiable on R. 


f(x) = 6x° — 12x? + 6x =6x(x* — 2x” + 1) = 6x(x? - 1)? 
f(x) =030,+1 
f(x) = 6(x? — 1)? + 24x? (x? - 1) 
=(x" —1) {6(x” — 1) + 24x?} 
= (x? — 1)(30x —6) ...(i) 
= 6(5x* — 6x? +1) 
F°'(0) = 6, f""(+1)=0 


=> x=0is a point of local minimum and x = +1 are points 
of inflection 


(verify that f’’(x) does not change sign as x crosses +1). 
Now, f’(x)>0ifx >Oandf’(x)<0 ifx <0. 
Therefore, f(x) decreases on (—°°,0) and increases on 
(0, — ©). 

There is one more important fact we must take into 


account. f’’(x) has roots +1 and additionally, + = 

[from Eq. (i)] 
Therefore, at these four points the convexity of the graph 
changes 
-1 1 
V5" V5 
f(x) is concave upwards in these intervals. 
=> f'(x)<0V xe(- 1, =) (=. 7 so that f(x) is 
concave downwards in these intervals. 
f(0)=—5, f(41) = — 4, f(+# 2) = 23 
Therefore one root each of f(x) lies in (—2,—1) and (1, 2). 


This information is sufficient to accurately draw the graph 
of the given function. 


=> f’'(x)>0V xE(- ~, uf ] (ae) tha 


ali. 
v5 


1 


it : i] x=-1, 1 are points 
Bt edit :..,4 of inflection 


=5 


Example 44 Discuss the function 
f(x= sin 2x + cos x., and plot its graph. 


Sol. The domain of f(x) is R. 


f(x) is periodic with period 27 and therefore we need to 
analyse it only in [0, 27]. 
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f(x) is continuous and differentiable on R. 
f'(x) = cos2x — sinx 
=1-2sin® x —sinx 


=(1+ sin x) (1— 2sin x) 


oi 4 : T SN 30 
This a0 iw [0 niwhenes 22 2" 
6 6 2 

f(x) = — 2sin2x — cos x 


Now, (2) <0, f(=) >0Oand (=) =0 


=>x= = is a local maximum for f(x); (=) = — 


x= = is a local minimum for f(x); 5(= 


st) -3y3 


x= = is a point of inflection; (=) =0 


We now need to analyse the sign of f’”’(x). 
f(x) = — 2sin2x — cos x 
=— 4sinxcos x — cosx 
=— cosx(1+ 4sin x) 
This is 0 in [0, 27] when 
x a 


Tl 41 30 : 
x=—,1+sin 5 , 27 — sin 
2 4 2 


We see that f(x) will change its convexity at four different 
points. 


T aq i Tt sucefel 
=> f"(x)>0V xe) —,n+sin '—]U 3 ,2n — sin! 
2 4 2 4 


So that f(x) is concave upwards in these intervals 


=> F()<oVxe(02)u 


. 11 30 . 41 
™ + sin ‘ U| 27 — sin , 27 
4 2 4 


So that, f(x) is concave downwards in these intervals. 


F(0)=1, (5) = 0, flon)=1 


The graph has been plotted below for [0, 27] 


Y 
A 


At the points marked 
with squares, the convexity 
of the graph changes 
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Example 45 Discuss the function 
y =x+In(x* —1) and plot its graph. 
Sol. The domain is given by x? —1>0 
= D= R\[-1,1] 
f(x) is continuous and differentiable on D. 


lim y=-—o; lim y=-— © 
xo xa 


= x =+ 1are vertical asymptotes to the curve. 


Verify that the graph has no other asymptotes. 


; 2x 
y=lt 
x= 1 
=> y’ =Owhen x? +2x -1=0 
=> x=-14+2 
x = —1+ V2 does not belong to D. 
x=-1-~2isan extremum point. 
(x? +1 
> yr =) cov 
(x — 1) 


=> The curve is always concave downwards so that 


x = —1-—V2 isa point of local maximum. 
lim y= 
x +00 
lm y=- 0 
x 2-00 


.. Based on this data, the graph can be plotted as 
shown below. 


>< 


>X 


Concept of Global 
Maximum/Minimum 


Let y = f(x) be a given function with domain D. 


Let [a, b]c D, then global maximum/minimum of f(x) 
in[a, b]is basically the greatest/least value of f(x) in 
[a, b} 

Global maxima/minima in [a, b] would always occur at 
critical points of f(x) within [a, b] or at the end points 
of the interval. 


Global Maximum/Minimum in [a, 6] 


In order to find the global maximum and minimum of f(x) in 
[a, b], find out all critical points of f(x) in[a, b] (i.e. all points 

at which f ‘(x) =0). 

Let c,,C2,C3,---,C€, be the points at which f’(x) =0 

and let f(c;), f(c2),.-.., f(Cn) be the values of the function at 

these points, 


max {f (4), (cr), flez),--» fen), f(b} = Mi (say) 
min { f(a), f(¢1), f(C2).--» len), f(b)} = M2 (say) 


Then, M, is the greatest value or global maxima in [a, b] and 
M,j is the least value or global minima in [a, b], 


Example 46 Let f(x)=2x*-9x*+12x+6. Discuss the 
global maxima and minima of f(x) in [0, 2]. 


Sol. Given, f(x) = 2x3 -9x? +12x +6 
> f (x) = 6x? -18x +12 
=> f (x) = 6 (x? -3x +2) 
= f (x)= 6(x-1)(x-2) 
Put f (x) =0 
: x=1,2 [say c, and cy] 


Then, for global maximum or global minimum. 

We have, f(0)=6, fd) =11, f(2) = 10, 

“. Global maximum > M, = max {6,10,11}=11 

and global minimum => M, = min {6,10,11}=6 

“. f(1) = 11 global maximum and f(0) = 6 global minimum. 


Global Maximum/Minimum in (a, 6) 


Method for obtaining the greatest and least values of f(x) in 
(a, b) is almost the same as the method used for obtaining the 
greatest and least values in [a, }]. 

However a caution may be exercised 

let M, = max {f(¢1), f(z), ---1 Fen )} 

and Mz =min {f(c;), fez)... fen} 

Now, M, and M, are global maximum and global minimum, 

respectively. 


But, if lim, f(x) >M, 
xa 

or lim f(x)<M, 
xb 


= f(x) would not possess global maximum or global minimum 
in (a, b). 

This means that if limiting values at the end points are 
greater than M, or less than M,, then global maximum 
or global minimum does not exist in (a, b). 
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Example 47 Let f(x) =2x3-9x7412x+6. Discuss the Thus, x = 2 is the point of global minima in (1, 3) and global 
. a . maxima does not exist in (1, 3). 
global maxima and global minima of f(x) in (1, 3). 


Sol. Given, f(x) =2x°-9x7 +12x +6 Remark 
= f (x) = 6x? -18x +12 = £0 =6 (e- DGD Based on the above discussion, we can summarize things in a 


single graph as given below. 
Put f (x)=0 > x=1,2 
Y4 Global max. 


f()=11 and f(2)=10 (i) ’=0 


Let us consider the open interval (1, 3). local max 


om local max. 
Sy, f does not exist 
% 


Clearly, x = 2 is the only point in (1, 3). 
And f (2) = 10 [from Eq. (i)] 


Now, lim f(x)= lim f(1+h)= lim 211+h)? —9(1 +h)? : 1"=0 Yo YO -—~ Global 

xo h h : Fal i : mi 

a ~s 412(1+h)+6=11 _ een Lt ly 
O| a xy Xo x3 Xq X5 b 
and lim f(x)= jim fB-h)= jim 23—-h)*? —9(3-—h)? 
x >0 >0 . 
_ +123—h)+6=15 igure s et 
1. The minimum value of x” is attained when x is equal to 
(aye (b)e"" (c) 1 (d) e” 


2. The function f is defined by f(x) = x?(1— x)? for all x ER, where p,q are positive integers, has a maximum 
value, for x is equal to 


a (b) 1 (c) 0 (d) 
pt+q pt+q 


3. The least area of the circle circumscribing any right triangle of area S is 
(a) tS (b) 2nS (c) J2nS (d) 4nS 


4. The coordinates of the point on the curve x? =4y, which is atleast distance from the line y = x —4is 
(a) (2, 1) (b) (- 2, 1) 


(c) (- 2,-1) (d) none of these 

5. The largest area of a rectangle which has one side on the x-axis and the two vertices on the curve y = e*’ is 
(a) 2 e 2 (b) 2 e V2 
(c)e""? (d) none of these 


6. Let f(x) =In (2x — x2) + sin e Then, 


(a) graph of f is symmetrical about the line x = 1 (b) graph of f is symmetrical about the line x = 2 
(c) maximum value off is 1 (d) minimum value of f does not exist 


7. The sum of the legs of a right triangle is 9 cm. When the triangle rotates about one of the the legs, a cone 
results which has the maximum volume. Then, 


(a) slant height of such a cone is 3/5 (b) maximum volume of the cone is 32 1 
(c) curved surface of the cone is 18/5 1 (d) semi vertical angle of cone is tan”! /2 
8. Least value of the function f(x) = oe 44 2 is 
2% +1 
3 2 
a)0 b) = c)= d)1 
(a) (b) - (c) : (d) 
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9. The greatest and the least value of the function, f(x) = ./1-2x + x? — [14 2x + x?, x E(—<», 9) are 


(a) 2, -2 (b) 2-1 
(c) 2,0 (d) none 
10. The minimum value of the polynomial x (x + 1)(x + 2)(x + 3)is 
(a) 0 (0) = 
3 
(c)-1 (d) - : 


11. The difference between the greatest and least values of the functions, f(x) =cos x + 5 cos 2x — : cos 3x is 


(b) 1 


12. The point at which the slope of the tangent of the function, f(x ) =e” -cos x attains minima, when x ¢€[0, 2z]is 


Tl Tl 
a) b) 2 
(a) ° (b) 5 
3m 
c) — d)a 
(c) 4 (d) 
13. \fA,u are real numbers such that, x° — Ax? + x —6 =O has its real roots and positive, then the minimum value 
of uw is 
(a) 3(6)"° (b) 3 (6)*/° 


(c) (6)"* (d) (6)*"° 


14. The points for which the function f(x) = J - {2 (t —1)(t —2)° + 3 (t — 1)°(t —2)*} dt attains maxima and minima, is 


(a) maximum when x = : and minimum when x = 1 (b) maximum when x = 1and minimum when x = 0 


(c) maximum when x = 1and minimum when x = 2 (d) maximum when x = 1and minimum when x = 


3 
15. The set of values of ‘a’ for which the function f(x)= 7 +(at 2)x? + (a — 1)x + 2 possess a negative point of 


inflection. 
(a) (— 2, — 2) U(0,<°) (b) {-4/5} 
(c) (-2,0) (d) empty set 
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Maxima and Minima of Discontinuous Functions 


Maxima and Minima of 
Discontinuous Functions 


In discontinuous functions we don’t apply any of the 
methods discussed earlier but we observe certain 
conditions and their graphs which would give you more 
clear picture. 


Minimum of Discontinuous Functions 


Let f(x) be a function discontinuous or not differentiable 
at x =a, then the following four cases arise for minimum 
atx =a 


Case (i) From figure 8.22 


f(a) < f(a +h) f(a) < f(a h) 
Case (ii) From figure 8.23 
f(a) < f(a +h) f(a) < f(a h) 


> 


O a-haa+th 


Figure 8.22 


Figure 8.23 


Case (iii) From figure 8.24 


f(a) < fla+h) f(a) $ f(a-h) 
Case (iv) From figure 8.25 
fla)sfla+h) — f(a)< f(a-h) 
AY AY 
f(a +h) is 
r(a— ny Nea +h) 
it eo | ee 
O a-haat+h O a-haa+h 


Figure 8.24 Figure 8.25 


from all the four above mentioned cases for minimum of 
discontinuous functions, we have 


f(a) fla+h) and f(a) < f(a—-h) 


Example 48 Discuss the minima of f(x) ={x}, 


(where {.} denotes the fractional part of x) for x =6. 
Sol. As we have discussed for discontinuous functions, mini- 
mum at x = a is attained when, 
f(a) < f(a+h) and f(a) < f(a-h) => f(x) is minimum at 
x=a 
Here, f(x) ={x}is discontinuous function at x = 6 
where, f(6)=0 
f(6+h)>0 and f(6-h)>0 
So, f(6)< f(6+h) and f(6)< f(6-h) 
> f(x) is minimum at x = 6. 
f(x) attains local minima for x =6. 


|x-2|+ a? -9a-9,if x <2 
2x - 3, ifx>2 


Then, find the value of ‘a’ for which f(x) has local 
minimum at x =2. 


Example 49 Let jo=| 


Sol Wein fa)= |x -2|+ a’ -9a-9, if x <2 
2x - 3, if x >2 

f(x) has local minima at x = 2. 

Since, f(x) =2x -3for x 22 


lim f(x) f(2) or jim f@-h)2 fl2) 


[is strictly increasing] 


=> lim {|2-h-2|+a’-9a-9} 21 [- f(2)=2x2-3=]] 
h->0 


=> a’ -9a-10>0 
> (a+1)(a-10)>0 
+ - + 
4 10 
=> as<-1 or a210 


Maximum of Discontinuous Functions 


Let f(x) be a function discontinuous or not differentiable 
at x =a, then the following four cases arise for maximum 
at x =a. 
(ii) From figure 8.27 

f(a) > f(a +h) 
f(a) > f(a-h) 


(i) From figure 8.26 
f(a) > f(a +h) 
f(a) > f(a-h) 
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AY ie) ay 
f (a) 
fla—h) 1 fa+h) t 
ne Ha-Wi 44a +h) 
O a-haatn +X O a-haadn a 
Figure 8.26 Figure 8.27 


(iii) From figure 8.28 (iv) From figure 8.29 


f(a) > fla +h) f(a) 2 f(a +h) 
f(a) 2 f(a-h) f(a) > f(a-h) 
AY AY 


oe x 


@ hee ease eeeeee ee 


je) 
© 
\ 
FP piss iere eiae 


Figure 8.28 


Figure 8.29 


From all the above four mentioned cases for maximum of 
discontinuous functions, we have 


f(a) 2 f(ath), f(a) 2 fla-h) 


Neither Maximum Nor Minimum for 
Discontinuous Functions 


Let f(x) be a function discontinuous or not differentiable 
at x =a, then the following cases arise for neither 
maximum nor minimum at x =a 


(i) f(a) < f(a—h) (ii) f(a) s fla +h) 


f(a) 2 fla +h) f(a) > fla-h) 
AY zy 
f(a—h) . 
of —anhaath °* “of ahaa 
Figure 8.30 Figure 8.31 
(iti) f(a) < f(a + h) (iv) f(a) $ fla-h) 
f(a) 2 fla-h) f(a) > fla +h) 


AY 
Fa) 
ai 
Ol a-haath °*% O| a-haa+h°* 
Figure 8.32 Figure 8.33 
(v) f(a) < f(a—h) (vi) f(a) < f(a—h) 
f(a) > fla +h) f(a) 2 f(a +h) 
rY Y 
f(a—h) 
ea ee ie 
ateen Nw 
O a-haath ante a-haath * 
Figure 8.34 Figure 8.35 


In all above cases no extremum exist. 


6, x<1 
, then for f(x) at 
7-X,X>1 


X =1 discuss maxima and minima. 
6 x<l 
7-x,x>1 
AY 


Example 50 Let fox)=| 


Sol. Here, f(x)= 


a 
Clearly, f(x) is not differentiable at x =1 

> f@)=6 => fa-h)=6 
and f(thy=7-(1+h)=6-h<6 


Thus, x = 1is a point of maxima. 


Example 51 Find the values of ‘a’ for which, 
flx)= 4x- x? +log (a? - 3a+ 3),0<x<3 
x- 18, x23 
has a local maxima at x =3. 
Sol. Giren, (= x? + log(a” —3a+3),0<x <3 
x — 18, x23 


Since, function attains maxima at x = 3 
=> F(3)2 FG-9) 
> -15 > 12-27 + log (a’ - 3a + 3) 


> log (a? -3a +3) <0 
Where for ‘log’ to exists, 


a’ -3a+3>0 and log (a® —-3a+3)<0 


= 0<a’-3a+3<1 
ie. (a-2)(a-1)<0 
Using number line rule, we have 
+ - + 
1 2 
ie. 1<as2 


. f(x) attains local maxima at x = 3, when aé [1,2]. 


Nature of Roots of Cubic Polynomials 
Let f(x) =ax? + bx? +cx +d be the given cubic 
polynomial and f(x) =0 be the corresponding cubic 
equations, where a,b,c,d € Randa>0. 


Now, f(x) =3ax" +2bx +c 


Let D = 4b? — 12ac = 4(b” —3ac) be the discriminant of the 
equations f(x) =0. 
Now, we have the following three cases. 

Case I If D<0=5 f'(x) >0,Vx © R,ie. f(x) would be an 


increasing function of x. Also, lim f(x) =°oand 
X00 


lim f(x) =, 


xX—-00 
Since, f(x) is an increasing function, so it will 
intersect the X-axis at only once. 


Xx'< >X 


(0, —d) 


vy’ 
Figure 8.36 


Clearly, x) >0ifd<0Oand x, <0,ifd>0 
Case II If D >0, f(x) =0 would have two real roots (say) 
a and (where a <f) 
= = f(x) =3a(x —a)(x -B) 
f(x) <0,x € (a,B) 
= | f' (x) >0, x € (—29,a) U (B, 2) 
LP (x) =0.x€ {0,8} 
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+ = + 
a B 

Here, x =, will be point of local maxima and x =f 

will be point of local minima. 


Case Ill If D =0, f (x) =3a(x —a)’, where © is a root of 
f(x) =0, then f(x) = a(x —a)? + K. If K =0, then 
f(x) =0 has three equal real roots. if K #0, then 
f(x) =0 has one real root. 


Graphical Representation of 
Roots of Cubic Polynomials 


Y Y, 
f(a)>0 
() (i f(b)>0 
b 
a XJ x ap xX 
f(b)<0 
f(x) has three distinct roots f(x) has one real root 
Figure 8.37 Figure 8.38 
4 
(iii) f(a)<0 
q bd 
T >xX 
f(b)<0 
f(x) has one real root f(x) has three real roots 
: (b being repeated) 
Figure 8.39 : 
y, Figure 8.40 
f(x) has three real roots 
(a being repeated) 
Figure 8.41 
Conclusions 


(i) If f(a) - f(b) <0, then f(x) has three distinct roots 
(see figure 8.37). 


(ii) If f(a) - f(b) >0, then f(x) has one real and two 
imaginary roots (see figure 8.38 and 8.39). 


(iii) If f(a) - f(b) =0, then f(x) has three roots but two 
roots are identical (see figure 8.40 and 8.41). 
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Example 52 If 4x° — 3x—p =O, where -1<p <1has = 0 = cos" (p) 

. . | 1 . 
unique root in Fal then the root is ; —_— 

2 [LIT JEE 2005] “. Root is co 10 >| 
-1 
1 2 
(a) = P (b) co | cos | | Hence, (b) is the correct answer. 
(c) cos(cos* p) (d) None of these Example 53 The number of distinct real roots of 
Sol Gieettiine eee x” —4x°?+12x°+x-1=0 [HIT JEE 2011] 
4 Sol. Given, f(x) = x4 -— 4x7 4+12x7 + %-1 
Let f(x) = 4x" -3x-p 
aa 2 > f(x) = 4x? -12x? +2441 
Now, sz ]=3 - p= 1 psd [ p2-1) = f(x) = 12x? — 24% +24 
and f(l)=4-3-p=1-p20 [eo p<] = f(x) = 14x? - 2x +2) 


1 
“. f(x) has atleast one real root between E i} 
2 


To find a root we observe f(x) contains 4x° —3x, which is 
multiple angle formula for cos30. 


*. We put x = cos, then 
4cos* @—3cos0 — p=0 


=> f(x) = 12(x-1)? +1) > f”(x)>0 
= f(x) is an increasing cubic function. 

= f’(x) has only one real root and two imaginary root. 
.. f(x) cannot have all distinct roots, atmost two real roots. 
Now, f(-1) = 15, f(0) = -1, f(1) =9 

.. f(x) must have one root in (-1, 0) and other in (0,1). 


p =cos 30 Hence, there are 2 real roots. 


Exercise for Session 5 


Let f(x) -| Ox + ee =a ao the set of values of b for which f(x) have greatest value at x = 1is 
—2x +logo(b* -2), x>1 
given by 
(a)1<b<2 (b)b = {13} (c) b E(- ~, — 1) (d) [--V130,-/2)U(/2,/130] 
Number of solution(s) satisfying the equations, 3x” — 2x? =log, (x? + 1) —log, x is 
(a) 1 (b) 2 (c) 3 (d) None of these 


Let f(x) =cos 2mx + x —[x]([.] denotes the greatest integer function). Then, number of points in [0, 10] at which 
f(x) assumes its local maximum value, is 


(a) 0 (b) 10 (c) 9 (d) infinite 
If f(x) =|x|+ |x -1|+ |x -2], then 

(a) f(x) has minima at x = 1 (b) f(x) has maxima at x = 0 

(c) f(x) has neither maxima nor minima at x = 3 (d) None of these 


The function f(x) = 1+ [cos x]x,in0< x < - 


(a) has a minimum value 0 (b) has a maximum value 2 


c) is continuous in| 0, ide d) is not differentiable at x — ™ 
2 2 


If lim f(x) = lim [f(x )]([.] denotes the greater integer function) and f(x) is non-constant continuous function, 
xa xa 


then 
(a) lim f(x) is irrational (b) lim f(x) is non-integer 
x-a xa 
(c) f(x) has local maxima at x =a (d) f(x) has local minima at x =a 


Find the value of a if x° -3x + a =Ohas three distinct real roots. 


Prove that there exist exactly three non- similar isosceles AABC such that tan A + tan B+ tanC = 100. 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


© Ex. 1 The values of Podge ga the point of minimum © whge-3 35.25 |) seh whengaet hia 
of the function f(x) =1+ K*x — x” satisfy the inequality 2 27 
7 (d) None of the above 
(x* +x +2) : 2.3 2 
>. * 0, belongs Sol. Given, f(x) =a°x” —05ax" —2x-b 
(x +5x +6) => f(x) =3a?x? -—ax-2 
(a) (-33, =) For extrema, f (x) =0 


(b) (-3-V3, — 2V3) U (0, ©) 
() (-3V3, — 2V3) U (2V3, 3V3) 


2.2 = a 
=> 3a°x a 


oo i ei a see 
(d) (0, -°) 1 2 7 as atx =— function is minimum 
2 ; oP ae Be 3 
+x+ 
Sol. Here, ~ us <0 <0 1 fl 2 
x" +5x +6 (x + 2)(x +3) = 3a" a 2=0 = 2-4 -2=0 
+ - + 3 3 3 3 
t t 
3 xe => a’ —a-6=0 or a=-2,3 
2 
1 Tz = : . 
where [« + | + — is always positive. So, their arise two cases as 
7 + Casel At a=3,if function attains minimum and is 
.. Using number line rule for (x + 2) (x +3) as shown positive. 
above, we get 1) 1)" 1 
Bt ect Then, 9] -] —(0.5)(3)}—| -—2}-|]-b>0 
x" +x : 
; <0 => -3<x<-2 ...(i) 3 3 3 
pil en ane) 
wa 1 1 
: ; 4 ** minimum at x =—anda=3= f|—|>0 whena=3 
Now, consider f(x)=1+K°x-x 3 3 
‘i = K* — 3,2 e =_— Mh - 25. . 2 a 
f (x)= K* -—3x°, f (x) 6x a be ee 
For maximum/minimum let f (x)= 0, 3.9 3 2 
ag |K | Case II At a= — 2, if function attains minimum and is 
= OS a positive. 
[K| [K| 1) iy _ ft 
Let x)= —= and x,=-—— Then, (-2)’ 0.5) (-2 2 b>0 
= 7 , 2 [=] -@s)-a =} -2[- 


7 (a =20 and f (x2) >0 1 
‘ ; ear since minimum at x = —, when a= -— 2 
=> f(x)ismaximumatx = x,and f(x)isminimumatx = x9. 3 


—3< xX, <-2 [as(2)-0vtene=-2 | 


IK | 


> —3< a5 <-2 [from Eq. (i)] 
: > b< g + a eee 
=> 33 >|K | > 2v3 oe = 
=> K € (-3V3, —2V3) U (2v3, 3V3) 1 11 


“. When a=3= )<--—and whena=-25)<-— 
Hence, (c) is the correct answer. 2 27 


Hence, (a) is the correct answer. 


» Ex. 2 The values of a and b for which all the extrema of 
the function, f(x) =a?x* —05 ax? — 2x —b, is positive and © Ex. 3 If f(x) + f(x) + f? (x) =x? is the differential 
equation of a curve and let P be the point of maxima, then 


ds : : 1 
the minimum is at the point xy =—, are : 
number of tangents which can be drawn from P to 


(a) whena=~2=b<—— "and whena=3—>b < ~~ x? -y? =a’ is/are 
ia 1 (a) 2 (b) 1 
(b) whena=3=>b< = and whena=2>b< 3 ()0 (d) either 1 or 2 
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Sol. At point of maxima f (x) =0 and f (x) <0 
= f (x)= x? — f(x) <0 
(Since, the curve is x* — y” = a’ and x? — f*(x) <0 


“x7? — y? <a’ = point lies outside the hyperbola) 


= Point P(x, f(x)) lies outside x” — y? =a’ 


“. Two tangents can be drawn. 


Hence, (a) is the correct answer. 


2 
Ex. 4 Let f(x) =[ cof S428) dt,0 <x <2, then 
F(x) : : 
(a) increases monotonically 
(b) decreasing monotonically 
(c) has one point of local maximum 


(d) has one point of local minima 


2 2 
Sol. We have, f’(x) = co? ttt cof 220 ) 


+1) 
Since, (23.553 4c gos 
2 
Now, cos (441) =0 
5 
2 (x+1) 7 
5 2 


f(x) >0, if0 < x <(,/51/2 -1) 
and f(x) <0, if(,/5/2-1)< x <2 
x =(./5m/2 —1)is a point of local maxima 


Hence, (c) is the correct answer. 


Ex. 5 As ‘x’ ranges over the interval (0, -), the function 


f(x)= Vox? +173x + 900 — Vox? +77x + 900, ranges over 


(a) (0, 4) (b) (0, 8) 
(c) (0, 12) (d) (0, 16) 


Sol. -: V9x? +173x +900 > V9x? +77x +900, V x € (0,00) 


> f(x)>0,V x € (0, -%) 
96 
Now, f(x)= s 
V9x? +173x +900 + Vox? +77x +900 
[rationalise] 
96 
lim f(x)= lim 
X00 X00 173 900 77 900 
O+ 5 +/9 5 
x x x x 
96 
=—=16 
6 


*. Range of f(x) € (0, 16) 


Hence, (d) is the correct answer. 


function satisfying g’(x) = _ ee 
x + g(x) 


Sol. Here, g’(x)= = 
x + g(x) 


Sol. Here, f(x) = x?/? + x?/? - {» + -) 


Ex. 6 Let g:[1,6] —[0, 0°) be a real valued differentiable 
and g(1) =0, then the 


maximum value of g cannot exceed 


(a) log 2 (b) log6 (c) 6log 2 (d) 2log6 


> 0, for all x € [1, 6] 


=> g(x) is increasing function on [1, 6] 
6 62 
) g (x) dx < oe 
= (g(x)? $2 (log, x); 
=> £(6)— g(1) < 2log6é 
£(6) < 2log6, as g(1) =0 


= g cannot exceed 2log6. 


Hence, (d) is the correct answer. 


Ex. 7 The minimum value of the function, 


f(xy= gO age {. + | for all permissible real 
x 


values of x, is 


(a)-10 — (b) -6 (c)-7 (d) -8 


x 


wl gh 8) 4g 


isk Wee ee. 
x 


ie 


g(t) = t? —3t — 4(t? —2) 


Now, g(t) =t? —4t? —3t +8, where t € [2, ~) 
g’(t) = 3t? —8t —3 =(t-3)(3t +1) 
g(t) =0St =3(t #-1/3) 
g(t) = 6t -8 

=> £”(3)=10>0 


«. Minimum value is 
g(3) = 27 -36-9+8=-10 


Hence, (a) is the correct answer. 


Ex. 8 The tangent to the curve y =1— x’ at x =, where 
0 <a <1, meets the axes at P and Q. If varies and the 
minimum value of the area of the AOPQ is k times the area 
bounded by the axis and the part of the curve for0 <x <1, 
then k is equal to 


(a) 2/V3— (b) 75/16 ~— (c) 25/18 ~— (d) 2/3 
Sol. Here, equation of tangent 
y+2ax =a? +1 ..-(i) 


From Eq. (i) intersect the axes at 


2 
" “1.9 and Q(0,a7 +1) 
20 


2 2 2 2 
“. Area of AOPQ = y (a +1)" _ (ao +1) 
2 20 40 


flo.)= (a. +201 + 1/0) 


1 (304 +207 -1) 


; 1 
F(a) = Ga? +2 1/007) = — 2 


a 
_ 1 (a? +1)(3a7 -1) 
4 a? 
1 (a? +1)(V30 -1)(V30 +1) 
4 a 
Using number line rule, we have 
a = bere 
-1N3 1N3 


“. Minimum when « = 1/3 


Thus, minimum area of triangle = 4/33 


1 
‘ 4 7 1 2 _ x3 _ 2k 
Given, =k [a-x parm i{x-* | ace 


=> k = 2/3 


Ex. 9 Least natural number a for which 
x+ax’? >2,V x€[0, ©) is 
(a) 1 (b) 2 ()5 


Sol. Here, x + ax” >2 


(d) None of these 


=> x? -2x? +a>0 

Let f(x)=x?-2x*% +a 

Since, f(x) >0,V x € [0, °°), f(0)>0 

and min f(x)>0 

> a> and for minimum f(x) 


4/3 
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f(x) =3x? — 4x =0 
4 
=> x=0,- 
3 


4 
“. f(x)is minimum at x = — 
3 


4 32 
fi-—|>0 => a> 
3 27 


Hence, (b) is the correct answer. 


Ex. 10 Ifk sin’ x +7 cosec?x = 2,x€E fo 2) 


thencos* x +5 sinx cos x +6 sin” x is equal to 


k? +5k +6 k? —5k +6 
a a ae 
(c) 6 (d) None of these 
Sol. Given, k sin? x + - =2 
sin” x 
‘ 2 
—s Vk sin x ——_————-| =0 
Vk sin -| 
=> sin’? x = é 


2 . 9 
So, cos’ x + 5sin xcosx + 6sin* x 


~ko1, EOI 


k k 


_k+5+5yk—1 
k 


Hence, (d) is the correct answer. 


Ex. 11 The least value of the expression 
x? +4y? +327 —2x—12y —6z +14 is 
(a) 0 
(b) 1 
(c) no least value 
(d) None of the above 


Sol. Let f(x, y,z) =x" + 4y’ +3z? —2x -12y-6z4+14 
= (x — 1)? +(2y - 3)? +X(z-1)? +1 
For least value of f(x, y, z) 
x-1=0,2y -3=Oandz—-1=0 


1 1 
x=1, =-,Z= 
_ 2 


Hence, least value of f(x, y, z) is sf 7 =i 


Hence, (b) is the correct answer. 
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Ex. 12 On the interall =| the least value of the 
4 


function f(x) = [ AS sint + 4cost) dt is 
TT 


(@)5 + - 23 () 5 - + 3 


V2 V2 
3 1 
a d) None of these 
(c) oe (d) 
Sol. Given, f(x)= ft (3 sint + 4 cost) dt, x on 20 
. 51/4 : > 3 
f(x) =3sinx + 4 cosx 
, . 2 5m 47 
f(x) < 0as sin x, cos x are negative for x € ES 4 . 
ATL 41/3 : 
> F(x) |min = =) = ee (3sint + 4 cost) dt 
3 1 
ae eee 
2 2 
Hence, (a) is the correct answer. 
Ex. 13 For any real0, the maximum value of 
cos*(cos@) + sin*(sin®) is 
(a) 1 (b) 1+ sin*1 (c)1+ cos? 1 (d) does not exist 


Sol. The maximum value of cos?(cos@) is 1 and that of 
sin’(sin@) is sin” 1, both exists for 0 = . 


: , +3 
So, maximum value is 1 + sin“ 1. 


Hence, (b) is the correct answer. 


Ex. 14 If sin® + cos® =1, then the minimum value of 
(1+ cosec 8) (1+ sec 8) is 
(a) 3 (b) 4 (c) 6 (d) 9 
Sol. We know that, AM > GM 


in® + cosO : : J 
—_—_—_ > /sin® cos = sin®O cos0 < — 
3 4 


Now, let sin®8 = x, cos8 =y 


and (1+ cosec 8) (1+ sec 0) > p 


= (ayes 


> xyt+x+y+12 pxy 
=> xt+ty+12(p-1) xy 
=> 22(p-1) xy 
[since,x + y= 1] 
> xys z 
p-1 


2 1 
=> =—->p-1=8 > p=9 
p-1 4 


Hence, (d) is the correct answer. 


Ex. 15 The coordinates of the point on the curve 
x? =y(x—a)’,a>0, where the ordinate is minimum 


—8a 
(a) (2a, 8a) ww [- 2a, : 


27a — 27a 
(c) & za) (d) (- 3a, 1 


Sol. The ordinates of any point on the curve is given by 


r x 
(x - a)’ 

dy _ x* (x — 3a) 

dx (x -a) 
Now, ay _4 

dx 
> x =Oorx =3a 

[ d’y | [ ay | 720° 


=0 and | — = >0 
| ae? = la? |, (2a)° 


io able : 27 
So, y is minimum at x = 3a and is equal to sl 
4 


Hence, (c) is the correct answer. 


Ex. 16 Ifx? +y’ +z? =1forx,y, z€ R, then the 
maximum value of x° + yr +z°- 3xyZ Is 


On (b)1 (2 (d) 3 


Sol. Let t= xy + yz+zx,so--St<l 


Nle 


xity>? +2z° -3xyz 
=(x+y+z)(x? + y? +2? — xy — yz - zx) 


= ,/(1+2t)(1-t) 


Let f(t)=(1+ 2t)(1- ty’ 
f(t) = 6t(t-1) =0 
as 
0 1 
Clearly, tmax = f(0)=1 


Hence, (b) is the correct answer. 


Ex. 17 Ifa,b€ R distinct numbers satisfying 
|a—1|+|b-1|=|a|+|b| =|a+1|+|5+1|, then the 
minimum value of |a — b| is 

(a) 3 (b) 0 
(c)1 (d) 2 


Sol. Let a< band f(x)=|x b|,VxeER 


So, f(x) is decreasing in (— ©, a] constant in [a, b] and 
increasing in [D, c), we have 


FOS TOS T(-H 
> {— 1,0, 1} € [a, b] 
|a- Bl min =2 


Hence, (d) is the correct answer. 


a|+|x 


Ex. 18 Let f(x)=x* tax? +3x? +bx+14,beE R If 
f(x) 20,V x€ R, then the maximum value of a* + b? is 


equal to 
(a) 10 (b) 12 
(c) 16 (d) None of these 
Sol. Given, f(x)=x* +ax°?+3x? +bx+1and f(x)>0 
2 2 2 2 
> [x +2) [2 Bet) so 4(2eey 20 
2 4 2 
2, 72 
which holds only when 3 — a - 20 
_ a+b? <12 


Hence, (b) is the correct answer. 


Ex. 19 The maximum value of 


(/-3 + 4x — x? +.4)* +(x —5)? (where 1< x $3) is 


(a) 34 (b) 36 
(c) 32 (d) 20 


Sol. Here, (,/-3 + 4x — x” + 4)’ +(x —5)’, represents the 
square of the distance between circle y = ./—3 + 4x — x” 


and point (5, — 4). 


Clearly, the centre and radius of the circle respectively are 


(2, 0) and 1. 
ie. Maximum distance between x” + y? — 4x +3=0and 
(5, ag, 4), 
Q P 
(6-4) 
=> PQ* =(PC + radius )’ 
= (4 (5-2)? +(4-0) +1) 


=6" =36 


Hence, (b) is the correct answer. 
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(a? —b”) cos 
Ex. 20 Ifa>b>0 and f(6) = 
a—bsin® 


(b) Ja? + b? 
(d) ./b? - a? 


(a - b’) 
asec 9 — btan®0 


, then the 


maximum value of f(), is 


(a) 2,/a? +b? 
(c) Ja” — b? 


2 _ 72 
Sol. Here, f(0) = (a b°) cosO _ 


a— bsin®0 


a —b’ 


or f(0)= (0) 


, where h(8) = asec 8 — btan® 


“. £(8) is maximum and minimum as h(0) is minimum and 
maximum respectively. 


=> h(®) = asec 8 — btan® 
=> h'(®) = sec @ (atan® — b sec @) 
For maximum and minimum put h’(8) = 0 
=> sin® = e [sec 0 # 0]...(i) 
a 
Also, h’’(@) = asec*@ + asec @-tan’® — 2b sec’® tan 
+ Dy ¢ 
h’(8) = a+ asin Ee 2bsinO 
cos” 8 
. b 
When sin 0 = — 
a 
2 
pe einer ak 
(0) = —— aa = sre? 9 
1- 0 2 
a a 
[as a>] 


= h(8)is minimum, when sin® = 2 
a 


“. £(0) is maximum, when 


sin® = 2 = fax(0)= Ja" —t" 
a 


Hence, (c) is the correct answer. 


Ex. 21 A solid cylinder of height H has a conical portion 
of same height and radius 1/3rd of height removed from it. 
Rain water is accumulating in it, at the rate equal to t times 
the instantaneous radius of the water surface inside the hole, 
the time after which hole will filled with water is 


H? 2 H? H? 
a) — b) H c) — d)— 
Or (b) Ser OT 
Sol fice mine => 3x=y > aa 
3 r H dt 
2 
TX =™x => 3! xdx=| dt 
aE ») J J 
2 3 2 Ee 
=> 3—=t > =t > t= 


Hence, (c) is the correct answer. 
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Ex. 22 If composite function f,( fo(f3(....(fa(x))))) n 


times, is an increasing function and if r of f;’s are decreasing 
function while rest are increasing, then maximum value 
of function is 


(a) 


2 
ne = ; 
when n is an even number 


2 
(b) a when n is an odd number 


n?-1 


c 
(c) ; 
(d) None of the above 


when n is an odd number 


JEE Type Solved Examples : 


Sol. r must be an even integer because two decreasing are 
required to make it increasing function. 
Let y=r(n-r), 
When n is odd 


n-1 n+1 
or 
2 


r= for maximum value of y 
When n is even 


n ; 
r = — for maximum value of y 
2 


2 2 
ni — 


“. Maximum (y) = : when n is odd and = 


When n is even. 


Hence, (c) is the correct answer. 


More than One Correct Option Type Questions 


» Ex. 23 Let f(x) =sin x +ax +b. Then, f(x) =0 has 


(a) only one real root which is positive, if a>1,b <0 
(b) only one real root which is negative, ifa>1b>0 
(c) only one real root which is negative, ifa<—1b <0 
(d) None of the above 
Sol. Given, f(x)=sinx+ax+b 
=> f’(x)=-cosx +a,ifa>1, then f(x) is entirely 
increasing. So, f(x) = 0 has only one real root, which is 
positive, if f(x) < 0 and negative, if f(0) > 0. Similarly, 
when a < — 1 then, f(x) entirely decreasing. Therefore, 
f(x)has only one real root which is positive, if f(0) < 0 and 
negative, if f(0) > 0. 


Hence, (a), (b) and (c) are the correct answers. 


Ex. 24 Ifa>0,b>0,c>0 anda+b+c=abc, then atleast 


one of the numbers a, b, c exceeds 


3 ale? 

(a) 3 (b) 10 
13 

(c) 2 (d) 76 


Sol. We may suppose a2 b2c 
abe =a+b+c23c 


17 
So, ab23,a2banda2v3>_— 


Aliter (a+ b +c)’ > 27 abe >27(at+b+c) 
a+bt+c>3v3 
= Atleast one of them > /3 


Hence, (a), (b) and (d) are the correct answers. 


Ex. 25 Let f(x,y) =x? +2xy +3y” —6x —2y, 

where x,y € R, then 

(a) f(x, y)2-11 (b) f(x, y) 2 — 10 

(c) f(x y)>-11 (d) f(x,y) > 12 
Sol. Let z = x? + 2xy + 3y° — 6x — 2y 

> x? + 2xy +3y? —6x —2y-z=O0asxER 

D>0 

4(y — 3)" — 4(3y? —2y —z)>0 


y? +9 -b6y —3y? +2y+z20 
—2y? —4y+9+z20 
z>2(y? +2y+1)-11=2(y +1)? -11 
22-11 


Hence, (a), (c) and (d) are the correct answers. 


{uv uvdy 


Ex. 26 Let g(x) = f(tan x) + f(cot x), V x€ [. x} If 


f''() <0,V xe [Ex] then 


ss of ST 
(a) g(x) is increasing in & =) 


(b) g(x) has local minimum at x = BL 
(c) g(x) is decreasing in (=. x) 
(d) g(x) has local maximum at x = = 


Sol. Given, g(x)= f(tanx)+ f(cot x) 


g(x) = f’(tan x) sec’x — f’(cot x) cosec” x 


For increasing g’(x) >0 
f'(tanx) > f’(cot x) 


[. f’’(x) < Oand tan x < cotx, V x (é. =) 


T 310 
Also, sec” x> cosec” x,xE€}] —,— 
2 
4 


g’(x) > 0= g(x) is increasing in (z. =") 


Similarly, g(x) is decreasing in (=. | 


Also, g(x) has local maximum at x = = - Hence, (a), (c) and 


(d) are the correct answers. 


Ex. 27 The function f(x) = [ 1-t* dt is such that 


(a) it is defined on the interval [— 1, 1] 

(b) it is an increasing function 

(c) it is an odd function 

(d) the point (0, 0) is the point of inflection 


Sol. f’(x)=./1—- x* >0in(-1,1)= f is increasing 
_{* _ +4 ad _ 44 
Now, f(x)+ f(- x)= ff ji-t dt +f 1-t* dt 


=> lie 1-# dt +(— JF fi-y! dy) =-y)=0 
= f(x)is odd 


ae. 
Again, f’’(x)= ae 


241-x* 
and changes sign => (0, 0) is point of inflection since, f is 
well defined in [— 1, 1]. 


Hence, (a), (b), (c) and (d) are the correct answers. 


which vanished at x =0 


Ex. 28 The function enya) has no maxima or 
sin(x + b) 


minima, if 
(a)b-a=mn,nel 
(c)b-a=2nn,nel 


(b)b-a=(2n+1)1,neEl 
(d) None of these 


. sin(x + a) 
Sol. Given, f(x) = Sate 
ree sin (x + b) x cos (x + a) — sin (x + a) cos (x + b) 
sin’ (x + b) 
_ sin(b— a) 
~ sin? (x +b) 


If sin(b — a) =0, then f’(x)=0 

= f(x) will be constant. 

ie. b-a=nm or b-a=(2n+1)0 
or b-a=2nn, 

then f(x) has no minima. 

Hence, (a), (b) and (c) are the correct answers. 
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Ex. 29 Let F(x) =1+ f(x) +(f(x))? +(f(»)°, where 
F(X) is an increasing differentiable function and F(x) =0 has 
a positive root, then 

(a) F(x) is an increasing function (b) F(0) <0 
(c) f(0)<-1 (d) F’(0)>0 
Sol. Given, F(x) =1+ f(x)+(f(x))’ +(f(x))’ 
F’(x)=(1+ 2f(x) +3(f(x))”) f’(x) > 0, so F(x) is 
increasing. 
So, F(0) <0 = (14 f(0))(1+ f(0))*) <0> f(0)<-1 


Hence, (a), (b), (c) and (d) are the correct answers. 


Ex. 30 The extremum values of the function 


1 1 : 
f(xy= , where x€& R is 
sinx+4 cosx—4 
io. 6 6, 
8-J2 8-2 4V2+1. 8+¥2 
Sol. Given, f(x)= : : 
sinx+4 cosx—4 
, —cos x sin x 
= f' (x)= — 3 , 
(sinx+4)° (cosx-4) 
=> f'(x)=0 = (sinx + cos x) (non-zero quantity) 
=0 => tanx=-1 
3m 71 
=> x=— or — 
4 4 


Global minimum = x = 2nt + (=) 


Global maximum = x = 2nTt + (=) 


4 4 a2 


M= m= = 
3- V2 S440 AVe+d 


Hence, (a) and (c) are the correct answers. 


Ex. 31 The function f(x) =x"? (x -1) 
(a) has 2 inflection points 


F : : : 1 F : 
(b) is strictly increasing for x > — and strictly decreasing 
4 
1 
forx <— 
4 
: ; dl 
(c) is concave down in| — —,0 
2 


(d) area enclosed by the curve lying in the fourth quadrant 
9 


is — 


28 
Sol. y = x(x —1) 
dy 4 1/3 1 1 1 
=—x : = [4x -1] 
an 3 3 2/3 3,23 


: ah 1 oe 
x*!? is always positive and x = — has a local minima. 
4 
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oe . 1 
Hence, f is increasing for x > — 
4 
; : 1 
and f is decreasing for x < — 
4 


Ls 
62/3 


4 
Now, Q)=,e" -= 


[non-existence at x = 0, vertical tangent] 


wat € 92 1. 2 1 
f(x) 9 23°33 438 9x2/3 asd 


_ 2 E + q 
9x23 x 


1 
f(x) =0at x =-- 
2 


[inflection point] 


Ya 


>X 


Graph of f(x)isas A= f (x4/3 = x3) ae 


JEE Type Solved Examples : 
Statements | and II Type Questions 


=" Directions (Ex. Nos. 33 to 39) For the following 
questions, choose the correct answers from the codes (a), 
(b), (c) and (d) defined as follows 
(a) Statement | is true, Statement II is also true, Statement II 
is the correct explanation of Statement I. 


(b) Statement | is true, Statement II is also true, Statement II 
is not the correct explanation of Statement | 


(c) Statement I is true, Statement II is false 
(d) Statement | is false, Statement II is true 


Ex. 33 Statement | Among all the rectangles of the given 
perimeter, the square has the largest area. Also, among all the 
rectangles of given area, the square has the least perimeter. 
Statement II For x >0,y >0, if x + y = constant, then xy 
will be maximum for y = x and if xy = constant, then x + y 
will be minimum for y = x. 

Sol. Statement IIx + y=k 
then xy=x(k-—x)= f(x), f’(x)=k -2x =0 


=> ‘ee ak 
2° 2 


_[3 3/7 3 real _ 
x x 
L7 a” |, 


Hence, (a), (b), (c) and (d) are the correct answers. 


a. 3)! 
4 


28 28 


4-7|_ 9 


Ex. 32 Assume that inverse of the function f is denoted 
by g, then which of the following statement hold good? 
(a) If f is increasing, then g is also increasing 
(b) If f is decreasing, then g is increasing 
(c) The function f is injective 
(d) The function g is onto 
Sol. If f and g are inverse, then (fog) (x)= x 
f’Tg(x)lg’(x) = 1 
If f is increasing > f’ > 0=> Sign of g’ is also positive. 
Therefore, option (a) is correct. 
If f is decreasing > f’<0= Sign of g’ is negative. 
Therefore, option (b) is false. 
Since, f has an inverse. 
=> f is bijective => f is injective 
Therefore, option (c) is correct. 
Inverse of a bijective mapping is bijective. 
=> gis also bijective = g is onto 
Therefore, option (d) is correct. 


Hence, (a), (c) and (d) are the correct answers 


> y=x 
xtyext te f(x) f(=1-H=0 
x x 


=> x=Vk,y=Vk 


So, Statement II is true and it explains Statement I. 


Hence, (a) is the correct answer. 


Ex. 34 Statement 1 The function f(x) =(x° +3x—4) 
(x? + 4x —5) has local extremum at x =1. 
Statement II f(x) is continuous and differentiable and 
f'() =0. 
Sol. Statement I is correct because f(1) > f(1)< f(1)*. 


Statement II is correct as f(x) has a repeated root at x = 1. 


Statement II is not the correct explanation of Statement I as 
f’(c) =0 doesn’t imply that f has an extrema at x =c. 


Hence, (b) is the correct answer. 


Ex. 35 Statement I /f f(x) is increasing function with 
upward concavity, then concavity of f —'(x) is also upwards. 


Statement II /f f(x) is decreasing function with upwards 
concavity, then concavity of f —' (x) is also upwards. 


Sol. Let g(x) be the inverse function of f(x). 


Then, f(g(x)) = x 
F'(g(x))- g(x) =1 
ie. CXx\= — 
oO F(R) 
” 1 ” , 
Fela? f°'(g(x))- B(x) 
In Statement I f’”(g(x)) >0 
and g’(x)>0 
= g(x) <0 


= Concavity of f“'(x) is downwards. 


.. Statement I is false. 

In Statement II f’(g(x))>0 

and £'(x)<0 

- g(x) >0 

= Concavity of f~'(x) is upwards. 
*. Statement II is true. 


Hence, (d) is the correct answer. 


Ex. 36 Statement | The minimum distance of the fixed 
: 1 ; 
point (0, yy), where0 <y» <-, from the curve y = x° isyo. 
2 
Statement II Maxima and minima of a function is always 
a root of the equation f’(x) =0. 
Sol. Let the point on the parabola be (t, t”). 
Let d be the distance between (ft, t”) and (0, yo), 
then d’?=t? +(t?-y,)? =t* +(1-2y))t? +6 
=z? +(1-2y,)z+y2,z20 


‘ 1 
Its vertex is at x = yy —-— <0 
2 


«. The minimum value of d? is at z = 0, i.e. t? =0 


d=yo 
Statement I is true. Statement II is false because extremum 
can occur at a point where f’(x) does not exist. 


Hence, (c) is the correct answer. 
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Ex. 37 Let f :R—R is differentiable and strictly increas- 
ing function throughout its domain. 
Statement I /f| f(x) | is also strictly increasing function, 
then f(x) =0 has no real roots. 
Statement II Atco or —-%, f(x) may approach to 0, but 
cannot be equal to zero. 


Sol. Suppose f(x) =0 has a real root say x = a, then f(x) <0 
for x < a. Thus, | f(x)| becomes strictly decreasing on 
(— 9, a), which is a contradiction. 


Hence, (a) is the correct answer. 


Ex. 38 Statement I f(x)=x+ cos x is strictly increasing. 
Statement II /f f(x) is strictly increasing, then f’(x) may 


tend to zero at some finite number of points. 


Sol. Given, f(x)=x+cosx 
f'(x)=1-sinx>0, VxER 
Tl 
except at x = 2nt + — 
2 
7 T 
and f' (x)= Oat x = 2nn + — 
2 


“. f(x) is strictly increasing. 
Statement II is true but does not explain Statement I. 


Statement II gives f’(x) may tend to zero at finite number 
of points but in Statement I f’(x) tend to zero at infinite 
number of points. 


Hence, (b) is the correct answer. 


Ex. 39 Statement | The largest term in the sequence 


2 2/3 
400 
an => a sneN is! ) 
n° + 200 600 
2 
Statement II f(x) = : , x >0, then at x =(400) "°, 
F(x) is maximum. a a00 
2 
Sol. Statement II Given, f(x) = — 
x” + 200 
3 2.2 4 
5 x” +200) 2x -—3x°x —x +400x 
ee 
(x° + 200) (x? +200) 
2/3 
x0" f(x)=0" = x= 400" f(x)= ai 


x 00 f(x)70 
So, Statement II is true. But Statement I is false as x € N. 
Hence, (d) is the correct answer. 
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JEE Type Solved Examples : 
Passage Based Questions 


Passage I 
(Ex. Nos. 40 to 42) 


Let x1, X>, X3, X4 be the roots (real or complex) of the 
equation x* +ax? + bx” +cx +d =0. Ifx, +x, =x3+X4 
and a, b,c,d € R, then 


Ex. 40 Ifa =2, then the value of b—c is 


(a)-1 (b) 1 (c)=2 (d) 2 
Ex. 41 Ifb <0, then how many different values of a, we 
may have 
(a) 3 (b) 2 (c)1 (d) 0 


> Ex. 42 Ifb+c=1anda#-— 2, then for real values of a,c € 
1 
(a) - 2; | (b) (— ©, 3) 
(c) (— ©, 1) (d) (— ©, 4) 


= Sol. (Ex. Nos. 40 to 42) 


Let x* +ax? + bx? +ext+d 


X1)(X — X2)(x— x3) (x — X4) 
Let (x—x,)(x—x.)=x? + pxt+q 
and (x—x3;)(x—x,)=x? + pxtr 

g = X1X2 andr = x3Xx4 

x +.ax? + bx? +ex+d 

=x +2pxrt+(p?tqtr) x’? +p(qtr)xtqr 
iH a=2p,b= p* +q+r,c=p(q+r),d=qr 
Clearly, a’ — 4ab + 8c =0 ...(i) 
40. Ifa=2>5b-c=1 

Hence, (b) is the correct answer. 


41. Investigating the nature of the cubic equation of a. 


Let f(a) =a? — 4ab + 8c 
f’(a) =3a" — 4b 
If b<0 => f’(a)>0 


.”. The equation a’ — 4ab + 8c = 0, has only one real root. 
Hence, (c) is the correct answer. 
42. Substituting c = 1— bin Eq. (i), we have 
(a +2) [(a—1)? +3— 4b] =0 


=> 4b-3>0 


3 1 
> b>—- => c<—: 
4 4 


Hence, (a) is the correct answer. 


Passage II 

(Ex. Nos. 43 to 45) 
Consider a A OAB formed by the point 
O(0,0), A(2, 0), B(1, V3). P(x, y) is an arbitrary interior point 
of triangle moving in such a way that 
d(P, OA) + d(P, AB) + d(P, OB) = V3, 
where d(P, OA), d(P, AB), d(P, OB) represent the distance of 
P from the sides OA, AB and OB, respectively. 


Ex. 43 Area of region representing all possible position of 
point P is equal to 


(a)2V3 — (b) Vo (c) V3 


» Ex. 44 If the point P moves in such a way that 
d(P, OA) < min (d(P, OB), d(P, AB)), then area of region 
representing all possible position of point P is equal to 


1 1 
a) V3 b) /6 c) = d) — 
(a) (b) (c) (d) a 
Ex. 45 If the point P moves in such a way that 
d(P, OA) = min (d(P, OB), d(P, AB)), then area of region 
representing all possible position of point P is equal to 


(d) None of these 


y 
(a) V3 (b) v6 (c) Vv3 (d)—= 
V6 
= Sol. (Ex. Nos. 43 to 45) 
43. AOABis clearly equilateral 
A OAB = A OPA + A APB + A OPB = Bx aets 
(d(P, OA) + (P, AB) + (P, OB)) 
d(P, OA) + d(P, AB) + d(P, OB) = —- 
V3 


Hence, (c) is the correct answer. 


44. We must have, d(P, OA) < d(P, OB) as well as 


d(P, OA) < d(P, AB), then P lies either on or below the 
angle bisector of 7 BOA and Z BAO area 
1 


1 
=-—A OAB= 
3 v3 
Hence, (c) is the correct asnwer. 


45. We must have d (P, OA) = d(P, OB) as well as 
d(P, OA) = d(P, AB), then P must be above bisector of 
ZBOA and Z BAO. 
1 


Area of triangle = ; A OAB = — 


3B 


Hence, (c) is the correct answer. 


Passage III 
(Ex. Nos. 46 to 48) 
Let f(x) = ax’ +bx +c,a,b,cER. It is given 
| f(x) |S1,|x|S1 


Ex. 46 The possible value of|a+c\|, if; —a’ +2b" is 
maximum, is given by 


(a) 1 (b) 0 (c) 2 


Ex. 47 The possible value of|a + b|, if: —a? +2b? is 
maximum, is given by 


(a) 1 (b) 0 


(d) 3 


(c)2 (d) 3 


Ex. 48 The possible maximum value of; a’ +2b? is 
given by 


32 

(a) 32 (b) = 
2 16 

(c) 3 (d) =. 


= Sol. (Ex. Nos. 46 to 48) 
We know that for|u|<1;|v|<1,then|u-—v|<2 


Now, |f)- f0)|<2 => jatb| <2 
=> (a+b) <4 ...(i) 
Also, |f(-—1)- f(0)|<2 = |ja-—b|<2 

=> (a—b) <4 ...(ii) 
Now, 4a” + 3b" =2(a+ b)’ + 2(a— b)* — b? < 16 


> (4a + 3b?) max =16 when b =0 


=> ja+b|=|a—b|=|a|=2 

Also, — |f(1)— f)|=|(a+¢)-e|=|a|=2 
=> lat+c|=|c|=1 

The possible ordered triplet (a, b, c) are (2, 0, — 1) or 
(=2 0,1). 


8 2 2 
Also,  —a’? +2b” ==(4a*® +3b?) <= +16 
3 3 3 


Ans. 46. (a) 47.(c) 48. (b) 
Passage IV 


(Ex. Nos. 49 to 53) 


The absolute maximum and minimum values of functions 
can be found by their monotonic and asymptotic behaviour 
provided they exist. We may agree that finite limiting values 
may be regarded as absolute maximum or minimum. For 


instance the absolute maximum value of 


is unity. It ts 
1+x 

attained at x =0 while absolute minimum value of the same 

function is zero which is a limiting value of (x > © or 

xX > — 00) 


axe +1 
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Ex. 49 The function x* — 4x +1 will have 


(a) absolute maximum value 

(b) absolute minimum value 

(c) both absolute maximum and minimum values 
(d) None of the above 


Ex. 50 The absolute minimum value of the function 


X= 2... 
is 


(a)-1  (b) ; (jd. i) Nonewr these 
Ex. 51 The absolute minimum and maximum values of 
2 
=x+1 
the function 2 A 
x? +x +1 
(a) 1 and 3 (b) ; and 3 
(c) ; and 3 (d) None of these 
: 4 9 : 
Ex. 52 The function f(x) =——— —- —— will 
x-1 xt! 
(a) have absolute maximum value — , 
tee 25 
(b) have absolute minimum value — a 


25 1 
(c) not lie between — os and — 5 


(d) always be negative 


Ex. 53 Which of the following functions will have abso- 
lute minimum value? 
(a) cot (sin x) (b) tan (log x) 


(c) x 2005 947 +1 (d) x 2008: 47 +1 


= Sol. (Ex. Nos. 49 to 53) 
49. Since, f’(x)=4x?-4=0 > x=1 
= There is only one extrema which is minima. 
= 1isa point of absolute minima. 
Hence, (b) is the correct answer. 
1+ 2x 


50. Since, f’(x) = ———_| 
(x? a {ir 


= f(x) is increasing in (- 


or 


aes il 
= Absolute minimum occurs at x = — —, we have 
2 


es 


Hence, (c) is the correct answer. 


1 betas d 
-, ~| and decreasing in 
2 
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51. yx? tyxty=x?-x4t1 
x’? (1-y)-x(1+y)+(1-y)=0 D220 
=> (1+y)?-4(1-y)’ 20 >-(Gy-1)(y-3)20 


1 
=>: —sys3 
3 


Hence, (c) is the correct answer. 

52. Should be the correct choice (we can prove by using 
monotonically that f cannot lie between — = and — «This 
is an Ex. of a function whose maximum (local) value is 
smaller than minimum value). 

Hence, (c) is the correct answer. 


53. As even degree polynomial will have absolute minimum 
essentially. 


Hence, (d) is the correct answer. 


Passage V 
(Ex. Nos. 54 to 56) 


We are given the curves y = ig f(t) dt through the point 


fo *) andy = f(x), where f(x) >0 and f(x) is 


differentiable, V x € R through (0,1). If tangents drawn to 
both the curves at the points with equal abscissae intersect 
on the same point on the X-axis, then 


Ex. 54 Number of solutions f(x) = 2ex is equal to 


(a) 0 (b) 1 
(c) 2 (d) None of these 


Ex. 55 lim (f(x) f°” is 


(a) 3 
(c) 1 


(b) 6 
(d) None of these 


Ex. 56 The function f(x) is 


(a) increasing for all x 
(c) decreasing for all x 


(b) non-monotonic 
(d) None of these 


= Sol. (Ex. Nos. 54 to 56) 
We have, the equations of the tangents to the curves 


y= i f(t) dt and y = f(x) at arbitrary points on them are 


Y-["_ f(t) dt = f(x)(X - x) ...(i) 
and Y — f(x)= f’(x)(X -X) (ii) 


As Eqs. (i) and (ii), intersect at the same point on X-axis. 


On putting Y = 0 and equating x-coordinates, we have 


fey, EsOt pe _F& 
FR) fey FF pma fe) 


= - siete) ...(iii) 


Ag f(0)=1 = fl _sW)dt=F=ex1> e= > 


=> lig f(t) dt = f(x), differentiating both the sides and 


on integrating and using boundary condition, we get 
f(x) =e", y = 2ex is tangent to y = e”* 
= Number of solutions = 1 


Clearly, f(x) is increasing for all x. 
lim (e2*)"" =1 
xX oo 


Ans. 54. (b) 55. (c) 56. (a) 


[co° form] 


Passage VI 
(Ex. Nos. 57 to 59) 


Let f(x) -( +1) (x >0) and 


_| xIn(1+(1/x)), if 0<x<1 
=| : ee 


Ex. 57 lim B(x) 


x70 
(b) is equal to 1 
(d) is non-existent 


(a) is equal to 0 
(c) is equal to e 


Ex. 58 The function f 


(a) has a maxima but not minima 
(b) has a minima but not maxima 
(c) has both of maxima and minima 
(d) is a monotonic 


ex 86 tn (2) 42) {2} A” 


(a) V2e (b) V2e 
() ave (d) Ve 


= Sol. (Ex. Nos. 57 to 59) 


57. lim win(144)= lim 
x 


x 30+ 


% | 


Using L’Hospital’s rule, 


1 1 2 : 1 1 2 
x" = lim “x 
KEL x x>0\x x+1 


im “x 
x30 x(x +1) 


lim 
x>0(x +1) 


Hence, (a) is the correct answer. 


58. lim f(x) =1(can be verified) " 
x20 lim f(x)=e € 
xX oo 
Also, f is increasing for all 0.0 — 
x>0 O Xx 


=> (d) (can be verified) 


Hence, (d) is the correct answer. 


1/n 
59. Given, um 7(2)/(2}- s(2)] 


k/n 
[given f(x) =(1+1/x)* and f(kin)=(1+) ] 
Taking log, 


n k/n 
In/= lim ees Ein (142) 


noon k=1 


Hence, (d) is the correct answer. 


Passage VII 
(Ex. Nos. 60 to 62) 


Consider the cubic f(x) =8x° + 4ax? + 2bx +a, where 
a,beR. 


Ex. 60 Fora =1, ify = f(x) is strictly increasing, V x € R, 


then maximum range of the values of b is 


1 1 
ore) 


1 
(c) E -| (d) (— ©, e) 


Ex. 61 For b=1, ify = f(x) is non-monotonic, then the 
sum of the integral values of a € [1,100], is 
(a) 4950 (b) 5049 
(c) 5050 (d) 5047 
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Ex. 62 If the sum of the base 2 logarithms of the roots of 
the cubic f(x) =0 is 5, then the value ofa is 
(a) — 64 (b) —8 (c) — 128 (d) — 256 
= Sol. (Ex. Nos. 60 to 62) 
60. a=1 
f(x) = 8x? +4x? + 2bx +1 
f(x) = 24x? + 8x + 2b = 2 (12x? + 4x +b) 


For increasing function f’(x)20,V xER 
D<0 


1 
=> 16-48b<0 => b2- 
3 
Hence, (c) is the correct answer. 
61. Ifb=1 
f(x) = 8x? + 4ax? +2x +a 


f(x) = 24x? + 8ax +2 or 2(12x? + 4ax +1) 


For non-monotonic f’(x) = 0 must have distinct roots 


hence, 

D>0, ie. 16a*- 48>0 
=> a’ >3 

a> 3 ora<— 3 

aé 2, 3, 4,..., 


Sum = 5050 — 1= 5049 
Hence, (b) is the correct answer. 
62. If x,, x2 and x, are the roots, then 
log, x, + logy x2 + log, x3 =5 
log, (x1X2x3) =5 
X4X_X3 = 32 
— 5 = 32a = — 256 


Hence, (d) is the correct answer. 
Passage VIII 
(Ex. Nos. 63 to 65) 
max {f° —t? +E+L0StSx},0SxS1) 
{3-t,1<t<x}1<x<2 


Let f(x) = nd 
min 
a(x) =) {3/8t*+1/2t° —3/2t7+1,0<t<x},0<xsI 
min {3/8t +1/32sin? mf£+5/8,1<t<x},1<Sx<2 
Define f(x) and g(x) expilicitly and then answer the 
following questions. 


Ex. 63 The function f(x), V x €[0, 2] is 


(a) continuous and differentiable 

(b) continuous but not differentiable 
(c) discontinuous and not differentiable 
(d) None of the above 
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Ex. 64 Which of the following is true. 


(a) Him 70x) > Huan (20700) 
(b) lun fe Ma) = a teers) 
(c) Hn F808) bs Caer Nx) 


(d) None of the above 


Ex 65 tz a" (6) andy _ ag ™, 
dx dx 


then z(x) and y(x) vanish simultaneously at 


(a) x =-1/3 
(c)x =1 


(b) x =0 


(d) No real value of x 


= Sol. (Ex. Nos. 63 to 65) 


63. 
64. 


65. 


Consider f(x) in [0, 1] 

f’(t) = 3t? —2t+1>0,V t€ (0,1) 
= f(t) is increasing on (0, 1) 
Maximum occurs at t = x 
flayep 2 tet O0<x<l 
1<x<2 


and 
3-x, 
Again, consider g(x) in (0, 1) 

g(t) =3/8t* +1/2t? —3/2t? +1 

g’(t)=3/2t? +3/2t? —3t = 3/2t(t? + t-2) 

= 3/2t(t -—1)(t +2) 

g(t) decreases in [0, 1) => maximum occurs when t = 0 and 
g(0) = 1, again consider g(x) function in [1, 2]. 

g(t) =3/8t + 1/32sin’ nt +5/8 

g(t) = 3/8+ 1/32sin(2nt) >0,Vte R 
*, g(t) is an increasing function in [1, 2]. 
= Minimum occurs when t = land g(1)=1 
1 O<x<l _ 


Hence, x)= = 
a : 1<x<2 


> g(x)=1,V xe [0,2] 
f(x) is continuous but not differentiable at x = 1 
lim fog(x)= f(1)and lim gof(x)=1, also f(1)>1 
x1 xoit 
d d 

= g(x) 
2(x) Te f(x) i: 
= f(x) V xe [0, 1) U(1, 2] 


w= (el xf 
Y(x) 7 68 )) 


(f(x), V x € [0,1)U(, 2] 


and 
d 
=—(1 FH) = 9, 
ae 


Vx €[0, 1) U(1,2] 
Hence, the functions y(x) and z(x) can vanish 
simultaneously at f’(x) = 0, which is not possible for 
real x. 


any 


Passage IX 
(Ex. Nos. 66 to 69) 


The graph of derivative of a function f(x) is given (i.e. 
y = f’(x)). Analyse the graph in the given domain and 
answer the following questions, if it is given that f(0) =0 


Y 


fe) 
Y 
x< 


aa oe 


Ex. 66 The function f’(x) is 


(b) odd function 
(d) indefinite 


(a) even function 
(c) neither even nor odd 


Ex. 67 The function f(x) is 


(b) odd function 
(d) indefinite 


(a) even function 
(c) neither even nor odd 


Ex. 68 The graph of y = f(x) has 


(b) one point of inflexion 
(d) two extreme points 


(a) no inflexion point 
(c) one extreme point 


Ex. 69 The function f(x) for—a< x <a, is 


(a) always decreasing 
(b) always increasing 
(c) increasing for (—a, 0) and decreasing for (0, a) 
(d) increasing for (0, a) and decreasing for (—a, 0) 


= Sol. (Ex. Nos 66 to 69) 


66. 


67. 


68. 


69. 


The graph of y = f’(x) is symmetrical about Y-axis, so f(x) 
is an even function. 

f (0) =0, so f(x) is an odd function (i.e. derivative of an odd 
function is an even function) 

Here, f(x) >0,as x <Oand f”(x)<0,as x >0 

*, x =0, is the point of inflexion 

f(x) S00 x 


So, f(x) is always decreasing. 


Passage X 
(Ex. Nos. 70 to 72) 


If a function (continuous and twice differentiable) is always 
concave upward in an interval, then its graph lies always 
below the segment joining extremities of the graph in that 
interval and vice-versa. 


Ex. 70 If sinx + x >|k|x?,V x €[0,2/2], then the great- 


est value of k, is 


-A24+T 2(2+7 
@ py 
(c) can’t be determined finitely 
(d) zero 


Ex. 71 Let f(x), f(x) and f(x) are all positive, 
Vx € [0,7]. If f -'(x) exists, then 
3f-'(4)— f (2) -2f "6), is 


(a) always positive (b) always negative 
(c) non-negative (d) non-positive 


Ex. 72 Let f:R* — R® is such that f(x) =0, 
V xeé[a, b], then value of | Ff (x)dx, cannot exceed 
(a) Aare OMe —a) (b) f= fan —a) 


() (f(b) + inne —4) (d) None of these 


= Sol. (Ex. Nos. 70 to 72) 
70. f(x)=sinx+x=>f"(x)=cosx+1 
= f"(x)=-sinx 
f is concave downward for x € [0,7/2] 
Irrespective of k, g(x) =|k|x? is concave upward 
So, if g(m/2) < f (1/2), then f(x) = g(x) 
[(-2n+4) (2n+4) | 


1 1" 


mT 
=> Pe iies lei =k 


71. f’(x)>0 
= f isconcave upwards = f | is concave downwards 
Consider point dividing the join of this segment in 

c 2f(5)+ Pa) 

3 


ratio 2:1 is given as when upon a 


point (4, f '(4)) on graph of f~'(x) is always above it. 
= 3f'(4)— f“(2)—2f (5) > 0 
72. [ f (x)dx, is area bounded by curve in first quadrant. 


(F(a) + f(b))(b = 4) 
2 


is area of trapezium ABCD, which is 


b 
always more than or equal to ) f(x)dx. 


Passage XI 
(Ex. Nos. 73 to 74) 
Consider a twice differentiable function f(x) of degree four 
symmetrical to line x =1, defined as f :R— Rand f (2) =0, 
then 


Ex. 73 The sum of roots of the cubic, f’(x) =0, is 


(a) 0 (b) 1 ()2 (d) 9/5 
Ex. 74 If f(1) =0, f(2) =1, then the value of f(3), is 
(a) 6/7 (b) 7/5 (c) 8/5 (d) 9/5 


= Sol. (Ex. Nos. 73 to 74) 


Since, f(x) is symmetric about x = 1 and it is twice 
differentiable. 
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So, f’(x) must have one root x = 1 


Ya 


>X 


O 


f'(x) = a(x -1)(x-a)(x -B) 
= a(x-1)[x?-(a +B)x +a] 


a+B 
2 


= a(x—1)[x?-2x+ af], as =A 


f(x) = a(x? — 2x? +0Bx — x? +2x -aB) 

f(x) = a(3x? —6x + a8 +2) 

f(2) = a(12- 12+ OB +2) = a(aB +2) =0 
aB =-2anda+PB =2 


2 2 

=> Qa =2 > O 20 -2=0 
a 
a =1-v3,B =14+ v3 


So, sum =1+@+fB =3 
f(x) = a(x —1)(x? — 2x —2) = a(x -1)[(x -1)* -3] 
On integrating, we get 


=| (21) 3(x — 1)* 
f(x) ri F Jee 


{. f(1) = 0, so C = 0and f(2) =1,s0 a = —4/5} 
=> f= heres to] 


2 

_ 4{16 3,.2]_ 
f(3) sf 30 8/5 
Passage XII 


(Ex. Nos. 75 to 76) 


Let y = f(x) andy = g(x) be the two functions, then the 
number of solutions of these two functions means the 
number of values of x for which these two function gives 
same of y as it is shown below. 


YA 


>X 
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© Ex. 75 Let max {|x +y|,|x—y|}=1andy = x -[x] be 
two equations which x and y satisfy, then the number of 
ordered pairs (x, y) is 

(a) 6 (b) 8 (c) 0 (d) 


© Ex. 76 If f(x)= ‘t and g(x) ={x7}, then the number of 
x 
positive roots satisfying the equations f(x) = g(x) such that 
Pex a3 
(a) 1 (b) 0 (c) 3 (d) 2 
= Sol. (Ex. Nos. 75 to 76) 


75. Here, y = x —[x] = {x} and we know graph of 
fractional part of x. 


Also, we have max{|x+y|,|x-y|}=1 

If|x+y|=|x—-yl|, then|x+y|=1 

On squaring above inequality, we get 
x? +y? +2xy > x? +y? —2xy 


= 4xy 20, then|x + y|=1, ie. if function lies in I or 


76. 


So, graph is, 
grap Yt 
a a; 
fs) 
Combining both graph, 
when —1 < x < 0, then both graph coincide. 
YR2 


So, number of solutions is infinite. 


If2<x? <3 3 V2<x<3 [as x > 0] 
1 1 1 
So, if /2 < x < V3, then — < — < — 
v3 x v2 
= z}-4 Ai) 
X| x 
and {x} = x? -2 ...(ii) 


So, from Eqs. (i) and (ii), we get 


ie 


1 2 
III quadrant, x = eo ee ae 
|jxty|=l>xty=H1 ...(i) => (x+ 1x? —x-1)=0 
< - - = 
and of |x + y|<|x—y|, then|x—-y|=1 1+45 
On squaring both sides 4xy < 0 means x and y lies in So, x=-1L , but as x >0 
II or IV quadrant. So, if curves lies in II or IV quadrant, de & 
then _1+v5 1-v5 
Ix-yl=tax—y=tt wii) x ; ; and —1 are neglected 
Matching Type Questions 
© Ex. 77 Match the statements of Column | with values of Column II. 
Column | Column II 
(A) Number of the values of x lying in (o. 4 at which f(x) = In (sinx) is not monotonic, is (p) a 
(B) If the greatest interval of decrease of the function f(x) = x° — 3x + 2is[a, b], then a+ b equals (q) 2 
x42 
(C) Let f(x) = ie” 1<x <3, where [.] greatest integer function, then least value of f(x) is (r) —3 
x 
et of all possible values of a such that f(x) = e* — (a+ 1) & + 2x is monotonically increasing for all x € R is S 
(D) Set of all ible val f h th ad 1 2. II for all R (s) 3 


(— ~, a], then a equals 


Sol. (A) > (p), (B) > (p), (C) > (8), (D) > (s) 


(A) f(x) = In(sinx) > f’(x)=<"* >0 


sin x 
*. Required number of values of x is 0. 


(B) f’(x) =3x" -3<0,if-1<x<1 


a=-1,b=1 «. a+b=0 
x7 42, 1<x<2 
2 
+2 2x, 1<x<2 
(C) f(x)aI~—"*, 2<x<3 Sf" (x)= 
x, 22 x<3 
x? +2 
5 = 3 
3 


. Least value of f(x) in [1, 2] is 3. 
Least value of f(x) in [2, 3) is 3. 
11 
fQ)= = 
.. Least value of f(x) is 3. 
(D) f(x) = e?* —(a+1)e* + 2x 
f(x) = 2e* —(a+1)e* +2 
Now, 2e°* —(a+1)e* +220,forallxeR 


=> afer +2 )-(a+ zo forall xe 
e 


=> 4-(a+1)2>0 > as3 .. a=3 


© Ex. 78 Match the statements of Column | with values of 
Column II. 


Column I Column II 


(A) The dimensions of the rectangle of (p) 6 
perimeter 36 cm, which sweeps out the 
largest volume when revolved about one of 
its sides, are 


(B) Let A(—1, 2) and B(2, 3) be two fixed (q) 12 
points, A point P lying on y= x such that 
perimeter of A PAB is minimum, then sum 
of the abscissa and ordinate of point P, is 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


2 
» Ex. 79 The function S(x) = J, sin eS dt has two 


critical points in the interval [1, 2.4]. One of the critical 
points is a local minimum and the other is a local maximum. 
The local minimum occurs at x equals ......... 5 


2 2 
Sol. Given, S(x) = ie a(S eS Ja s(0)= sin J-° 
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(C) Ifx, and x, are abscissae of two points on (r) 4 
the curve f(x) =x — x’ in the interval 
[0, 1], then maximum value of expression 
(x, + %)- (xt + x3) is 


(D) The number of non-zero integral values of a_ (s) 
for which the function 2 
2 


3x F 
f(x)= xt + ax + s + lis concave 


_ 


upward along the entire real line is 


Sol. (A) > (p, q), (B) > @), (C) > (8), () > @) 
(A) Perimeter of the rectangle is 36 cm. 
If one side is x, then the other side = 18 — x 
If the rectangle is revolved around the side x, then 
volume swept out V = 1x (18 — x)’ 
dv 
=m [(18 — x)* — 2x (18 — x)] 
ac 
= 7 (18 — x)(18- x —2x) 
x =6 andy=12 


(B) A(- 1,2), B(2,3) and P in a point on y = x. Perimeter of 
APAB is minimum when PA + PB is minimum image of 
A(- 1,2) in the line y = x is A’(2, — 1). Equation of A’ B 
is x = 2, hence P is (2, 2). 


C) Let(x,, and(x>, are two points. 
pV 2» Y2 Pp 
V1 + V2 = (x1 + x2) — (xp + x3) 


2 

1 1 

Now, ya=x-x?=-/ x + 

zy 4 

i 4 
— 
4 2 

(D) f(x) = 12x? + 6ax +320,V xe R SaeE[-22] 


=> Number of non-zero integer values of ais 4. 


. (1 + V2)max 


mx? 


> =m => x*=2n [1<x* <5.76asis given] 
2 


n=1lor2 


2 
Tl 
x = 2 or x =2,5"(x) = cos [2] xs 
2 


Hence, 


s’(V2) <0 and $”(2)>0 


> minimum at x =2 
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Ex. 80 The radius of a right circular cylinder increases at 
a constant rate. Its altitude is a linear function of the radius 
and increases three times as fast as radius. When the radius 
is 1 cm the altitude is 6 cm. When the radius is 6 cm, the 
volume is increasing at the rate of 1 cu cm/s. When the 
radius is 36 cm, the volume is increasing - 


f(x) =2x Ge =f (b= *) 


2 2 
r=] > f'(6- xy, it~ >6- x? 


[. f(x) is increasing] 


at a rate of n cu cm/s. The value of n/11 is equal to......... : = >6-x? => x’?>4 
Sol. Here, cad =candh=ar+b x? 
dt = f’'|\—|-f'(6-x?)>0 
dh dr ; 2 
Also, — =3— [given] 
dt dt when x<-2orx>2 => f’(x)>0 
dr dr 
a—=3 => a=3 when x (— 2,0) U(2, ) 
dt dt at+b+c=0 
Hence, h=3r+b > [a+b+c]=0 
h =1h=6 > 6=3+b => D=3 
ere Ex. 82 The graphs y =2x* —4x +2 andy =x* +2x-1 
intersect at exactly 3 distinct points. The slope of the line 
passing through two of these points is equal to......... : 
Sol. Let (x, y,) and (x2, yz) be two of these points. Given, 
y=x°+2x—-1and y=2x? —4x+2 
y, = 2xp — 4x, +2 (i) 
and 2y, = 2x +4x,-2 (ii) 
h=3(r +1) Subtracting Eq. (i) from Eq. (ii), we get 
Y 
V =ar’h =3nr? (r+1)=3n(r? +r’) t R 
Q 
av = 94 (3r? + xy 
dt dt Pp 
where r=6, ~ =1cc/s >X 
dt 
1=3n (108 +12) 2" = 360n 20 =1 
dt dt y, = 8x, -4 ...(iii) 
Similar] =8x,-4 wll 
Again when r = 23, cles n ens eis (iv) 
dt V2 — V1 = 8(X2 — X41) 
n = 3m ((3:36)? +236) 2 y27 Vg 
dt X2— Xy 


1 
Roe e ey “a. - Ex. 83 The length of the shortest path that begins at the 
point (2, 5), touches the X-axis and then ends at a point on 


n 33 
ane the circle x? + y? +12x — 20y +120 =0, is......... 


=> — 
11 11 


Ex. 81 The set of all points where f(x) is increasing is 
(a, b) U (c, -), then find[a + b +c] {where [.] denotes GIF}. 
Given that 

2 


poy=2g[*]+ flow yvaer 
and f(x) >0,V xER. 
Sol. Here, pon=ar[S) +s x’) 


rov=ar (Sx 2x f’"(6- x”) 


Sol. Circles with centre (— 6,10) and radius 


= ,/36+ 100-120 = 4 
Now, let (a, 0) be a point on the X-axis. If y is the distance 
from A to Pand P to M 


y = \(a- 2) +25 + (a +6)? +100 - 4 
dy _ 2(a — 2) (a+ 6) 
dx 2{(a —2)? +25 2 Ka +6)° +100 


d 
“y can be zero only if a—2 >0anda+6 <0 not possible or 


a 
a-—2<0anda+6>0, hence aé (— 6,2) 


d 2 
Solving %y = 0, givesa=10(rejected) or a=--— 
da 3 
AY 
C(- 6,10) 
>X 
64 
Hence, Ymin = {2 + 
17 
= 3 + 4=17-4=13 


Ex. 84 If f :[1,0¢) > R: f(x) is monotonic and differen- 
tiable function and f (1) =1, then number of solutions of the 


equation f(f(x)) = —— is/are .... 
x? -2x+2 
Sol. Let g(x) = f(f(x)), given f(x) is monotonic and 


differentiable 
g’(x)= f’(f(x)): f(x), since f(x) is monotonic 
=> f'(x):f’(f(x))> 0 for all x 21 
g(1) = f( FQ) 
a= fQy=1 


Since, g(x) is increasing for x > 1. 


1 
g(x) 2 g(1)=3 =———21 
x" -2x4+2 


Here, 


[given, f(1) = 1] ...(i) 


eae 
(x-1)? +1 
*. Number of solutions of f(f(x)) is 1. 


= 1,i.e. only possible when x = 1. 


Ex. 85 The set of values of a’ for which the equation 
x’ +4x? +ax* + 4x +1=0 has all its roots real is given by 
(a,,4,]U {a3}. Then, |a3 +a, | is 
Sol. Here, x1 + 4x? +ax? +4x+1=0 


dividing by x” Gs din tara =0 
x % 
1) 1 
=> [x+2] +4[x+2]+(a-2)=0 
x x 


1 
Putx+—=y, (y22 ory < -2) 
x 


y? + 4y +(a-2) =0 
For y to be real D = 0. 
16-4(a-2)2>0 > a<é i) 
Also, if f(y)=y?+4y+(a-2) > f(-2): f(2)=0 
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> (4+8+a-2)(4-8+a-2)=0 
=> (a+10)(a—6) 20 ...(ii) 
+ Mic 2 
-10 = 6 


From Eqs. (i) and (ii), we get a € (—c9, — 10] U {6} 
whena=6, y?>+4y+4=0 => y=-2 
ae (09, — 10] U {6} 
a, = —-10,a3 =6 = |a,+a,|=4 


Ex. 86 Let f(x) be a cubic polynomial defined by 
3 


f(x) = = +(a—3)x? +x —13. Then, the sum of all possible 


value (s) of a’ for which f(x) has negative point of local 
minimum in the interval [1,5], is 

Bi 
Sol. We have, f(x) = St (a-3)x” +x-13 


“. For f(x) have negative point of local minimum, the 
equation f’(x) = 0 must have two distinct negative roots. 


Now, f’(x) = x* +2(a—3)x +1 


.. Following condition(s) must be satisfied simultaneously 


(i) D>0 (ii) +B <0 (iii) oB > 0 
Now,D>0= 4(a-3)?-4>0 => (a—2)(a—4)>0 

+ i ea 

= ae 

Be aé (29, 2) U(4, ©) ...(i) 
Also, —-2.a-—3)<0 > a-3>0 > a>3 ...(ii) 
and product of root(s)=1>0,VaeER 
* (i) A(ii) A (iii) = a € (4, ©) ...(iii) 


a=5,asaé [1,5] 
Thus, sum of all possible values is 5 


Ex. 87 Consider a polynomial P(x) of the least degree 
that has a maximum equal to 6 at x =1and a minimum 
equal to 2 at x =3. Then, the value of P(2) + P’ (0) —7, is 
Sol. The polynomial is an everywhere differentiable function. 

Therefore, the points of extremum can only be roots of 
derivative. Further more, the derivative of a polynomial is 
a polynomial. 

The polynomial of the least degree with roots x, = 1 and 
x, =3 has the form a(x —1)(x —3). 

Hence, P’(x) = a(x —1)(x —3) = a(x? —4x +3) 

Since, at x = 1, there must be P(1) = 6, we have 


P(x) = [ P’(x)dx +6= af (x? —4x+3)dx+6 


3 
x 2 4 
=a) ——2x°+3x-—|+6 
3 3 


Also, P(3)=2 => a=3 
Hence, P(x) = x? —6x* +9x+2 
Now, P(2) = 8-—24+18+2 = 4, also 


P’(x) =3(x?—4x+3) => P’(0)=9 
P(2) + P’(0)-7 =6 
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Subjective Type Questions 


Ex. 88 Let g(x) >0 and f (x) <0,V x€ R, then show 
(i) g(f(x +) < gf(x-1) (ii) F(g(x + 1) < F(g(x - 1) 
Sol. Here, g’(x)>0 and f(x)<0,VxeER 
Le. g(x) is increasing [or if x) >x_ = g(x,) > 2(x2)] 
and f(x) is decreasing 
[or if x, > x, = f (x1) < f(x2),V x € R] 
f(x +1)< f(x-1) ..-(i) 


g(x +1)> g(x-1) 
[as(x +1)>(x-1)] ...(ii) 


Case I As, g(x) is increasing (so greater input gives greater 


and 


output) 

= g(f(x -1))> g(f(x + 1) [using Eq. (i)] 
or g(f(x +1) < (f(x - 1) 

Case II f(x) is decreasing (so greater input gives smaller 
output) 

= F(g(x + 1) < f(g(x - 1) [using Eq. (ii)] 


Ex. 89 Let f (sin x) <0 and f’’(sin x) >0,V x€ fo =| 


and g(x) = f(sin x) + f(cos x), then find the interval in 
which g(x) is increasing and decreasing. 


Sol. Here, _f (sin x) <0 and f “(sin x) >0,V xe C =) ...(i) 


and g(x) = f(sin x) + f(cos x) 
> g (x)= f (sin x)-cos x + f (cos x)(-sin x) 
> g(x) ={-f (sin x)-sin x + f “(sin x)-cos? x} 


-{f (cos x)-cos x - f “(cos x)-sin” x} __...(ii) 
As, f (sin x) <0, f ” (sin x) >0, 
; Tl aes 
sin x >0,cosx>0,Vx€]/0, 2) ...(iii) 
.. From Eggs. (ii) and (iii), we can say 
g(x) ={-f (sin x)-cosx}+{f “(sin x):cos* x} 


+ ve + ve 


H{f “(cos x)-sin® x} +{-f ‘(cos x)-cos x} 


+ ve + ve 
tt Tl . 
> g& (x)>0VxE (o =) ...(iv) 
Pee an te od Tt 
> g (x)is increasing in (o, *) ...(v) 


Now, putting g’(x)=0, 


g (x)= f (sin x)-cos x - f (cos x)-sin x =0 


=> x= 
4 


and g (x) > 0, when x € (z 4 
4 2 
g (x) <0, when xe (o, 4 
“. g(x) is increasing, when x € (. 4 


g(x) is decreasing, when x € [o a 


x 


Ex. 90 If f(x) = 


and g(x) = =e where 0< x <1, 
sin x tan x 


then in this interval find that f(x) and g(x) are increasing or 
decreasing. 


x 
Sol. Here, f(x)=- 
sin x 
, sin x-1—-x-cos x : 
=> f (x)= ——__.—— ...(i) 
sin“ x 
where sin’ x is always positive when 0 < x <1. 


But to check numerator we again let, h(x) = sin x-xcosx 


> h(x) = cosx-1-cos x + xsin x = xsin x, which is 
t+ve for0<x<1 
h'(x)>0 


=> h(x) is increasing, when0< x <1 
> h(0) < h(x) 

> 0<sinx-xcosx 

.. In Eq. (i), 
> f (x)>0, when0< x <1 


Hence, f(x) is increasing, when 0< x <1 


(sin x - x cos x) >0, 


Again, g(x)= = [given] 
tan x 
tan x-1-x-sec” x es 
= g (x)= ...(ii) 
tan” x 
where tan” x > 0 
we let (x)= tanx-xsec* x 
> (x) = sec” x -sec” x - x (2sec x)-(sec x tan x) 


(x) =-2xsec” x tan x 
As o'(x)<0,VO<x<1 
[x €(0,1], sec* x > 0,tan x > 0] 
& (x) is decreasing, when 0 < x <1. 
=> (0)> 0(x) or0> tanx-xsec” x 
-. In Eq. (ii), (tan x - xsec” x) <0 
=> g (x) <0, when0<x<1 


“. g(x) is decreasing, when 0 < x <1. 


Ex. 91 Let f:[0,e°) —[0, -°) and g :[0, e) — [0, ) be 
non-increasing and non-decreasing function and 
h(x) = g( f(x)) and if f and g are differentiable for all points 
in their respective domains and h(0) =0. Then, show h(x) is 
always identically zero. 


Sol. Here, h(x) = g(f(x)), since, g(x) € [0, o) 
h(x) = 0, V x € domain 
Also, h(x) = gfx) f(x) S0,a8 g/(x) 20 
and h(x) <0, V x €domain as h(0) = 0 
Hence, h(x) = 0,V x € domain 


Ex. 92 A cubic function f(x) tends to zero at x =-2 and 


; , tk i 
has relative maximum/ minimum at x =-1and x = -. If 
3 


[ f(x) dx = i Find the cubic function f(x). 
ea 3 [IIT JEE 1992] 


Sol. f(x) is a cubic polynomial. Therefore, f (x) is a quadratic 
polynomial and f(x) has relative maximum and minimum 


at x = : and x =~—1, respectively. 
1 , 
-1 and — are roots of f (x)=0 
3 


= fsa a(xty[x-2}=a(x?+ 2-2) 


3 
Now, integrating w.r.t. x, we get 
[x3 x? x ; : . 
f(x)=a ls +—- 3 | +c, cis constant of integration. 
3 3 3 
Again, f(-2) =0 [given] 
-8 4 2 
2)=a +—+—|+c=0 
f(-2)=a[ 24542) 
—2a 2a 
=> —+c=0 or c=— 
3 3 
x? x? x) 2a 
=> x)=a + + 
Px) 3 3; 3 3 
ex” 28 
as f(x)= a] —+ + 
3 3 3 3 
1 14 
Again, i ; f(x) dx =— [given] 
= 3 
t 14 
> =a (x? +x? -x42) dx =— 
35-1 3 


Because, y= x° and y = —x are odd functions. 


1 3, _ 
So, [, Pde = [x dx =0 
4 1 
a| 2x 14 
+4x] = => az=3 
3} 3 3 


f(x) = x2 +x? -x42 
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Ex. 93 Given that, S=|V x? +4x +5 —Vx? +2x+5| for 


all real x, then find the maximum value of S*. 


Sol. Here, 5 =|y(x+2) +1— (x41? +4] 
B(-1, 2 
/ | [ 
AZ Whe Diy 
_ pn as, P 
2 +1 |0 (0) 


“ s=|y(ex (—2))? + (1-0)? — f(x — (1)? + (2-0) 


=|PA — PBI ...(i) 
Since, |PA — PB| < AB, using triangle law. 


|PA- PBI = v1+1= v2 


[. AB =/-1+ 2? + (2-1)? = V2]...(ii) 
Smax = V2 


=> Si=4 


Ex. 94 If f(x)= max|2 siny — x 
find the minimum value of f(x). 


, (where y € R), then 


; 2-x, x0 
Sol. Here, f(x) = max|2sin y — x| = 
2+x, x>0 
y=2-x % 2+x=y 
(0, 2) 
0 


.. Minimum value of f(x) = 2 


Ex. 95 Find the maximum and minimum value of 


f(x) = = 


3x4 +8x3 -18x? +60. 


40 


Sol. Given, f(x) = — ; 
3x” + 8x~ - 18x" + 60 


is maximum or 


minimum according by 3x* + 8x° - 18x” + 60 is minimum 


or maximum. 


Then, fmaxs if 3x* + 8x° - 18x” + 60 is minimum. 
fins if 3x* + 8x° - 18x? + 60 is maximum. 
Let g(x) =3x'+8x*-18x" +60 
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=> g’ (x) = 12x (x? +2x-3) But x = e is the only extreme value. 
= g’(x) = 12x (x +3)(x-1) .. f has the greatest value at x =e 
Using number line rule, = f(e)> f(m), forall x >0 
ss _— 14 

re re: ne = (ee > (m)* 
which indicates g’(x) changes sign from —ve to +ve at => e" > 1° 
x = -3,1. 

Local minimum at x = -3,1 Ex. 97 Using the relation 2 (1- cos x) < x’, x #0 or 
and local maximum at x = 0 [as changes from +ve to —ve] Tt 
; ; otherwise prove that sin (tan x) = x for all x €| 0, — |. 

> g(x) is maximum at x = 0 4 
ie. £max (0) = 60 [LIT JEE 2003] 
and for g(x) to be minimum, Sol. Let f (x)= sin (tan x)- x 


2 min(3) = 243-216 - 162 + 60 = -75 
&min(1) = 3+8-18+60 = 53 
Substituting these values in Eq. (i), we get 


fmax(x) When £min, ie. f(x) = = and 


Then, f ‘(x)= cos (tan x)-sec*x —1 
> f (x) = cos (tan x){1 + tan? x}-1 


40 > f (x)= tan? x cos (tan x) - {1 - cos (tan x)} 
53 


40 -8 
Maximum value = —, — , 5 1 , 
53 15 f (x)> tan* x cos (tan x)-— tan* x 
2 
: 40 2 
Smin(x) when & max Le. f(x)=—=- ; 1 2 
60 3 =>  f (x)>-—tan* x {2cos (tan x) -1} 
2 


fee 2 
Minimum value = = 


, 1 2 2 
Ex. 96 Use the function f (x) = x'*, x >0 and determine f (x)> 2 tan’ x (1 - tan’ x) 
the bigger of the two numbers e” andi’. , n| 
> = 
Sol. Given, f (x)=x'%,x>0 =e ew ela 4 | 


Let y= f (x)=x™ c = 


= f(x)is increasing function for all x € 


aS 


Taking log on both sides, we have log y = Z log x 
x 


[, =| 
Differentiating both the sides, we have Haye [Ok Sorall ee i 4| 


1B ~ 5 + tog +(-5) > sin (tan x) - x > sin (tan 0)-0 
y dx x = 
dy 1- log x > sin (tan x) = x, for all xe [o, 
or —=y| —>— 4 
dx x? d 
ie Ex. 98 pe = Wand Porn) sera el 
Fr 2 Ix 
be ae ao then prove that P(x) >0 for all x >1. [IIT JEE 2003] 
Let f (x)=0, Sol. Here, a {P (x)}> P(x), for all x 21 
=> logx=1 or x=e dx 
Aoate ree ae ae stow) d {x or a {P(x)}e* > P(x)e™, for all x >1 
x? x dx | x? “ 
Ve 4 => # pie - P(x)e* >0,for all x >1 
f= [-2}+0 dx 
d 
— {e~* for all x = 
= fe) <0 => FF {fe *P(x)}>0,for all x 21 
“. ‘f’ has a maximum at x = e = P(x)e™~ is an increasing function for all x > 1 


[using 2(1- cos x) < x?] 


[again, using 2(1- cos x) < x] 


= P(x)e* > P(1)e7', for all x >1 
=> P(x)e* >0,forall x >1 [as P(1) = 0, given] 


Thus, P(x) >0,forallx>1 [ase ~ > 0, for all x] 


Ex. 99 In the graph of the function y = = x log x, where 
2 


15 


xeE[e °,c°[; find the point P (x, y) such that the segment of 


the tangent to the graph of the function at the point, inter- 
cepted between the point P and Y -axis, is shortest. 


Sol. Given, y= > lags 
2 


a 


Differentiating w.r.t. x, the given function, we have 
dy 3 1 3 
— =| x-— + log, x |=—~(1+ log, x 
dx 2 ( is 2 ( ae 


Let the point P(x,y) = P E a x log, x] 


V2 
Hence, the equation of tangent to the curve at the point 


3 
P| x, = x log, x | is 
[jal 


3 


3 
Y --=x log, x = 1+ log, x)(X -x 
eo ac Be x) ( ) 
When it cuts Y-axis, xX=0 
3 3 
Thus, = —x log, x - ~(1+ log, x) x 
ae ch Be X) 
Ya 
O “s 
P 
Qa | «&Y 
3 
So, ==-=x 
ar) 


Hence, the given tangent intersects axis at 
3 
Q [o == x] 
V2 
3 \ 
Now, PQ? = x” + [y + 5") 
2 


2,(3 ‘ 
= aerate + log, 3) 


PQ? =x? 1 + = (1 + log, oa 
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Differentiating w.r.t. x, we have 


OUD) 250 | %. A 
re = E 2(1+ log, x) ;| 


+1 + -(1 + log, wy x 


= x [9 (1+ log, x) +24+9(1+ log, x)’] 
d(PQ*) _ 4 


x 


For extremum 


t t 
e-3/2 2 e4/3 


Since, x # 0,9 (1+ log x)’ +9 (1+ log x) + 2=0 


> (1 + log x) = -1/3,-2/3 
=> log x = - 4/3,-5/3 
is coe os 


x =e °’3 lie outside the interval (e*°, 00), 


d(PQ’). 


is shown in figure, which 


The sign scheme for 
dx 


shows that PQ* is minimum. 


Therefore, PQ is minimum when x = e*’°. 


Ex. 100 John has x children from his first wife. Mary has 
(x +1) children from her first husband. They marry and have 
children of their own. The whole family has 24 children. 
Assuming that the two children of same parents do not fight, 
then find the maximum possible number of fights that can 
take place. 

Sol. Since, the whole family has 24 children, those of John and 
Mary are 
24-x-(x+1) 
Le. (23 - 2x) 
Now, F = Total number of fights. 
= (number of fights when a John’s child fights a 
Mary’s child) + (number of fights when a John child 
fights a John-Mary’s child) + (number of fights 
when a Mary’s child fights a John-Mary’s child) 


= x (x +1) + x(23 - 2x) + (x + 1)(23 - 2x) 


= 23+ 45x-3x" 
: dF 
For maximum, —=0 
dx 
=> 45-6x=0 or x=7.5 
a’F 
> Sie 45>0 
dx 


-. f(x) is minimum when x = 7.5 
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But in this case fractional value is not possible. The nearest 
integral values are x = 7 and x = 8. 


In either case the total number of fights = 23 + 45 x 7 - 3(7)* 
=191 


Ex. 101 Find the point on the curve 4x” +.a’y? = 4a’; 


4 <a’ <8 that is farthest from the point (0,— 2). 


Sol. The equation of given curve can be expressed as shown in 
the figure 


y= 1, where 4 < a” < 8 which is equation of ellipse. 


AY 


P(a cos 8, 2 sin 6) 


x’ ian > X 


O (a, 0) 


(0, -2) 


y’ 
Hence, let us consider a point P (a cos 8, 2 sin 8) on the 
ellipse. 
Let the distance of P (a cos 9, 2 sin 8) from (0, -2) be L. 
Then, L? =(acos 0 - 0)? +(2sin @ + 2)’ 
Differentiating w.r.t.6, we have 
d(L’) 
dO 
= cos 0 [-2a’ sin® + 8sin®@ + 8]=0 


=a’ -2 cos @ (-sin 0) + 4-2(sin@ + 1)-cos 0 


= Either cos 0 = 0or(8- 2a’) sin +8=0 


ie. 8 = 7/2 orsin 8 = = 
a -4 
Since, a <8 
> a-4<4 
=> ; >1 = sin @>1, which is not possible. 
a’ -4 
d*(L? 
Further, ( 5 ) = cos @ [-2a’ cos 0 +8 cos 0] 
dO 
+ (-sin 0)[-2a’ sin 0 + 8 sin 0 + 8] 
2772 
At 0=7/2, a Jug [16 - 2a” ]=2(a? -8)<0 [asa’ <8] 


Hence, L is maximum at 0 = 71/2 and the farthest point is (0, 2). 


Ex. 102 Let f(x) =sin'' [200 | then find the 
1+07(x) 


interval in which f(x) is increasing or decreasing. 


Sol. Here, f(x)=sin'! [280] 


CaseI |(x)| <1 


Let (x) = tan 0 

fhe ww( 225] = sin“\sin 20) =20 
> f(x) =2 tan '{o(x)} 
+ f'@®)=— (x) 


-’ 
1+ {(x)?} 
where (x) >0= f (x)>0 = f(x) is increasing 

[since (x) = tan 0, which is increasing] 


Case II When|0(x 1 or || 1 
|(x)| > Ne) < 
1 
Now, put —— = tan 9 
mon) 
S| 
2.—_ 
f(x)=sin™ O(x) - 
1 
ee ae 
a 
= sin”! 2 tan 0 
~ = 1+ 4 
1a egf) 1 
x)=sin (sin 20)=20=2tan | —— 
nonsense 
= 2 cot '((x)) 
, 1 , 
x) = -2:———__:0 (x 
=> f (x) EWC VERY (x) 
where 0 (x)>0 
> f (x) <0 for all |O(x)| >1 


Hence, f(x) is increasing, when|0(x)|<1and f(x) is 
decreasing, when |(x)| > 1. 


Ex. 103 Find the minimum value of 
F(x) =||x+2|-2|x-2||+] x} 


Sol. Here, f(x)= || x +2|-2|x -2| +11, which gives rise to 
four cases as 


Casel x <-2 
f(x) =|-(« + 2) +2(x -2)|- x 
=|-x -2+2x-4|-x 
=|x-6| (x -6)-x 
=> f(x) =-2x +6 (i) 
Case lI -2<x<0 
f(x) =|(x + 2)+2(x-2)|-x 
=|3x-2|-x=-(8x-2)-x 
> f(x)=-4 x42 


a 


(ii) 
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Case ll 0<x<2 Suppose Eq. (i) meets the curve again at B(t,, t/), then 
f(x)=|x +24+%x-2)|+ x 12-1? = ae t) = ees 
= |3x -2|+ x 2t 2t 
-(3x -2)+x ise e" => th=-t-— ..(ii) 
: Seen es 2t 
2 Let L be the length of the chord AB (as normal) 
(3x-2)+x, for-<x<2 P ; ae 
3 L= AB’ =(t-t,)° +(t° -t;) 
= < 
ay f(x)= 2x+2,08 x < 2/3 iii) =(t-t,) [it(t+t)"] 
4x -2,2/3<x<2 1 2[ 1 2] 
CaseIV x>2 -(r+0+2) Gear? | [using Eq. (ii)] 
f(x) =|x+2-%x-2)|+ x=|-x+6|+x=|x-6|+x : 
a(¢= 1 1 
2 (x-6)+x,25 x <6 -(2+ [+ 3 
(x-6)+x, x26 2t 4t 
6 25x<6 : 1 ° 
x)= . (IV L=4t?|1+ — 
F(x) are w) 7] 
From Eqs. (i), (ii), (iii) and (iv), we have the following figure. y 
A y = x2 
B 
A 
X’< >X 
| | 
Y 
3 2 
| = egelt4 | s1ar?{1+ 2m 
* " se dt 4t? 4t? 4r 
2 
dL 1 1) 3] 
=> =2/1+ 45) 14-2 
2 2 dt 4t? 4t? | 
From the graph, minimum value of f(x) = . E 
2 2 
dL il 2 1 1 
> =2)1+ 5 4t =4/1+ - 2t 
Ex. 104 Which normal to the curve y = x’ forms the a af : a , 
shortest chord? [IIT JEE 1992] Pavements. “tet - -9 
t 
Sol. Let (t,t”) be any point on the parabola y = x” 1 
4 =: t= ee 
d 
Now, a 2x=> y = 2t, which is the slope of : 
dx dx iy 425 Again, 
; : 
teens t = 8) 1+ = B (2 a i (2+ 4) 
2 oe 1 dt 4t 2t t 4t t 
So, the slope of the normal to y = x“ at (t, t“) is | -— |. 
2t 2 
=> cae >0 
The equation of the normal to y = x” at (t, t”) is 2 hey: 
y-P=(-Z han () 
2t ~ “. Minimum when t = —s 


510 


Textbook of Differential Calculus 


Thus, points are als 2. | and B(FV2, 2). 


J2°2 


=> Equation of normal AB is J2x + 2y -2=0and 
2x -2y+2=0. 


Ex. 105 Let f (x) =sin® x +A sin? x where 


-1/2 <x <1/2. Find the intervals in which Xd should lie in 
order that f (x) has exactly one minimum. 


Sol. Given, f (x) =sin’ x + Asin? x 
f (x)= 3sin? x (cos x) + A-2sin x (cos x) 
=sin x cos x (3sin x + 2A) 


For extremum, let f (x) = 0 


sin x =0, cos x =0, 
sin x =-2A/3 
Since, —T/2<x< 7/2 
cos x #0 
=> sinx=0 => x=0 
and sin x = a = x= sin“{ =) 


One of these from Eq. (i) will give maximum and one 
minimum, provided 


-1<sin x = —<1 
3 


, -2Xr 
1,e. -1<—<1 
3 
> -3<-2A<3 => -3<2A <3 
ie. -3/2<A<3/2 


But, if A = 0, then sin x = 0 has only one solution. 
2 € (-3/2, 3/2) - {0} 

=> X € (-3/2, 0) U(0,3/2) 

For this value of A there are two distinct solutions. 


Since, f (x) is continuous, these solutions give one 
maximum and one minimum because for a continuous 
function, between two maxima there must lie one minima 
and vice-versa. 


(i) 


Ex. 106 Determine the points of maxima and minima of 


: 1 ; 
the function, f(x) =—log x — bx + x*,x >0 whenb=0 is a 
8 
constant. 


Sol. Here, f(x) = slogx -bx +x” is defined and continuous 


for all x > 0. 
The, - Gj px 
8x 
2 
age rae _ 16x° -8bx +1 


8x 


[IIT JEE 1996] 


For extrema let f (x) =0 


= 16x” -8bx +1=0 
8b+ 64 (b° -1 
So, poe ey 
2x16 
bt vb?-1 
or <= 
4 
Obviously the roots are real, if b* -1>0 
> b>1 [as b > 0] 


Hence, when b > 1, then using number line rule for f (x) as 
shown in given figure. 


We know f (x) changes sign from +ve to —ve at 


b-vb? -1 
x =-——_—_ 


4 
b-vb? -1 
4 


F(%)max at x = 


and f (x) changes sign from —ve to +ve at 


og PN 1 


4 
+ aie 
b-\b1 b+ b24 
a a 4 

b+vb’-1 
f(%)minat x = — 


6x? -8x+1_ (4x-1) 


, 1 
Also, if b =1 x)= 
f (x) 8x 8x 


sign. 


no change in 


.. Neither maximum nor minimum, if b = 1 


Thus, 
b- vb? -1 
F(X) 0 max when X =————— and b>1 
b+./b? -1 
f(x) = F(X) min reg 


f(x) neither maximum nor minimum when b= 1 


Ex. 107 Find the points on the curve ax” + 2bxy +ay* =c, 


0<a<b<c, whose distance from the origin is minimum. 


Sol. Let P(x, y) be a point on the curve ax’ + 2bxy + ay’ =c, 


whose distance from the origin is r. 
. x=rcos® and y=rsin0 
As,r cos @ andr sin @ lies on ax” + 2bxy + ay’ =c 


” cos’ + 2br’ sin O cos @ + ar’ sin’ =c 


= ar 

> (a+ bsin 20)r? =c 

=> pea © ...(i) 
a+ bsin 20 


From Eq. (i) r is minimum when (a + b sin 20) is maximum, 
i.e. sin 20 is maximum. 
: T ST T™ ST 
i.e. 20 =— or => @=_-, 
2 2 4 4 


For 8, maximum value of (a + bsin 20)=a+b 


c 
a+b 


ats, whend =, 0( 5,55) =(| : | ) 
4 2 V2 2(a+b) \2(a+b) 


Again, when 6 = = 


(By )-( ery 3 
Thus, the required points are + = +b) li + mI 


Ex. 108 Find the value of n, for which 
f(x) =x? - 4)"(x? — x +1), ne N assumes a local minima 


‘min = 


atx =2. 


Sol. Here, f(x) = (x? - 4)"(x? - x +1) assumes local minima at 


x=2 

=>  f(2)< f(2—-h)and f(2) < f(2 +h), where h > 0 
where f(2)=0 

> f(2-h)>0 and f(2+h)>0,Vh>0 

> (-h)"(4 -h)" -{h? -3h +1} >0 

and h"(4 +h)"(h? + 5h +1) >0 

ie. (-h)" >0 


[(4-h)>0,h? -3h+1>0,44+h>0, 


h? +5h+1>0,V h> 0} 
=> né even number. 


Ex. 109 The interval to which b may belong so that the 


function, 
21-4b-b? 
f(x) =| 1- > __| 9 +5 x +- v6, 


b+1 


increases for all x. 


21-4b-D? 
Sol. If f(x) = [i | x° +5x +/16, increases we 


b+1 


must have f (x)>0,V x € real number. 


| 2 
Then, reye[t aac Jorassavnen 


b+1 


[as we know ax” + bx + >0,V x € R, we must have a>0 
andD <0] 
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21-4b-b" a 


b+1 


and 


(0)? 


=> 


The above inequality holds, when, (i) b +1 <0 and (ii) 


21-4b-b? >0 

b<-1 and b’+4b-21<0 

=> b<-1 and (b+7)(b-3)<0 
=> b<-1 and -7<b<3 [using number line rule] 


be (-7,-1) sald) 
Again, when b+1> 0, f(x) will be increasing for all x, if 


4[21-4b-b* 
21-4b-b? >0 and 1> 


b+1 
> b? +4b-21<0 
and (b+ 1)? >(21- 4b- b’) [asb+1>0] 
> (b+7)(b-3)<0 and b? +3b-10>0 
=> (-7 <b<3) and (b<-5or b>2) 
> 2<b<3 ...(ii) 


From Eqs. (i) and (ii), we have concluded that. 
be (-7, -1) U(2,3) 


Ex. 110 Find the set of all values of ‘a' for which 
VvVat4 
f(x) = 


l-a 
for all x. 


= ] x° ~3x +log 5 monotonically decreases 


Sol. Given, f(x) = 


all x. 


=> Ot <0,VxeER 
1l-a 
[as ax* + bx +c <0 Sa<0and D<0Qj...(i) 


Now, two cases arise 

Casel If 1-a<0> a>1, 

then Ja+4>(1-a) and at+4>0 
Which is always true as LHS > 0 and RHS < 0 


.. Above inequality is true for alla >1 


(ii) 
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Casell If1-a>0 => a<i 
> Va+4<1-aanda>-4 
= a’ -3a-3>Oanda>-4 
3-21 
> a< 
2 
or a> = anda>-4 
= -4<a< — ...(iii) 
From Eqs. (ii) and (iii), we conclude 
ae [-s a U (1, °) 
2 
Ex. 111 Leta+b=4, wherea <2 and let g(x) bea 
d 
differentiable function. If “ >0, V x prove that 
Ix 
b a : . 
| (x) dx +] &(x) dx increases as(b- a) increases. 
4 , [IIT JEE 1997] 
Sol. Let (b-a) =t and since a+b = 4, we have a= = 
fail is “ & 


where t > 0 (as a < 2and b > 2) 


a b 
Let [s(x dx +f g(x) dx = o(t) 
4-t 4+t 


> o(t)= [2 g(x)dx+ [2 g(x) dex 


cone) (SIS 


[using Leibnitz rule] 


= vas (=) ‘(J (di) 


Since, g(x) is increasing and we know 


Xj > X5 
dg 
> &(xX1)> e(x2) | >0 
dx 


4+t 4-t a . 
Here, —— > —— and g(x) is increasing. 
2 2 


Ce) 


(iii) 


Then, oem) (22) (“))>° [using Eq. (iii)] 


=> (t)>0 
Hence, ¢ (t) increases as ¢ increases. 


a b 
or ii £(x) dx +f, £(x) dx is increasing as (b—a) increases. 


Ex. 112 Let g(x) =2f (=) + f (2—x) and f(x) <0, 
V x € (0, 2). Find the intervals of increase and decrease of 


(x). 
Sol. We have, g(x) =2F (Z}+r (2-x) 


= ets=2f (2) (5}+ re rer 


= g (x)= £(E}-re-x (i) 


Weare given that f(x) <0,V x € (0,2) 
It means that f ‘(x) would be decreasing on (0, 2). 


Now, two cases arise 


Case I ; > (2—x) and f (x) is decreasing. 
r{ xX , 4 
=> f [2]<Fre-a.vx> 
2 3 
[As E> axxo 4 
2 3 
, r{ x , 4 
or gi(x)=f Gu Be St ee 
...(ii) 


*. g(x) is decreasing in & 2} 


Case II . <(2-x)and f (x) is decreasing. 


x 4 x 4 
=> > f(2-x),Vx< As —<2-x5>x< 
(2) fQ-x)V x<= ; | 
, x 4 
or £ (= t[=}-Fe-s>0,vocx<s 
g(x) is increasing in (o 7 ...(iii) 


From Eqs. (ii) and (iii), we conclude g(x) is increasing in 


4 4 
0, — | and decreasing in| —, 2 |. 
3 3 


Ex. 113 Let f‘(x) >0 and f “’(x) >0 where x, < xp. 
then, show (2222) < fle) + fle), 
; , 2 


Sol. As we have discussed in theory, if f (x) >0 and 
f(x) >0, then graphically it can be expressed as shown 
in the following figure 


xy, f%1)] 


>X 
We know, xy <a <Xq 
and ( iste pice, : fe) is mid-point of the chord 
joining A and B. 
Y, 
+ f IXo, FX5)] 
(aS tenet) S 
2° 2 ie 4 s 
: 2 
ix 


>X 


Thus, it can be expressed, from the figure as 


xX, + X2 f(x) + f(x2) 
i 


Ex. 114 Let f(x) >0 and f "(x) <0 where x, < x. 
Then, show f aaa) > Tay iG) 
; 2 2 


Sol. As we know, if f (x)>0and f(x) <0. Then, it could be 
expressed graphically as shown in the following figure 


ig eee 2 
Fo) f=; 


>X 


We know, x, <——+ <x, 
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and ( su ; = Pil Hi) ; fx, , is the mid-point of chord 
joining A and B. 
Thus, it can be expressed as shown in figure 
tap ps) 
B Xz) fXo) 
, (Xrtx2 ey) +f) 
ve 2 


Y, 


(44) fo) 


O x a 


From the adjacent figure, f [2 ; *1) > fea) ; f(x, ) 
Ex. 115 If f(x) is monotonically increasing function for 
all x € R, such that f ’"(x) >0 and f ~'(x) exists, then prove 


that fo'0a) + £00) + F103) <f'(3 +X) ) 


3 3 
Sol. Let g(x) = f '(x) 


Since, g is the inverse of f. 


ae | 
= — fog(x) = gof(x)=x = g (x) Fl 
> £ “(x)>0 [as f(x) is increasing] ...(i) 
= g(x)is increasing for all x € R. 


= f7'(x)is increasing for all x € R. 


, 1 
Again, x) = ———_ 
ne BI Pa) 
at 1 tt , 
x) = —-—_ x x), forallxe R 
=>  g (x) (Fe tape (g (x)) g (x) € 
=> g(x) <0, 


{as g’(x)>0, from relation 


(i) f’(x)>0, given 
=  g (x)is decreasing for all x € R. 


=> f71(x)is increasing and {fx} is decreasing. 
x 


Thus, the graph for f ~'(x) could be plotted as 


AY 


Bi Ni 3C 


Xo X3 


X 4X oXq Xx 
3 
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In above figure, we have taken three points A, B, C as; 
A (x1, f(x), B (X25 f (x2), C (x3 f“(%)). 
Also, M is the mid-point of AB as 

eed tue te 

2 2 
and L as the centroid of A ABC, 
pa( mt ee tes fa) + fon) + Fn) 
3 3 

Correspondingly a point N lies on the curve; 


X,+xX%,+x af X, +x, +x 
v-(2 2 2 (2 2 :) 


3 3 


Le. 


Also, from above figure it is clear that ordinate of 
N > ordinate of L 


= fo (4 +X) + *s) = f(x) + f (iy) + f7"(%3) 


3 3 


Ex. 116 A box of maximum volume with top open is to 
be made by cutting out four equal squares from four corners 
of a square tin sheet of side length a feet and then folding up 
the flaps. Find the side of the square cut-off. 

Sol. Volume of the box is, V =(a-2x)’-x ie. squares of side 


x are cut out, then we will get a box with a square base 
of side (a - 2x) and height x. 


x 
a- 2x 

Volume of box (V) = (2a— x)? +x 

o =(a-2x)" + x-2(a-2x):(-2)=(a-2x)(a- 6x) 

X 
For V to be extremum, av =0 
dx 

=> x =a/2,a/6 


But when x = a/2; V = 0 (minimum) and we know 
minimum and maximum occurs simultaneously in a 
continuous function. 


Hence, V is maximum when x = a/6. 


Ex. 117 One corner of a long rectangular sheet of paper 
of width 1 unit is folded over so as to reach the opposite edge 
of the sheet. Find the minimum length of the crease. 

Sol. Let ABCD be the rectangular sheet whose corner C is 


folded over along EF so as to reach the edge AB at C’. 
Let EF =x 
ZFEC =0 = ZFEC’ 
EC = x cos ®@ = EC’ 
A 


From A BEC’, we have BE = C’ E cos (1 - 20) 


> BE =-x cos 8-cos 20 
BC = BE+ EC 
1=-.x cos 9 cos 20 + x cos 9 
1 
> <= ...(i) 


cos 9 (1- cos 20) 
Let Z = cos@(1— cos20) x to be minimum, Z has to be 
maximum. 
Z = cos 9 (1- cos 20) ...(ii) 
Differentiating Eq. (ii) w.r.t. 8, we get 


& = cos 8 (0-+2sin 28) sin 6 (1 ~ cos 28) 


d°Z 
and “oe cos 40)- 2 sin 20 -sin 0 
— sin 9 (2 sin 20)—cos 0 (1 - cos 20) 
For maximum/minimum, 
dZ _ 


~“=0 
do 
=> 2sin 0 (2-3sin’®@) =0 
= sin 8 = + ¥2/3 [sin 0 # 0] 
. 2 
When sin 0 = A 
3 
dZ 5 16 1 8 


de> 5v3. 33 V3 8 


Hence, Z is maximum. 


> x= = is minimum [from Eq. (i)] 


x is minimum. 


1 1 3/3 
a _ 2 
way + :| ‘ 


unit 


Xmin 


Ex. 118 Find the volume of the greatest right circular 
cone that can be described by the revolution about a side of 
a right angled triangle of hypotenuse 1 ft. 
Sol. Let ABC be right angled triangle . 

Let the cone be revolved about AB. 
AC =1ft 
Let AB = a= height of cone 


BC = 


[given] 


1-a’ = radius of cone 


1 
Volume of cone = —1 (1-a”)a 
3 


1 3 
V=-1(a-a 
5 ( ) 
=> cae (1-3a’) 
da 3 
2 
and a2 1, (-6a) <0 
da’ 3 
. d 
Maximum volume when — = 0 
a 
ie. whena= 


1 
V3 
1 2V3 
Putting a = —=, we get Vinay = ——T cu ft 
27 


B 


Ex. 119 A window of fixed perimeter (including the base 
of the arc) is in the form of a rectangle surmounted by a 
semi-circle. The semi-circular portion is fitted with coloured 
glass while the rectangular portion is fitted with clear glass. 
The clear glass transmits three times as much light per 
square metre as the coloured glass does. What is the ratio of 
the sides of the rectangle so that the window transmits the 


maximum light? [IT JEE 1991] 
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Sol. Let 2b be the diameter of the circular portion and a be the 
lengths of the other side of the rectangle. 

[say]...(i) 

Now, let the light transmission rate (per square metre) of 

the coloured glass be L and Q be the total amount of 

transmitted light. 


Total perimeter = 2a + 4b + mb=K 


Coloured 
Glass 


Clear Glass 


2b 
Then: Q = 2ab-(3L) + maa ft) 
Q= . [1b + 12ab] 
Lous 
Q == [nb? + 6b(K- 4b~nb)] 
L 2 2 
Q == [6Kb- 240? - 5b] 
ae _ ex - 486 -10nb] =0 
db 2 
a aan 
48 + 1070 
2 
and a0 oF ag-s0nj<o 
db? 2 


Thus, Q is maximum and from Eqs. (i) and (ii) 
(48 + 10m) b = 6K = 6{2a + 4b + 1b} 


2 6 
the ratio = — = 
a 6+ 7 


Thus, 


Ex. 120 Let S be a square of unit area. Consider any 
quadrilateral which has one vertex on each side of S. If a,b,c 
and d denote the lengths of the sides of the quadrilateral, 


prove that2<a* +b* +c* +d? <4 [IIT JEE 1997] 


Sol. Let S be the square of unit area and ABCD be the 
quadrilateral of sides a, b, c and d. 


Ya 
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Here, a’ =(1-x*)+2", Bh =w*? +(1-z)’ 
ce =(1-w’*)+(1-y),d’? =x? +y’ 
Adding all the above, a’ + b’ + c* +d’ 
= {x? +(1-x)’}+{y* + (1-y)}+{z? +(1-2z)"} 
+{w? +(1-w)"} 


where OS x,y,z,w Sl 


Let us consider a function, 


cos 30 =0 orcosa =0 
a = 1/6, 1/2 


But & = 1/2 is not possible. 
2 


=> Either 
=> 


Now, 


on? 
*, Ais maximum when & = 71/6. 


Also, ZA = 1/3 and triangle is isosceles. 
Hence, A ABC must be equilateral. 


= 2a’ [- sin 20 - 4 sin 40] = -ve ata = 1/6 


f (x)= x?4+(1-x)/,0Sx<1 
Then, f (x) = 2x -21- x) 
Let f (x) = 0 for maximum/minimum. 
=> 4x-2=0> x=1/2 
Again, f “(x) = 4 >0when x = 1/2 


f (x)is minimum at x = 1/2 and maximum at x = 1 


Ex. 122 Show that the height of the cylinder of 
maximum volume that can be inscribed in a sphere of radius 
a is 2a/3. 


Sol. Let h be the height and r be the radius of the cylinder. Let 
O be the centre of the sphere. 


From the figure, 


= 2sa +b? +c% +d’ <4 OA? = OP? + PA? 
2 
Ex. 121 Show that a triangle of maximum area that can ie. a= i +r? (i) 
4 


be inscribed in a circle of radius a is an equilateral triangle. 


Sol. Let BC be one of the sides of the triangle and the third 
vertex A should be in a position that the altitude AD is 
maximum (for area of the triangle to be maximum). 


For that the A ABC must be symmetric about AD. 


Now, volume of the cylinder, 


2 
V=ar*h=mh| a’ - ") [using Eq. (i)] 


ie. | D should be the mid-point of BC. 
Let ZA = 20 
ae ZBOD = ZCOD=2a 
Thus, AD = AO + OD=a+acos 20 
and CD = asin 20 
Differentiating w.r.t. h, we have 
2 
all =n] a’ - iat =0 for extremum 
dh 4 
2a 
> h=— 
V3 
2 
Also, a — oy <0 
dh? 2 
ened ancanl MARC = A= aR at pele 
2 V3 
1 ‘ 2 
Area, A= Pe (1+ cos 201)-a sin 20 Thus, volume is maximum when h = =z 
3 


2 


a 1 
A = — (sin 2 —sin 4 
nee) Ex. 123 Let A(p*, p),B(q°,— q) andC (r?,~r) be the 


vertices of the A ABC. A parallelogram AFDE is drawn with 
vertices D, E, F on the line segments BC, CA and AB, respec- 
tively. Show that maximum area of such a parallelogram is 


Differentiating w.r.t. a, we get 


dA a 
ae ee + 2cos4a]=0 
‘Ol 


2a” cos 30 -cos a =0 “(Pp aNlq~ re ~P) 


Sol. Let AF=x=DE and AE=y=DF 
Since, A’s CAB and CED are similar. 


Cc 


We have, pe es [as shown in figure] 
CA AB 

- Laat acs 
b c 


[ here, BC = a, AC = band AB = c] ...(i) 
Now, area of parallelogram, 


S= AF- EM = xysin A 


S=x-b [ - ~ sin A [from Eq. (i)] ...(i) 


Differentiating w.r.t. x, we have 


Zs g (c -2x)sin A [where sin A is constant] 
dx c 
ds 
For extremum, —=0 
dx 
c 
=> x=- 
2 
d’S_—— 2b 
Also, —— = <0 
dx? c 
c 
at x=- 
2 
Hence, Sis maximum when x = ; 
1 f 
Now, San3= Plas sin A [from Eq. (ii)] 


Se : (: be sin a] 
2\2 


Sa 7 (area of A ABC) 


|? =p 1 

Simax = — q° -q 1 
4}, 

r —-r 1 


Snax = 4 (P q)lq-r)\(r =p) 


Ex. 124 LL’ be latusrectum of the parabola y” = 4ax 


and PP’ is a double ordinate between the vertex and the 
latusrectum. Show that the area of trapezium PP’L’L is 


: ; _ a 
maximum when the distance of PP’ from the vertex is —. 
9 
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Sol. Let the double ordinate PP’ be drawn at a distance x = at? 


from the origin. (vertex). 


Thus, the coordinate of P is (at’, 2at) as shown in figure 


Y 
t i 
Pp (a, 2a) 
R 
>xX 
O\ Q\(at2, 0) | (a, 0) 
p 
Ee 


Hence, the area of trapezium is, 


A= (P+ LL’)-OR 


1 
= —(4at + 4a)-(a- at’) 
2 


A =2a" (t + 1)(1-t”) 


dA 


aE = 2a"(t+1)(1—3t) = 0 [for extremum] 
t 


> t= -1,1/3 
2 
Also, as - = 2a” (-6 t- 2) 
dt 
2A 
Thus, A is maximum when t = 1/3 as ie <0 
t 


a. F : F 
Hence, x = at” = — is the point at which area of trapezium 
9 


is maximum. 


Ex. 125 The circle x” + y* =1 intersects the X-axis at P 
and Q. Another circle with centre at Q and variable radius 


intersects the first circle at R, above the X-axis and the line 
segment PQ at S. Find the maximum area of the A QSR. 


[IIT JEE 1994] 
Sol. The centre of the circle 
x? +y?=1 ...(i) 
is (0,0) andradius OP=1=O0OQ 
So, coordinates of Q are (1,0). 
Ya 
R 
xX 
) Q 7 
r (1,0) 
Let the radius of the variable circle be r. 
Hence, its equation is 
(x-1) +(y) =r? ...(ii) 
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Subtracting Eq. (ii) from Eq. (i), we get 


ax-1=1-r? 


Now, the area of A QSRis, A = 5° O8-RT 


A = 7 (Q8*)-(RT?) 


2_1 ic 2 - 
> A*=—r* |r -— 
4 4 
[using Eqs. (ii) and (iv)] 
= AP =— (art —r8)= f(r) (say) 
Thus, ts, = + (6r3 -6r°)=0 
dr 16 
[for extremum] 
2 
> r=2,|— 
3 
2 
Also, Bs tig? s9ja- 2 eG 
dr? 16 3 
2 
where r=2,/- 
3 


2 4 
Hence, area is maximum at r = af and A max =—= sq unit. 
3 max 33 


Ex. 126 A despatch rider is in open country at a distance 
of 6 km from the nearest point P of a straight road. He 
wishes to proceed as quickly as possible to a point Q on the 
road 20 km from P. If his maximum speed across country is 
40 km/h, 50 km/h on road, then at what distance from P, he 
should touch the road. 

Sol. Let A be the initial position of rider. 
Then, PB=x > QB =20-x 


and AB = 1 AP? + BP? = 6 +x° km 


h—— > 
3 


t 
Q B <— x —>| 
< 


.. Total time T, 


gis x” +36 , 20-% 


40 50 


aT 1 (2x) 1 

dx 40 af x? +36 50 

For maximum and minimum value, we must have 
aT _ 
a 

x 1 


40.)x" +36 90 
5 

or ae = af x? + 36 
4 


0 


2x7 
or - = 36 
16 
7 2 36X16 
9 
6x4 
=> x= : =8km 


Ex. 127 From point A located on a highway a boy has to 
get his bus to his school B located in the field at a distance | 
from the highway in the least possible time. At what distance 
from D should the bus leave the highway when the bus 
moves n times slower in the field than on the highway? 

Sol. Let AD = s and CD = x, where C is a point where the bus 
leaves the highway. 
Also, let the speed of the bus is ‘v’ on the highway. 


Total time taken, 


AC BC 
t= + 
v (wn) 
s-x nl’ +x? 
=> t= + 
v v 


B school 


Differentiating w.r.t. x, we have 


a ‘| 1+ z (+ 9 [for extremum] 
2 


dx ov afl? + x? 


+ 
= WN\pe-4 


Thus, ‘t’ is minimum when x = , as shown in figure. 


n° -1 


Ex. 128 Two men are walking ona path x* +y* =a° 


when the first man arrives at a point (x,y), he finds the 
second man in the direction of his own instantaneous motion. 
If the coordinates of the second man are (x,y), then show 
that 


Me 4 F2 4 1=0. 


xy Yt 
Sol. Since, (xj, y,) and (x, yz) lies on the curve. 
: xityp=a? ..-(i) 
and xa+y,=a° ...(ii) 


Subtracting Eqs. (i) from (ii), we get 
(x2 - x7) + (v2 - yi) =0 


or xp-xp=-(2-yr) fii) 
Now, differentiating both sides of x* + y*® = a w.r.t. x, we 
get 
3x? +3y" wy 2% 
dx 

x2 
Slope of tangent at (x), y;)= — 

VM 


. The equation of tangent at (x;, y,) 
2 


x 
y~-M=-(x-™) 


Vi 
It passes through (x9, y2). 
2 
-x 
ye27-\M = (x2 - x4) 
V1 
or x1 (x2 - x41) =—yt (yoy) --(iv) 
Dividing Eq. (iii) by Eq. (iv), we get 
3. 3 3.3 
X2 7X, -(y2 -yi) 
xi(X2— m1) —Wi(Y2-M1) 


2 2 2 2 
XQ + Xp + XjX2 Yo ti + VW2 


2 2 
x} VM 


‘oe 
= (2)-(4 


(=) 


x Vy 
5 (22 %2) (4224s |o9 
x Vy x, Vi 
ie. either Xa Yo 
Xx, Vi 
or Ae 72 ag 
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But, x2 x ye 
xX, Vi 
2 i=G 
xX VW 


Ex. 129 In still water a boat moves with a velocity which 
is K times less than velocity the river has current. At what 
angle to the stream direction must the boat move to 
minimize drifting. 

Sol. Let the flow velocity of river be u and the velocity of boat 
in still water be v. 


Thus, v = u/K 
Also, let the boat moves at an angle @ with direction of 
stream. 


Now, the velocity of boat in the river is vector resultant of 
the velocity of boat and velocity of following water or 
water current, which can be written as, 


Vp =(u-v cos a)it(u sin 0) j =(u + v cos O)it(u sin 0)j 
Hence, the time taken to cross the river 


7 a [where, d = width of river] 
u sin 8 


Thus, the drift s =(u + v cos 8)-d 


> s = d (cosec 0 + ~ cot @) 
u 
ds v 2 
> — = d(-cosec 8 cot 8 - — cosec* 0) =0 
dO u 
Y 


d 
~~ | 
Qa 6 
O 4 
Vv 2 
=> —— cosec” 8 = cosec®@ cot 8 
u 
=> cosec@ = -1/K 
=> @ = cos '(-1/K) 


Ex. 130 Consider a square with vertices at (1, 1) (-1, 1) 
(-1, -1) and (1, -1). Let S be the region consisting of all 
points inside the square which are nearer to the origin than 


to any edge. Sketch the region S and find its area. 
[HIT JEE 1995] 


Sol. Let the square ABCD and the equations of the sides of the 
square are as follows 
AB:y=1, BC:x=-1, CD:y=-1, DA:x=1 
Let the region be S and (x, y) is any point inside it. Then, 
according to given conditions, 
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fxr ty? <|1-x|,/1+ xl, /1-y],[1+y| 
24.2 2 2 2 
=> (x ty" )<x°-2Qxe4+1x°+2x4+1, y° -2y 
+Ly? +2y+1 


=> y’ <1-2x,y? <1+2x,x*<1-2y and x* <2yt+1 


y 
BC1,1) A A(t, 1) 
(0,|1/2) s 

(1126) a 
: qe *" 
©.2-1/2) 
Cay D (1, -1) 
y 
x 


Now, in y* =1-2x and y* =2x +1, the first equation 
represents a parabola with vertex (1/2,0) and second 
equation represents a parabola with vertex (-1/2,0) and in 
x* =1-2y and x* =1+ 2y, the first equation represents 


parabola with vertex at (0,1/2) and second equation 
represents a parabola with vertex at (0,- 1/2). 


So, the region S is the region lying inside the four parabolas. 


y? =1-2x 
y? =1+2x 
x? =1-2y 
x? =14+2y 


Now, S is symmetrical in all four quadrants. 
S=4 x area lying in first quadrant. 
Now, y’ =1-2x 
and x*=1- 2y intersect on y = x 
The point of intersection is E (92 =1.4/9 =1), 
“. Area of region OEFO = Area of A OEH + 
Area of region HEFH 


il > pire 
= 52-1) thes 1-2x dx 
(241 a2) +2 la ax)? te 


(3 22) ++ 33 bay? 


NlrP Ne 


(3-22) + sve Ny 
(3-22) ++ 3(5v2 N=- [42-5] 


_il 
2 
1 
2 
Similarly, area of region OEGO = ; ee -5) 


So, area of S lying in first quadrant = : (4/2 -5) 


Hence, S= = (4v2 -5) 


Ex. 131 If x is increasing at the rate of 2 cm/s at the 
instant when x =3 cm and y =1cm, at what rate y must be 
changing in order that the quantity (2xy — 3x’y) shall be 
neither increasing nor decreasing. 

IfS ={(a,b) € RX R: x =a,y =b, 2xy —3x’y = constant 
4 ay 
mare 
S’={(x, y)e AXB:-1SAS1and-1<B <1}, then find the 

areaSQ S’ 


> 0} 


Sol. Here, x =3. cm, y=1cm and “ =2cm/s 
E 


Let f =2xy -3x?y 
=> at 255 Ot say dy y 6xy ba 
dt dt dt dt dt 
Hoy a2)! pOyneay (i) 
dx dt 
‘ f is neither increasing nor decreasing. 
ae 
dt J 1) 
dy 
=> (2x 3-27) + (2-18)2=0 
t 
= dy/dt = - 32/21 
Now, for S, f = constant 
dy dx 
= 0 = (2x -3x*) = + (2y - 6x 
( ) it (2y - 6xy) a 
= dy _ oxy -2y 
dx 2x -3x? 
> Sh = oY i 
dx 2x —3x 
=> pene) y 0, 
x(3x - 2) 


Thus, there arise two cases 
Casel y(3x -1)>0and x (3x -2)<0 
> (y >Oand x > 1/3) or(y <0 and x < 1/3) 


and [o<x <2) 
3 


1 2 1 
=> [y>oand L<x<SJor[y<oando<x<1] 


Casell y (3x -1)<0and x (3x -2)>0 


=> (y>0and x < 1/3) 
or (y <0 and x > 1/3) 
and (x <Oor x > 2/3) 
> (y >0and x <0) 
or (y <Oand x > 2/3) 


Thus, S is shaded portion shown in figure (i). 


Also, S’ represents the portion shown in figure (ii). 


Thus, the area of SMS’ = 2 
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Ex. 132 In how many parts an integer N >5 should be 


divide so that the product of the parts is maximized? 
Sol. Let x; +x, +x3+..+x, =N 


“. To maximize the value of x1x 2x3... Xn 
Using AM >GM 


Xp + Xgt...t Xp iis 
+ > (x,x2 x) 
n 
ee ee 
x. x meee x. 
=> XjXq 0. X_ S [Ea Se 
n 


which shows maximum value of x,x, ... x, is obtained 
when x; =X, =X3=...=X, 
n 
: ar . { XytxXgt...t x 
Now, function to be maximized is aeeeae 
n 
which is discrete function of n. In order to arrive at some 
possible neighbourhood first we make it continuous. Thus, 
by changing the variable n to x. 


Wewrite f (x)= (*) 


x 


For maxima f (x) =0 


ee 
ie. log Y=0 > =e 
x x x 


or x = —, now as x € integer 
e 


= The nearest integer is =] or =] +1, 
e 


Monotonicity, Maxima and Minima Exercise 1: 
Single Option Correct Type Questions 


. If f : [1, 10] > [1, 10]is a non-decreasing function and 
g : [1, 10] > [1, 10] is a non-increasing function. Let 
h(x) = f (g(x)) with h(1) = 1. Then, h(2) 

(a) lies in (1, 2) 
(c) is equal to one 


(b) is more than two 


(d) is not defined 
. Pis a variable point on the curve y= f(x) and Aisa 


fixed point in the plane not lying on the curve. If PA? is 
minimum, then the angle between PA and the tangent at 
Pis 


x“ —-x+4+1,x20 


T T 
cs ee 
(a) 4 (b) ; 
(c) . (d) None of these 
1+sinx, x<0 
» Let f(x) = ‘ . Then, 


(a) f has a local maximum at x = 0 
(b) f has a local minimum at x = 0 
(c) f is increasing everywhere 
(d) f is decreasing everywhere 


. If mand nare positive integers and 


F(x)= fo (t-a)'"(t-0)'" dt, a# , then 


(a) x = bis a point of local minimum 
(b) x = bis a point of local maximum 
(c) x =aisa point of local minimum 
(d) x =ais a point of local maximum 
. Let f (x)= x"*!+a-x", where ais a positive real 


number. Then, x = 0is a point of 

(a) local minimum for any integer n 

(b) local maximum for any integer n 

(c) local minimum if n is an even integer 
(d) local minimum if n is an odd integer 


2 
ax* +, 0<|x|<2 
. If f(x)= x? , then 
3, x>2 
a) x =1,-1are the points of global minima 
b) x =1,-1are the points of local minima 


c) x = 0is the points of local minima 
d) None of the above 


BS ee 


. Given a function y = x“, x >O0and0< x <1. The values 
of x for which the function attain values exceeding the 
values of its inverse are 
(a) 0<x<1 

(c) 0<x<2 


(b) 1<x<oo 
(d) None of these 


8. 


10. 


11. 


12. 


13. 


14. 


15. 


sin x + cos x = y* —y+ahas no value of x for any y, if a 
belongs 

(a) (0, v3) 

(c) (-, -V3) 


(b) (-v3, 0) 
(d) (V3, ©) 


, If f : R Ris the function defined by 


x? -x? 


f(x)="— then 
e” +e 

(a) f(x) is an increasing function 

(b) f(x) is a decreasing function 

(c) f(x) is a onto 

(d) None of the above 

Let f(x) be a quadratic expression positive for all real x. 

If g(x) = f(x)— f’(x)+ f’ (x), then for any real x 

(a) g(x)>0 (b) g(x) <0 

(c) g(x) 20 (d) g(x) <0 

f (x)= min {1, cos x, 1-sin x}, -™< x <7, then 

(a) f(x) is differentiable at 0 

(b) f(x) is differentiable at - 


(c) f(x) has local maxima at 0 
(d) None of the above 
2- |x? +5x+6|, x#-2 
, then the range of a, so 
x=-2 


f(a 
a’ +1, 
that f(x) has maxima at x =—2is 
(a) Ja] 21 (b) ja] <1 (c) a>1 (d) a<1 
Maximum number of real solution for the equation 
ax" +x° +bx+c =0, where a, b, c€ Rand nis an even 
positive number, is 
(a) 2 (b) 3 


Maximum area of rectangle whose two sides are 


(c) 4 (d) infinite 


xX =X, X =M—X, and which is inscribed in a region 
bounded by y = sin x and X-axis is obtained when xy € 


(d) None of these 


f(x) =—-1+kx +k neither touches nor intersect the 


curve f(x) =Inx, then minimum value of k € 


@ (44) (b) (e, e?) 


(d) None of these 


16. 


17. 


18. 


19. 


20. 


ray 


22. 


Let f(x) be a polynomial with real coefficients satisfies 
f(x) = f'(x)x f(x). If f (x) = 0 satisfies x = 1, 2, 3 
only, then the value of f’(1)x f’(2)x f’(3) is equal to 
(b) negative 

(d) inadequate data 


(a) positive 
(c) 0 

A curve whose concavity is directly proportional to the 
logarithm of its x-coordinates at any of the curve, is given 
by 

(a) c,-x7(2 log x —3) + c)x + cy 

(b) c,x°(2 log x+3)+ Cx + cy 

(c) ex°(2 log x) + cy 

(d) None of the above 


T 
f(x)= 4tanx—tan® x+tan?>x,Vx#nn+—, V nel, 
then 2 
(a) f(x) is increasing for allx ER 
(b) f(x) is decreasing for all x E R 
(c) f(x) is increasing in its domain 
(d) None of the above 
3+|x—-k|, 
If = i -k 
f(x)=4 29, sin(e— bh) 
x-k 


forx<k 


has minimum 
forx>k 


at x =k, then 
(a)aeR 
(c) |a|>2 


(b) |al<2 

(d)1<|]a|<2 

Let f be a linear function with properties 

fQs f (2), f (3) 2 f (4) and f (5) =5, then which of the 
following is true? 

(a) f(0) <0 (b) f(0) =0 

(c) FQ) < F< fC1) = dd) FO) =5 

If P(x) is polynomial satisfying P(x*)= x” P(x) and 
P(0)=—2, P’(3/2) =0and P(1) =0. 


The maximum value of P(x) is 


1 1 
a)-— bh) 
ae ()—7 
(c) -; (d) None of these 
If the curve x” =—4 (y—a) does not intersect the curve 


y= [x° —x+1](where [.] denotes the greatest integer 


a 4} then 


function) in c 


(@)o<a<i (b)-1<a<1 


je ; Sel Gi Nonewk thes 


23. 


24. 


25. 


26. 


27. 


28. 
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Analyze the following graph of f’(x) 


which is incorrect about f (x) fora < x <B? 
(a) only three extreme points 

(b) two inflexion points 

(c) f’(x) > 0 ford <x<e 

(d) x =e is the point of local maxima 


Let f(x) = x? —2x and g(x)= f(f(x)-1)+ f (5—-f (x)), 
then 

(a) g(x) <0,VxeER 

(b) g(x) <0, for some x ER 

(c) g(x) 2 0, for some x E R 

(d) g(x)20,VxeER 

Let f: N > N be such that f(n+1)> f (f (n)) for all 
néN, then 

(a) f(x)=x?-x+1 

(b) f(x) =x-1 

(c) f(x) =x? +1 

(d) None of the above 


1 
The equation |2ax —3|+|ax+1|+|5—ax|= ; possesses 


(a) infinite number of real solutions for some a € R 
(b) finitely many real solutions for some a € R 

(c) no real solutions for some a € R 

(d) no real solutions for alla € R 


If | ax f?(t)dt =(ffertx-nar) for f(1)=1and f(x) 


is continuous function for x > 0 and {a,,} is a sequence 


such that a,4, =a, t1+a? fora=0; if f(x) is an 


: : ; . a 
increasing function, then lim k= 


nye nl 
(where k = f (n’?""))is 
(a) 1/4 (b) 4/7 (c)n (d) n/2 
A function f is defined by f(x)=|x|"|x-1|",VxER 
The maximum value of the function is (m,n € N) 
(a) 1 (b) m"-n™ 
m”™ -n" mn)" 
ray OG 
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29. 


30. 


31. 


32. 


33, 
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Monotonicity, Maxima and Minima Exercise 2 : 
More than One Option Correct Type Questions 


Which of the following is/are true? 
In (Inx) 
) 
Inx 
a) (In2.1)™?? > (In2.2)"?4 


b) (Ina) <(Ins)™4 
c) (In30)"*! > (In31)" 
d) (In28)*? <(In30)"*8 


(you may use f (x)= 
( 
( 
( 
( 


If lim f(x) = lim[f(x)] (where [] denotes the greatest 
x—-a x—-a 


integer function) and f(x) is non-constant continuous 
function, then 
(a) lim f(x) is an integer 

xa 


(b) lim f(x) is non-integer 
xa 


(c) f(x) has local maximum at x =a 


(d) f(x) has local minimum at x =a 


Let S be the set of real values of parameter A for which 
the equation f(x) =2x* —3(2+A)x” +12Ax has exactly 
one local maximum and exactly one local minimum. 
Then, Sis a subset of 
(a) (-4, ©) 

(c) 3, e) 


(b) (-3, 3) 
(d) (-e, 0) 


mona S]eronsy V x€(-3, 4), where 


f(x) >0, V x€(-3, 4), then h(x) is 


( 
: mn 

(a) increasing in - 1) 
. Sb 3 

(b) increasing in = 0} 


3 
(c) decreasing in| —3, 3) 


(d) decreasing in| 0, ;) 


f (x)= tan ‘(sin x + cos x), then f(x) is increasing in 


34. If maximum and minimum values of the determinant 
2 2 


1+sin° x cos’ x sin 2x 
. 2 2 ‘ 
sin” x 1+ cos” x sin 2x 
2 2 2 
sin“ x cos” x 1+sin 2x 


are & and, then 

(a) a+ BP" =4 

(b) a? -B'” = 26 

(c) (a —B”) is always an even integer for n € N 


(d) a triangle can be drawn having it’s sides as a, B 
and a-B 


x? +4x, -3<x<0 


35. Let f(x)={-sinx, 0< ee . Then, 
2 


T 
—cosx-1,—<x<7 
2 


(a) x =—2 is the point of global minima 
(b) x = 7 is the point of global maxima 


(c) f(x) is non-differentiable at x = . 


(d) f(x) is discontinuous at x = 0 


36. Let f(x) =absin x+bv1—a’ cosxtc, 
where |a|< 1, b>0, then 
(a) maximum value of f(x) is b, ifc = 0 
(b) difference of maximum and minimum value of f(x) is 2b 
(c) f(x) =c, if x =—cos ‘a 


(d) f(x) =¢, ifx=cos ‘a 
37. i f(x)= [7 x >Oandn>™m, then 
x" Int 


ig ce ea) 
(a) f(x) = ae 


(b) f(x) is decreasing for x >1 
(c) f(x) is increasing in (0, 1) 
(d) f(x) is increasing for x >1 


38. f(x)=Vx-1+~2-<x and g(x)= x” +bx +c are two 
given functions such that f(x) and g(x) attain their 
maximum and minimum values respectively for same 
value of x, then 


(a) f)max at x= ; 


(c) b=3 


(b) F(X) max at x => 
(d) b=-3 


39. 


40. 


41. 


42. 


x| 


If f(x)= al?” $80} o(x) = alse =] for a> 0,a#1and 
x € R, where {} and [] denote the fractional part and 
integral part functions respectively, then which of the 
following statements can hold good for the function 
h(x)? where (In a) h(x) = (In f(x) + In g(x)) 

(a) his even and increasing 

(b) his odd and decreasing 

(c) his even and decreasing 

(d) his odd and increasing 

For the function f(x) = In (1 — In x), which of the 
following do not hold good? 

(a) increasing in (0, 1) and decreasing in (1, e) 

(b) decreasing in (0, 1) and increasing in (1, e) 

(c) x =1is the critical number for f(x) 
( 


d) f has two asymptotes 


x+2 ifx<-1 
The function f(x) = x?, if-1<x<1 
(x-2)?, ifx21 


a) is continuous for all x € R 
b) is continuous but not differentiable, V x € R 


c) is such that f’(x) change its sign exactly twice 


gp pom. Ga, gy 


d) has two local maxima and two local minima 
A function f is defined by f(x) = i cost cos (x — t) dt, 


0< x $27, then which of the following hold(s) good? 
(a) f(x) is continuous but not differentiable in (0, 277) 


43. 


44. 


45. 
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(b) Maximum value of f is 7 
(c) There exists atleast one c € (0, 27) if f’(c) = 0 


(d) Minimum value of f is — 7 


Let f(x) = si then which of the following is correct? 
x 


(a) f(x) has minima but no maxima 

(b) f(x) increases in the interval (0, 2) and decreases in the 
interval (— ©, 0) U (2, °) 

(c) f(x) can come down in (— », 0) U(2, 3) 

(d) x =3 is the point of inflection 


Let f(x) be differentiable function on the interval 
(a Seucthari<send te 2 Oo, 
ax a-x 
all x € R. Then, which of the following alternative(s) 
is/are correct? 
(a) f(x) has an inflection point 
(b) f(x) =3,VxER 
2 
(c) J, f(x)dx =10 
(d) Area bounded by f(x) with coordinate axes is (2/3) 
Let f :(0, c°) > (0, c¢) be a derivable function and F(x) is 
the primitive of f(x) such that 2 F(x)- f(x)) = f?(x) for 
any real positive x 


(a) f is strictly increasing (b) 


x70 X 


(c) f is strictly decreasing (d) f is non-monotonic 


Monotonicity, Maxima and Minima Exercise 3: 


Statements | and Il Type Questions 


Directions (Q. Nos. 46 to 54) For the following questions, 
choose the correct answers from the codes (a), (b), (c) and (d) 
defined as follows. 


46. 


(a) Statement I is true, Statement II is also true, Statement II 
is the correct explanation of Statement I 

(b) Statement I is true, Statement II is also true, Statement II 
is not the correct explanation of Statement I 

(c) Statement I is true, Statement II is false 


(d) Statement I is false, Statement II is true 


Statement I The equation 3x” + 4ax + b = 0 has atleast 
one root in (0, 1), if3+4a=0. 

Statement II f(x) =3x ? +4x+ bis continuous and 
differentiable in (0, 1). 


47. Statement I For the function 


48. 


15-x, x <2 : : 
f(~o= x =2has neither a maximum nor a 
2x-3, x22 


minimum point. 
Statement II f’(x) does not exist at x =2. 
Statement I 
Gi T™ TT ‘ . 
o(x)= J, (3sint+4cost)dt,x€ , 4 (x) attains its 
6 3 


maximum value at x = 


Statement II 0(x)=] (3sint+4 cost) dt, (x) is 


fy ( 

0 

5 z r 7 T TU 
increasing function in E ; 4 
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49. 


50. 


51. 


Let f(x)= 
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Let f (x) be a twice differentiable function in [a, b], 
given that f (x) and f’’(x) has same sign in [a, D]. 
Statement I f ’(x)=0 has at the most one real root in [a, b}. 


Statement II An increasing function can intersect the 
X-axis at the most once. 


Let u=Vce+1—Ve and v =e —Ve—1,c >1and let 
f (x)= In(1+x), Vx €(-1,). 
StatementI f(u)> f(v),Vc>1 because 
Statement II /f (x) is increasing function, hence for 
u>v, f (u)> f(v). 
T 3m : 
Let f (0) =0, ia = uf ; )=-1be a continuous and 


twice differentiable function. 


Statement I | f’’(x)|<1for atleast one x € (« =") 
because 2 
Statement II According to Rolle's theorem, if y = g(x) is 
continuous and differentiable, Vx € [a,b] and g(a) = g(b), 
then there exists atleast one c such that g’(c) =0. 


52. Statement I For any AABC 


. (A+B+C sin A+sin B+sinC 
sin 5 = ‘i 


Statement II y=sin x is concave downward for 
xE(0, 1}. 


. Statement I If f(x) =[x](sinx+cos x—1) 


(where [-] denotes the greatest integer function), 
then f(x) =[x](cos x —sin x) for any x € integer. 


Statement II f’(x) does not exist for any 
x € integer. 


. f(x)is a polynomial of degree 3 passing through origin 


having local extrema at x= +a. 

Statement I Ratio of areas in which f(x) cuts the 
2 2 ; 

circle x“ +y° =36is 1:1. 


Statement II Both y = f(x) and the circle are 
symmetric about origin. 


Monotonicity, Maxima and Minima Exercise 4: 


Passage Based Questions 


Passage I 
(Q. Nos. 55 to 57) 
: 5 let m be the slope, a be the x-intercept and b be 
1+x 


the y-intercept of a tangent toy = f (x). 


95. 


56. 


97. 


Abscissa of the point of contact of the tangent for which 
m is greatest, is 
1 

—S b) 1 

(a) oe (b) 
1 

=f d) -—~ 
(c) (d) 5 
Value of b for the tangent drawn to the curve y = f(x) 
whose slope is greatest, is 

9 3 

es b) = 
(a) - (b) 5 

1 a) 

a d) 2 
(c) 5 (d) z 
Value of a for the tangent drawn to the curve y = f(x) 
whose slope is greatest, is 
(a) -V3 
(b) 1 
(c) -1 


(d) V3 


Passage II 
(Q. Nos. 58 to 60) 


Consider the function f(x) = max {x’, 


(1— x)*,2x(1- x)}, x € [0,1] 


58. The interval in which f(x) is increasing, is 


59. Let RMVT is applicable for f(x) on (a, b), then a+ b+c is 


(where c is the point such that f’(c) =0) 


2 


(a) (b) 


7 a 
3 3 
1 3 
(c) 2 (d) 3 


60. The interval in which f(x) is decreasing, is 


Passage III 
(Q. Nos. 61 to 63) 
f(x), g(x), h(x) all are continuous and differentiable functions in 
[a, b] alsoa<c <band f(a) = g(a)= h(a). Point of intersection of 
the tangent at x = c with chord joining x = a and x = b is on the 
left ofc iny = f(x) and on the right in y = h(x). And tangent at 
x =c is parallel to the chord in case of y = g(x). 
Now, answer the following questions. 
61. If f(x) > g’(x)>h’(x), then 
(a) f(b) < g(b) < h(b) (b) f(b) > g(b) > hid) 
(c) f(b) < g(b) < hb) (d) f(b) 2 g(b) 2 h(b) 
62. If f(b) = g(b) = h(b), then 
(a) fc) = gc) = h©) (b) fc) > gc) > he) 
(c) f(c)< gc) < hc) (d) None of these 


63. Ifc= ead for each b, then 
(a) g(x) = Ax’ + Bx+C 
(b) g(x) = log x 
(c) g(x) =sinx 
(d) g(x) =e* 


Passage IV 
(Q. Nos. 64 to 66) 


In the non-decreasing sequence of odd integers 

(a, dz, a3,...) = {1, 3, 3, 3, 5, 5, 5, 5,5,...} each positive odd integer k 
appears k times. It is a fact that there are integers b,c andd such 
that for all positive integern, a, = b [,{n + c]+ d (where [.] 


denotes greatest integer function). 


64. The possible value of b+c+d is 


(a) 0 (b) 1 (c) 2 (d) 4 
65. The possible value of = is 

(a) 0 (b) 1 

(c) 2 (d) 4 
66. The possible value of oe is 

(a) 0 (b) 1 

(c) 2 (d) 4 

Passage V 


(Q. Nos. 67 to 69) 
Let g(x) = dy + qx + a)x” + a,x? and f(x) =.) g(x), f(x) have 


its non-zero local minimum and maximum values at — 3 and 3, 
respectively. Ifa, € the domain of the function 

2 
1+x 


h(x) = sin! 
(x) =sin or 
67. The value of a, + ay is equal to 

(a) 30 (b) - 30 
(c) 27 (d) - 27 
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68. The value of ay is 
(a) equal to 50 
(b) greater than 54 
(c) less than 54 
(d) less than 50 


69. f (—10) is defined for 
(a) ay > 830 
(b) ap < 830 
(c) dp = 830 
(d) None of the above 


Passage VI 
(Q. Nos. 70 to 74) 


x’ + bx +c 


iff :DOR f(x)= 


: , where o, 8 are the roots of the 
x° +bxt+c, 


equation x® + bx + c =0 anda,,;, are the roots of 
x + bx + c, = 0. Now, answer the following questions for f(x). A 
combination of graphical and analytical approach may be helpful 


in solving these problems. (If, and, are real, then f(x) has 
vertical asymptote at x = 0,,B,). Then, 


70. Ifa, <a<f, <B, then 
(a) f(x) is increasing in (0%, B;) 
(b) f(x) is decreasing in (a, B) 
(c) f(x) is decreasing in (f,, B) 
(d) f(x) is decreasing in (—°, a) 
71. Ifa, <B, <a <f, then 


(a) f(x) has a maxima in [0,, 8, ] and a minima is [a, 8] 
(b) f(x) has a minima in (04, B,) and a maxima in (04 B) 
(c) f(x) > 0 where ever defined 
(d) f(x) < 0 where ever defined 


72. If the equations x? + bx +c =Oand x* +b,x+c,;=0 do 


not have real roots, then 

(a) f(x) = 0 has real and distinct roots 
(b) f(x) = 0 has real and equal roots 
(c) f(x) = 0 has imaginary roots 

(d) nothing can be said 


73. In the above problem, lim [ f(x)]- lim [f(x)] (where [.] 


denotes the greatest integer function) is equal to 
(a) 1 

(b) 0 

(c)-1 

(d) does not exist 


74. In the last problem, if b > b, , then 


(a) x-coordinate of point of minima is greater than the 
x-coordinate of point of maxima 

(b) x-coordinate of point of minima is less than x-coordinate 
of point of maxima 

(c) it also depends upon cand ¢, 

(d) nothing can be said 
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Passage VII 


(Q. Nos. 75 to 77) 


2 
x 


x7 -1 


Consider the function f(x) = 


75. The interval in which f is increasing is 
(a)(- 1,1) 
(b) (— =, — 1) U(- 1, 0) 
(o)(— 9,08) —{- 14] 
(d) (0, 1) UG, ©) 
76. If f is defined from R — {- 1,1} > R, then f is 
(a) injective but not surjective 
(b) surjective but not inective 
(c) injective as well as surjective 
(d) neither injective nor surjective 


77. f has 


(a) local maxima but not local minima 

(b) local minima but not local maxima 

(c) both local maxima and local minima 
(d) neither local maxima nor local minima 


Passage VIII 
(Q. Nos. 78 to 80) 
Suppose you do not know the function f(x), however some 
information about f(x) is listed below. 
Read the following carefully before attempting the questions 
(i) f(x) is continuous and defined for all real numbers 

(ii) f’(— 5) =0, f’(2) is not defined and f’(4) =0 

(iii) (— 5, 12) is a point which lies on the graph of f(x) 

(iv) f” (2) is undefined, but f” (x) is negative everywhere else 

(v) The signs of f’(x) is given below 


78. On the possible graph of y = f(x), we have 
(a) x = —5is a point of relative minima 
(b) x =2 is a point of relative maxima 
(c) x = 4is a point of relative minima 
(d) graph of y = f(x) must have a geometrically sharp corner 


79. From the possible graph of y = f(x), we can say that 


(a) there is exactly one point of inflection on the curve 


(b) f(x) increases on —5 < x <2 and x > 4 and decreases on 
—o<x<-S5and2<x<4 


(c) the curve is always concave down 


(d) curve always concave up 


80. Possible graph of y = f(x) is 


Passage IX 
(Q. Nos. 81 to 83) 


Let f(x) =e?*)* — e* for real number p > 0, then 


81. The value of x =s p for which f(x) is minimum, is 
(a) —log.(p a5 1) 
P 


(b) -log.(p +1) 
(a) log 24) 
Pp 


82. Let g(t) = [foe ae. The value of t = t,, for which 


(9) Log =) 
Pp Pp 


Po 
() “og om 2) (4) -log,((p + 1)(e? -1)) 


(c) = log. Pp 


g(t) is minimum, is 
(? =1) 


(a) —log, 


P= 
83. Use the fact that 1+ < £ ~<1+2-+p?(0<psi) 


the value of lim (s 


poor . 


(a) 0 (b) (c)1 


(d) non-existent 


Passage X 
(Q. Nos. 84 to 86) 
Consider f, g and h be three real valued function defined on R. 
Let f(x) =sin3x + cos x, g(x) = cos3x +sin x and 


h(x) = f*(x)+ g(x). 


84. The length of a longest interval in which the function 
g = h(x) is increasing, is 


(a) 1/8 (b) /4 (c) 1/6 (d) n/2 

85. The general solution of the equation h(x) = 4, is 
(a) (4n+1)n/8 (b) (8n + 1) 2/8 
(c)(2n+1)n/4 (d)(7n+1)7/4 


86. Number of point(s) where the graphs of the two 
function, y = f(x) and y = g(x) intersects in [0,7], is 


(a) 2 (b) 3 
(c) 4 (d)5 
Passage XI 


(Q. Nos. 87 to 89) 
Consider f, g and h be three real valued functions defined on R. 


-1, x<0 
Let f(x)=4 0, x=0, g(x) = x(1- x?) andh(x) be such that 
1, x>0 
h’(x) = 6x — 4. 


Also, h(x) has local minimum value 5 at x = 1. 


87. The equation of tangent at m(2,7) to the curve y = h(x), 
is 
(a)5x+y=17 (b) x + 5y =37 
(c) x-5y +33 =0 (d)5x-y =3 

88. The area bounded by y = h(x), y = g( f(x)) between x =0 


and x = 2 equals 
(a) 23/2 (b) 20/3 (c) 32/3 (d) 40/3 


89. 
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Range of function sin! \( fog(x)) is 


(a) (0, 1/2) (b) {0, 2/2} 
(c) {-m/2, 0, =/2} (d) {0/2} 
Passage XII 


(Q. Nos. 90 to 92) 


Consider f, g and h be three real valued differentiable functions 
defined on R. 


Let g(x)= xo+ g(1)x? +(32’()- g”(1)-1)x +321) 
f(x)=xg(x)-12x4+1 


and 


90. 


91. 


92. 


f(x) = (h(x))*, where h(0) = 1. 
The function y = f(x) has 


(a) Exactly one local minima and no local maxima 
(b) Exactly one local maxima and no local minima 
(c) Exactly one local maxima and two local minima 


(d) Exactly two local maxima and one local minima 


Which of the following is/are true for the function 


y= a(x)? 
(a) g(x) monotonically decreases inEREDEDDD 


1 1 
—co, 2——_ | U] 2+ =, © 
eat a) 
1 1 

b x) monotonically increases in| 2——=, 2+ —= 
(b) g(x) y B +] 
(c) There exists exactly one tangent to y = g(x) which is 

parallel to the chord joining the points (1, g(1)) and (3, 2(3)) 


(d) There exists exactly two distinct lagrange’s mean value in 
(0, 4) for the function y = g(x) 


Which one of the following does not hold good for 
y=h(x)? 

(a) Exactly one critical point 

(b) No point of inflexion 

(c) Exactly one real zero in (0, 3) 

(d) Exactly one tangent parallel to X-axis 


=| Monotonicity, Maxima and Minima Exercise 5 : 


Matching Type Questions 


93. Match the following : 


Column I Column I 
(A) The maximum value attained by y= 10—|x-10|,-l< x <3is (p) 3 
(B) IfP(t?, 20), t €[0, 2]is an arbitrary point on parabola y” = 4x, Q is foot of perpendicular from (q) | 
focus S on the tangent at P, then maximum area of A PQS is 3 
(C) Ifat+b=l,a,b> 0, then maximum value of [1+ AG ‘) is 2 
HED (s) 1 


(D) For real values of x, the greatest and least value of expression 


e ee 


— ae 
2x° + 3x+ 6 13 
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94. Match the entries of the following two columns. 


Column I Column II 
(A) The least value of the function (p) 5 
f(x) =2-3% -3%-442-3* 
in [— 1, 1] is 
(B) The minimum value of the polynomial (q) -l 
f@)=(@-)x@+ lis 
e value of the polynWmia r 
(C) The value of the polynWmial (r) 3 
3 
{ (|x — 2|-[x ])dx (where [- ] denotes the 
greatest integer function) is 
(D) If period of the function (s) 0 
J (x) = sin 36x tan 42x is p, then 
18 
“°P equals 
T 
95. Match the following : 
Column I Column II 
2x" : (p) local 
(A) f(x)= J @-2)¢+ 1 (¢-3) dt ishhas P) aces 
in 1, 1) 
sin( 2x <2. : (q) lea 
(B) f@)= 4 is/has in (0,2) minima 


9-4x, x>2 


Column I Column II 


(C) f(x) = {2x} denotes fractional part of x 
is/has in (0, 1) 


(r) continuous 


(s) non-differe 
ntiable 


©) f= es ee 


(where [- ] denotes the greatest integer 
function), then f(x) is/has in (— 1, 4) 


96. Match the statements of Column I with the values of 


Column IL. 
Column I Column II 
(A) f(x) =cosmx+ 10x + 3x7 + x°, (p) 3/4 
—2<-x <3. The absolute minimum 
value of f(x) is 


(B) Ifx €[-1,1], thenthe minimum value (q) 2 
of f(x) =x? +x + lis 


© Let f@)= a =4x,0<x<2.Then, © —15 
the global minimum value of the 
function is 

(D) Let f(x) = 6—12x +4 9x? — 2x3, (s) -8/3 


1<x <4. Then, the absolute 
maximum value of f(x) in the 
interval is 


| Monotonicity, Maxima and Minima Exercise 6 : 
Single Integer Answer Type Questions 


97. A particular substance is being cooled by a streem of 
cold air (temperature of the air is constant and is 5°C) 
where rate of cooling is directly proportional to square 
of difference of temperature of the substance and the air. 
If the substance is cooled from 40°C to 30°C in 15 min and 
temperature after 1 hour is T°C, then find the value of 
[T ]/2, where [.] represents the greatest integer function. 


T 
tan| x +— 
=) 


98. The minimum value of IS: stabecdes . 


tan x 


99. The figure shows a right triangle with its hypotenuse OB 
along the Y-axis and its vertex A on the parabola y = x’. 


Let A represents the length of the hypotenuse which 
depends on the x-coordinate of the point A. 


The value of lim (h) equals ......... ; 
x0 


A(t,t?) 


>X 


100. Number of positive integral values of a for which the 
curve y = a* intersects the line y = xis...... : 


101. The least value of a for which the equation, 
4 1 ; ‘ 
= - = ahas atleast one solution in the 
1-sin x 


sin x 


interval (0, 1/2) is ......... é 


102. Let f(x) -| 


3/5 fx<1 
- nia , then the number of 
~ (x =2) 


ifx>1 
critical points on the graph of the function are ...... : 


103. The graph of y = f(x) for a function f is shown. 
Number of points of inflection for y = f(x) is ......... : 


Ya 


104. Number of critical points of the function, 


f(xy= ; x? - . + fr Z + ; cos 2t — si a which lie 


1 


in the interval [— 27, 27]is ......... ; 


105. Let f(x) and g(x) be two continuous functions defined 


from R— R, such that f(x,)> f(x.) and 
&(X1) < g(x2),V xy > X», then the least integral value of 
a for which f(g(a° — 20))> f(g(80 — 4)) is... . 


ee 
106. If the function f(x)= bees, 


, where t isa 
parameter, has a minimum and a maximum, then the 
greatest value of fis ......... : 
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107. If f(x) =(x-—a)(x—b) for a, be R, then minimum 
number of roots of equation 
nf’ (x))* cos(mf(x)) + sin(mf(x))- f(x) = 0in (a, B), 
where f(a) =3= f()is......... . (here, a <a<b<f) 
108. If absolute maximum value of 


1 1 . p 
= is —, (p, g are coprime) the 
iene ie Ge 


(p-q)is cee 


Monotonicity, Maxima and Minima Exercise 7 : 
Questions Asked in Previous 10 Years’ Exams 


(i) JEE Advanced & IIT-JEE 


109. The least value of a € R for which 40x? + Z > 1, for all 


x > 0, is * 
[One Correct Option 2016 Adv.] 
1 1 
a) — b) — 
(a) yi (b) - 
1 1 
c)— d) — 
( Pe ( M5 


110. The number of points in (— 9, ¢¢) for which 


x” —x sin x—cos x =0,is [One Correct Option, 2013 Adv.] 
(a) 6 (b) 4 
(c) 2 (d) 0 

111. Let f:R— (0,cc) and g: R— Rbe twice differentiable 
functions such that f’’ and g” are continuous funcitons 
of R. Suppose f’ (2) = g(2) =0, f (2) # Oand g’ (2) #0. If 
lim Sx )g(%) | = 1, then 

x2 f"(x)g" (x) 

[More than One Correct option, 2016 Adv.] 

(a) f has a local minimum at x = 2 

(b) f has a local maximum at x = 2 

(c) f(2) > f(2) 

(d) f(x)- f’’(x) = 0 for atleast one x € R 


1 
112. If f :(0, 0°) > Rbe given by fix)=foe (3) dt 
+ t 


Then, [More than One Correct Option, 2014 Adv.] 
(a) f(x) is monotonically increasing on [1,°°) 
(b) f(x) is monotonically decreasing on [0,1) 


(c) f(x)+ (2} = 0,Vx € (0,0) 


(d) f(2*) is an odd function of x on R 


113. The function f(x) =2|x|+|x+2|-||x +2|-2|x||hasa 


local minimum or a local maximum at x is equal to 
[More than One Correct Option, 2013 Adv.] 


(a) -2 (b) = 
(c) 2 (d) 2/3 


114. A rectangular sheet of fixed perimeter with sides having 
their lengths in the ratio 8:15 is converted into an open 
rectangular box by folding after removing squares of 
equal area from all four corners. If the total area of 
removed squares is 100, the resulting box has maximum 
volume. The lengths of the sides of the rectangular sheet 
are [More than One Correct Option, 2013 Adv.] 
(a) 24 (b) 32 (c) 45 (d) 60 


115. A vertical line passing through the point (A, 0) intersects 
2 


2 
the ellipse * 4” <1at the points P and Q. If the 
4 3 


tangents to the ellipse at P and Q meet at the point R. 
If A(h) = area of the A POR, A, = max A(h)and 
V2ShS1 


A,= min A(h), then —A, —8A, is equal to 
V5 


V2<h<i1 
[Integer Type Question, 2013 Adv.] 


116. Let f, g andh be real-valued functions defined on the 


x? 


interval [0, 1] by f(x)=e* te® , g(x)= xe" 46> 


20x 


and h(x)=x“e ben? 


2 

. Ifa, band c denote 
respectively, the absolute maximum of f, g and A on 
[0, 1], then [One Correct Option, 2010] 


(a) a=bandc#b (b) a=canda#b 
(c) a#bandc#b (d) a=b=c 
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The total number of local maxima and local minima of 
(2+x)?, -3<x<-1 


the function f(x) = is 


2 
5 eee -1<x<2 
[One Correct Option, 2008] 


(a) 0 (c) 2 (d) 3 


If the function g :(—°9, e) > [- = *) is given by 


(b) 1 


-1 Tl . 
g(u)=2tan (e" a Then, g is [One Correct Option, 2008) 


(a) even and is strictly increasing in (0, °°) 

(b) odd and is strictly decreasing in (—°9, ©) 

(c) odd and is strictly increasing in (—s9, °°) 

(d) neither even nor odd but is strictly increasing in (—°%, ©) 
The second degree polynomial f(x), satisfying f(0) =0, 
fM=L f (x) >0Vx€ (0,1) [One Correct Option, 2005] 


(a) f(x) =o 
(b) f(x) = ax + (1a) x’, Va €(0, ~) 


(c) f(x) =ax +(1—a) x’, a € (0,2) 
(d) No such polynomial 
If f(x)=x° + bx® +cex+dand0<b’ <c, thenin 


( [One Correct Option, 2004] 
(a) f(x) is strictly increasing function 

(b) f(x) has a local maxima 

( 

( 


=o; oo) 


c) f(x) is strictly decreasing function 
d) f(x) is bounded 


If f(x) = x? +2bx +2c? and g(x)=- x? —2cx +b” 
such that min f(x) > max g(x), then the relation 
between b and c¢, is [One Correct Option, 2003] 
(a) No real value of b and c (b) 0 <c < bv2 

(c)|c|<| b| V2 (d)| ¢| >| b| v2 

The length of a longest interval in which the function 


3sin x — 4 sin’ x is increasing, is [One Correct Option, 2002] 


Or (b) = (c) ~ (d)x 


3 2 


The maximum value of (cos 0,)-(cos (1): ..."(COS &p) 
tenet TT 
under the restrictions 0 < 0, Q ....,%, < — and 
2 


(cot &,)-(cot ,)-... (cot a, ) = Lis 
[One Correct Option, 2001] 


OF OF OO; @i 
e~ , O<x<1 
If f(x)=42-e% 7}, 1<xS2 and g(x)=[* f(t) dt, 
x-e , 2<xS3 
€ [1,3], then [More than One Correct Option, 2006] 


(a) g(x) has local maxima at x = 1+ log, 2 and local minima 
atx=e 
(b) f(x) has local maxima at x =1 and local minima at x =2 


125. 


(c) g(x) has no local minima 
(d) f(x) has no local maxima 


If f(x) is a cubic polynomial which has local maximum 

at x = —LIf f(2)=18 f(1)=—-1 and f’ (x)has local 

minimum at x =0,then [Morethan One Correct Option, 2006] 

(a) the distance between (- 1, 2) and (a, f(a)), where x =a is 
the point of local minima, is 2/5 

(b) f(x) is increasing for x € [1, 2V5] 

(c) f(x) has local minima at x = 1 

(d) the value of f(0) =5 


126. Consider the function f :(—9, 0) + (—»e, 0) defined by 


127. 


128. 


129. 


130. 


131. 


132. 


x? -ax+1 


f(x) = 
true ? [Passage Based Question, 2008] 
(a)(2+ a)’ f"(1) + (2-a)"f"(-1) = 0 

(b) (2—a)’ f(A) -(2 + a)’ f” (-1)=0 

(c) fA) f (1) =@-a)’ 

(d) f(a) f’(-1)=-@ + a)’ 


Which of the following is true? 
[Passage Based Question, 2008] 


30<a<2. Which of the following is 
2 
x° +ax+1 


(a) f(x) is decreasing on (-1, 1) and has a local minimum 
atx =1 

(b) f(x) is increasing on(—1, 1) and has a local maximum at x = 1 

(c) f(x) is increasing on (—1, 1) but has neither a local 
maximum nor a local minimum at x = 1 

(d) f(x) is decreasing on (—1, 1) but has neither a local 
maximum nor a local minimum at x = 1 


Let g (x)= ie ox) 


14+¢? 


dt. Which of the following is true? 
[Passage Based Question, 2008] 

(a) g’(x) is positive on (— ©», 0) and negative on (0, ©) 

(b) g’(x) is negative on (— °°, 0) and positive on (0, c) 

(c) g’(x) changes sign on both (— , 0) and (0, ©) 

(d) g’(x) does not change sign (— °, °°) 


For the circle x? + y" =r’, find the value of r for 
which the area enclosed by the tangents drawn from 
the point P(6, 8) to the circle and the chord of contact is 
maximum. [Subjective Type Question, 2003] 


Find a point on the curve x” + 2y” =6 whose distance 
from the line x + y=7, is minimum. 
[Subjective Type Question, 2003] 


Let f : R— Rbe defined as f(x) =|x|+| x” —1|. Total 


number of points at which f attains either a local 
maximum or a local minimum is 
[Integer Type Question, 2012] 


Let p(x) be a real polynomial of least degree which has a 


local maximum at x = 1 anda local minimum at x = 3. If 
p(1) =6 and p(3) = 2, then p’(0) is equal to 
[Integer Type Question, 2012] 


133. 


Let f be a function defined on R (the set of all real 
numbers) such that f’(x) =2010(x —2009) (x — 2010)? 


(x —2011)* (x-2012)*, VxER If g is a function defined 


on R with values in the interval (0, °°) such that 


f (x)= In(g(x)), V xe R then the number of points in R 


at which g has a local maximum is ...... : 
[Integer Type Question, 2010] 


(ii) JEE Main & AIEEE 


136. 


137, 


A wire of length 2 units is cut into two parts which are 
bent respectively to form a square of side = x units and a 
circle of radius = r units. If the sum of the areas of the 
square and the circle so formed is minimum, then 

[2016 JEE Main] 
(b)(4-1)x =r 
(d)2x=r 


(a) 2x =(m + 4)r 
(c) x =2r 
If x =—1and x = 2are extreme points of 


f(x) =a log|x| +Bx* + x, then [2014 JEE Main] 


134. 


135. 


138. 
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The maximum value of the expression 
1 


is : 
sin® 0 +3sin® cos +5cos* 0 [Integer Type Question, 2010] 


The maximum value of the function 
f(x= 2x* —15x* +36x — 48 0n the set 


2 : 
A={x | x" +20S9x}is.... [Integer Type Question, 2009] 


Let a, be Rbe such that the function f given by 
f(x) =log|x|+ bx? + ax, x #0 has extreme values at 
x=-landx=2. 


Statement I f has local maximum at x = —1land at x =2. 


1 = 
Statement II a=-— and b= — 
2 4 [2012 AIEEE] 


(a) Statement I is false, Statement II is true 

(b) Statement I is true, Statement II] is true; Statement II is a 
correct explanation of Statement I 

(c) Statement I is true, Statement II is true; Statement II is not 
a correct explanation of Statement I 

(d) Statement I is true, Statement II is false 
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97.(9) 98. (3) 99.(1) 100. (1) 101. (9) 

102. (3) 103. (2) 104.(4) 105.(2) 106. (3) 

107.(4) 108.(1)  109.(c) 110. (c) ‘111. (a,d) 112. (a,c, d) 
113. (a,b) 114. (a,c) 115.(9) 116. (d) 117. (a) 118. (c) 
119.(c) 120.(a)  121.(d) 122. (a)—-:123. (a)_—-:124. (a,b) 
125. (b,c) 126.(a) 127.(d)_~—-:128.(b)_—-:129. (5) 130. (2,1) 
131.(5) 132.(9) — 133.(1)_—-:134. (2) «135. (7) 136. (c) 
137.(c) 138. (c) 


Solutions 


10. 


. Since, fis non-decreasing and g is non-increasing, so his a 


non-increasing function. Now, h(1) =1 
=> h(x) is a constant function 
> h(2) =1 


. Since, maximum or minimum distance between two curve 


always measure along common normal. AP is perpendicular on 
the tangent drawn to the curve. 


. fis continuous at 0 and f’(0—) > 0 and f’(0+) <0. Thus, f 


has a local maximum at 0. 


. Here, f(x) = fe =a)™ (¢=b)™"* dt ab 
f(x) =(x-a)""(x- by, 
Obviously, f’(a—), f(at+)>0 
while f(b-) < Oand f’(b+) > 0 


Hence, x = b is a point of local minima. 


» f(x) = x" "[(n+1) x4 an]. 


If nis even then, f’(0—) < 0 and f’(0+) > 0 
Hence, 0 is a point of minimum when n is even. 


f(x) = 4x ‘= F(x! 1)= “(x 1)(x+1)(x? +1) 
x x x 


= f(x) =0atx=land-1 
12 
f"(x)=44+ => 0forx=+1 
x 


=> x =1and-1are points of local minima. 


1 1 
» Since, Ymin = =z > —- So, graph always lie above the line y = x. 
e e 


Hence, 0 < x <1 is correct answer. 


2 


Since, —V/2 < sinx + cosx < V2, given equation will have no 


ier 
» yo-yta=|y-— ae 


real value of x for any y, ifa =) > 2 


1 
ie. a e(a+4, ~| 


=> aé (V3, ) fas va+ ics] aa: 
2 
2e~ 2 
f(x) =1 = Tees Ox? 
e~ +e* e* +1 


As x > +0, f(x) 1 

As x 4-0, f(x) 1 

= f(x) is increasing as well as decreasing in some intervals. 
Since, the range of f(x) is [0, 1) which does not coincide with 
the co-domain R and hence fis not an onto function. 


Let f(x) = ax’ + bx+c>0,V xER 
= b*-4ac<0 and a>0 .. (i) 


B(x) = f(x) — f(x) + FX) 


=(ax® + bx + c)—(2ax + b) + 2a 


Now, 


11. 


12. 


13. 


= ax’ +(b—2a)x+(2a—b+c) 


=> A =(b—2a)* - 4a(2a—b + c) 
=(b* — 4ac) — 4a® <0 [using Eq. (i)] 
> g(x) >0,VxER 


We have, f(x) = min{1, cos x, 1—sin x} 


COS x, —-T™<Sx<0 -sinx,-T™<x<0 
. ™ : T 
f(x) =)1-sinx, 0<xs— = f(x) =4-cosx, 0<x<— 
2 2 
Tl : T 
cosx, Pe ce —sin x, Pia s 


Therefore, f’(0) = 0 
Hence, f(x) has local maximum at 0 and f(x) is not 


differentiable at x = 0 and = 


Aliter 


=z >X 


ty cosx 
From the graph it is clear that f(x) is not differentiable at 


T 
x=0, - and f(x) has occurs local maximum at x = 0. 


f (x) will have maxima only, ifa”+12>2= |a|>1 


Y 
2 
a 
y’ 
ax" =— x*—bx-c. For a=—-landb =c =0andn =z2, it will 


have infinite solutions. 
A = Area = sin x(m —2x) (as] = 1 — 2x, b =sinx) 


dA . T 
— =(t -2x)cosx-—2sinx=0 => tanx=—-x 
dx 2 


T 
Let f(x) =tanx+ aa 
Y 


sinx 


O|ex *l-10— 2x +1 
Tt TT 
(2) is negative, (2) is positive. 


mt 1 
So, one root lies between (. =) 


15. 


16. 


17. 


18. 


19. 


20. 


f(x)+1=k(x+ 1) always passes through (—1, — 1). Clearly, its 
maximum slope can go upto ce. For minimum slope this line 
should touch y = Inx. 


ay = k. So, (Z- ink] is point of tangency. 
dx x k 
Y, — (1/k,-Ink 
X’ « > X 
(-1,-1) 
vy’ 
Now, aks ak => -Ink+1=k+1 
a 
k 
> —Ink=k 
Let f(x) =k+ Ink 
() ag [negative] 
e) e 
1 1 1 
Sa ositive 
mera ve 


So, one root must lie between Z and a, 
e ve 

f(x) = f(x) x f(x) is satisfied only by the polynomial of 
degree 4. Since, f(x) = 0 satisfies x = 1, 2,3 only. It is clear that 
one of the roots is repeated twice. 
= fA) f'2) FB) = 0 

d'y dy 

—=klogx > = =k(xlogx—x)+A 

x 


dx? 


=kx(logx-1)+ A 

x? x? 
=k} (log x -1)— —-— |+ Ax+ B 
{ g 5 7 


2 
= k*~(2logx ~3) + Ax+B 


>y = ¢,(2log x —3) x” + Cox +3 


2 
1 11 
f(x) =3sec” (s-2) + | > 0 for all x in its domain. 


lim f(x) =lim3+h=3 = f(k)=3 
x—>k- ho 
and iw fogs tend? 34 ag aoa 
xkt ho 
Since, f(x) has minimum at x = k 
f(k-) > f(k) 
and f(k*) > f(k) =a?-241>3 
ja|>2 


Let f(x) =mx+b 
fQ)< f(2) = m2 0, similarly 
f{6)2f4 > ms0>m=0 
f(0) = FG) =5 


21. 


22. 


23. 


24. 


25. 


26. 


27. 
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Let P(x) is of degree n, then 
= 2n=nt+2 [as P(x”) = x*P(x)] 
> n=2 


P(x) = ax” + bx +c form 


P(0) =-2 
a c=-2 () 
P(1) =0 
> a+b+c=0 (ii) 
3 
v(2}=o => 3a+b= 
2 
-1 
> fo => P(x) =— x7+3x-2 
b 3 
Hence, maximum P(x) = — 7 
In[0,1], [x*-x+1]=0 
1+¥5 
bf sat [x*-x+1]=1>5 x =—4(y —a) 
Put y=0, x?=4(a-1) > 4a>1 
Put y=1, x’ =4(a-1)>a<1 
> —<a<l 


Clearly, f’(a) = 0, f’(c) = 0, f’(e) = 0, x = b and x =d two 
points of inflexion f’’(x)>0,d<x<e. 
x = eis point of local minima. 


g(x) = f(x? -2x-1)+ f(5—x? +2x) 
= 2x4 —8x° — 4x? + 24x +18 
ex) = 8x? —24x" -8x + 24 
g(x)=0 => x=-1,1,3 
We observe that g(x) = min{g(-1), g(1), g@)} =0 
. g(x) 20,VxER 


Using the fact that every set of natural numbers have the 
smallest element. 


“. f(f(1)) is the smallest element in {f(f(1)), f(2), f(f(2)), ...} 
Same argument implies that f(1) =1 


Repeating the argument for f {n = 2} — {n = 2}, we get f(2) =2 
. Clearly, f(x) =x 

1 

5 = |2ax—3|+|ax+1|+ |5—ax| = |2ax—-3 -(ax + 1)+5-—ax|=1 


which is impossible. 

Given, I 2x f°(t)dt = (ke flx- nae) 

=> x: I f(tdt = a [roa using [-feoax 
= i fla-x)dx 


Differentiating, we get 


x- f(x)+ [ f@dt=4 [fOdt- fle) 


[using Leibnitz rule] 


= xp '(a)+x[' fPWat=4x- fl): J’ fode 
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28. 


=> x f%(x)+ { ['rae) = 4x fix): J fae 


= { freat) —4x- f(x): [fd + x°f%(x) = 0 


sax"+ bx +c=0 


ax f(x) + J16x7 f(x) — 8x f?(x) 


J, fat = yp bt vd 
2a 
= v2)" flat = (/2 £1)x f(x) 
Again, differentiating, we get 
V2 f(x) = (V2 £1)(flx) + x f(x) 
= — V2 f(x) = (V2 +1) f(x) + (V2+1)x- f(x) 
=> — £ flx)=(V2 £1)-x f(x) 
1 1 
- ie A a 
= (fs, 
f(x) 
=> +(V2 +1)-log x = log| f(x)|+C, as f(l) =13C =0 
= fx) = x7 
fx) = x4 [as f’(x) > 0] 
for an (i) 
Now, let a, = cot 8, 
> Ana = cot 2) 
2 
> On a1 = *6, 
2 
“ 0) = 1/2 
1 1 
= = A(z }o= a2) 
=> Got a, = cot ( ) 
gn 2 n+ 
> lim a = =4/t 
no? 2-1/2 
We have, f(x) =|x|"|x—-1]" 
(-1)"*" x™-(x—-1)", if x<0 
f(x)= (-1)"x"(x-1)", if O<x<1 
x™(x-1)", if x21 
Let, g(x) = x(x -1)”, then 
g(x) = mx" -(x-1)" + nx™-(x-1)"" 
=x"! .(x-1)"" -(m(x—-1) + n- x) =0 
Now, f(x)=0 
=> g(x) =0 
=> x =0or or 1 
m+n 


f(0) = 0, Ff) =0 


m 7 ; m™ -n"”™ -(-1)" 
ice JF ‘ (m+n)"*" 
m™.-n" 


m 
as, 0 < <1 
m+1 


*, Maximum value = 
m+n 


(m+n) 


29. 


30. 


31. 


32. 


33. 


34. 


i FG\e Indn x) ee a) 
Inx x(In x) 

So, f(x) is increasing in (1, e*) and decreasing in (e°, ©). 

Therefore, x>y 

> (Inx)"? < (Iny)'™*, Vx,y E(e,c) and x<y 


=>  (Inx)"” <(Iny)™*, V x y €(1, e) 


<0,Vx>e 


lim[ f(x)] can exist only when f(x) either increases 
xa 


or decreases at both sides of the point x = a. 
lim f(x) = lim[ f(x)] 
xa xa 


So, this can occur only when lim f(x) is an integer. 


Since, 


f (x) =2x° —3(2+ A)x? + 12Ax« 
=> f(x) = 6x" -6(2+ A) x4 120 
=> f(x) =0 > x=2,A 


If f(x) has exactly one local maximum and exactly one local 
minimum, then A # 2.1 


moy=a/( =) 10-2) => wey=a r(2]-sr0-25] 


2 2 
9 
=> [2 |>re-2, versa ina 3-38 vos 


2 
=> (| < f’B- x’), VY xsuch that x” < : 


< t t t t t > 


3-3/2 0 


using number line rule 


: : 3 3 
= h(x) increases in (-2, 0| 3 s} 


andh(x) decreases in (-s, 3) fo ;) 


cosx —sinx F 
20 > cosx2sinx 


3m 1 51 
, U , 270 
rae] 


F(x) = ; 


1+(sinx+ cosx) 


4, 
= x 27, W 
4 


2. cos’x sin2x 
Applying C, > C,+C,,we get |2 1+cos*x  sin2x 
1 cos’x 1+sin2x 


Applying R, > R, — R, and R; > R; — R,, we get 


2 cos’x sin2x 
0 1 0 |=2+sin2x 
-1 (0) 1 


Since, the maximum value of sin2x is 1 and minimum value of 
sin2x is (— 1). Therefore, 0 =3, B =1. 


35. Yt 


y ¥* 


From above figure clearly options (a), (b) and (c) are correct. 


36. f(x) =~Va"b? +b? —b’a’ sin(x + a) +e 


2 


= bsin(x + &)+c, where tana = =e 
a 
Trax = b + c 
Simin =-bt+ec 
(F(X))max —(F(%))min = 2B 
Also, atx=—cos !a, f(x) =e. 
nex") 1-mx™! 
37. f(x) = ere a 
(Inx”)  (Inx”) 
Clearly, (c) and (d) are the answers. 
38. f(x) occurs maximum at x = : 
. —b 
&(x) occurs maximum at x = a 
a3 as => b=-3 
2 
In( f(x) : g(x)) Ina x| sgn x} + [al *l, sgn x] 
39. (x)= = 
Ina Ina 
= {dl -sen x} + [a -sen x] =a!" sen x 
{a" + sg g 8 


a’ for x >0 
=, 0 forx=0 [+2 
—a™~ forx<0 
=> h(x) is an odd function. 
40. f(x) =In(1 - Inx), Domain (0, e) 


Weg ia 
a 


= Decreasing, V x in its domain 
=> (a) and (b) are incorrect. 
f() =-1= (©) is also incorrect. 


ty} + Ly]=y] 


41. 


42. 


43. 


44, 
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Also, f(l)=0, lim 3-9, lim f(x) 00 
Mame x30 
iy —Inx 
Fx) = 


x? (1-Inx)? 


f() = 0 which is a point of inflection as shown in graph 
Y-axis and x = e are two asymptotes. 


f is obvious continuous, V x € R and not derivable at — 1 and 1. 


f(x) changes sign 4 times at — 1, 0, 1,2 


Local maxima at 1 and - 1. 
Local minima at x = 0 and 2. 


f(x) = [cost cos (x —t) dt Ai) 
7 ['- cost-cos(x — 1 + ft) dt 
f(x) = [ — cost: cos (x + t) dt ii) 
On adding Eqs. (i) and (ii), we get 
2f(x) = [cos t (2 cosx-cos t) dt 
2f(x) =2 cosx " cos’ t dt 


_ Tl COSX 


f(x) 


Only (a) and (b) are correct. 


Now, verify. 


Aliter Convert the integer and into sum of two cosine functions. 


f= z ee and f’’(x) = . 5 2 Now, interpret 
x x 
Y 
1/4 
~ 
We have, lim a= 5a) 2 foom| 
ax a-x 0 
= ere A oS 
a>x 1 
= Fix) x f(x) =2 
xs fe) 
f(x)-2 x 


On integrating both sides w.r.t. x, we get 


Pe)» 72 
Fea" = Ja 
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=> log (f(x) —2) = log x + loge 
» 
ee 
wh 
B(O, 2) 
X’< 
0 
2 
AC39 
vy 
> f(x) =ex+2 
As, fQ) =5,so5=c+2 > c=3 


Hence, f(x)=3x+2 


Clearly, area (AOAB) = (2) = 


2 
2 
Also, [ex + 2)dx = = + | 
0 


=6+4=10 
45. Given, 2(F(x)— f(x)) = f?(x) ang <2) = f(x) ...(i) 
Kc 
Fo) = £4 A¢~ 
> ere -f(x)+ f(x) 
; f(x) = f(x): f(x) + f(x), using F(x) = f(x) 
oy. £0) Oe ht 
> PT a ) > (0,20) 
f(x) > 0 


Hence, f is strictly increasing and lim —— ice = lim ie) 


x0 Xx x0 =] 


[using L’Hospital’s rule] 


1 . 
- lim( + | pa er 


=1 


lim Le) 
x30 x 
46. Ifb <0,then f(0)=b <0, f(l)=b <0 
0, 1 lies between the roots, Statement I is false. 
47. x =2 isa point of local minima. 
48. ’(x) =3sinx + 4cosx >0 
™ 1 


x) is increasing in| —, — |. 
(x) g E | 


T 
-. f(x) attain maximum value at x = a 


49. Let g(x) = f(x): f(x) 
=> g(x) > 0in [a, dD]. 
50. Let g(x) =Vx-Vx-1,x>1 
1 1 _1f v¥x-1-vx 
2Vx 2Vx-1 = af x(x-1) ) 
= <0,Vx>1 


ee ee mae a 


= g(x)= 


57. 


52. 


53. 


54. 


Hence, g(x) is a decreasing function. 


=> Chl Sc 
g(ct 1) < g(c) 
=> flu) < fv) 


Let h(x) = f(x)—-sinx or xe| 0 | 


Tl 
> h(0) = (2 | =0 


According to Rolle's theorem for atleast one c € fo 2) . 
hc) = f(c)-sine =0 


for x |=. 22 }4(Z) =1( =) =o 
a. 2 2 2 
T 31 
According to Rolle's theorem for atleast one d € & ") . 
hd) = f(d)-cosd =0 
for xé[c,d],h(c)= a = 
According to Rolle's theorem for atleast one x € (c, d). 
h(x) = f’(x)+sinx =0 


31 
= |f%(x)| <1 for atleast one x € (0 =) 


Statements I and II both are true but Statement II does not 
explain Statement I. 


Statement II is true as f(a)" = f(a), Vael. 
Statement I is true and is obtained from differentiable rule. 


Statement II is correct as y = f(x) is odd and hence Statement I 
is correct. 


Sol. (Q. Nos. 55 to 57) 


55. 


—2x 6x" -2 
Here, we have f(x) =... and f(x) = 
(1+ x’)? (1+ x’)? 
1 
*. f(x) is maximum at x = -—= 
f(x) a 
3V3 
If mis greatest, then m = ws 


3. 
y-coordinate of the point of contact a = 
33 
*, Equation of the tangent is y —— (oe =) 
re ae 
9 
3 and b =— 
8 


(d) 56. (a) 7. (a) 


Sol. (Q. Nos. 58 to 60) 


We draw the graphs of f,(x) = x’, f(x) =(1— x)? and 
f3(x) =2x(1—x). Here, f(x) is redefined as 
YA 


1 
(1-x)’, 0<x<- 
3 
f(x) =4 2x(1-x), +<x<° 
x) =4 2x(1-x), -<S<x<- 
3 3 
x7, —<x<l 
: . {11 2 
Interval of increase of f(x) is 45 U ee : 


Interval of decrease of f(x) is (0, :) 5: *) . 


Clearly, Rolle’s theorem is applicable on E = 
where f(x) =2x(1— x). 


= fc) =2-4ce =0 = e=5 

> npheeeeeo gee 
3 3 2 2 

58. (d) 59. (d) 60. (c) 
Sol. (Q. Nos. 61 to 63) 
According to paragraph 
FO-FO) . pryp), 8-8) _ 046) ang HOMO < 440) 
b-a b-a b-a 


As, f(x) > g’(x) >h’(x) 
f(b) - f(a) . g(b)- g(a) . h(b) — h(a) 


=> 
b-a b-a b-a 
If g(x) = Ax? + Bx +C 
= g(b)— g(a) _ A(b?-a’) + Bb—a) 
b-a b-a 
= 2a* 2s 5 = 9(2*4) 
2 2 
61. (b) 62. (c) 63. (a) 


Sol. (Q. Nos. 64 to 66) 
Gy > An) iffn+c is a perfect square, since a, > a, and as > ay. 


= 2+cand5+c are perfect squares 


Chap 08 Monotonicity, Maxima and Minima 539 


f(-10) = fay + 270-1000 
Clearly, f(—10) is defined for a) > 830 
67. (c) 68. (b) 69. (a) 
Sol. (Q. Nos. 70 to 74) 
70. Graph of f(x) is shown. 


A Ya A 

asymptote 
gi g| 
a fe} iB, 
o4 n 
E 1% be >X 
D om 
O | Ol 

1 1 

1 1 

1 1 

1 1 

Y Y 


Clearly, f(x) is increasing in (04, B,). 


71. Clearly, f(x) has a maximum in [04, 8; ] and a minima in [oy ], 
shown as. 


72. f(x) has one of the two graphs. 


= f(x) =0has real and distinct roots. 
f(x) =0 


> c=—1 ...(i) 
Now, ay =3=b[V2+c]+d 
sf b+d=2 ...(ii) 
Also, ayy > Ay 
= ay =7 =3b+d ...(iii) 
On solving Eqs. (ii) and (iii), we get b =2, d =1 

64. (c) 65. (a) 66. (a) 


Sol. (Q. Nos 67 to 69) 
D, = {-1, 1}, as minimum occurs before maxima 
a, =-1 
Now, g(x) =a) + a,x+ a,x" —x? 
g(x) =a, + 2a,x —3x* =-3(x—-3)(x + 3) =—-3x" = 27 
a, = 27, a, =0 
a, +a, =27 
g(-3) > Oand g(3) > 0 = a) >54and ay <—54 
dy > 54 


Now, g(x) =a) t+ 27x—x? = f(x) = Jay +27x-x? 


Also, 


y=0 
73. Clearly, lim [f(x)]=0and lim [f(x)]=1 


lim [f(x)] lim [ f(x)] = 0 


x00 
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: = = 3 
74: f@)= : + bxt+c nyt ae C1) 80. Clearly, one of the graph of f(x) is 
x +)x+cq x +hx+cq 
=1+—* ae 
bY 
14444 
x & 


Forb>b, lim f(x) 3 1* 
xX 00 


=> Point of maxima is greater than point of minima. 


Sol. (Q. Nos. 75 to 77) 


2 Sol. (Q. Nos. 81 to 83) 
y= oy not defined atx =+1 f(x) = elPt)x _ px = e*(e* -1) 
ox F(x) =e (eP* = 1) +e peP™ 
a eae =e*[(p+ ie” -1]=0 [e* #0] 
24 = ef = => px=—log.(p + 1) 
dx pti 
=> x=0 [point of maxima] jet log.(p + 1) (i) 
as x lt, yo~, x31,y5-© Pp 
7] 2 2 (ptl)x _ x 
Similarly, x > Voy »-0, x -1L yo Now, F(x) = (p+ Ire? & 
i =e*[(p+1)’e* -1] 
; | log(p+1 “f 
J a p{-Reet))-« [(p+1)-1] > 0 
; _loge(p +1) 


Hence, x =s, = 
0 ' P 


>X 
= 1 
g(t) = fe aoe ld edad [fre =t)de 
On integrating, we get 
ig t+1 Bie 
2 _ ot | & _ ot} (e? -1) 
The graph of y = =a ; is as shown a(t) =e {<- ‘| ai P “1 
F : P_4)e(p+Dt 
verify all alternatives from the graph. . g(t)= (e" ~1e ~e¢ 
75. (b) 76. (d) 77. (a) 
Sol. (Q. Nos. 78 to 80) v= G4 ye =1) irre _ yt = 9 

From given statements (i) to (v), one of the graph of f(x) can P 
be plotted as - (p+ 1)(e? -1) aero p 

P (p+ 1)(e? -1) 


Pp 
=] ——— 
i" cel oer) 


‘a og 2 Ile? =») ” 
P P 


Pe sas 
fives, iy =o ( 2) log (p+ 1) 
P 


Pp 
P_ 
= Loe E 
Pp Pp 


f’(2) isnot defined 1 eP —] 
Hence, lim (Sp —ty) = lim, “og 
78. Since, f’(2) is not defined and continuous for x € R. p : pee pP 
= y = f(x) must have a geometrically sharp corner at x = 2. log [ + fap) ; . 
79. Atx=-—5, f’(x) changes from positive to negative and at = lim pP : ae cae = lim : ar = =f 
x = 4, f’(x) change sign for positive to negative, hence maxima poe | ee pal “p P poo P 2 
at x = —5and 4. f is continuous and f’(2) is not defined, hence p 


x = 2 must be geometrical sharp corner. 


81. (c) 82. (c) 
Sol. (Q. Nos. 84 to 86) 
84, Here, h(x) = f?(x) + g7(x) 


=(sin3x + cosx)* + (cos3x+ sinx)” = 2+ 2sin4x 


83. (b) 


Graph of y = sin4x 


> X 


Clearly, h(x) is periodic function with period 1/2 and from 
above graph, the length of a longest interval in which the 
function y = h(x) is increasing = 1/8 —(—1/8) = 7/4 


85. We have, h(x) =4 


=> 2+2sin4x=4 => sin4dx=1 
4x =2nt+ 7/2 =(4n+1)1/2 
> x=(4n+1)1/8 nel 
86. We have, f(x) = g(x) 


=> sin3x + cosx = cos3x+sinx 
=> sin3x —sin x = cos3x —cosx 
=>  2sinx(cos2x+ sin2x) = 0 
= eithersinx = 0or tan2x =-1 
=> x = 0, 1,37 /8,771/8 
*. Number of solution = 4 

Sol. (Q. Nos. 87 to 89) 


87. Wehave, h(x) =6x-4 
> h(x) =3x?-—4x+¢e 
As, hWa)=0 => 0=-1+corc=1 
So, h'(x) =3x?-—4x+1 
> h(x) =x? -2x°+x+k 
Also, AQ)=5 => k=5 
q A(x) = x3 -2x° + x45 
Now, h’(2) =5 


. The equation of tangent at m(2, 7) to y = h(x), is 
(g-7) =5(x—2) 
> 5x-y =3 
88. Also, g(f(x))=0,VxER 


2 xt 2x3 x? s 
. Required area = | h(x) dx = iS eae 
0 


1 
= 4-24-2410 =32/3 


89. 
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Also, range of f(g(x)) = {-1, 0, 1} 


V f(g(x)) € {0, 1} 
Hence, range of sin” /(fog)(x) € {0, 1/2} 


Sol. (Q. Nos. 90 to 92) 


90. 


91. 


We have, g(x) = x° + g(1)x? + {32’(1) — (1) -1} x +32(1) 
Let g(1) =a, g(1) = b, then 
g(x) = x? + bx? + (3a—b-1)x+3a 
Differentiating both sides w.r.t. x, we get 
g(x) =3x? + 2bx + (3a—b-1) 


Put x =1, 
= g(1) =3+2b+3a-b-1 [. g’(1) =a] 
> a=b+3a+2or2at+b=-2 ...(i) 
Again differentiating, we get 

£(x) =6x + 2b 
Put x=1, 
=> (1) =6+2b [. g’(1) = 5] 
=> b=6+2b 
> b=-6 ...(ii) 


From Eq. (i), a =2 
g(x) = x°-6x" +11x+6 


Given, f(x)=xg(x)-12x+1 

=x! 6x? +11x?+6x-12x+1 

= x' -6x34+11x?-6x41 

= (x? +1)? -2x? + 11x" -6x*? -6x 

=(x* +1)? —6x(x* +1)+ (3x) 

=(x’+1-3x)’ = fh(x)}’, given 

h(0) =1 
h(x) = x°-3x+1 
f(x) =(x? -3x +1)? 
f(x) = Ax? —3x +1)(2x-3) = 0 
3 345 
> x=-, 
2 2 
1 Bs 1 1 + 
- 3-15 3/2 ~ 3+15 
2 2 
Clearly, f(x) has local maxima at x = 3/2 and local minima at 
3+ /5 
Po 
2 


. f(x) has exactly one local maxima and two local minima 


We have, 
g(x) = x°-6x* + 11x46 


g(x) =3x?-12x+11 

= 3(x —2)? -1=3[(x—2)? -1/3] 
, 1 1 
s(6)> 0x € (2-5 Ju[2+ | 


and x) <0 > xe(2 52+ 7) 
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92. 


93. 


*. g(x) monotonically increases for 
1 


latins 


B 3 


and monotonically decreases 


for xe 2-5 2+] 
V3 V3 
For x € [1, 3] 
&(x) =(x -1)(x —2)(x —3) + 12 
> g(1) =12 and g(3) = 12 
*. By Rolle’s theorem in [1, 3], we have g’(c) =0 
1 
> c=2+ qa 
*. There exists two distinct tangents to the curve y = g(x) 
which are parallel to the chord joining (1, g(1)) and (3, g(3)). 
For x € [0, 4] 


[both € (1, 3)] 


g(0) =6 and g(4) = 18 

-. By LMVT 
n\ - (4) ~ 8(0) _ 18-6 _ 

ae a 
3c? -12c +11 =3 
3c? -12¢c +8 =0 

c=2+2/v3 [both € (0, 4)] 

*. There exists exactly two distinct lagrange’s mean value in 
(0, 4) for y = g(x). 


=> 
> 


2 
We have, h(x) = x? -3x4+1 -(x-3] 3 


The curve y = h(x) is an upward parabola, intersecting X-axis 
at two distinct points. 

*. h(x) has exactly one critical point (i.e. the vertex) and no 
point of inflexion. 


Also, h(x) =0 


> C= [both € (0, 3)] 


.. h(x) = 0 has exactly two distinct zeroes in (0, 3). 
(A) y=10-(10— x), -1<x<3 
4 
“. Maximum value = 3 
(B) Equation of tangent at (t?, 2t) 
ty=xt i 
this tangent means Y-axis at Q (0, f) 


gs x pg=tx(=*) =-1 


Here, 


¢ 264 
Area of triangle PQS,A = ; 0 ¢t il 

1 0 1 
= A= ; [3t? + ¢] 


foré (02), > 6 
dt 


Ais maximum at t = 2 


1 
rH max A =~ [2° + 2]=5 


94. 


95. 


1 1 1 1 
cuety=(142)(r+4)-(14 (r+ 2) 


=>b’ (y-1)+ bd -y)+2=0 
Then, (1 - y)* —8(y -1) <0 


= 1s.jy <3 
X+2 
(D) y=—5 
y Ox? + 3x +6 
=> 2yx? + By —1)x+6y -2=0 
(By —1)? — 4x 2y 6y -2) 20 
> (3y —1)(13y +1) <0 
-1 1 
=> —<y<- 
3° 3 


1 
(A)3%=t> ou) =21° 41? +20inre| 2,3] 


=> Ot) < 0in (2 7 and O’(t) > 0 in (1, 3) > O(t) min = O(1) = 0 
(B) Take x? + x =t > O(t) = t(t-2) > O(t)min = —1 


3 3 
(C) f|x-2| dx =5andf [x]dx=2 > 1 =3 
kal by 
(D) Period of sin36x = . 
Period of tan 42x = = > p= ay 
42 6 
(A) f(x) =8x(x—-1)(x +1) [positive factor] 


=> Local maxima at x = 0 
(B) Clearly, we see (p), (r), (s) 
Y 


0 2 


1\ 1 iy 
ag) >3) <3) 
Also, f(x) is non-differentiable at x = - 


= Clearly, we see (p), (s). 


Yu 
3+ —o 
a+ 
t t t—> X 
) 2 3 4 


(D) Clearly, we see (q), (s). 


96.(A) f(x) =—nsinnx+10+6x+3x" 


=3(x+1)°+7-msinnx > 0 for all x 
“. f(x) is minimum in —2 < x <3. So, the absolute minimum 


= f(-2) =-15 
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1 
(B) f(x) =2x+1. Therefore, for -1 <x < =a te get 2 sin (« + *) cosx sn 2x a *) + sin wv 
1 98. y= & a < 2 
J Mane TOrS Sash we get f(x) >0 2 sin x cos («+ =) sin (2+ ©) -sin2 


1 
*, f(x) is minimum decrease in s|-3 | . 


me . 1 
and minimum decrease in| —-, 1 |- 
2 


. min fla) = s =\=( y +( 41-3 


(C) f(x) = 4(x? -1). So, for 0 < x <1, we get 


Local minima 


f(x) < 0, i.e. f(x) is monotonically decreasing and for 
1<x <2, we get f(x) > 0, f(x) is monotonically 


increasing. 

4 8 

; i = f(l)=—-4=--- 
min f(x) = f(1) 5 5 7 i a a7 

(D) f(x) =-12 + 18x-6x? m : 


= -—6(x* —3x + 2) =-6(x —1)(x—2) 


: is : ™ ™ ™ 
’ y is minimum, if 2x+—=— => x=— 
f(x) > 0, if1 <x <2 6 2 6 
and f(x) <0,if2<x<4 > Ymin = 1+ 2=3 
. f(x) is monotonically increasing in 1 < x <2 and 99. Let A =(t,t’), mo, =t maz =—- t 
monotonically decreasing in 2 < x < 4. j t 
. Absolute maximum = The greatest among {f(1), f(2)} Equation of AB, y — t? =— F (x - t) 
Pa = The greatest among {1, 2} =2 Put ete ei 
97. — =k(T-5)° 
dt ( ) Now, lim (h)= lim (1+ #?)=1 ~~ [asx 3 0, then t> 0] 
x>0 t>0 
ee k dt 
(Tas ~ 100. For 0 <a <1 the line always intersects y = a* 
T-5)" 
> ( i kt+c 
1 1 y = a%e a(0,1) 
—(40-5)" =c Le. c=-— 
( ) a x 
1 1 
—— ae | 
T-5 35 
After 15 min a=] 
1 1 
- = 15k — — xX 
30-5 35 0 
Tf 4 1 — 10 -2 
k= ( )- = For a >1 say a =e consider f(x) =e* — x 
15\35 25 153525 75X35 
Temperature after 60 min is given by i 
x) > 0 for x > 0 an x) <Oforx< 
‘ a , (x) > 0fi Oand f(x) <0f 0 
= .. f(x) is increasing (t) for x > 0 and decreasing (J) for x <0 
T=5 75 X35 39 
ae 
1 _ 120+ 75 195 ie 4 
=> = +5= 
T=5 75x35 75 X35 : 
. > x 
75 X35 5 x35 175 = 
> T= +5= jee ce x=0 
195 13 13 y =e° always lies above y = x, ie. e* — x 21 fora >1, hence 
=> [T]=18 


never intersects => a € (0, 1] 
[T]/2 =18/2 =9 
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101. 


102. 


103. 
104. 


105. 


106. 


107. 


108. 


dy 4 cosx cos x . ; 2 
= gt gq = 0 gives sinx = — 
dx sin“x  (1-—sinx) 3 
x 
note that f(x) > -as x > 0* orx > and between two 


maxima, we have a minima. 
4 i 
a=——+ 

2/3 


So, = 
1-2/3 


A, B, C are the 3 critical points of y = f(x). 
Only at A and E, f(x) = 0 but does not change sign. 


Note that f is defined for x > 0 


1 Tl 
P= eacen 8 => ne, 


Obviously, f is increasing and g is decreasing in (x;, x2), hence 


f(g(a’ —2)) > f(g(3a — 4)) as f is increasing 


=> g(a? — 20) > g(3a — 4) 
o.” — 20, <30—4as gis decreasing. 
a -5a+4<0 
=> (a-1)(a-4)<0 => ae(l, 4) 
t+3x-x’ |, (x — 4) (3 -— 2x) —(t + 3x — x”) 
x) =————_., x)= 
fle) =~, re) a 


For maximum or minimum, f’(x) = 0 
—2x? +11x-12-t-3x+ x* =0 
—x?+8x—-(12+ t)=0 
For one M and m, D>0 
64-4(12 + t)>0 
16-12-t>0 => 4>tort<4 
Hence, the greatest value of t is 3. 


Let g(x) = f’(x)sin(a f(x)) ...(i) 


g(x) =1(f"(x))’ cos [m f(x)] + sin(m f(x))- f(x) (ii) 
Here, g(a) = 0 = g(b) 
and g(a.) = g(B) = 0 


3) 


. According to Rolle’s theorem, 


g(x) = 0 has atleast one root in (©, a), [a . ; *) (: : : | 


and (b, B), i.e. minimum of 4 roots. 


1 
Let (x) = ——__ 
= |x-4|+1 

> (x + 12) : 
x = —___ 
. |x+8]+1 


When, x < —8 both g(x) and g(x + 12) are increasing, hence 
maximum value can’t occur in this interval. 


109. 


110. 


Similarly, for x € (4, c¢) both g(x) and g(x + 12) are decreasing, 
hence maximum value can’t occur in this interval. 


So, now for all values of x € (—8, 4) 


1 1 
IOS a Gok 
ik 1 1 _ (x+9)?-G-x)? 
= a= (x49) Goxye (x+9)"—x° 
1  14(2x + 4) 
f = ea attest 
—2=Xx 


*, Minimum at x = —2, and maximum occurs at x = + 4 or 
x=-8. 


Here, 


ee eee 
aaa 


(p-q)=1 
Here, to find the least value of a € R, for which 40x? + 1 1, 
for all x > 0. . 
i.e. to find the minimum value of & when y = 40x" + = x>0 


attains minimum value of a. 


ly 1 
=8ax -— 1 
dx x? ® 
a’ 2 
Now, oe 8a + —| (ii) 
dx x 
When ay = 0, then 8x°a =1 


minimum when 


( 1 ie 
x=|—] ;a>0. 
8a 


1/3 
“. y attains minimum when x = fa : 


1 2/3 
ie. 40 (=) +(8a)7 21 


ot 4203 >1 


1 
Hence, the least value of o is a 


Plan The given equation contains algebraic and trigonometric 
functions called transcendental equation. To solve 
transcendental equations we should always plot the graph for 
LHS and RHS. 


2 ‘ 
Here, x“ = xsinx+ cosx 


>X 


111. 


112. Given, f(x) = fr 


Let f(x)= x? 
We know that, the graph for f(x) = x” 


and g(x) = xsinx+ cosx 


To plot, g(x) = xsinx + cosx 
g(x) = xcosx+sinx—sinx 
& (x) = xcosx ..-(i) 
g(x) =—xsinx + cosx (ii) 
Put g’(x)=0 => xcosx=0 
T 3M 5M 77 
x =0,—,—,—,— 
2 2 2 
g(x) 
a» 
n/2 


-5n/2 1/2 


y’ 
3m 77 

Atx=0, ged > 0, so minimum 

Tm ST 9 

2°2°2 

So, graph of f(x) and g(x) are shown as 


Atx= see f (x) < 0, so maximum 


AY 


y’ 
So, number of solutions are 2. 
—_ m forse). 
woe f(x £6) 
> lim Pros a ce =1 [using L’Hospital’s rule] 
_ — _f@g’@) +f" eee) _, 
f'2)g"(2) + f2)g"(2) 

FQ) _, ee 
= NEO) [- f'@)=8@)=0 
> f2)= f') ...(i) 

f(x)- f(x) = 0 for atleast one x € R. 


=> Option (d) is correct. 

Also, f:R — (0,°°) 

> f(2)>0 

A f(2) = f2)>0 
Since, f(2) =0and f’’"(2) > 0 

.. f(x) attains local minimum at x = 2. 


[from Eq. (i)] 


=> Option (a) is correct. 


(+3) 

-| tes 

e t 
t 


dt 


x 
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As f(x)>0,Vx €(0,%) 
*. f(x) is monotonically increasing on (0,°). 
= Option (a) is correct and option (b) is wrong. 


yi) pl 
Now, foo s(4)= : dt+] at 
aa 


= fe*)=[° : 


(-x)= f2™)= {. 


*, f(2*) is an odd function of x on R. 


Now, let 


113. Plan 


x, if x20 
We know that, | x| = ; 
-x, ifx<0 
x-a, ifx2a 
> |x-al= ; 
-(x-a), if x<a 


and for non-differentiable continuous function, the maximum or 
minimum can be checked with graph as 


Y Ya 


O xX=a xX=a 
Minimum at x = a Maximum at x = a 


Ya 


>X 


Neither maximum 
nor minimum at x = a 


Here, f(x) =2|x|+ |x + 2|—||x + 2] -—2|x]| 
—2x—-(x+2)+(x-2), if whenx<-2 
—-2x+x4+24+3x4+2, if when-2<x<-2/3 

= —4x, if viiew=" <x<0 

4x, if when 0 : x <2 
2x + 4, if when x>2 


546 Textbook of Differential Calculus 


—2x-4, if x<-2 
2x+4 if -2<x<-2/3 
={ -4x, if Sere 
4x, if —e 


2x+4, if x > 2 


Graph for y = f(x) is shown as 


2 2/3 0 2 


Y 


114. Plan The problem is based on the concept to maximise volume 
of cuboid, ie. to form a function of volume, say f(x) find f’(x) 
and f’’(x). 
Put f’(x) = 0 and check f’’(x) to be + ve or —ve for minimum 
and maximum, respectively. 


Here, 1=15x -2a,b=8x-2aandh=a 


Volume = (8x — 2a) (15x — 2a)a 
V =2a-(4x — a) (15x — 2a) oil) 


8x —2a 


15x-2a 


On differentiating Eq. (i) w.r.t. a, we get 


dv 2 2 
—=6a" — 46ax + 60x 


da 
2 


d 
Again, differentiating, we get aa = 12a — 46x 
a 
d 
Here, (=) =0 
da 
=> 6x* — 23x +15=0 


5 
Ata=5,x =3,- 
6 


d’v 
= “~ | =2(30 - 23x) 
da 


@ 
At x= ( 


2 | = 2(30-69) <0 
da® 


5 
*, Maximum when x = 3, also at x = ; 


d’v 
— |>0 
da’ 


At x =5/6, volume is minimum. 
Thus, sides are 8x = 24 and 15x = 45 


115. Plan As to maximise or minimise area of triangle, we should 
find area in terms of parametric coordinates and use second 
derivative test. 


Here, tangent at P(2cos0, V3 sin) is 


cos + > sin® =1 


R(2sec 8, 0) 
A = Area of APOR 


2 ev sin) (2sec 0 — 2.cos8) 


> 


3 


= 2V3-sin? 0/cos0 


2 sec 0, -V3 sin 8) 


Since, lenci 
2 
1 
—<2cos0<1 
2 
=> ee ee 
4 2 
_ dA _ 2V3 {cos0-3sin” Ocos0 — sin’ 6 (—sin6)} 
"dO cos”0 
2V3-sin? 2v3 sin? 
_ 2¥3-sin’@ = 8 F3c0s?0 + sin? qa a 
cos’ 0 cos’ 8 


= 2v3 tan” 0(2cos”0 + 1)>0 


1 1 
When — <cos0<-, 
4 2 


A, = Ajax Occurs at cos = 


1 45/5 


When cos0= F 


1 
A, = Amin Occurs at cos0 = — = 


When cos = 


1 
2 
8 


5 


8 


9 


A, —8A, = 45-36 =9 


cos@ 


2V3 sin? 


cos® 


1-( Beane 
4 


| 


...(i) 


[2cos”0 + 1] 


116. 


117. 


118. 


119. 


2 2 2 2 
Given function, f(x)=e" +e ,g(x)=xe* +e ~ and 


a 2 
h(x) = x’e* +e * are strictly increasing on [0, 1]. 
Hence, at x = 1, the given function attains absolute maximum 


all equal toe+1/e. 


=> a=b=c 
(2+x)*, if-3<x<-l 
Given, f(x)= 
x? if-1<x«<2 
3(x+2), if-3<x<-l 
= f'@)=4 5 =! 
ral 3), if-1<x<2 


~< 


>X 


Clearly, f’(x) changes its sign at x = —1 from +ve to —ve and so 
f(x) has local maxima at x =-1. 


Also, f (0) does not exist but f’(0~) < 0 and f’(0*) > 0. It can 


only be inferred that f(x) has a possibility of a minima at 
x = 0. Hence, the given function has one local maxima at 
x =—1and one local minima at x = 0. 


Given, g(u) = 2tan‘(e") — - for u E(—c¢, 0) 


g(-u) =2tan- ‘(e") — 5 = 2(cot” ‘e Dae 


T 
=o = tan” (e") )]- > 


=m /2—2tan ‘(e") = — g(u) 


g(-u) = — g(u) 
=> g(u) is an odd function. 


We have, g(u) = 2tan™‘(e")— 1/2 
; 2e" 
aS 
g) 1+e%" 


g(uy>0,VxER [ e* > 0] 


So, g’(u) is increasing for all x € R. 


Let f(x)= bx? +ax+ce 
f(0)=0 => c=0 
and f@j=1 => at+b=i1 


f(x) =ax + (1-a) x? 
Also, f (x) > 0, for x €(0, 1) 


> a+2(1-a)x>0 

> a(1-—2x)+2x>0 
2x : 

> a> => 0<a<2,since x €(0, 1) 
2x=1 


f(x) =ax + (1a) x? 


,0=as2 


120. 


121. 


122. 


123. 


124. 
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f(x) =x + bx? +ox4+d 
f(x) 
As we know that, if ax” + bx + c > 0, Vx, thena > 0andD<0. 
D = 4b? -12c = 4b” — c) —8c 

[where, b® — c < Oandc>0] 
D=(-ve) or D<0 
=> f (x) =3x" + 2bx + c > 0Vx € (9, ) [as D< Oanda > 0] 


Given, 


=> =3x°4+2bx+c¢ 


Now, 


Hence, f(x) is strictly increasing function. 
Given f(x) = x” + 2bx + 2c? and g(x) =— x” —2cx + b® 


Then, f(x) is minimum and g(x) is maximum at 


[s- = and f(x) = 2} respectively. 
4a 4a 


min f(x) = “wr 8c") = (2c? — b?) 
Sy OED cag ot 
and max g(x) = A) =(b° +c") 
Now, min f(x) >max g(x) 


=> 27 -b?>b? +c? = c?>2b? = |cl>~2|b| 
Let f(x) =3 sin x — 4sin® x = sin 3x 


The longest interval in which sin x is increasing is of length 7. 
So, the length of largest interval in which f(x) = sin3x is 


7 ‘ . 1 
increasing is —. 
3 


Given, cot Ol, - cot Q):...- cot @, =1 
COS Oy COS Oz COS Oz —_ COS Oy =i 
sing, sing, sin dQ, sin ,, 
Let cos (4, - COS Oy - COSH3-...-COS &, =k ..-(i) 


and sin O, =k .. (ii) 


sin QO, - SiN Oly - sin O3-. 
Again, on multiplying Eqs. (i) and (ii), we get 


(COS O4-COS Oly: COS 03: ... » COSOy) 
X (sin O4-sin OL-sin O,-...- sin O,) = k* 
2 1 : 
es - (2 sin Ot, cosO,) 
2x2X...n times 


(2 sin Oz COS Qy)...(2 Sin Oy COS On) 


1 
> kK? = —(sin 2, )(sin 201) ... (sin 20, ) 
2 
1, ‘ 1 
<—sin2a,<1,VlSi<n > k<—— 
Qn gna 
e*, if0<x<1 
Given, f(x)=42-e*', if1<x<2 
x-e, if2<x<3 
x 
and a(x)= fy f(t) dt 
= &'(x) = f(x) 
Put g(x)=0 => x=1+ log,2 and x=e. 
e, if O<x<1 
Also, (x) x-1 if1<x<2 


1, if2<x<3 
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125. 


126. 


At x=1+4 log, 2,2” (1+ log, 2) =— e®? <0, g(x)hasa 
local maximum. 
Also, at x =e, 

g&” (e) =1>0, g(x) has a local minima. 
: f(x) is discontinuous at x = 1, then we get local maxima at 
x =1and local minima at x = 2. 
Hence, (a) and (b) are correct answers. 


Since, f(x) has local maxima at x = — 1 and f’(x) has local 
minima at x= 0. 
f(x) = hx 
On integrating, we get 
2 
to x , 
Ff ()=A— +e [Te f’(-1) = 0] 
a 2 
> Paka => A= -2c (i) 
Again, integrating on both sides, we get 
3 
flx)=h-— tox td 
> fio) =2(2) + 20+ d =18 ...(ii) 
and fay=*4 c+td=-1 (iii) 
From Eqs. (i), (ii) and (iii), we get 
f(x) = ; (19x? —57x + 34) 
1 5 
f= ; (57x? —57)= = (x 1)(x +1) 
For maxima or minima, put f(x) = 0 
> x=1,-—1 
Now f' He “(i14s) 
At x=1, f’(x)> 0, minima 
At x=-1, f’’(x) <0, maxima 
“. f(x) is increasing for [1, 25]. 
. f(x) has local maxima at x = — 1 and f(x) has local minima 
atx=1. 
Also, f(0) =34/4 
Hence, (b) and (c) are the correct answers. 
2 
x + ax + 1)—2ax 2ax 
fix) = tart rte 
x“+ax+1 x“ +ax+1 
5 x? + ax + 1)-2a —2ax(2x + a 
po 
(x° + ax +1) 
| —2ax? + 2a (x? -1) 
=- = 2a ...(i) 
Res + ax +a)’ (x? + ax +1)” 
l (x? + ax + 1)?(2x)—2(x? = 1) 
2 
fee (x + ax + 1)(2x+ a) 


(x? + ax + 1)* 
9, (x? + ax + 1)-2(x? —1)(2x+a) 
(x? + ax + 1)° 


...(ii) 


127. 


128. 


129. 


“ _4a(a+2)_ 4a 
BON DME Ce Gee? 
and 64 jo —4a 


(2-a)' (a-2) 
(2+ a)’ f’"(1)+(2—a)? f’’(-1) = 4a—4a = 0 


When x €(-1,1), 
x <1 
=>x°-1<0 
f(x) <0, f(x) is decreasing. 
Meese. £215 psa =>0 [0 <a <2] 
(a + 2) 
So, f(x) has local minimum at x = 1. 
; "(e* x e* 1 e 
a(s)= = = al + =|, + =| 
g'(x)=0,if e** -1=0, 
Le. x=0 
If x<0,e" <1 
> £ (x) <0 
To maximize area of A APB, we know that, OP = 10 
and Se eae) seu (i) 
Area = 240) (PQ) 
= AQ: PQ =(r cos) (10 — OQ) 
=(r cos@) (10— r sin®) 
= 10 sin® cos6 (10 — 10 sin’ 6) [from Eq. (i)] 
> A= 100 cos*@sin® 
> a = 100 cos* @ — 300 cos”@- sin? 0 
dO 
Put as =0 
dO 
= cos’*@=3sin’6 
> tan =1//3 
> 0=1/6 


At which oe < 0, thus when 0 = 71/6, area is maximum 


Tl 
From Eq. (i), r= 10 sin % =5 units 


2 2 
130. Let us take a point P(V/6 cos@, V3 sin®) on 7 + a =, 


Now, to minimise the distance from P to given straight line 


x + y =7, shortest distance exists along the common normal. 


V6sec 0 
b?/y, V6 cosec 0 


2 1 
So, cos@=./— and sin@=— 
§ V3 


Hence, required point is P(2, 1). 
131. Plan 


(i) Local maximum and local minimum are those points at 
which f’(x)=0, when defined for all real numbers. 


2 
a’ / x 


Slope of normal at P= = = /2tan0=1 


(ii) Local maximum and local minimum for piecewise 
functions are also been checked at sharp edges. 
x, if x20 


Description of Situation y=|x| -| mad ae 


(x?-1), if x<-lorx21 

(1-x’), if -1<x<1 

if x<-1 
if-1<x<0 

if 0<x<1 

if x21 
—-x°-x41, if x<-1 
-x°-x41, if -1<x<0 
Osx 


x21 


Also, yest] 


—x+1-x?, 
2 —x+1-x", 
y=|x|+|x?=1|= ; 
x+1=—x", 


x+ x°-1, 


—-x°+x41, if 


x +x-1, if 


which could be graphically shown as 


; ; 1-1 , 
Thus, f(x) attains maximum at x = Sia. and f(x) attains 


minimum at x = —1,0,1. 
= Total number of points = 5 


132. Plan If f(x) is least degree polynomial having local maximum 


and local minimum at © and B. 
Then, f(x) = Mx-a)(x-B) 
Here, p(x) = A(x—-1)(x-3) = A(x? 4x43) 


On integrating both sides between 1 to 3, we get 


Chap 08 Monotonicity, Maxima and Minima 


[Pode = [ A(x? -4x43)dx 
1 1 


=> (p(x)? = a( Sant] 
ne 
= — p(3)—p(t) -1{-18+9)-(2-2+3)| 
=> 2-6= 1,4) => 1=3 
= p’(x) =3(x-1)(x-3) 
p’(0) =9 


133. Let g(x) =e f[OVxER > g(x)= ef &), f(x) 
= fx) changes its sign from positive to negative in the 
neighbourhood of x = 2009 
= f(x) has local maxima at x = 2009. 
So, the number of local maximum is one. 


1 
134, Let 6) = 
. FO) sin’ 0+ 3sinO@cos0+5cos’0 


Again let, g(0) =sin’0+3sin@cos0+5 cos’0 
1—cos20 1+ 20 3 
a2 sy s{ = ic sin20 
2 2 2 
3 
=3+2cos20+ Pe 


9 cee 
®)min =3-,/4+—=3-—= 
g(9) ; ae 
*. Maximum value of f(0) = a =2 


135. Given, A = {x|x? + 20 < 9x} = {x|x €[4,5]} 


>X 


f (x) = 6(x” —5x + 6) 
Put f(x) =0 > x=2,3 


fl2) =- 20, f(3) =-21, f(4) = - 16, f(5) =7 
From graph, maximum value of f(x) on set A is f(5) =7. 


Now, 


136. According to given information, we have 


Perimeter of square + Perimeter of circle = 2 units 


549 


...(i) 


=> 4x + 2mr=2 
L=2x 
> r= 
T 
Now, let A be the sum of the areas of the square and the circle. 
1- 2x)? 
Then, A=xt4 meta xt 4 OO) 
T 
1 - 2x)? 
> A(x) = x? + (eSes)" 
T 
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Now, for minimum value of A(x), = =0 
x 


2(1-2 2-4 

Ce eat ee 
T T 

> Tx + 4x =2 

2 


T+ 4 


=> 2x4 


=> x= 


...(ii) 
Now, from Eq. (i), we get 
2 
tm+4 n+4-4 1 
Tt UWo+4) w+4 


1-2: 


r= 


...(iii) 
From Eqs. (ii) and (iii), we get x =2r 
137. Here, x =—1and x =2 are extreme points of 
f(x) = alog|x|+B x? + x, then 


f= < +2Bx+1 


f'(-))=- a-28+1=0 ...(i) 
[at extreme point, f’(x)= 0] 


and f(—2)= 5 +48 +1=0 ii) 


On solving Eqs. (i) and (ii), we get 


1 
=2 =-—_— 
a=2,8 ; 
138. Given 


(i) A function f} such that 
f(x) = log | x| + bx? + ax, x #0 


(ii) The function f has extrema at x =—1and x =2, i.e, 
fl) = f’@) = Oand f(-1) #0# f’"@). 
Now, given function fis given by 

f(x) = log | x| + bx? + ax 


= f'(x)=i+2bxta = f"(x)=— + 2b 
x x 
Since, f has extrema at x = —1and x =2. 
Hence, f'(-) =0= f'(2) 
fici=0 
> a-2b=1 (i) 
and f(2) =0 
=> a+ b= ii) 
On solving Eqs. (i) and (ii), we get 
a= . and b= = 
2 4 
7 -1 -1 x7 +2 
> f"(aazt = 5 ] 
x 2 2x 


= f’(-1)<0 and f’(2)<0 

Hence, f has local maxima at both x =—1 and x =2. 

Hence, Statement I is correct. 

Also, while solving for Statement I, we found the values of a 
and b, which justify that Statement II is also correct. 


However, Statement II does not explain Statement I in any 
way. 


